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Preface

The main objective of this book is to study Markov semigroups, starting from
the partial differential equations associated (parabolic and elliptic equations
involving a second-order elliptic operator which has unbounded coefficients).

The theory of Markov processes and of related transition semigroups has
numerous applications in many fields of science, engineering and economics.
Historically, in the mathematical literature the subject is studied using sev-
eral approaches, with ideas and methods from partial differential equations,
Dirichlet forms, stochastic processes, stochastic differential equations, martin-
gale theory.

Somehow the classical semigroup theory is unfit to study this particular
class of equations, as well as the classical theory of elliptic differential oper-
ators. Indeed, the fact that the coefficients of the operator are unbounded is
not merely a technical difficulty, but has significant consequences for the solu-
tions (nonuniqueness of continuous bounded solutions, semigroup not strongly
continuous, failure of regularity properties).

These facts lead to looking for specific techniques and results, and here we
describe some of them.

The semigroup is studied in spaces of continuous functions and in Lp-spaces
of the invariant measure, which is the stationary distribution of the Markov
process and it exists under suitable assumptions.

In the first part of the book we study the general properties of the semigroup
in spaces of continuous functions: the existence of solutions to the elliptic and
to the parabolic equation, the uniqueness properties (and counterexamples to
uniqueness), the definition and the properties of the weak generator, which
is a specific notion that substitutes the infinitesimal generator of strongly
continuous semigroups.

We see also some properties of the associated Markov process and the con-
nection with the uniqueness of the solutions.

Then we focus on the proof of regularity results: global and pointwise esti-
mates of the space derivatives of the semigroup. In particular, first we prove
global estimates for the space derivatives and Schauder estimates, similar to
those for operators with bounded coefficients. Then, we prove a number of
pointwise estimates, which relate the derivatives of the semigroup at a point
with the semigroup applied to the derivatives of the function, or to the func-
tion itself, at the same point. These estimates are truly characteristic of this
class of operators and have interesting consequences (for instance in terms of

xi



xii

Liouville theorems).
We make the same analysis for boundary value problems in unbounded

domains, with Dirichlet or Neumann boundary conditions, and for problems
involving degenerate operators.

In the part about the invariant measure, we study some different approaches
to the problem of the existence of the invariant measure, and we study the
properties of the semigroup in Lp-spaces, including the asymptotic behaviour,
the Poincaré inequality and the log–Sobolev inequality.

Besides we devote a chapter to the Ornstein–Uhlenbeck semigroup, the most
studied example of an operator with unbounded coefficients.
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Symbol Descriptions

Sets

N set of all positive natural
numbers

Z set of all relative integers
R set of all real numbers
C set of all complex numbers
RN set of all real N-tuples
CN set of all complex N-tuples
A ⊂⊂ B given two subsets A,B ⊂

RN with B open, it means
that A is contained in B

B(R) open disk in RN with cen-
tre at 0 and radius R > 0

B(R) the closure of B(R)
x+B(R) open disk in RN with cen-

tre at x and radius R > 0
F the closure of F
∂F the boundary of F
E + F given a space X and two

subsets of E,F ⊂ X it de-
notes the set of x ∈ X
such that x = e + f for
some e ∈ E and some f ∈
F

E ⊕ F it denotes the set E +
F when E and F are
two subspaces of a vector
space X and E ∩ F = {0}

L(X,Y ) the set of all the bounded
linear operators from X to
Y

L(X) := L(X,X)
X ′ the dual space of the Ba-

nach space X , i.e., the sets
of bounded linear func-
tionals from X to R (C)

Functions

δx the delta function, i.e.,
δx(x) = 1, δx(y) = 0 if
y 6= x

div f the divergence of f : Ω ⊂

R
N → R

N , i.e., div f =∑N
i=1Dif

||f ||∞ the sup-norm of f : Ω ⊂
RN → R, i.e., ||f ||∞ :=
supΩ |f | (whenever is fi-
nite)

f ′ (or fx) the first-order derivative
of a function f of one
variable. We use a similar
notation for higher order
derivatives

f (k) the k-th-order derivative
of a function f of one vari-
able

Di1,...,ir
f the derivative ∂rf

∂xi1
,...,∂xir

of the function f : RN →
R, where i1, . . . , ir ∈
{1, . . . , N}

Dαf the derivative ∂|α|f
∂xα1 ,...,∂xαN

of the function f , where
α = (α1, . . . , αN )

Dkf for k ∈ N, it denotes the
vector consisting of all the
k-th order derivatives of f

||Dkf ||∞ for k ∈ N it denotes
the sup-norm of the
vector-valued function
Dkf , namely ||Dkf ||2∞ =∑

|α|=k| ||D
αf ||2∞

χA the characteristic function
of the set A, i.e., the func-
tion defined by χA(x) =
1 for any x ∈ RN and
χA(x) = 0 for any x /∈ A

1l the characteristic function
of RN

Jac f the Jacobian matrix of
the vector-valued function
f : Ω ⊂ RN → Rm

(m,N ∈ N), i.e., the ma-
trix whose j-th line is the
vector (D1fj , . . . , DNfj),



xiv

where fj is the j-th com-
ponent of f

supp f the support of the func-
tion f : Ω ⊂ RN → R

g ◦ f given two functions f :
X → Y and g : Y →
Z, it denotes the function
defined by (g ◦ f)(x) =
g(f(x)) for any x ∈ X

||Q||∞ the Euclidean norm of the
matrix Q = (qij) be-
longing to L(RN ), i.e.,

||Q||2∞ =
∑N

i,j=1 q
2
ij . If the

entries of Q depend on x ∈
Ω, we use the same nota-
tion to denote the norm
||Q||2∞ =

∑N
i,j=1 ||qij ||

2
∞

||DQ||∞ := supΩ

∑N
i,j,h=1 |Dhqij |2

for any matrix Q whose
entries are continuously
differentiable in open set
Ω with bounded deriva-
tives

Operators

D(A) the domain of the (linear)
operator A

ρ(A) resolvent set of a linear op-
erator A

σ(A) spectrum of a linear oper-
ator A

I (in a Banach space X) the
identity operator

[A,B] the commutator between
the operators A and B,
i.e., [A,B] = AB−BA de-
fined on D(AB) ∩D(BA)

Matrix and linear algebra

detB the determinant of the
matrix B

diag(λ1, ..., λN )
the diagonal matrix whose
entries on the main diago-

nal are λ1, . . . , λN

ej the j-th vector of the
canonical basis of R

N

Ir the identity matrix with r
rows and r columns. When
there is no damage of con-
fusion we simply write I

λmin(A) the minimum eigenvalue
of the matrix A

λmax(A) the maximum eigenvalue
of the matrix A

rankA the maximum number of
columns linearly indepen-
dent of the matrix A

span (E) given a subset E of a vec-
tor space V , it denotes the
set of finite linear combi-
nations of elements of E

TrB the trace of the N × N
matrix B, i.e., Tr(B) =∑N

i=1 bii
x⊗ x the N × N -matrix whose

entries are (x⊗x)ij = xixj

for any i, j = 1, . . . , N
〈x, y〉 the Euclidean inner prod-

uct between the vectors
x, y ∈ R

N

x · y := 〈x, y〉

Miscellanea

a+ the positive part of a ∈
R, i.e., the maximum be-
tween a and 0

a− the negative part of a ∈ R,
i.e., the minimum between
a and 0

a ∨ b the maximum between a
and b

a ∧ b the minimum between a
and b

|α| the length of the multi-
index α, i.e., |α| = α1 +
. . .+ αN

α! the factorial of the multi-
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index α, i.e., α!=
∏N

i=1αi!
deg p the degree of the polyno-

mial p : R
N → R

δij the Kronecker delta, i.e.,
δij = 1 if i = j and δij = 0
otherwise

dist(x, F ) the distance of the point
x from the set x, i.e.,
dist(x, F ) = infy∈F |x− y|

dist(F,G) the distance of the set F
from the set G, i.e., the
number infx∈F d(x,G)

dx the Lebesgue measure in
RN (N ≥ 1)

Reλ the real part of the com-
plex number λ

Imλ the imaginary part of the
complex number λ





Chapter 1

Introduction

Elliptic operators with bounded coefficients have been widely studied in the
literature both in RN and in open subsets of RN , starting from the 1950’s,
and nowadays they are well understood.

The study of operators with unbounded coefficients is a generalization of
this case and recently the interest in this class of operators has grown con-
siderably due to their numerous applications in many fields of science, engi-
neering and economics. The most famous example of an elliptic operator with
unbounded coefficients in RN (N ≥ 1) is the Ornstein-Uhlenbeck operator,
defined on smooth functions by

Aϕ(x) =
1

2

N∑

i,j=1

qijDijϕ(x) +

N∑

i,j=1

bijxjDiϕ(x), x ∈ R
N ,

where (qij) is a constant strictly positive definite matrix and (bij) is a constant
real matrix whose eigenvalues have nonpositive real parts. Such an operator
displays all the main peculiarities of the operators with unbounded coeffi-
cients. For instance, the associated semigroup {T (t)} in BUC(RN ) is neither
strongly continuous nor analytic, whereas the semigroups associated with op-
erators with bounded coefficients are analytic in Cb(R

N ). Nevertheless, it has
smoothing effects similar to those enjoyed by analytic semigroups associated
with uniformly elliptic operators with bounded coefficients.

Starting from the pioneering papers [10, 76, 90, 91, 92, 93] the literature
on elliptic operators with unbounded coefficients has spread out considerably
and now we are able to treat uniformly elliptic operators of the type

Aϕ(x) =
N∑

i,j=1

qij(x)Dijϕ(x) +
N∑

i=1

bi(x)Diϕ(x) + c(x)ϕ(x), (1.0.1)

under rather weak assumptions on the coefficients, both with analytic and
probabilistic methods.

The aim of this book is to present most of the old and recent results on
the Markov semigroups associated with elliptic operators with unbounded
coefficients, using analytic methods. We mainly consider the case when the
coefficients of the operator A are defined in RN , but we also give some very re-
cent results in the case when they are defined in open and unbounded domains
of RN . The book is divided in three parts.

xvii
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Part I

In the first part of the book, we are concerned with the following topics:

Existence of the Markov semigroup associated in Cb(R
N ) with the

operator A in (1.0.1). In the case when the coefficients of the operator
A are bounded, the natural way to construct analytically such a semigroup
consists in defining, for any f ∈ Cb(R

N ) (the space of bounded and continuous
functions defined in RN ) and any t > 0, T (t)f as the value at t of the classical
solution to the Cauchy problem

{
Dtu(t, x) −Au(t, x) = 0, t > 0, x ∈ RN ,

u(0, x) = f(x), x ∈ RN .
(1.0.2)

To generalize this procedure to the case when the coefficients are unbounded,
we are led to prove existence results for the bounded classical solution of
the Cauchy problem (1.0.2), when A is given by (1.0.1). Here, by bounded
classical solution of (1.0.2), we mean a function u which is bounded and
continuous in [0,+∞) × RN and admits first-order time derivative and first-
and second-order spatial derivatives, which are continuous in (0,+∞) × RN .
This has been done, first, by S. Itô in [76] and, more recently, by R. Azencott
in [10], under quite minimal regularity assumptions on the coefficients of the
operator A. The arguments used to prove the existence of a classical solution
(which we denote by uf) are very simple and elegant. They are based both
on an approximation argument with Cauchy-Dirichlet problems in bounded
and smooth domains, and classical Schauder estimates. In general, uf is not
the unique classical solution to the problem (1.0.2). This is a typical feature
of elliptic operators with unbounded coefficients. Nevertheless, uf enjoys a
nice property: when f ≥ 0, uf is the minimal positive solution to the problem
(1.0.2). This minimality property allows us to define the semigroup {T (t)} by
setting T (t)f = uf(t, ·) for any t ≥ 0.

In general, such a semigroup is neither strongly continuous nor analytic in
Cb(R

N ). In fact, T (t)f converges to f as t goes to 0, uniformly on compact
subsets, but, in general, not uniformly in RN , and this happens even if f
is uniformly continuous. Some sufficient conditions on the coefficients of the
operator A which imply that the semigroup {T (t)} is (resp. is not) analytic
in Cb(R

N ) are known in the literature and here we describe some of them.
There is also a natural, purely probabilistic way to introduce the semigroup

{T (t)}. It is known that, under suitable assumptions on the coefficients of the
operator A, there exists a Markov process X in RN such that the semigroup
{T (t)} is the transition semigroup of X , i.e.,

(T (t)f)(x) = E
x1lt<τf(Xt), t > 0, x ∈ R

N , f ∈ Cb(R
N ), (1.0.3)

where τ ∈ (0,+∞] is the life time of X (Xt is defined for t ∈ [0, τ)), and
E

x is the expectation under the probability measure Px. Note that X0 = x
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Px-almost surely. The process X associated with {T (t)} is equivalent under
the probability Px to the solution ξx

t of the stochastic differential equation

dξx
t = b(ξx

t )dt+ σ(ξx
t )dWt, ξx

0 = x, (1.0.4)

whereWt is a N -dimensional Brownian motion, b : RN → RN is the coefficient
of A and σ : R

N → L(RN ) is such that Q(x) = 1
2σ(x)σ∗(x), where Q(x) is

the matrix with elements qij(x).
Conversely, the stochastic equation (1.0.4) can be the starting point for the

construction of {T (t)}: if ξx
t is a solution of the equation (1.0.4) and {T (t)} is

defined by (1.0.3) with Xt = ξx
t , then the function u = T (·)f is a solution of

the parabolic problem (1.0.2). This follows using results from the stochastic
calculus (the Itô formula is the main tool).

The equation (1.0.4) can be considered a random perturbation of the ordi-
nary differential equation

d

dt
ξx
t = b(ξx

t ). (1.0.5)

Of course, here it is not natural to assume that the function b is bounded; in
almost all the significant cases b is unbounded. This is an important reason
for studying operators with unbounded coefficients.

Note that, according to the formula (1.0.3), the properties of {T (t)} may
be deduced from the study of the process X . This probabilistic approach has
been widely used in the literature (see, e.g., [30, 49, 53, 65, 75, 83, 88, 139]).

Under the same smoothness assumptions on the coefficients as above and
using similar approximation arguments by Dirichlet problems in bounded do-
mains, the existence of a solution vf ∈ Dmax(A) to the elliptic equation

λv −Av = f, λ > c0 := sup
x∈RN

c(x), (1.0.6)

can be proved for any f ∈ Cb(R
N ). Here,

Dmax(A) =

{
u ∈ Cb(R

N ) ∩
⋂

1≤p<+∞

W 2,p
loc (RN ) : Au ∈ Cb(R

N )

}
. (1.0.7)

As in the parabolic case, the problem (1.0.6) may admit several solutions in
Dmax(A). In any case, when f ≥ 0, vf is the minimal positive solution.

As in the case when the coefficients of the operator A are bounded, there
is a connection between the functions uf and vf . In fact, for any λ > c0, vf

is the Laplace transform of uf , in the sense that

vf (x) =

∫ +∞

0

e−λtuf (t, x)dt, x ∈ R
N . (1.0.8)

The main difference with the classical case is that now, in general, the integral
term in the right-hand side of (1.0.8) does not converge in Cb(R

N ).
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Since, in general, the semigroup {T (t)} is neither strongly continuous nor
analytic, then the infinitesimal generator does not exist in the classical sense.
This gap is filled introducing the concept of a “weak generator”. In fact,
we can define a family {R(λ), λ > c0} of bounded operators in Cb(R

N ) by
setting R(λ)f = vf . Such a family is the resolvent family associated with some

(closed) operator Â. We call Â the “weak generator” of the semigroup. The

reason for this name is due to the fact that Â is a generalization of the classical
concept of the infinitesimal generator of a strongly continuous (or analytic)

semigroup. Indeed, the weak generator Â can be defined, in a equivalent way,
using the bounded pointwise convergence: a function f belongs to D(Â) if and
only if

|(T (t)f)(x) − f(x)|

t
≤M, t ∈ (0, 1), x ∈ R

N ,

for some M > 0, and (T (t)f − f)/t converges pointwise to some bounded and

continuous function g as t tends to 0+. In such a case Âf = g.
In general, D(Â) is properly contained in Dmax(A) and Â coincides with A

on D(Â). The previous set inclusion is actually a set equality if and only if
the elliptic equation (1.0.6) is uniquely solvable in Dmax(A).

As in the classical case of bounded coefficients, it is possible to associate
a transition family {p(t, x; dy) : t > 0, x ∈ RN} (or equivalently a Green’s
function G) to the semigroup, for which the following representations hold:

(T (t)f)(x) =

∫

RN

f(y)p(t, x; dy) =

∫

RN

G(t, x, y)f(y)dy, t > 0, x ∈ R
N .

(1.0.9)
The formula (1.0.9) is a keystone for proving some interesting and very

useful continuity properties of the semigroup, as well as for showing that the
semigroup can be extended to the space Bb(R

N ) of bounded Borel functions.
Such a semigroup, still denoted by {T (t)}, is both irreducible and strong
Feller.

All the previous results can be obtained without assuming the uniqueness of
the solutions to the problems (1.0.2) and (1.0.6), with the claimed regularity
properties. Of course, it is natural to investigate what conditions imply the
uniqueness of the classical solution to the Cauchy-Dirichlet problem and of
the solution to the elliptic equation in Dmax(A). The two problems are not
independent of one another. In fact, there exists a unique solution to the
elliptic equation in Dmax(A) if and only if there exists a unique classical
solution to the problem (1.0.2), which is bounded in [0, T ]×RN for any T > 0.

In the case when the coefficients are bounded, the uniqueness results are
straightforward consequences of the classical maximum principles. If the co-
efficients of the operator A are unbounded, the classical maximum principle
may fail. This is the reason why, in general, the elliptic equation and the
parabolic Cauchy-Dirichlet problem admit more than one solution. Hence, to
prove uniqueness results some additional assumptions on the operator A need
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to be imposed. The typical assumptions which we assume are those that al-
low us to prove a generalized maximum principle: the existence of a so-called
Lyapunov function ϕ, i.e., a sufficiently smooth function ϕ such that

(i) lim
|x|→+∞

ϕ(x) = +∞ and (ii) sup
x∈RN

Aϕ(x) − λϕ(x) < +∞, (1.0.10)

for some λ > c0. At a first glance, the condition (1.0.10)(ii) may seem a
condition related merely to the growth rate of the coefficients at infinity, but
actually this is not the case. Indeed, the differential operators

Aϕ(x) = ∆ϕ(x) − |x|〈x,Dϕ(x)〉, x ∈ R
N (1.0.11)

and
Aϕ(x) = ∆ϕ(x) + |x|〈x,Dϕ(x)〉, x ∈ R

N , (1.0.12)

differ just in the sign of the drift term, but this difference is essential. In-
deed, the Cauchy-Dirichlet problem associated with the first operator admits
a unique classical solution, while the Cauchy problem associated with the
second operator admits several classical solutions.

In the case when c ≡ 0, both the functions 1l (i.e., the constant function
identically equal to 1) and T (·)1l solve the Cauchy problem (1.0.2). Hence,
T (t)1l ≡ 1l for any t > 0 is a necessary condition for the problem (1.0.2)
to admit a unique classical solution. Actually, such a condition is also suffi-
cient. When this condition is satisfied we say that the semigroup is conser-
vative or that the conservation of the probability holds. The reason for this
nomenclature is based on the fact that, in this case, the family of measures
{p(t, x; dy) : t > 0, x ∈ R

N} consists of probability measures.
There are also some conditions under which the problem (1.0.2) admits

several classical solutions. For instance, this is the case when there exists a
nonnegative bounded and smooth function ϕ (still called a Lyapunov function)
such that λϕ −Aϕ ≤ 0.

The one-dimensional case is easier and has been studied by Feller (see [57]).
In such a setting there are necessary and sufficient conditions which give
uniqueness of the solution to the elliptic (and, consequently, to the parabolic
problem) which can be written in terms of the integrability at infinity of some
functions which are strictly related to the coefficients of the operator A.

The arguments that we have briefly described here are discussed in detail
in Chapters 2, 3, 4 and 10.

Study of the main properties of the semigroup {T (t)} in the space
Cb(R

N ). We discuss two main topics in this book. The first one is the com-
pactness of the semigroup in Cb(R

N ) which has been studied mainly by E.B.
Davies in [44] and by G. Metafune, D. Pallara and M. Wacker in [115], in the
case when c ≡ 0.

In the conservative case, the semigroup is compact if and only if, for any
t > 0, the family of measures {p(t, x; dy) : x ∈ RN} is tight. This means
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that for any t > 0 the measures p(t, x; dy) are ε-concentrated in a compact
set, uniformly with respect to x ∈ RN . This, for instance, is the case when
there exist a nonnegative function ϕ ∈ C2(RN ) and a convex function g ∈
C1([0,+∞)) such that

lim
|x|→∞

ϕ(x) = +∞, 1/g is integrable at +∞, Aϕ(x) ≤ −g(ϕ(x)), x ∈ R
N .

In the case when the family of measures {p(t, x; dy), x ∈ RN} is tight for
any t > 0, the semigroup, besides being compact, enjoys another important
property: it is norm continuous in (0,+∞). This means that the function
t 7→ T (t) is continuous with respect to the operator topology at any point
t > 0. Of course, one cannot expect continuity up to t = 0 since the semigroup
is not, in general, strongly continuous.

In the nonconservative case, the compactness of the semigroup can be read,
roughly speaking, in terms of some regularity properties of the function T (t)1l.
Indeed, T (t)1l belongs to C0(R

N ) (the space of continuous functions defined
in RN which vanish at infinity), for any t > 0, if and only if the semigroup is
compact and maps C0(R

N ) into itself. In such a case, as in the conservative

one, the semigroup is norm continuous and R(λ, Â) is compact as well.
Even though the semigroup {T (t)} may fail to be strongly continuous in

Cb(R
N ), the function t 7→ T (t)f is continuous up to t = 0, with respect

to the sup-norm, for any f ∈ C0(R
N ). Therefore, if the semigroup maps

C0(R
N ) into itself, then its restriction to C0(R

N ) gives rise to a strongly
continuous semigroup. So, it is important to determine suitable conditions on
the coefficients of the operator A which imply that C0(R

N ) is invariant under
the action of the semigroup. We do this in Sections 5.2 and 5.3.
Note that, in general, {T (t)} does not map C0(R

N ) into itself. This is the
case, for instance, when the operator A is defined by

Aϕ(x) = ∆ϕ(x) − |x|2〈x,Dϕ(x)〉, x ∈ R
N ,

on smooth functions ϕ.
All the arguments that we have described here are discussed in Chapter 5.

Study of the smoothing effects of the semigroup. We pay attention
to the estimates of the space derivatives of T (t)f when f ∈ Cb(R

N ) or it is
smooth. These estimates can be split into two main families: uniform (in the
space variables) and pointwise estimates. Starting from the pioneering papers
on the Ornstein-Uhlenbeck semigroup it has become clear that under suitable
assumptions on the growth rate at infinity of the coefficients of the operator
A, the space derivatives of T (t)f should behave as in the case of the bounded
coefficients. Therefore, under reasonable assumptions on the coefficients, one
can expect that

||DkT (t)f ||∞ ≤ Ct−
k−h

2 eωt||f ||Ch
b
(RN ), t > 0, (1.0.13)
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for any 0 ≤ h ≤ k, any f ∈ Ch
b (RN ) and some positive constants C and ω.

We focus our attention on the case when k ≤ 3. Indeed, in this case, the
estimates (1.0.13) are a fundamental tool in order to prove existence results
and Schauder estimates for the nonhomogeneous Cauchy problem and the
nonhomogeneous elliptic equation associated with the operator A.

The estimates (1.0.13) were first proved by A. Lunardi in [108] with analytic
methods and by S. Cerrai in [29, 30] with probabilistic methods. Recently
they have been improved in [18] in the case when c ≡ 0. Here, we describe
the results of [18]. The choice of focussing attention on the case when c ≡ 0 is
due to the fact that such an assumption is necessary for the validity of some
of the pointwise estimates that we present.

The method used to prove (1.0.13) is very easy and at the same time very
elegant. It consists in adapting to our situation the classical Bernstein method.
Unfortunately, to make such a method work, one needs to assume stronger
assumptions than those needed to construct the semigroup. In particular,
some dissipativity conditions are needed. More precisely, some bounds from
above on the sum

N∑

i,j=1

Dibj(x)ξiξj x, ξ ∈ R
N

are essential to prove (1.0.13). Indeed, without any dissipativity assumption,
the estimates (1.0.13) may fail to hold even in the one-dimensional case. More-
over, here we have to assume the uniqueness of the solution to the homoge-
neous problem (1.0.2).

As it has been claimed, the previous estimates allow us to prove optimal
Schauder estimates for both the nonhomogeneous Cauchy problem and the
nonhomogeneous elliptic equation associated with the operator A. This is
obtained by an interpolation argument under the same assumptions on f and
g as in the case of bounded coefficients. As in this latter case, the solution to
the nonhomogeneous Cauchy problem

{
Dtu(t, x) −Au(t, x) = g(t, x), t > 0, x ∈ RN ,

u(0, x) = f(x), x ∈ RN ,

can be represented by means of the usual variation-of-constants formula

u(t, x) = (T (t)f)(x)+

∫ t

0

(T (t−s)g(t, ·))(x)ds, t ≥ 0, x ∈ R
N , (1.0.14)

where now the integral term, in general, does not converge in Cb(R
N ).

The optimal Schauder estimates may also be used to give a partial charac-
terization of D(Â), showing that D(Â) ⊂ C1+α

b (RN ) for any α ∈ (0, 1).

The latter type of estimates that we discuss in this book are pointwise
estimates. There are two types of pointwise estimates. The first ones are of
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the following type:

|(DkT (t)f)(x)|p ≤Mk,p

(
T (t)((|f |2 + . . .+ |Dkf |2)

p

2 )
)

(x), (1.0.15)

for any t > 0, any x ∈ RN , any f ∈ Ck
b (RN ) (k = 1, 2, 3), any p ∈ (1,+∞) and

some positive constant Mk,p. They can be proved under the same hypotheses
used to get the uniform estimates. Under somewhat heavier assumptions on
the coefficients of the operator A, the estimates (1.0.15) can be improved,
eliminating the dependence on f2 from its right-hand side. In particular, it
can be shown that

|DT (t)f |p ≤ eσptT (t)(|Df |p), t > 0, (1.0.16)

for any p > 1. Note that for (1.0.16) to hold it is necessary that T (t)1l ≡ 1l
for any t > 0 and, hence, c ≡ 0. Such more restrictive assumptions cover,
for instance, some cases when the coefficients have polynomial growth rate at
infinity.

The second type of estimate allows us to give an upper bound of the left-
hand side of (1.0.15) for any t > 0 and any x ∈ RN in terms of

ψ(t)
(
T (t)((|f |2 + . . .+ |Dk−1f |2)

p

2 )
)

(x),

ψ being a positive function which behaves like t−kp/2 near t = 0 and it is
bounded or decreases exponentially at infinity. Then, iterating the arguments
and taking the semigroup property into account, we can derive the estimates

|(DkT (t)f)(x)|p ≤ Ck,pt
−pk

2 ψk,p(t)(T (t)(|f |p))(x), t > 0, x ∈ R
N ,

(1.0.17)
for any k = 1, 2, 3, where the function ψk,p is bounded at 0 and it behaves like

t
pk

2 or it decreases exponentially to 0 at +∞. This latter estimate improves
the uniform estimates (1.0.13), since now ωk,p may be a negative constant.
Consequently, the estimates (1.0.17) allow for a better asymptotic analysis of
the semigroup at infinity.

In general, the estimates (1.0.15) cannot be extended to the case p = 1, as
a well-known counterexample by Wang shows. However, in the particular case
when A = ∆ +

∑N
i=1 bi(·)Di and the bi’s satisfy suitable growth conditions

at infinity, they can be extended also to the case p = 1. The importance of
obtaining such estimates with p = 1 will be clarified later on in this introduc-
tion. On the other hand, we stress that the estimates (1.0.17) with p = 1 may
fail also in the case when the coefficients of the operator A are bounded. A
very easy counterexample is given by the Gauss-Weierstrass semigroup.

Liouville type theorems are an important consequence of the previous gra-
dient estimates. Indeed, in the case when ω1,p < 0 in (1.0.17), one can show
that if u ∈ Dmax(A) satisfies Au = 0, then u is constant. But this is not the
only application of these estimates. Other important applications will be seen
in the next paragraph.

All the arguments discussed here are contained in Chapters 6 and 7.
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Study of both the invariant measures associated with the semigroup
and the regularity properties of the semigroup in Lp-spaces related
to this measure. By definition, an invariant measure is a probability mea-
sure µ such that

∫

RN

T (t)f dµ =

∫

RN

f dµ, t > 0, (1.0.18)

for any f ∈ Bb(R
N ).

The spaces Lp(RN , µ) are the “right” Lp-spaces for {T (t)}. Indeed, if an
invariant measure exists, then {T (t)} maps Lp(RN , µ) into itself. Note that, in
general, this property fails for the Lp-spaces related to other measures, even
in the case of the Lebesgue measure. In such Lp-spaces, {T (t)} is a strongly
continuous semigroup for any p ∈ [1,+∞). Note that, if c ≡ 0 and an invariant
measure exists, then the semigroup is conservative. So, from the probabilistic
point of view, an invariant measure is a stationary distribution for the Markov
process X .

When it exists, the invariant measure of {T (t)} is unique and is absolutely
continuous with respect to the Lebesgue measure. Moreover, its density is a
positive and continuous function (not necessarily bounded). In general, an
explicit expression of the density of µ is not available. In any case, in some
situations (e.g., in the case when A is in divergence form), under suitable
integrability and smoothness assumptions on the coefficients, one can prove
some global Lp and Sobolev regularity properties of the density.

So, the main problem consists in determining suitable conditions ensuring
the existence of the invariant measure. The main result in this direction is the
Khas’minskii theorem. It states that if there exists a regular function ϕ such
that

ϕ ≥ 0, lim
|x|→+∞

Aϕ(x) = −∞,

then the invariant measure of {T (t)} exists.
Let Lp be the infinitesimal generator of {T (t)} in Lp(RN , µ). As far as we

know, there are only a few situations in which a complete characterization of
D(Lp) is available. This is, for instance, the case of the Ornstein-Uhlenbeck
semigroup. In any case, one can prove that Dmax(A) is always a core of D(Lp).
This means that Dmax(A) is dense in D(Lp) which is endowed with the graph
norm. Moreover, if the pointwise estimate (1.0.17) holds, one can partially
characterize the domain of Lp, showing that it is continuously embedded
in W 1,p(RN , µ) (the set of all the functions whose first-order distributional
derivatives are in Lp(RN , µ)).

In the case when p = 2, a description of the asymptotic behaviour of the
semigroup is available. In fact, for any f ∈ L2(RN , µ) we have

lim
t→+∞

∫

RN

(T (t)f − f)2dµ = 0, (1.0.19)
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where f is the projection of f on the subspace of the constant functions.
This subspace is the eigenspace corresponding to the eigenvalue λ = 0 of the
operator A.

If there exists a spectral gap, i.e., if

σ(L2) \ {0} ⊂ {Re λ ≤ −δ}, (1.0.20)

for some δ > 0, the convergence in (1.0.19) is of exponential type. This is the
case, for instance, when the Poincaré inequality

∫

RN

|f − f |2dµ ≤ C

∫

RN

|Df |2dµ, f ∈ W 1,2(RN , µ), (1.0.21)

is satisfied. A sufficient condition for the validity of the Poincaré inequality is
the compactness of the embedding W 1,2(RN , µ) ⊂ L2(RN , µ). In turn, this is
implied by the validity of the log-Sobolev inequality:

∫

RN

f2 log |f | dµ ≤ ||f ||22 log ||f ||2 + C

∫

RN

|Df |2dµ, f ∈W 1,2(RN , µ).

(1.0.22)
For instance, this happens whenever the gradient estimate (1.0.16), with p = 1
and σ1 = −α < 0, hold. Here, we see the importance of the pointwise gradient
estimates with p = 1 and exponentials of negative type.

We summarize the relations up to now determined in the following scheme.

|(DT (t)f)(x)| ≤ e−αt(T (t)|Df |)(x), t > 0, x ∈ R
N , α > 0,

⇓

log-Sobolev inequality (1.0.22)

⇓

W 1,2(RN , µ) ⊂ L2(RN , µ) with a compact embedding

⇓

Poincaré inequality (1.0.21)

⇓

spectral gap (1.0.20) ⇐⇒ exponential convergence to f

⇑

T (t) is compact in Cb(R
N ) for any t > 0
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The log-Sobolev inequality (1.0.22) implies that f2 log |f | is integrable when-
ever f ∈ W 1,2(RN , µ). This Sobolev-type result is very sharp, as an exam-
ple of L. Gross shows: if µ is the Gaussian measure, there exists a function
f ∈W 1,2(RN , µ) such that f2(log f)(log log f) is not integrable. In particular,
one cannot expect any Sobolev embedding, such asW 1,2(RN , µ) ⊂ Lp(RN , µ),
when p > 2.

In the case when

Aϕ(x) = ∆ϕ(x) − 〈DU(x), Dϕ(x)〉, x ∈ R
N , (1.0.23)

on smooth functions ϕ, and U is a smooth function such that e−U is integrable
in RN , the previous scheme can be improved a bit. Up to a normalization
factor, the invariant measure of the associated semigroup is given by

dµ = e−U(x)dx.

In this symmetric case, the log-Sobolev inequality (1.0.22) is equivalent to
the hypercontractivity of {T (t)}, that is

||T (t)f ||q(t) ≤ ||f ||2, q(t) = 1 + eλt, f ∈ L2(RN , µ), (1.0.24)

where ||·||r is the norm in Lr(RN , µ) and λ = 2/C. The hypercontractivity was
first proved by E. Nelson (see [121]) for the Ornstein Uhlenbeck semigroup,
while the equivalence with the log-Sobolev inequality was proved by L. Gross
(see [69]). On the other hand, D. Bakry and M. Émery (see [12]) showed the
hypercontractivity of {T (t)} when the operator A is given by (1.0.23) with U
satisfying

〈D2U(x)ξ, ξ〉 ≥ α|ξ|2, x, ξ ∈ R
N ,

for some α > 0. Their proof needs the gradient estimate (1.0.16) with p = 1
and σ1 < 0.

Thus, when A is given by (1.0.23) we can complete the scheme above with
the following part:

Aϕ = ∆ϕ− 〈DU,Dϕ〉, D2U ≥ α > 0

⇓

|(DT (t)f)(x)| ≤ e−αt(T (t)|Df |)(x), t > 0, x ∈ RN , α > 0

⇓

log-Sobolev inequality (1.0.22)

m

hypercontractivity of T (t)
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The arguments described here are discussed in detail in Chapter 8.

Finally, due to its importance, we devote Chapter 9 to describe most of
the significant results on the Ornstein-Uhlenbeck semigroup both in Cb(R

N )
and in the Lp-space related to its invariant measure. We mainly focus on the
nondegenerate Ornstein-Uhlenbeck operator, but some of the results that we
describe hold also in the degenerate case.

To conclude this first part of the introduction, we summarize, in the follow-
ing table, the results that can be proved assuming the existence of a noniden-
tically vanishing Lyapunov function ϕ ∈ C2(RN ). For simplicity we assume
c ≡ 0, even though some results hold in the general case. We denote by λ and C
positive constants. Moreover, the notation ϕր +∞ means lim|x|→+∞ ϕ(x) =
+∞. Similarly the notation ϕց +∞ means lim|x|→+∞ ϕ(x) = −∞.

1 ϕր +∞ Aϕ− λϕ ≤ C uniqueness

2 0 ≤ ϕ ≤ C Aϕ− λϕ ≥ 0 nonuniqueness

3 ϕ ≥ 0, ϕ ∈ C0(R
N ) Aϕ− λϕ ≤ −C T (t)1l ∈ C0(R

N )

4

ϕր +∞,

g : R → R convex,

1

g
integrable at +∞

Aϕ(x) ≤ −g(ϕ(x))
T (t) compact,

C0(R
N ) not invariant

5 ϕ > 0, ϕ ∈ C0(R
N ) Aϕ− λϕ ≤ 0 C0(R

N ) invariant

6 ϕ ≥ 0 Aϕց −∞ ∃ invariant measure

Part II

In this part of the book, we consider the case when RN is replaced with an open
and unbounded domain of RN and we associate homogeneous Dirichlet and
Neumann boundary conditions with the operator A. In these two situations
the geometry of the open set Ω plays a crucial role in proving the existence
of a semigroup associated with the operator A. In all the cases when we
guarantee the existence of the semigroup, we can also prove some uniform
gradient estimates (and pointwise gradient estimates in the case of Neumann
boundary conditions).

The case when homogeneous Neumann boundary conditions are associated
with the operator A and Ω is a convex set is the easiest one to handle. The
existence of the semigroup is proved by approximating the Cauchy-Neumann
problem with a sequence of Cauchy-Neumann problems in suitable bounded
and convex domains Ωn. Using the same arguments as in the case when
Ω = RN , one can show that the solutions un to such approximating prob-
lems converge to a smooth function u, with normal derivative vanishing on
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∂Ωn, satisfying the parabolic equation Dtun − Aun = 0 in Ωn. Showing the
continuity of u up to t = 0 is much more difficult than in the case when
Ω = R

N , since the sequence un does not satisfy any monotonicity property.
The key point to overcome such a difficulty consists in determining uniform
gradient estimates for the solution un (similar to those of the case Ω = RN),
where the constants appearing in the estimates are independent of n. Once
such estimates are available, a localization argument shows that u is contin-
uous up to t = 0. The uniform gradient estimates can be proved by adapting
the Bernstein method and applying it to the functions un. Here, the convexity
of Ωn plays a crucial role in making this machinery work.

Unfortunately, the Bernstein method cannot be adapted to prove the esti-
mates for the higher order derivatives and, to the best of our knowledge, such
estimates are available only in the case when Ω is an exterior domain (see
Section 13.5).

The semigroup {T (t)} is not strongly continuous and, in general, it is not
analytic in Cb(Ω). In any case, as in Chapter 2, it is possible to define its weak
generator and to give a partial characterization of it.

As it has been already remarked, the other two situations considered in the
second part of the book are much more involved. This is essentially due to the
fact that it is not immediate to adapt the Bernstein method as in the previous
situation.

Part III

Finally, in this part of the book, we describe how the approach used in the
first part of the book can successfully be applied also to a few cases in which
the operator A is degenerate (and with the coefficients defined on the whole of
R

N ). More precisely, we consider degenerate elliptic operators A of the type

Aϕ(x) =

r∑

i,j=1

qij(x)Dijϕ(x) +

N∑

i,j=1

bijxjDiϕ(x), x ∈ R
N , (1.0.25)

when N/2 ≤ r < N and the matrix (qij) is strictly positive definite. It is
possible to associate a semigroup {T (t)} with the operator A and to prove
uniform estimates for the space derivatives of the function T (t)f up to the
third-order, when f ∈ Cb(R

N ). Such estimates are used to prove Schauder
estimates for the distributional solutions to both the elliptic equation and the
nonhomogeneous Cauchy problem associated with the operator A.

Unfortunately, the techniques used in the nondegenerate case cannot be
easily adapted to this situation. Indeed, such techniques rely essentially on
interior Schauder estimates that are not available in the degenerate case.

The construction of the semigroup associated with the problem (1.0.2) and
the determination of the uniform estimates are two topics to be treated simul-
taneously: we need a priori estimates on the behaviour of the space derivatives
of the function T (t)f in order to guarantee its existence. This forces us to as-
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sume stronger assumptions on the coefficients than those in the nondegenerate
case.

The underlying idea used to solve the problem is simple: we approximate the
operator A by a sequence of uniformly elliptic operators Aε (ε > 0) converging
to the operator A in a sense to be made precise later. With each of such
operators we can associate a semigroup of bounded linear operators {Tε(t)}.
We prove uniform estimates for {Tε(t)}, with constants being independent
of ε, and, then, letting ε go to 0+, we can show that {Tε(t)} converges to
a semigroup of bounded operators. Such a semigroup is associated with the
operator A, in the sense that T (·)f turns out to be the (unique) smooth
function satisfying Dtu −Au = 0 in (0,+∞) × R

N and the initial condition
u(0, ·) = f , which is bounded in [0, T ]× RN for any T > 0.

A fundamental tool for such a machinery work is given by the maximum
principle which must hold for both of the operators A and Aε.

The behaviour of the derivatives of T (t)f is worse than in the nondegenerate
case. For instance, for any ω > 0, one can show that there exists a positive
constant C such that

||DiT (t)f ||∞ ≤





Ct−

1

2 eωt, i ≤ r,

Ct−
3

2 eωt, i > r,
(1.0.26)

for any t > 0. This situation is not surprising at all, since this is just what
happens for the degenerate Ornstein-Uhlenbeck operator defined by (1.0.25)
with constant diffusion coefficients. In such a case, the estimates (1.0.26) are
known to be optimal near t = 0.

Most of the results holding in the nondegenerate case can be recovered also
in this situation. In particular, it is still possible to associate a weak generator
with the semigroup and, taking advantage of the uniform estimates, one can
(at least partially) characterize its domain. Further, one can deal with the
elliptic equation

λu −Au = f ∈ Cb(R
N )

whose continuous distributional solution is still formally given by the Laplace
transform of the semigroup, where the integral, as in the nondegenerate case,
is meant in pointwise sense.

Similarly, the continuous distributional solution to the nonhomogeneous
Cauchy problem

{
Dtu(t, x) −Au(t, x) = g(t, x), t > 0, x ∈ RN ,

u(0, x) = f(x), x ∈ RN ,

when f and g are sufficiently smooth, is still given by the variation-of-constants
formula (1.0.14). Such a formula allows us, also in this situation, to determine
Schauder estimates for the solution u to the Cauchy problem via an interpo-
lation argument.
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With the aim of making the book as self-contained as possible, we collect in
four appendices all the classical results of functional analysis and of the theory
of partial differential equations, as well as some properties of the distance
function. Finally, in the fifth appendix, we collect all the function spaces that
we use in this book.





Part I

Markov semigroups in R
N





Chapter 2

The elliptic equation and the Cauchy

problem in Cb(R
N): the uniformly

elliptic case

2.0 Introduction

In this chapter we consider linear elliptic and parabolic problems in Cb(R
N )

associated with the differential operator A defined by

Au(x) =
N∑

i,j=1

qij(x)Diju(x) +
N∑

i=1

bi(x)Diu(x) + c(x)u(x), x ∈ R
N ,

on smooth functions. We assume the following hypotheses on the coefficients
of the operator A.

Hypotheses 2.0.1 (i) qij ≡ qji for any i, j = 1, . . . , N and

N∑

i,j=1

qij(x)ξiξj ≥ κ(x)|ξ|2, κ(x) > 0, ξ, x ∈ R
N ;

(ii) qij , bi (i, j = 1, . . . , N) and c belong to Cα
loc(R

N ) for some α ∈ (0, 1);

(iii) there exists c0 ∈ R such that

c(x) ≤ c0, x ∈ R
N .

Besides, we introduce the realizationA of A in Cb(R
N ), with domainDmax(A),

defined as follows:

Dmax(A) =

{
u ∈ Cb(R

N )∩
⋂

1≤p<+∞

W 2,p
loc (RN ) : Au ∈ Cb(R

N )

}
, Au = Au.

(2.0.1)
In Section 2.1 we prove that, for any λ > c0 and any f ∈ Cb(R

N ), the
elliptic equation

λu(x) −Au(x) = f(x), x ∈ R
N , (2.0.2)

3
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admits a solution u ∈ Dmax(A). The idea of the proof is the following. For
each n ∈ N we consider the Dirichlet problem

{
λun(x) −Aun(x) = f(x), x ∈ B(n),

un(x) = 0, x ∈ ∂B(n),
(2.0.3)

in the ball B(n) = {x ∈ RN : |x| < n}. This problem has a unique solution
un ∈ C(B(n)) (in Section C we recall the results about elliptic and parabolic
problems in bounded domains that we need throughout this chapter). Using an
interior estimate (see Theorem C.1.1), we prove that we can define a function
u : R

N → R by setting
u(x) := lim

n→+∞
un(x),

for any x ∈ RN . The function u belongs to Dmax(A) is a solution of the
equation (2.0.2) and it satisfies the estimate

||u||∞ ≤
1

λ− c0
||f ||∞.

We stress that, in general, u is not the unique solution of the equation
(2.0.2) in Dmax(A). It is the unique solution provided further conditions on
the coefficients are satisfied. The problem of the uniqueness of the solution to
the equation (2.0.2) will be treated in Chapter 4. At any rate, if f ≥ 0 then
u is the minimal positive solution of (2.0.2) in Dmax(A).

Next, we prove that u is given by the formula

u(x) =

∫

RN

Kλ(x, y)f(y)dy, x ∈ R
N , (2.0.4)

whereKλ is a positive function;Kλ is the so-called Green’s function associated
with the problem (2.0.2). To prove (2.0.4) we recall that the solution un of
(2.0.3) is given by the formula

un(x) =

∫

B(n)

Kn
λ (x, y)f(y)dy, x ∈ B(n),

where Kn
λ is the Green’s function associated with (2.0.3). Using the classi-

cal maximum principle we prove that the sequence {Kn
λ} is increasing (with

respect to n ∈ N). This leads to the formula (2.0.4) with

Kλ(x, y) := lim
n→+∞

Kn
λ (x, y), x, y ∈ R

N .

Thus for any λ > c0 we can define the linear operator R(λ) in Cb(R
N ) by

setting

(R(λ)f)(x) =

∫

RN

Kλ(x, y)f(y)dy, x ∈ R
N .
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R(λ) is a bounded operator, with ||R(λ)||L(Cb(RN )) ≤ (λ − c0)
−1. In Section

2.3 we see that the operators {R(λ) : λ > c0} are the resolvent operators

of a linear operator Â in Cb(R
N ). The operator Â is called weak generator.

This terminology is justified by the theory of parabolic problems and it will
be much clearer later on in this chapter.

The parabolic problem that we consider is the following

{
Dtu(t, x) −Au(t, x) = 0, t > 0, x ∈ R

N ,

u(0, x) = f(x), x ∈ R
N ,

(2.0.5)

with f ∈ Cb(R
N ). In Section 2.2 we prove the existence of a classical solution of

such a problem (i.e., a function u ∈ C([0,+∞)×RN )∩C1,2((0,+∞)×RN )),
which is bounded in [0, T ] × RN for any T > 0 and satisfies Dtu,D

2u ∈

C
α/2,α
loc ((0,+∞) × RN ). The idea of the proof is similar to that used in the

elliptic case. More precisely, for each n ∈ N we consider the Cauchy-Dirichlet
problem






Dtun(t, x) −Aun(t, x) = 0, t > 0, x ∈ B(n),

un(t, x) = 0, t > 0, x ∈ ∂B(n),

un(0, x) = f(x), x ∈ B(n),

(2.0.6)

in the ballB(n). By classical results for parabolic Cauchy problems in bounded
domains we know that the problem (2.0.6) admits a unique solution un ∈

C([0,+∞) × B(n) \ ({0} × ∂B(n))) ∩ C
1+α/2,2+α
loc ((0,+∞) × B(n)). Using

Schauder interior estimates (see Theorem C.1.4) and a compactness argument,
we prove that we can define a function u : [0,+∞)× RN → R by setting

u(t, x) := lim
n→+∞

un(t, x),

for any t ∈ [0,+∞) and any x ∈ RN . Such a function belongs to C([0,+∞)×

RN ) ∩ C
1+α/2,2+α
loc ((0,+∞) × RN ), is a solution of the problem (2.0.6) and

satisfies the estimate

|u(t, x)| ≤ exp(c0t)||f ||∞, t > 0, x ∈ R
N .

In general, as in the elliptic case, u is not the unique classical solution of
the problem (2.0.5) which is bounded in [0, T ] × RN for any T > 0. It turns
out to be the unique solution under further assumptions on the coefficients
(see Chapter 4). Even though u is not the unique solution to the problem
(2.0.5), at any rate it has an intrinsic meaning: in fact, for any f ≥ 0, u is
the minimal solution to the problem (2.0.5) in the sense that, if v is another
positive solution to the same Cauchy problem, then v ≥ u. This is shown in
Remark 2.2.3.
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Then, we prove that u can be represented by the formula

u(t, x) =

∫

RN

G(t, x, y)f(y)dy, t > 0, x ∈ R
N , (2.0.7)

where G is a positive function, called the fundamental solution. To prove
(2.0.7) we argue as in the elliptic case, recalling that the solution un of the
problem (2.0.6) is given by the formula

un(t, x) =

∫

B(n)

Gn(t, x, y)f(y)dy, t > 0, x ∈ B(n),

where Gn is the fundamental solution of (2.0.6). Using the classical maximum
principle we prove that the sequence {Gn} is increasing with respect to n ∈ N.
This gives the formula (2.0.7) with

G(t, x, y) = lim
n→+∞

Gn(t, x, y), t > 0, x, y ∈ R
N ,

and it allows us to define the linear operator T (t) in Cb(R
N ), for any t > 0,

by setting

(T (t)f)(x) =

∫

RN

G(t, x, y)f(y)dy, t > 0, x ∈ R
N .

We prove that the family {T (t)} is a semigroup of linear operators in Cb(R
N ).

In general, {T (t)} is a strongly continuous semigroup neither in Cb(R
N ) nor

in BUC(RN ) (see Proposition 9.2.6 and [148, Theorem 4.2]). Nevertheless,
T (t)f tends to f as t tends to 0, uniformly on compact sets. Then, we show
that if f vanishes at infinity, then, actually, T (t)f tends to f as t tends to
0, uniformly in RN . But this does not mean that the restriction of {T (t)} to
C0(R

N ) is a strongly continuous semigroup, because, in general, C0(R
N ) is

not invariant for {T (t)} (see Section 5.3).
In Section 2.3 we study the relation between the semigroup {T (t)} and

the weak generator Â introduced above. In fact, Â is the generator of {T (t)}
with respect to the bounded pointwise convergence. This means that, for
any f ∈ D(Â), the function (t, x) 7→ {(T (t)f)(x) − f(x)}/t is bounded in
(0, 1) × RN and

lim
t→0+

(T (t)f)(x) − f(x)

t
= (Âf)(x),

for any x ∈ RN . Further, Â is also the generator of the semigroup with respect
to the mixed topology, which is the finest locally convex topology which agrees
on every norm-bounded subsets of Cb(R

N ) with the topology of the uniform
convergence on compact sets. A sequence of functions converges in the mixed
topology if and only if it is bounded and it converges locally uniformly. Thus,
the convergence in the mixed topology is very similar to the bounded pointwise
convergence.
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In general, D(Â) is a proper subset of Dmax(A). It turns out to coincide
with Dmax(A) whenever the elliptic equation (2.0.2) has a unique solution in
Dmax(A).

It is immediate to see that the semigroup {T (t)} can be extended to the
space Bb(R

N ) of Borel measurable and bounded functions. We prove that
{T (t)} is irreducible and it has the strong Feller property in Bb(R

N ) (see
Definition 2.2.11). These properties are useful for the theory of the invariant
measures treated in Chapter 8.

In the case when c ≡ 0, the semigroup {T (t)} is associated with a transition
function. This leads to the existence of a Markov process associated with
{T (t)}. We briefly deal with the probabilistic approach in Section 2.4. Of
course, there is a huge literature on the subject. Here, we just recall the
definitions and the main properties of the Markov processes associated with
the semigroup. Among them, we see the Dynkin formula and the link with
the theory of differential stochastic equations.

2.1 The elliptic equation and the resolvent R(λ)

In this section we consider the elliptic equation (2.0.2) with f ∈ Cb(R
N ) and

λ > c0. We prove that such an equation admits at least a solution u belonging
to the domain Dmax(A) defined in (2.0.1).

Theorem 2.1.1 For any f ∈ Cb(R
N ) there exists u ∈ Dmax(A) which solves

(2.0.2). Moreover, the following estimate holds:

||u||∞ ≤
1

λ− c0
||f ||∞. (2.1.1)

Finally, if f ≥ 0, then u ≥ 0.

Proof. For any n ∈ N, we denote by An the realization of the operator A
with homogeneous Dirichlet boundary conditions in C(B(n)). By Proposition
C.3.4, the elliptic problem (2.0.3) admits a unique solution un = R(λ,An)f
in

⋂
1≤p<+∞W 2,p(B(n)). Moreover, by (C.2.3), un satisfies the estimate

||un||∞ ≤
1

λ− c0
||f ||∞. (2.1.2)

Let us prove that the sequence {un} converges uniformly on compact sets,
and in W 2,p

loc (RN ), to a function u ∈ Dmax(A) which satisfies the statement.
For this purpose, consider first the case when f ≥ 0. By the maximum prin-
ciple, the functions un and un+1 − un are nonnegative in B(n) for any n ∈ N,
that is the sequence {un} is nonnegative and increasing. Therefore, it con-
verges pointwise to some nonnegative function u : RN → R. By (2.1.2) it
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follows that u satisfies (2.1.1). Moreover, according to Theorem C.1.1 and
(2.1.2), the sequence {un} is bounded in W 2,p(B(R)) for any p ∈ [1,+∞) and
any fixed R > 0. Then, by the Sobolev embedding theorems (see [2, Theorem
5.4]), it is bounded in C1(B(R)) too, and the Ascoli-Arzelà Theorem implies
that it converges to u in C(B(R)). Besides, applying again Theorem C.1.1 to
the function un − um, we deduce that u belongs to W 2,p(B(R)) and that un

converges to u in W 2,p(B(R)), for any p ∈ [1,+∞).
Since Aun = λun−f in B(n), it follows that u ∈ Dmax(A) and Au = λu−f .
This concludes the proof in the case when f ≥ 0. For an arbitrary f ∈

Cb(R
N ), it suffices to split f = f+ − f− and

un = R(λ,An)(f+) −R(λ,An)(f−) := un,1 + un,2,

and to apply the previous arguments separately to the sequences un,1 and
un,2.

Remark 2.1.2 In general, the equation (2.0.2) admits more than one solution
in Dmax(A). In Chapters 3 and 5 we show some situations in which the elliptic
equation λu−Au = 0 admits a nontrivial solution in Dmax(A) (see Examples
3.2.5 and 5.2.5). Nevertheless, in the case when the datum f is nonnegative
the solution u provided by Theorem 2.1.1 can be characterized as the minimal
positive solution. Indeed, if v is another positive solution, by the maximum
principle it follows that v(x) ≥ un(x) for any x ∈ B(n) and any n ∈ N. Letting
n go to +∞ gives v ≥ u.

We now prove that we can associate a positive Green’s function with the
equation (2.0.2). This will then allow us to define the resolvent operator R(λ)
for any λ > c0.

Theorem 2.1.3 For any λ > c0 there exists a linear operator R(λ) in Cb(R
N )

such that for any f ∈ Cb(R
N ) the solution of the equation (2.0.2), provided

by Theorem 2.1.1, is represented by

u(x) = (R(λ)f)(x), x ∈ R
N . (2.1.3)

The family of operators {R(λ) : λ > c0} satisfies the estimate

||R(λ)f ||∞ ≤
1

λ− c0
||f ||∞, f ∈ Cb(R

N ), (2.1.4)

and the resolvent identity

R(λ)f −R(µ)f = (µ− λ)R(µ)R(λ)f, c0 < λ < µ. (2.1.5)

Moreover, R(λ) is injective for any λ > c0. Finally, there exists a positive

function Kλ : RN × RN → R such that

(R(λ)f)(x) =

∫

RN

Kλ(x, y)f(y)dy, x ∈ R
N , f ∈ Cb(R

N ). (2.1.6)
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Proof. Let Kn
λ be the Green’s function associated with the realization An

of the operator A in C(B(n)) with homogeneous Dirichlet conditions (see
Proposition C.3.4). With any nonnegative function f ∈ C0(B(n)), let

vn(x) =

∫

B(n)

(Kn+1
λ (x, y) −Kn

λ (x, y))f(y)dy, x ∈ B(n).

Since f ≥ 0 and vn = un+1 − un by Proposition C.2.3, we have vn(x) ≥ 0 for
any x ∈ B(n). The arbitrariness of f ≥ 0 implies that

Kn+1
λ (x, y) −Kn

λ (x, y) ≥ 0,

for any x ∈ B(n) and any y ∈ En(x), where En(x) is a measurable set such
that B(n) \ E(x) is negligible. Hence, for any x ∈ RN and any y ∈ En(x),
{Kn

λ (x, y)} is an increasing sequence. Therefore, we can define the function
Kλ : RN × RN → R by setting

Kλ(x, y) := lim
n→+∞

Kn
λ (x, y), x ∈ R

N , y ∈
⋂

n∈N

En. (2.1.7)

This limit is not infinite. Indeed estimate (C.2.3) with f ≡ 1l yields

∫

B(n)

Kn
λ (x, y)dy ≤

1

λ− c0
, x ∈ B(n), n ∈ N,

and, then, by monotone convergence

∫

RN

Kλ(x, y)dy ≤
1

λ− c0
, x ∈ R

N ,

so that, for any x ∈ RN , K(x, y) is finite for almost any y ∈ RN . Besides,
since Kn

λ is strictly positive in B(n) ×B(n) for any n ∈ N, also Kλ is.
Now, we observe that the solution of the equation (2.0.2) given by Theorem

2.1.1 can be represented by

u(x) = lim
n→+∞

(∫

RN

Kn
λ (x, y)f+(y)dy −

∫

RN

Kn
λ (x, y)f−(y)dy

)
,

for any x ∈ RN . Since both f+ and f− are nonnegative, the monotone con-
vergence theorem implies that

u(x) =

∫

RN

Kλ(x, y)f(y)dy, x ∈ R
N .

Thus, the operator R(λ) in (2.1.6) is well defined and (2.1.3) holds. Clearly,
R(λ) is linear, and, by virtue of (2.1.1), it satisfies (2.1.4). Moreover, R(λ)
is injective. Indeed, if u = R(λ)f = 0, then f = 0 since R(λ)f solves, by
construction, the elliptic equation λu −Au = f .



10 Chapter 2. The elliptic equation...: the uniformly elliptic case

To conclude the proof, it remains to prove the resolvent identity (2.1.5). To
prove it, we fix f ∈ Cb(R

N ), n ∈ N and we observe that

R(λ,An)f −R(µ,An)f = (µ− λ)R(λ,An)R(µ,An)f, µ > λ > c0,

(see Sections A.3 and C). By virtue of (C.3.8), this can be rewritten as

∫

B(n)

Kn
λ (x, y)f(y)dy −

∫

B(n)

Kn
µ (x, y)f(y)dy

= (µ− λ)

∫

B(n)

dy

∫

B(n)

Kn
µ(x, y)Kn

λ (y, z)f(z)dz.

Letting n go to +∞, the dominated convergence theorem gives

∫

RN

Kλ(x, y)f(y)dy −

∫

RN

Kµ(x, y)f(y)dy

= (µ− λ)

∫

RN

dy

∫

RN

Kµ(x, y)Kλ(y, z)f(z)dz,

that is (2.1.5).

2.2 The Cauchy problem and the semigroup

We now prove that for any f ∈ Cb(R
N ) there exists a solution u ∈ C([0,+∞)×

RN ) ∩ C1+α/2,2+α((0,+∞) × RN ) of the Cauchy problem (2.0.5).

Theorem 2.2.1 For any f ∈ Cb(R
N ), there exists a solution u ∈ C([0,+∞)×

RN ) of the problem (2.0.5). The function u belongs to C
1+α/2,2+α
loc ((0,+∞)×

RN ) and

|u(t, x)| ≤ exp(c0t)||f ||∞, t > 0, x ∈ R
N . (2.2.1)

Proof. We split the proof into two steps. First, we show that there exists a

solution u ∈ C
1+α/2,2+α
loc ((0,+∞)×RN ) to the differential equation in (2.0.5),

and it satisfies (2.2.1). Then, in Step 2, we show that u is continuous up to
t = 0, and u(0, ·) = f .

Step 1. For any n ∈ N, let un ∈ C([0,+∞) × B(n) \ ({0} × ∂B(n))} ∩
C1,2((0,+∞)×B(n)) be the solution of the Cauchy-Dirichlet problem (2.0.6)
(see Proposition C.3.2), which is given by

un(t, x) = (Tn(t)f)(x), t > 0, x ∈ B(n),
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where {Tn(t)} is the semigroup in C(B(n)) associated with the Cauchy-
Dirichlet problem (2.0.6). From Proposition C.3.2 (see (C.3.4)), for any n ∈ N

we have

|un(t, x)| ≤ exp(c0t)||f ||∞, t > 0, x ∈ B(n). (2.2.2)

Now, fix M ∈ N and set D(M) = (0,M)×B(M) and D′(M) = [1/M,M ]×
B(M − 1). From the interior Schauder estimate (C.1.15) we deduce that

||un||C1+α/2,2+α(D′(M)) ≤ CM ||un||L∞(D(M)) ≤ CM (exp(c0M) ∨ 1)||f ||∞,
(2.2.3)

for any n ≥ M , where CM > 0 is a constant independent of n ∈ N. Fix

β ∈ (0, α). By (2.2.3) there exists a subsequence {u(M)
n } of {un} converging in

C1+β/2,2+β(D′(M)) to some function u
(M)
∞ ∈ C1+α/2,2+α(D′(M)). Without

loss of generality we can assume that {u(M+1)
n } is a subsequence of {u(M)

n }.

Thus, the functions u
(M)
∞ and u

(M+1)
∞ coincide in the domain D′(M) and,

therefore, we can define the function u ∈ C
1+α/2,2+α
loc ((0,+∞)×RN ) by setting

u = u(M)
∞ in D′(M).

Moreover, the diagonal subsequence defined by

ũn = u(n)
n , n ∈ N,

converges to u in C1+β/2,2+β([T1, T2] ×K) for any compact set K ⊂ R
N and

any 0 < T1 < T2. Hence, letting n go to +∞ in the differential equation
satisfied by ũn, it follows that u satisfies the equation

Dtu(t, x) −Au(t, x) = 0, t > 0, x ∈ R
N .

Besides, (2.2.1) follows from (2.2.2).

Step 2. To complete the proof we must show that u ∈ C([0,+∞) × RN )
and u(0, x) = f(x). For this purpose, we take advantage of the semigroup
theory. In particular, we will use the representation formula of solutions to
Cauchy-Dirichlet problems in bounded domains through semigroups.

Fix M ∈ N and let ϑ be any smooth function such that

0 ≤ ϑ ≤ 1, ϑ ≡ 1 in B(M − 1), ϑ ≡ 0 outside B(M).

For any n > M , let vn = ϑũn. As it is easily seen, the function vn belongs to
C([0,+∞) ×B(M)) and is the solution of the Cauchy-Dirichlet problem






Dtvn(t, x) −Avn(t, x) = ψn(t, x), t > 0, x ∈ B(M),

vn(t, x) = 0, t > 0, x ∈ ∂B(M),

vn(0, x) = ϑ(x)f(x), x ∈ B(M),
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where ψn is given by

ψn = −
N∑

i,j=1

qij(2DiũnDjϑ+ ũnDijϑ) − ũn

N∑

i=1

biDiϑ.

For any t > 0 and any x ∈ B(M) we have

|ψn(t, x)| ≤ KM

(
exp(c0t)||f ||∞ +

N∑

i=1

||Diũn(t, ·)||L∞(B(M))

)
, (2.2.4)

where KM > 0 is such that

N∑

i,j=1

||qijDijϑ||L∞(B(M)) +

N∑

i=1

||biDiϑ||L∞(B(M)) ≤ KM ,

2

N∑

j=1

||qijDjϑ||L∞(B(M)) ≤ KM , i = 1, . . . , N.

We consider again the interior estimate of Theorem C.1.4. By (C.1.16), the
function ũn satisfies the estimate

|
√
tDũn(t, x)| ≤ C||ũn||L∞(D(M+1)) ≤ C(exp(c0) ∨ 1)||f ||∞,

for any x ∈ B(M), any t < 1 = dist (B(M), ∂B(M + 1)) and some positive
constant C, independent of n. This yields

||Diũn(t, ·)||L∞(B(M)) ≤ t−1/2C′||f ||∞, t ≤ 1,

for any i = 1, . . . , N , where C′ = C(exp(c0) ∨ 1). Then, by (2.2.4) it follows
that

|ψn(t, x)| ≤ K ′
M (1 + t−1/2)||f ||∞, t ∈ (0, 1], x ∈ B(M), (2.2.5)

for any n > M , where K ′
M > 0 is a constant independent of n. Therefore,

ψn ∈ L1(0, T, C0(B(M))) and we can represent vn by means of the variation-
of-constants formula

vn(t) = TM (t)(ϑf) +

∫ t

0

TM (t− s)ψn(s)ds, t > 0,

where, as usual, {TM (t)} is the semigroup in C(B(M)) associated with the
operator A with homogeneous Dirichlet conditions on ∂B(M). Since vn ≡ ũn

and ϑ ≡ 1l in B(M − 1), by (2.2.2) and (2.2.5) it follows

|ũn(t, x) − f(x)| ≤ ||TM (t)(ϑf) − ϑf ||∞ +K ′
M ||f ||∞

∫ t

0

ec0(t−s)(1 + s−
1

2 )ds,
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for any t > 0 and any x ∈ B(M − 1). Letting n go to +∞ (and taking (C.3.4)
into account) we get

|u(t, x) − f(x)| ≤ ||TM (t)(ϑf) − ϑf ||∞ +K ′
M ||f ||∞

∫ t

0

ec0(t−s)(1 + s−
1

2 )ds,

which shows that u is continuous at t = 0 and x ∈ B(M − 1). Since M ∈ N is
arbitrary, we have u ∈ C([0,+∞) × RN ) and u(0, ·) ≡ f .

Remark 2.2.2 We note that the maximum principle implies that, if f ≥ 0,
the sequence {un} is positive and increasing. Therefore, u is positive and the
whole sequence {un} converges to u. In the general case where f ∈ Cb(R

N ),
we write f = f+ − f−, and conclude again that the whole sequence {un}
converges to u in C1+β/2,2+β([T1, T2] × K) for any β ∈ (0, α), any compact
set K ⊂ RN and any 0 < T1 < T2, applying the previous argument to the
functions uf+ and uf− which are the solutions to the problem (2.0.5) provided
by Theorem 2.2.1, corresponding, respectively, to the data f+ and f−.

Remark 2.2.3 If f ≥ 0, then the solution u given by Theorem 2.2.1 is the
minimal positive solution of the problem (2.0.5). Indeed, if v is another positive
solution, the maximum principle yields v(t, x) ≥ un(t, x) for any t > 0, any
x ∈ B(n) and any n ∈ N, and, eventually, v ≥ u.

We stress that, in general, the problem (2.0.5) is not uniquely solvable in

Cb([0,+∞)×RN )∩C1+α/2,2+α
loc ((0,+∞)×RN ). Indeed, in Example 3.2.5 (see

also Proposition 4.1.1) it is proved that the Cauchy problem (2.0.5) associated
with the one-dimensional operator Au = u′′+x3u′ admits a nontrivial solution
u satisfying u(0, ·) = 0.

We now recall the definition of transition function as it is given in [49]. Here
B(E) denotes the σ-algebra of Borel sets of a topological space E.

Definition 2.2.4 A family of Borel measures {p(t, x; ·) : t ≥ 0, x ∈ E} is a

transition function if the function p(t, ·;B) : E → R is Borel measurable for

any t ≥ 0 and any B ∈ B(E), and

(i) p(t, x;E) ≤ 1 for any t ≥ 0 and any x ∈ E;

(ii) p(0, x;E \ {x}) = 0 for any x ∈ E;

(iii) p(t+ s, x;B) =

∫

E

p(s, y;B)p(t, x; dy) for any s, t ≥ 0, any x ∈ E and

any B ∈ B(E).

A transition function is normal if limt→0+ p(t, x;E) = 1 for any x ∈ E; it is

stochastically continuous if for any open set U ⊂ E it holds that

lim
t→0+

p(t, x;U) = 1,

whenever x ∈ U .
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Theorem 2.2.5 There exists a semigroup of linear operators {T (t)} defined

in Cb(R
N ) such that, for any f ∈ Cb(R

N ), the solution of the problem (2.0.5),
given by Theorem 2.2.1, is represented by

u(t, x) = (T (t)f)(x), t ≥ 0, x ∈ R
N . (2.2.6)

For any t > 0, T (t) satisfies the estimate

||T (t)f ||∞ ≤ exp(c0t)||f ||∞, f ∈ Cb(R
N ). (2.2.7)

Moreover, there exist a family of Borel measures p(t, x; dy) in RN such that

(T (t)f)(x) =

∫

RN

f(y)p(t, x; dy), t ≥ 0, x ∈ R
N , (2.2.8)

and a function G : (0,+∞) × RN × RN → R such that

p(t, x; dy) = G(t, x, y)dy, t > 0, x, y ∈ R
N . (2.2.9)

The function G is strictly positive and the functions G(t, ·, ·) and G(t, x, ·)
are measurable for any t > 0 and any x ∈ RN . Further, for almost any fixed

y ∈ RN , the function G(·, ·, y) belongs to the space C
1+α/2,2+α
loc ((0,+∞)×RN ),

and it is a solution of the equation Dtu−Au = 0.
Finally, if c0 ≤ 0 then p(t, x; dy) is a stochastically continuous transition

function.

Proof. Step 1: definition and properties of G. For any k ∈ N let Gk ∈
C((0,+∞)×B(k)×B(k)) be the fundamental solution of the equation Dtu−
Au = 0 in B(k), given by Proposition C.3.2. We extend the function Gk to
(0,+∞) × RN × RN with value zero for x, y /∈ B(k) and still denote by Gk

the so obtained function. A straightforward computation shows that for any
fixed t ∈ (0,+∞) and any x, y ∈ RN , the sequence {Gk(t, x, y)} is increasing.
Indeed, for any positive f ∈ C(B(k)), the function

w(t, x) =

∫

G(k)

f(y)(Gk+1(t, x, y) −Gk(t, x, y))dy, t ≥ 0, x ∈ R
N ,

is positive as well by virtue of Remark 2.2.2. Recalling that, for any t > 0
and any x ∈ B(k), the function Gk+1(t, x, ·) −Gk(t, x, ·) is continuous in
B(k), we easily deduce that Gk+1(t, x, y) ≥ Gk(t, x, y) for any t > 0 and any
x, y ∈ B(k), implying that the sequence {Gk(t, x, y)} is increasing. Hence, we
can define the function G : (0,+∞) × R

N × R
N → R by setting

G(t, x, y) := lim
k→+∞

Gk(t, x, y), t > 0, x, y ∈ R
N .

The function G is finite almost everywhere. Indeed, the estimate (C.3.4) with
f = 1l yields

∫

B(k)

Gk(t, x, y)dy ≤ exp(c0t), t > 0, x ∈ B(k), k ∈ N,
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and then, by monotone convergence,

∫

RN

G(t, x, y)dy ≤ exp(c0t), t > 0, x ∈ R
N , (2.2.10)

so that G(t, x, y) is finite for any t > 0, any x ∈ RN and almost any y ∈ RN .
Since Gk(t, x, ·) > 0 almost everywhere in B(k) for any t > 0 and any x ∈
B(k), then G is strictly positive.

Of course, G(t, ·, ·), G(t, x, ·) and G(t, ·, y) are measurable functions for any
t > 0 and any x, y ∈ RN since they are the pointwise limit of measurable
functions.

We now prove the regularity properties of G. Fix R, T > 0, x0 ∈ B(R) and
let y0 ∈ RN be such that G(T, x0, y0) < +∞; actually we have seen that this
holds for almost any y0 ∈ RN . If h, k ∈ N satisfy R+1 < h < k, the functions
Gh(·, ·, y0) and Gk(·, ·, y0) are solutions of the equation Dtu − Au = 0 in
(0,+∞) × B(R + 1) (see Theorem C.1.4), and hence Gk(·, ·, y0) −Gh(·, ·, y0)
is as well. Moreover, Gk(·, ·, y0) − Gh(·, ·, y0) is positive and, for any fixed
0 < t0 < t1 < T , it satisfies the following Harnack inequality (see [99]):

sup{Gk(t, x, y0) −Gh(t, x, y0), (t, x) ∈ [t0, t1] ×B(R)}

≤ C inf{Gk(T, x, y0) −Gh(T, x, y0), x ∈ B(R)}

≤ C(Gk(T, x0, y0) −Gh(T, x0, y0)),

where C > 0 is a constant, independent of h and k. Since G(T, x0, y0) < +∞,
then {Gn(·, ·, y0)} turns out to be a Cauchy sequence in C([t0, t1] × B(R)).
Since it converges pointwise to the function G(t, x, y0), we conclude that
G(·, ·, y0) ∈ C([t0, t1]×B(R)). Moreover, from Theorem C.1.4 it follows that,
for any t′0 > t0, any t′1 < t1 and any R′ < R, the sequence {Gn(·, ·, y0)}
converges also in C1+β/2,2+β([t′0, t

′
1] × B(R′)) for any β ∈ (0, α). Hence,

G(·, ·, y0) ∈ C1+α/2,2+α([t′0, t
′
1] × B(R′)). Since T,R,R′, t0, t

′
0, t1, t

′
1 > 0 are

arbitrary, we get G(·, ·, y0) ∈ C
1+α/2,2+α
loc ((0,+∞) × RN ).

Finally, sinceDtGn−AGn = 0, as n goes to +∞, it follows thatDtG−AG =
0.

Step 2: definition and properties of p(t, x; dy) and {T (t)}. Now, for any
t > 0 and any x ∈ R

N we define the measure p(t, x; dy) by (2.2.9), while for
t = 0 we set p(t, x; dy) = δx. Then, for any t > 0, we define the operator T (t)
by (2.2.8).

Let us prove that, for any f ∈ Cb(R
N ), the solution u of the problem (2.0.5),

found out in Theorem 2.2.1, is given by (2.2.6). Indeed,

u(t, x) = lim
k→+∞

∫

RN

f(y)Gk(t, x, y)dy, t > 0, x ∈ R
N ,
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and we can split it as

u(t, x) = lim
k→+∞

∫

RN

f+(y)Gk(t, x, y)dy

− lim
k→+∞

∫

RN

f−(y)Gk(t, x, y)dy.

By the monotone convergence theorem we immediately deduce that

u(t, x) =

∫

RN

f+(y)G(t, x, y)dy −

∫

RN

f−(y)G(t, x, y)dy

=

∫

RN

f(y)G(t, x, y)dy,

that is (2.2.6).
To show that {T (t)} is a semigroup it suffices to observe that from (C.3.5),

using the monotone convergence theorem, it follows that

G(t+ s, x, y) =

∫

RN

G(s, x, z)G(t, z, y)dz, t, s > 0, x, y ∈ R
N . (2.2.11)

Moreover, (2.2.7) is an immediate consequence of (2.2.1) and (2.2.6).
It remains to prove that, if c0 ≤ 0, {p(t, x; dy) : t ≥ 0, x ∈ RN} is a

stochastically continuous transition function. The condition (i) in Definition
2.2.4 follows immediately from (2.2.10), and the condition (ii) is obvious. The
condition (iii) will follow from (2.2.11) once we have proved that the function
p(t, ·;B) is Borel measurable in RN , for any fixed t ≥ 0 and any B ∈ B(RN).
So, let us prove this property. If t = 0 the property is clear. If t > 0, consider
a sequence of functions {fn} ⊂ Cb(R

N ) converging almost everywhere to
χB(x) and such that 0 ≤ fn ≤ 1 for any n ∈ N. For instance, if B has finite
positive Lebesgue measure, one can take, up to a subsequence, fn = ρn ⋆ χB

(n ∈ N), where ρ is a standard mollifier and “⋆” denotes convolution. If B
has infinite Lebesgue measure, one can consider the sequence of bounded
Borel sets BM = B ∩ B(M) and a subsequence {fM

nk
}k∈N of the sequence

fM
n = ρn ⋆ χBM

(n ∈ N) pointwise converging a.e. in RN to χBM
as n tends

to +∞, and assume that, for any M ∈ N, {fM+1
nk

}k∈N is a subsequence of
{fM

nk
}k∈N. Then, one can define the wished sequence by setting fn = fn

n . By
the dominated convergence theorem we have

p(t, x;B) = lim
n→+∞

∫

RN

fn(y)p(t, x; dy) = lim
n→+∞

(T (t)fn)(x), x ∈ R
N .

Hence p(t, ·;B) is Borel measurable, being the pointwise limit of a sequence
of continuous functions.

Finally we show that p(t, x; dy) is stochastically continuous; clearly this
implies that it is also normal. For this purpose, for any x0 ∈ RN and any
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R > 0, we introduce the function fx0,r : RN → R defined by

fx0,r(x) =

{
1 − r−1|x− x0|, x ∈ x0 +B(r),

0, x /∈ x0 +B(r).

As it is easily seen,

fx0,r(x0) − (T (t)fx0,r)(x0) = 1 −

∫

RN

fx0,r(y)p(t, x0; dy)

= 1 −

∫

x0+B(r)

fx0,r(y)p(t, x0; dy)

≥ 1 − p(t, x0;x0 +B(r)).

Hence, letting t go to 0+, Theorem 2.2.1 yields

lim
t→0+

p(t, x0;x0 +B(r)) = 1. (2.2.12)

Now, we fix an arbitrary open set U ⊂ RN . Then, with any x ∈ U , we
associate an open ball x+B(r) contained in U . Since

1 ≥ p(t, x;U) ≥ p(t, x;x+B(r)),

from (2.2.12) we deduce that p(t, x;U) tends to 1 as t tends to 0+ and we are
done.

Theorem 2.2.6 For any λ > c0 we have

Kλ(x, y) =

∫ +∞

0

e−λtG(t, x, y)dt, x, y ∈ R
N , (2.2.13)

and, for any f ∈ Cb(R
N ),

(R(λ)f)(x) =

∫ +∞

0

e−λt(T (t)f)(x)dt, x ∈ R
N . (2.2.14)

Proof. The equality (2.2.13) is a consequence of (C.3.9) with Ω = B(n),
(2.1.7) and the monotone convergence theorem. Then, (2.2.14) follows from
(2.2.8), (2.2.13) and the Fubini theorem.

In general, {T (t)} is not a strongly continuous semigroup neither in Cb(R
N )

nor in BUC(RN ) (see [148, Theorem 4.2] and Proposition 9.2.6). Nevertheless,
as a straightforward consequence of Theorems 2.2.1 and 2.2.5, we deduce
that, for a general f ∈ Cb(R

N ), T (t)f converges to f as t tends to 0, locally
uniformly in RN . Actually, as next proposition shows, if f vanishes at infinity,
then T (t)f converges to f in Cb(R

N ), as t tends to 0.
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Proposition 2.2.7 ([116], Prop. 4.3) For any function f ∈ C0(R
N ), T (t)f

tends to f in Cb(R
N ), as t tends to 0+.

Proof. We prove the statement assuming that f ∈ C∞
c (RN ). The general

case then will follow by density. So, let us fix f ∈ C∞
c (RN ) and x ∈ RN .

Moreover, let k ∈ N be such that B(k) contains both x and supp(f). Then
(Akf)(x) = (Af)(x), where, as usual, Ak denotes the realization of the opera-
tor A in C(B(k)) with homogeneous Dirichlet conditions. Let uk(t) = Tk(t)f ,
where {Tk(t)} is the analytic semigroup generated by Ak. For any t > 0 we
have

uk(t, x) − f(x) =

∫ t

0

∂

∂s
uk(s, x)ds

=

∫ t

0

(AkTk(s)f)(x)ds

=

∫ t

0

(Tk(s)Af)(x)ds

=

∫ t

0

ds

∫

RN

Gk(s, x, y)Af(y)dy,

where we have extended Gk(t, x, ·) to the whole of RN by setting Gk(t, x, y) =
0 for any y /∈ B(k). Letting k go to +∞ from the dominated convergence
theorem it follows that

|(T (t)f)(x) − f(x)| =

∣∣∣∣
∫ t

0

(T (s)Af)(x)ds

∣∣∣∣ ≤ ||Af ||∞

∫ t

0

exp(c0s)ds.

Since x ∈ RN is arbitrary, we conclude that

||T (t)f − f ||∞ ≤ ||Af ||∞

∫ t

0

exp(c0s)ds,

which proves the proposition.

Remark 2.2.8 The results of the previous proposition do not imply that the
restriction of the semigroup to C0(R

N ) gives rise to a strongly continuous
semigroup. Indeed, as it is shown in Section 5.3, in general, {T (t)} does not
map C0(R

N ) into itself.

Taking advantage of Theorem 2.2.5 we can prove some interesting properties
of the semigroup {T (t)}.

Proposition 2.2.9 Let {fn} ⊂ Cb(R
N ) be a bounded sequence of continuous

functions converging pointwise to a function f ∈ Cb(R
N ) as n tends to +∞.

Then, T (·)fn tends to T (·)f locally uniformly in (0,+∞) × RN .
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Further, if fn tends to f uniformly on compact subsets of RN , then T (t)fn

converges to T (t)f locally uniformly in [0,+∞) × RN as n tends to +∞.

Proof. To prove the first part of the proof, we fix 0 < T1 < T2, R > 0, a
sequence {fn} ⊂ Cb(R

N ) converging pointwise to f ∈ Cb(R
N ) and we prove

that T (·)fn converges to T (·)f in [T1, T2] × B(R) as n tends to +∞. As it
is immediately seen from (2.2.8) and the dominated convergence theorem,
T (·)fn converges pointwise to T (·)f in (0,+∞) × RN as n tends to +∞.

Now let K > 0 be such that supn∈N
||fn||∞ ≤ K. Then, taking (2.2.7)

into account, we easily deduce that supn∈N
||T (t)fn||∞ ≤ K(ec0T ∨ 1) for any

t ∈ [0, T ]. The interior Schauder estimates in Theorem C.1.4 then imply that
the sequence {T (·)fn} is bounded in C1+α/2,2+α([T1, T2] ×B(R)). Hence, by
the Ascoli-Arzelà Theorem, there exists a subsequence {Tnk

(·)} converging
uniformly in [T1, T2] × B(R) to a function v ∈ C1+α/2,2+α([T1, T2] × B(R)).
Since, T (·)fn converges pointwise to T (·)f in (0,+∞) × RN , we deduce that
v = T (·)f and the whole sequence {T (·)fn} converges to T (·)f uniformly in
[T1, T2] ×B(R).

Now, we suppose that the sequence {fn} ⊂ Cb(R
N ) converges uniformly to

f on compact subsets of RN and we show that, for any R, T > 0, T (·)fn tends
to T (·)f uniformly in [0, T ]×B(R). Possibly replacing fn with fn − f , we can
suppose that f ≡ 0. Moreover, without loss of generality, we can also assume
that supn∈N

||fn|| ≤ 1.
For any n ∈ N, let ϕn ∈ C0(R

N ) be a nonnegative function such that
χB(n−1) ≤ ϕn ≤ χB(n). Moreover, for any ε > 0, let Cε,R be the set defined
by

Cε,R =

{
s ≥ 0 : ∃n ∈ N s.t. inf

(t,x)∈[0,s]×B(R)
(T (t)(ϕn − 1l))(x) ≥ −ε

}
.

Let us prove that Cε,R = [0,+∞), for any ε > 0. For this purpose, we will show
that Cε,R is both an open and closed interval. Note that Cε,R is nonempty
since it contains 0. To show that Cε,R is closed, we fix s ∈ Cε,R, s 6= 0.
Then, there exists a sequence {sn} ⊂ Cε,R converging to s as n tends to +∞.
Without loss of generality, we can assume that {sn} is either decreasing or
increasing. Of course, if {sn} is decreasing, then s ∈ Cε,R. So, let us consider
the case when {sn} is increasing. Since s1 ∈ Cε,R, there exists n1 ∈ N such
that

(T (t)(ϕn1
− 1l))(x) ≥ −ε, t ∈ [0, s1], x ∈ B(R). (2.2.15)

Recalling that {ϕn} is an increasing sequence, it turns out that (2.2.15) is
satisfied by any n ≥ n1.
By the first part of the proof, we know that T (·)(ϕn − 1l) converges to 0
uniformly in [s1, s] ×B(R). Therefore, we can determine n0 ∈ N such that

(T (t)(ϕn − 1l))(x) ≥ −ε, t ∈ [s1, s], ∈ B(R), n ≥ n0.
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Now, if we take n̂ = n0 ∨ n1, we deduce that

(T (t)(ϕn̂ − 1l))(x) ≥ −ε, t ∈ [0, s], ∈ B(R).

Hence, s ∈ Cε,R.
To show that Cε is open in [0,+∞), we fix s ∈ Cε,R and prove that, for any

δ > 0, [s, δ] ⊂ Cε,R. For this purpose, it suffices to argue as above, observing
that T (·)(ϕn − 1l) converges to 0, uniformly in [s, δ] ×B(R).

Now, since p(t, x;B(m)) ≥ (T (t)ϕm)(x) for any t > 0, any x ∈ RN and any
m ∈ N, and Cε,R = [0,+∞), we easily deduce that, for any arbitrarily fixed
T > 0 and any R > 0, there exists m ∈ N such that

p(t, x;B(m)) ≥ (T (t)1l)(x) − ε = p(t, x; RN ) − ε, t ∈ [0, T ], x ∈ B(R).

Therefore,

|(T (t)fn)(x)| ≤

∫

B(m)

|fn(y)|p(t, x; dy) +

∫

RN\B(m)

|fn(y)|p(t, x; dy)dy

≤ sup
y∈B(m)

|fn(y)| + p(t, ; RN \B(m))

≤ sup
y∈B(m)

|fn(y)| + ε,

for any t ∈ [0, T ] and any x ∈ B(R). Now, the assertion follows.

Remark 2.2.10 Using the formula (2.2.8), the semigroup {T (t)} can be ex-
tended to a semigroup (which we still denote by {T (t)}) in the space Bb(R

N )
of all the bounded Borel measurable functions, and, for any f ∈ Bb(R

N ) and
any bounded sequence {fn} ∈ Cb(R

N ) converging pointwise to f , (T (t)fn)(x)
converges to (T (t)f)(x) for any t > 0 and any x ∈ R

N . Moreover, by (2.2.9)
and (2.2.10) it follows that the estimate (2.2.7) holds also for f ∈ Bb(R

N ).
Similarly, if {fn} ∈ Bb(R

N ) is a bounded sequence converging pointwise to f ∈
Bb(R

N ), then T (·)fn converges to T (·)f pointwise in [0,+∞)×RN . Actually,
taking the forthcoming Proposition 2.2.12, into account, we can easily show
that T (·)fn converges locally uniformly in (0,+∞)×RN . Indeed, if [a, b]×K
is a compact set in (0,+∞)×RN , we can split T (t)fn = T (t− a/2)T (a/2)fn

for any t ≥ a/2. By the above result and Proposition 2.2.12, the sequence
{T (a/2)fn} is contained in Cb(R

N ), is bounded and it converges pointwise
to T (a/2)f , as n tends to +∞. Proposition 2.2.9 now implies that T (·)fn

converges to T (·)f in [a, b]×K, as n tends to +∞.

Let us now prove that {T (t)} is irreducible and has the strong Feller prop-
erty. For this purpose, we recall the following definition.
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Definition 2.2.11 A semigroup {S(t)} in Bb(R
N ) is irreducible if for any

nonempty open set U ⊂ RN it holds that

(S(t)χU )(x) > 0,

for any t > 0 and any x ∈ RN . It has the strong Feller property if S(t)f ∈
Cb(R

N ) for any f ∈ Bb(R
N ).

Proposition 2.2.12 {T (t)} is irreducible and has the strong Feller property.

Proof. Showing that the semigroup is irreducible is easy due to the fact that
G is strictly positive (see Theorem 2.2.5).

To prove that {T (t)} is strong Feller, fix f ∈ Bb(R
N ) and let {fn} ∈ Cb(R

N )
be a bounded sequence converging pointwise to f as n tends to +∞. Applying
the interior Schauder estimates in Theorem C.1.4 we deduce that for any
compact set F ⊂ (0,+∞) × RN there exists a positive constant C = C(F )
such that

||T (·)fn||C1+α/2,2+α(F ) ≤ C||fn||∞, n ∈ N.

Since supn∈N
||fn||∞ is finite, and (T (t)fn)(x) converges to (T (t)f)(x) for any

t ∈ [0,+∞) and any x ∈ RN (this follows immediately applying the domi-
nated convergence theorem to the formula (2.2.9)), we deduce that T (t)f is
continuous in RN for any t > 0.

Remark 2.2.13 The strictly positiveness of G actually implies that

(T (t)χE)(x) > 0, t > 0, x ∈ R
N ,

for any Borel set E ⊂ RN with positive Lebesgue measure.

2.3 The weak generator of T (t)

Since {T (t)} is not strongly continuous in Cb(R
N ) and in general is not

strongly continuous in either C0(R
N ) or BUC(RN ), we cannot define the

infinitesimal generator in the usual sense. Nevertheless, we can still associate
a “generator” with {T (t)}, the so-called weak generator, which has properties
similar to those of the infinitesimal generator.

We will provide three equivalent definitions of the weak generator. The
first definition that we give was considered in [28] and in [77]: the resolvent
operators {R(λ) : λ > c0} given by Theorem 2.1.3 satisfy the resolvent identity
(2.1.5) and R(λ) is injective in Cb(R

N ) for any λ > c0. Hence, by a classical
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result of functional analysis (see Proposition A.3.2), we can define the weak
generator as the unique linear operator A1 in Cb(R

N ) such that

R(λ) = R(λ,A1) and Im(R(λ)) = D(A1), λ > c0. (2.3.1)

The second definition is based on the bounded pointwise convergence: a
sequence {fn} ⊂ Cb(R

N ) is said to be boundedly and pointwise convergent to
f ∈ Cb(R

N ) if there exists a positive constant C such that ||fn||∞ ≤ C for any
n ∈ N and if fn(x) converges to f(x) for any x ∈ RN (see [53]). This notion
of convergence leads to the following definition of the weak generator which
was introduced in [125, 126]:






D(A2) =
{
f ∈ Cb(R

N ) : sup
t∈(0,1)

||T (t)f − f ||∞
t

< +∞ and ∃g ∈ Cb(R
N ) :

lim
t→0+

(T (t)f)(x) − f(x)

t
= g(x) ∀x ∈ R

N
}
,

(A2f)(x) = lim
t→0+

(T (t)f)(x) − f(x)

t
, x ∈ R

N , f ∈ D(A2).

(2.3.2)
The third definition is based on the notion of mixed topology introduced in
[145]. The mixed topology τM is the finest locally convex topology which
agrees on every norm-bounded subset of Cb(R

N ) with the topology of the
uniform convergence on compact sets. Equivalently, it can be defined by the
family of seminorms

p{an},{Kn}(f) = sup
n∈N

{
an sup

x∈Kn

|f(x)|

}
, f ∈ Cb(R

N ),

where {an} is any sequence of positive numbers converging to zero and {Kn}
is any sequence of compact subsets of R

N . Given a sequence {fn} ⊂ Cb(R
N )

and a function f ∈ Cb(R
N ) we have

τM– lim
n→+∞

fn = f ⇐⇒

{
||fn||∞ ≤ C, n ∈ N,

fn → f locally uniformly.
(2.3.3)

For results on transition semigroups and mixed topology we refer the reader
to [68].

Thus, we can define the generator of the semigroup in the mixed topology,
i.e., the operator A3 : D(A3) → Cb(R

N ) defined by






D(A3) =

{
f ∈ Cb(R

N ) : ∃g ∈ Cb(R
N ) : τM– lim

t→0+

T (t)f − f

t
= g

}
,

A3f = τM– lim
t→0+

T (t)f − f

t
, f ∈ D(A3).

(2.3.4)
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Proposition 2.3.1 The three operators A1, A2 and A3 coincide.

To prove Proposition 2.3.1, we need two preliminary lemmata.

Lemma 2.3.2 For any f ∈ Cb(R
N ), any t > 0, any x ∈ RN and any λ > c0

we have

(T (t)R(λ)f)(x) =

∫ +∞

0

e−λs(T (t+ s)f)(x)ds. (2.3.5)

Proof. We prove first that for any δ > 0

T (t)

( ∫ δ

0

e−λsT (s)fds

)
(x) =

∫ δ

0

e−λs(T (t+ s)f)(x)ds, t > 0 x ∈ R
N .

(2.3.6)
To see it, it suffices to observe that, for any x ∈ RN , we have

∫ δ

0

e−λs(T (s)f)(x)ds = lim
k→+∞

1

k

k−1∑

j=0

e−λδj/k(T (δj/k)f)(x)

:= lim
k→+∞

σk(f)(x).

As it is immediately seen, (T (t)σk(f))(x) converges to
∫ δ

0
e−λs(T (s+t)f)(x)ds

as k tends to +∞. On the other hand, since {σk(f)}k∈N is a bounded sequence

in Cb(R
N ), then (T (t)σk(f))(x) converges to T (t)

( ∫ δ

0 e
−λsT (s)f

)
(x)ds as k

tends to +∞, by Proposition 2.2.9. Thus, (2.3.6) follows.
Now, (2.3.5) follows from (2.3.6) letting δ tend to +∞ and using again

Proposition 2.2.9.

Lemma 2.3.3 For any f ∈ D(A2), any t > 0 and any λ > c0 the func-

tions T (t)f and R(λ)f belong to D(A2). Moreover, A2T (t)f = T (t)A2f ,
A2R(λ)f = R(λ)A2f .

Proof. Fix f ∈ D(A2), t > 0 and K > 0 such that

||T (h)f − f ||∞
h

≤ K, h ∈ (0, 1). (2.3.7)

Then, taking (2.2.7) into account, we get

||T (h)T (t)f − T (t)f ||∞
h

=

∣∣∣∣

∣∣∣∣T (t)

(
T (h)f − f

h

) ∣∣∣∣

∣∣∣∣
∞

≤ ec0tK, h ∈ (0, 1).

Moreover, since (T (h)f − f)/t converges to A2f pointwise as h tends to 0+,
from (2.3.7) and Proposition 2.2.9 we deduce that (T (h)(T (t)f − T (t)f)/h
converges pointwise to T (t)A2f as h tends to 0+. That is, T (t)f ∈ D(A2) and
A2T (t)f = T (t)A2f .
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Next, from (2.3.5) we deduce that

(T (h)R(λ)f)(x) − (R(λ)f)(x)

h
=

∫ +∞

0

e−λs (T (h+ s)f)(x) − (T (s)f)(x)

h
ds

=

∫ +∞

0

e−λsT (s)

(
T (h)f − f

h

)
(x)ds,

for any λ > c0 and any x ∈ RN . Thus, by (2.3.7) we get

||T (h)R(λ)f −R(λ)f ||∞
h

≤
K

λ− c0
, h ∈ (0, 1). (2.3.8)

Finally, by Proposition 2.2.9 and the dominated convergence theorem it fol-
lows that (T (h)R(λ)f −R(λ)f)/h converges pointwise to R(λ)A2f as h tends
to 0+. This implies that R(λ)f ∈ D(A2) and A2R(λ)f = R(λ)A2f .

Proof of Proposition 2.3.1. Let us prove the inclusion A1 ⊂ A3. For this
purpose, fix λ > c0 and f ∈ Cb(R

N ). Taking (2.3.5) into account, we get

(T (t)R(λ)f)(x) − (R(λ)f)(x)

t

=
1

t

(∫ +∞

0

e−λs(T (s+ t)f)(x)ds−

∫ +∞

0

e−λs(T (s)f)(x)ds

)

=
1

t

(∫ +∞

t

e−λ(s−t)(T (s)f)(x)ds −

∫ +∞

0

e−λs(T (s)f)(x)ds

)

=
eλt − 1

t
(R(λ)f)(x) −

eλt

t

∫ t

0

e−λs(T (s)f)(x)ds, (2.3.9)

for any t ∈ (0,+∞) and any x ∈ RN . From (2.3.8), we deduce that the function
(t, x) 7→ t−1(T (t)R(λ)f −R(λ)f)(x) is bounded in (0, 1]×RN . Moreover, the
right-hand side of (2.3.9) tends to λR(λ)f − f locally uniformly in RN as t
tends to 0+. Indeed, for any R > 0 and any x ∈ B(R) it holds that

∣∣∣∣
eλt

t

∫ t

0

e−λs(T (s)f)(x)ds− f(x)

∣∣∣∣

≤

∣∣∣∣
eλt

t

∫ t

0

e−λs ((T (s)f)(x) − f(x)) ds

∣∣∣∣ +
1

t

∣∣∣∣
∫ t

0

(e−λ(s−t) − 1)f(x)ds

∣∣∣∣

≤ e(λ∨0)t sup
s∈[0,t]

||T (s)f − f ||C(B(R)) + ||f ||∞
1

t

∫ t

0

(e−λ(s−t) − 1)ds, (2.3.10)

and the last side of (2.3.10) converges to 0 as t tends to 0+. By the characteri-
zation (2.3.3), it follows that (T (t)R(λ)f −R(λ)f)/t converges to λR(λ)f − f
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in the mixed topology. This implies that R(λ)f ∈ D(A3) and

(A3R(λ)f)(x) = λ(R(λ)f)(x) − f(x) = (A1R(λ)f)(x), x ∈ R
N .

(2.3.11)
Therefore, we conclude that A1 ⊂ A3.

The inclusion A3 ⊂ A2 is clear from the characterization (2.3.3).
Thus, we conclude the proof by proving that A2 ⊂ A1. For this purpose, let

f ∈ D(A2) and fix λ > c0. From Lemma 2.3.3 and (2.3.11) we deduce that

f = (λ−A1)R(λ)f = (λ−A2)R(λ)f = R(λ)(λf −A2f),

implying that f ∈ D(A1) and A1f = A2f .

Definition 2.3.4 The operator Â := A1 = A2 = A3, as defined in (2.3.1),
(2.3.2) and (2.3.4), is called the weak generator of {T (t)}.

The weak generator fulfills the following further properties.

Proposition 2.3.5 For any f ∈ D(Â) and any fixed x ∈ RN , the function

(T (·)f)(x) is continuously differentiable in [0,+∞) and

d

dt
(T (t)f)(x) = (T (t)Âf)(x), t ≥ 0. (2.3.12)

For any sequence {fn} ⊂ D(Â) such that fn and Âfn converge boundedly

and pointwise to some functions f, g ∈ Cb(R
N ), respectively, it holds that

f ∈ D(Â) and Âf = g.

Finally, D(Â) is dense in Cb(R
N ) in the mixed topology.

Proof. Fix f ∈ D(Â) and x ∈ RN . By Lemma 2.3.3 the right derivative

d+

dt
(T (t)f)(x) := lim

h→0+

(T (t+ h)f)(x) − (T (t)f)(x)

h

exists at any t ≥ 0 and

d+

dt
(T (t)f)(x) = (T (t)Âf)(x).

Moreover, by Theorem 2.2.5 the function t 7→ (T (t)Âf)(x) is continuous in
[0,+∞). Hence, (T (·)f)(x) is differentiable in [0,+∞) and (2.3.12) holds.

Next, let {fn} ⊂ D(Â) be as in the statement. By the previous step, for any
x ∈ R

N and any n ∈ N, the function (T (·)fn)(x) is differentiable in [0,+∞)
and

d

ds
(T (s)fn)(x) = (T (s)Âfn)(x), s ≥ 0.
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Integrating such an equation with respect to s ∈ [0, t] gives

(T (t)fn)(x) − fn(x)

t
=

1

t

∫ t

0

(T (s)Âfn)(x)ds, t ≥ 0.

Letting n go to +∞ and taking Proposition 2.2.9 into account, from the
dominated convergence theorem we get

(T (t)f)(x) − f(x)

t
=

1

t

∫ t

0

(T (s)g)(x)ds.

From such an equality we immediately deduce that f ∈ D(Â) and Âf = g.

Finally, to prove that D(Â) is dense in Cb(R
N ) in the mixed topology it

suffices to observe that any bounded and continuous function can be approx-
imated by a sequence of functions fn ∈ C∞

c (RN ) (n ∈ N), bounded in the
sup-norm and converging locally uniformly to f as n tends to +∞.

Next proposition shows the connections between Dmax(A) and D(Â).

Proposition 2.3.6 We have

Dmax(A) ∩ C0(R
N ) ⊆ D(Â) ⊆ Dmax(A), (2.3.13)

where Dmax(A) is the set defined in (2.0.1).
Moreover, the following conditions are equivalent:

(i) λ ∈ ρ(A) for some λ > c0, i.e., the equation (2.0.2) has a unique bounded

solution u ∈ Dmax(A);

(ii) (c0,+∞) ⊂ ρ(A);

(iii) (A,Dmax(A)) = (Â,D(Â)).

Proof. To prove the inclusion Dmax(A)∩C0(R
N ) ⊆ D(Â) we fix a function

u ∈ Dmax(A) ∩ C0(R
N ), λ > c0 and set f = λu − Au. As it is easily seen

f ∈ Cb(R
N ). For any n ∈ N, let un be, as in the proof of Theorem 2.1.1, the

solution of the elliptic problem
{
λun −Aun = f, in B(n),

un = 0, on ∂B(n).

The function un−u solves the differential equation λv−Av = 0 and un−u =
−u on ∂B(n). By the classical maximum principle, it follows that

||un − u||C(B(n)) = sup
|x|=n

|u(x)|

and, consequently, un converges to u as n tends to +∞, locally uniformly in
RN . On the other hand, from the proof of Theorem 2.1.1 we know that un
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converges to the function R(λ)f as n tends to +∞, locally uniformly in RN .

It follows that R(λ)f = u and, consequently, u ∈ D(Â).

The inclusion D(Â) ⊆ Dmax(A) follows from Theorems 2.1.1 and 2.1.3.
Now, we prove the second part of the proposition. We limit ourselves to

showing that “(i)⇒ (iii)” and “(iii)⇒ (ii)”, since “(ii)⇒ (i)” is trivial.

“(i)⇒ (iii)”. By Theorems 2.1.1 and 2.1.3 it follows immediately that Â ⊂

A. Hence, we only need to prove that A ⊂ Â. For this purpose, fix u ∈
Dmax(A) and set f = λu − Au and v = R(λ, Â)f . Since Â ⊂ A, we have

λv − Av = f . From the property (i), it follows that u = v ∈ D(Â), and,
therefore, the property (iii) follows.

“(iii)⇒ (ii)”. We observe that the property (iii) implies that ρ(A) = ρ(Â),
which yields the property (ii) by virtue of Theorems 2.1.1 and 2.1.3.

We will give some examples of situations in which Dmax(A) 6= D(Â), in
Chapter 4, showing that, in general, the problem (2.0.5) is not uniquely solv-
able in Cb(R

N ).

2.4 The Markov process

In this section we briefly consider the Markov process associated with the
semigroup {T (t)} and we show the Dynkin formula. In the whole section we
assume that

c(x) ≤ 0, x ∈ R
N . (2.4.1)

We introduce a few notations. Let E be a topological space and let B be the
σ-algebra of Borel subsets of E. Moreover, let Ω be an arbitrary set, F be
a σ-algebra on it and τ : Ω → [0,+∞] be a F -measurable function. For any
t ≥ 0, we denote by Ft a σ-algebra on the set Ωt = {ω : t < τ(ω)}, such that
(Fs)∣∣Ωt

⊂ Ft ⊂ F for any 0 < s < t.

Next, we denote by X = {Xt : Ωt → E, t ≥ 0} a family of functions
defined in Ω such that, for any ω ∈ Ω, Xt(ω) ∈ E is a trajectory defined for
t ∈ [0, τ(ω)) and such that Xt is Ft-measurable on Ωt. Finally, let {Px : x ∈
E} be a family of probability measures on (Ω,F0) such that the function

x 7→ p(t, x;B) = Px(Xt ∈ B) (2.4.2)

is Borel measurable for any fixed t > 0 and B ∈ B, and such that Px(X0 =
x) = 1.

The following definition of Markov process is taken from [49].

Definition 2.4.1 X is a Markov process if for any x ∈ E, any s, t ≥ 0 and
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any B ∈ B we have

Px(Xt+s ∈ B|Ft) = PXt
(Xs ∈ B), Px-a.s., (2.4.3)

and for any ω ∈ Ωt there exists ω′ ∈ Ωt such that τ(ω′) = τ(ω) − t and

Xs(ω
′) = Xt+s(ω) for any s ∈ [0, τ(ω′)).

We say that X is continuous if all the trajectories are continuous. Moreover,

we say that two Markov processes are equivalent if they have same transition

probabilities {p(t, x; dy)}.

Definition 2.4.2 A random variable τ ′ with values in [0,+∞] is a Markov

time of a Markov process X if τ ′ ≤ τ and {t < τ ′} ∈ Ft for any t > 0.

The family of measures {p(t, x; dy)} defined in (2.4.2) is a transition function
(see Definition 2.2.4). Indeed, the conditions (i) and (ii) in Definition 2.2.9
are straightforward, while the condition (iii) follows from (2.4.3). Indeed, for
any B ∈ B we have

p(t+ s, x;B) = Px(Xt+s ∈ B)

= E xPx(Xt+s ∈ B|Ft)

= E xp(s,Xt;B)

=

∫

E

p(s, y;B)p(t, x; dy).

Conversely, given a transition function {p(t, x; dy)}, we say that a Markov
process X is associated with it if (2.4.2) holds. It is known that for any
normal transition function there exists an associated Markov process; see [49,
Theorem 3.2]. In particular, as far as the semigroup {T (t)} is concerned, we
have the following result.

Theorem 2.4.3 There exists a continuous Markov process X associated with

the semigroup {T (t)}. We have

(T (t)f)(x) = E xχt<τf(Xt), t > 0, x ∈ R
N , (2.4.4)

and

(R(λ)f)(x) = E x

∫ τ

0

e−λsf(Xs)ds, λ > 0, x ∈ R
N , (2.4.5)

for any f ∈ Bb(R
N ).

Proof. The existence of X is proved in [49, Theorem 3.2], using the fact
that the transition function of {T (t)} is normal (see Theorem 2.2.5). See also
[65, Theorem 1.6.3]. The continuity of X is proved in [10].

Then (2.4.4) is straightforward: if f ≡ χB is the characteristic function of
a Borel set B ⊂ RN , then (2.4.4) is just (2.4.2). By linearity, (2.4.4) can be



2.4. The Markov process 29

extended, first, to any simple function f and, then, to any f ∈ Bb(R
N ), by

approximating with simple functions.
Finally, (2.4.5) follows from the resolvent formula (2.2.14) and from (2.4.4),

applying the Fubini theorem.

For any set U ⊂ RN , we define the first exit time of X from U by

τU = inf{t : Xt /∈ U}, x ∈ U, (2.4.6)

and we denote by XU the process induced by X in U , that is

XU
t =

{
Xt, t < τU ,

∞, t ≥ τU ,

and we recall the following result (see [10]).

Theorem 2.4.4 Let U ⊂ RN be a regular bounded domain. Then XU is the

Markov process associated with the semigroup {TU(t)}.

In the next theorem we state the Dynkin formula, in a slightly different
form from the one in [49, Theorem 5.1].

Theorem 2.4.5 Let U ∈ RN be a regular bounded domain, let τ ′ ≤ τU be a

Markov time, and let λ ≥ 0. Let u ∈ W 2,p
loc (RN ) for any p ∈ [1,+∞) be such

that Au ∈ C(RN ); then we have

u(x) = E xe
−λτ ′

u(Xτ ′) + E x

∫ τ ′

0

e−λs(λu −Au)(Xs)ds, x ∈ U. (2.4.7)

Proof. Let U1 ⊂ RN be a regular bounded domain such that U ⊂ U1, and
let ϑ ∈ C∞

c (U1) be a function such that ϑ ≡ 1 in U . Define u′ = ϑu and
f ′ = λu′ − Au′. Then we have f ′ ∈ Cc(U1) and u′ = R(λ,AU1

)f ′, where
R(λ,AU1

) is the resolvent operator of {TU1(t)}.
In [10, Theorem 1.6] the author proves that X is a strong Markov process;

see also [65, Theorem 1.6.3]. Then also XU1 is strong Markov. So we can apply
[49, Theorem 5.1] to XU1 , and we have the formula

u′(x) = E xe
−λτ ′

u′(Xτ ′) + E x

∫ τ ′

0

e−λsf ′(Xs)ds, x ∈ U1.

Since τ ′ ≤ τU and since u = u′ and f ′ = λu−Au in U , the restriction of this
formula to x ∈ U gives (2.4.7).

Notice that, taking τ ′ = τU in (2.4.7), it follows that the solution of the
boundary value problem

{
λu(x) −Au(x) = f(x), x ∈ U,

u(x) = h(x), x ∈ ∂U,
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with h ∈ C(∂U), f ∈ C(U) and λ ≥ 0, can be represented by the formula

u(x) = E xe
−λτUh(XτU

) − E x

∫ τU

0

e−λsf(Xs)ds, x ∈ U. (2.4.8)

2.5 The associated stochastic differential equation

In this section we consider the stochastic differential equation associated with
the differential operator A.

Let {Wt : t ≥ 0} be a N -dimensional Wiener process and let {FW
t : t ≥ 0}

be the filtration generated by Wt. For any x ∈ RN , let σ(x) ∈ L(RN ) be the
unique positive definite matrix such that Q(x) = 1

2σ(x)σ(x)∗ . We consider
the stochastic differential equation

{
dξx

t = b(ξx
t )dt+ σ(ξx

t )dWt, t > 0,

ξx
0 ≡ x,

(2.5.1)

where x ∈ RN is fixed. This equation is a short writing of the integral equation

ξx
t = x+

∫ t

0

b(ξx
s )ds+

∫ t

0

σ(ξx
s )dWs, t > 0. (2.5.2)

We say that ξx
t is a solution of the problem (2.5.1) if it is a continuous

real process, defined for any t ≥ 0, adapted to the filtration {FW
t } and such

that (2.5.2) holds almost surely. Moreover, the continuity of ξx
t ensures the

existence of the stochastic integral in (2.5.2). Note that the continuity of ξx
t

ensures the existence of the stochastic integral in (2.5.2).
Let us assume the following hypothesis.

Hypothesis 2.5.1 The functions b and σ are continuous and satisfy

||σ(x)−σ(y)||22 +2〈b(x)−b(y), x−y〉 ≤ KR|x−y|
2, x, y ∈ B(R), (2.5.3)

A(1 + |x|2) = ||σ(x)||22 + 2〈b(x), x〉 ≤ K(1 + |x|2), x ∈ R
N , (2.5.4)

where K,KR > 0 are constants and ||σ||22 = Tr (σσ∗).

Theorem 2.5.2 Assume Hypothesis 2.5.1. Then, there exists a unique (up

to equivalence) solution ξx
t of the problem (2.5.1), which is equivalent to the

Markov process X.

Proof. For the proof of the existence and uniqueness of the solution ξx
t of

the equation (2.5.1) we refer the reader to [53, Theorems 3.7 & 3.11] or [88,
Theorem V.1.1]. Then, using the Itô formula we can see that ξx

t is equivalent
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to Xt. Indeed, fix t0 > 0 and define v(t, x) = (T (t0− t)f)(x) for t ∈ [0, t0] and
x ∈ RN . For any n ∈ N, let τn(x) be the first exit time of ξx

t from the ball
B(n). Since ξx

t is continuous and defined for any t > 0, we have

lim
n→+∞

τn(x) = +∞, x ∈ R
N , (2.5.5)

almost surely. Since Dtv + Av = 0 in (0, t0) × RN , the Itô formula gives

v(t ∧ τn(x), ξx
t∧τn(x)) = v(0, x) +

∫ t∧τn(x)

0

σ(ξx
s )Dv(s, ξx

s )dWs, (2.5.6)

for any t ∈ [0, t0] and any x ∈ B(n). If t < t0, then, for any s ∈ (0, t ∧ τn(x)),
we have

|σ(ξx
s )Dv(s, ξx

s )| ≤ sup
B(n)

|σ| sup
[0,t]×B(n)

|Dv| < +∞

and, therefore,

E

∫ t∧τn(x)

0

|σ(ξx
s )Dv(s, ξx

s )|2ds < +∞.

Then, the expectation of the stochastic integral in (2.5.6) is zero and we get

E v(t ∧ τn(x), ξt∧τn(x)(x)) = v(0, x) = (T (t0)f)(x),

for any t < t0, x ∈ B(n), n ∈ N. Letting n tend to +∞, from (2.5.5) and the
dominated convergence theorem it follows that

E v(t, ξx
t ) = (T (t0)f)(x), t < t0,

and finally, letting t tend to t0, we get E f(ξx
t0) = (T (t0)f)(x). This is equiva-

lent to say that P(ξx
t ∈ B) = p(t, x;B) for any t ≥ 0 and any x ∈ RN and any

Borel set B, where {p(t, x; dy)} is the transition function of X . Therefore, ξ
and X are equivalent.





Chapter 3

One-dimensional theory

3.0 Introduction

The one-dimensional case is particular and easier. It has been studied by Feller
([57]). Here, we consider the case when the second-order differential operator
A is defined by

Aϕ(x) = q(x)ϕ′′(x) + b(x)ϕ′(x), x ∈ R,

on smooth functions under the following assumptions on the coefficients q and
b.

Hypothesis 3.0.1 The coefficients q and b are continuous in R. Moreover

q(x) > 0, x ∈ R.

Under such a hypothesis, the existence of a solution of the elliptic equation,

λu −Au = f, (3.0.1)

in Dmax(A) = Cb(R) ∩ C2
b (R) can be proved. Note that Hypothesis 3.0.1 is

weaker than those in Chapter 2.
A deep analysis of the solutions to the homogeneous equation

λu −Au = 0

allows us to prove that, for any f ∈ Cb(R), there exists at least a solution
u = Rλf to the equation (3.0.1) which is in Cb(R) ∩ C2(R). We see that the
boundedness at infinity of the solutions to the homogeneous equation is strictly
connected to the integrability at infinity of some functions Q and R which
depend on the coefficients q and b. This analysis will allow us to determine
(integral) conditions on the coefficients which guarantee the uniqueness of the
solution u ∈ Cb(R) ∩ C2(R) to the equation (3.0.1).

Then, we show that the arguments used in Chapter 2 to find out a solution
u = R(λ)f ∈ Dmax(A) to (3.0.1) apply also in this situation in which the
coefficients are less regular. Moreover, we show that Rλf and R(λ)f actually
coincide.

Finally, under suitable additional hypotheses on q and b, we prove that

Dmax(A) = {u ∈ C2
b (R) : qu′′, bu′ ∈ Cb(R)}.

33
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3.1 The homogeneous equation

In this section, for any fixed λ > 0, we study the homogeneous equation

λu − (qu′′ + bu′) = 0. (3.1.1)

Remark 3.1.1 Let u ∈ C2(R) be a solution to the equation (3.1.1). Then,
u can attain neither a positive maximum nor a negative minimum. Indeed,
suppose for instance that x0 ∈ R is a positive maximum of the function u.
Then, u′(x0) = 0 and u′′(x0) ≤ 0. From (3.1.1) we get λu(x0) = q(x0)u

′′(x0) ≤
0, which leads us to a contradiction. If u has a negative minimum it suffices
to apply the previous argument to the function −u. As a consequence, if u
solves (3.1.1) and vanishes at two different points x0 and x1, then u vanishes
identically in R.

The following lemma is a crucial step in order to understand the behaviour
of the solutions of (3.1.1) in a neighborhood of −∞ and +∞.

Lemma 3.1.2 There exist a positive decreasing function u1 and a positive

increasing function u2, which solve the equation (3.1.1).

Proof. To prove the existence of a positive decreasing solution u1 to the
equation (3.1.1), we introduce the set

B = {b ∈ R : ∃ub solution to (3.1.1) with ub(0) = 1, u′
b(0) = b

and ub(x) = 0 for some x > 0}. (3.1.2)

Let us prove that B is an interval. First of all, we observe that B is not empty.
Indeed, denote by v1 and v2 two linearly independent solutions to the equation
(3.1.1). Then, the more general solution to (3.1.1) is given by v = c1v1 + c2v2.
By the last part of Remark 3.1.1 the matrix whose rows are (v1(0), v2(0))
and (v1(x0), v2(x0)) is invertible for any x0 > 0, since v ≡ 0 is the unique
solution to the equation (3.1.1) such that v(0) = v(x0) = 0. This implies that
for any x0 > 0 there exists a unique solution v to (3.1.1) such that v(0) = 1,
v(x0) = 0. Hence, a = v′(0) belongs to B.

To prove that B is an interval, we show that, if b ∈ B, then (−∞, b] ⊂ B.
For this purpose we observe that, if c < b, then uc < ub in (0, +∞). Indeed,
since u′

c(0) < u′
b(0), there exists at least an interval (0, x1) in which uc < ub.

Suppose that x1 < +∞. Then, ub(x1) = uc(x1). This would imply that the
function v = ub−uc, which solves the equation (3.1.1), should have two zeroes.
Hence it should be constant in R, which is a contradiction. Therefore, uc < ub

in (0, +∞) and, consequently, uc vanishes at some point x ∈ (0, +∞), so that
c ∈ B.

We now show that, if b ∈ B, then ub is decreasing in R. As a consequence
we deduce that B ⊂ (−∞, 0]. Let b ∈ B and let x > 0 be the unique zero of
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the function ub. Then, ub is decreasing in (−∞, x), otherwise it should have
a positive maximum. Similarly, ub is decreasing in [x, +∞). To check it, we
observe that u′

b(x) < 0. Indeed, if u′
b(x) = 0, then u should coincide with the

null solution. Therefore, ub is strictly decreasing in a neighborhood of x. If ub

were not decreasing in (x, +∞) it should have a negative minimum, which is
a contradiction.

We now set b = supB, and u1 = ub. Observe that u1 is decreasing in R.

Indeed, ub converges to u1 in C2([−M, M ]) for any M > 0, as b tends to b
from the left. Since u′

b ≤ 0 for any b < b, it follows that u′
1 ≤ 0 as well. Let us

now prove that u1 is positive in R. This is equivalent to proving that b /∈ B.
By contradiction, suppose that b ∈ B. Let x > 0 be a positive zero of u1 and
let u be the solution to (3.1.1) such that u(0) = 1 and u(2x) = 0. Arguing as
above, we can show that u ≥ u1. Hence, u′(0) > b, and this, of course, leads
us to a contradiction.

Finally, to prove the existence of a positive increasing solution to (3.1.1) it
suffices to set u2(x) = v(−x) for any x ∈ R, where v is the positive solution to
the equation λv(x) − q(−x)v′′(x) + b(−x)v′(x) = 0, provided by the previous
arguments.

The following proposition describes the behaviour of the solutions to the
equation (3.1.1). For this purpose, we introduce the functions

W (x) = exp

(
−

∫ x

0

b(s)

q(s)
ds

)
, x ∈ R, (3.1.3)

Q(x) =
1

q(x)W (x)

∫ x

0

W (s)ds, x ∈ R, (3.1.4)

R(x) = W (x)

∫ x

0

1

q(s)W (s)
ds, x ∈ R. (3.1.5)

Moreover, we observe that u ∈ C2(R) is a solution to the equation (3.1.1) if
and only if u solves the differential equation

(
u′

W

)′

= λ
u

qW
. (3.1.6)

Therefore, any solution u of (3.1.1) satisfies

u′(x) = W (x)

(
u′(0) + λ

∫ x

0

u(s)

q(s)W (s)
ds

)
, x ∈ R. (3.1.7)

Remark 3.1.3 Notice that

u1(x)u′
2(x) − u′

1(x)u2(x) = w0W (x), x ∈ R, (3.1.8)

for some positive constant w0. The formula (3.1.8) is immediately checked
since the function W−1(u1u

′
2 − u′

1u2) is positive (by virtue of Lemma 3.1.2)
and its first-order derivative identically vanishes in R.
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Proposition 3.1.4 The following properties are met:

(i) all the solutions to (3.1.1) admit finite limit at +∞ if and only if the

function R belongs to L1(0, +∞);

(ii) if Q ∈ L1(0, +∞) and R /∈ L1(0, +∞) then any positive decreasing

solution to (3.1.1) satisfies

lim
x→+∞

u′(x)

W (x)
= 0;

(iii) if Q, R belong to L1(0, +∞) then, for any solution u to (3.1.1), the limits

limx→+∞ u(x) and limx→+∞ u′(x)/W (x) exist and are finite. Moreover,

there exist two decreasing solutions u and v of (3.1.1) such that

(i) lim
x→+∞

u(x) = 0, lim
x→+∞

u′(x)

W (x)
= −1,

(ii) lim
x→+∞

v(x) = 1, lim
x→+∞

v′(x)

W (x)
= 0;

(3.1.9)

(iv) the equation (3.1.1) admits a decreasing solution with limx→+∞ u(x) > 0
if and only if Q ∈ L1(0, +∞).

Proof. (i). Since any solution to (3.1.1) is given by a linear combination of
the functions u1 and u2, and u1 is decreasing (see Lemma 3.1.2), it suffices to
show that limx→+∞ u2(x) ∈ R if and only if R ∈ L1(0, +∞). For this purpose,
we observe that, since u2 is increasing and u2(0) = 1, then

R(x) ≤ W (x)

∫ x

0

u2(s)

q(s)W (s)
ds ≤ u2(x)R(x), x > 0. (3.1.10)

Moreover, by (3.1.7) we can write

u′
2(x) = W (x)

(
u′

2(0) + λ

∫ x

0

u2(s)

q(s)W (s)
ds

)
, x > 0. (3.1.11)

Suppose that u2 is bounded in a neighborhood of +∞. Then, the two terms
in the right-hand side of (3.1.11) are in L1(0, +∞), since they are both posi-
tive. Therefore, from (3.1.10) it follows that R ∈ L1(0, +∞).

Conversely, suppose that R ∈ L1(0, +∞). Then, plugging (3.1.10) into
(3.1.11) we see that u2 satisfies the differential inequality

u′
2(x) ≤ u′

2(0)W (x) + λR(x)u2(x), x > 0.

Therefore, the Gronwall Lemma yields

u2(x) ≤ exp

(
λ

∫ x

0

R(t)dt

)[
1 + u′

2(0)

∫ x

0

W (t) exp

(
−λ

∫ t

0

R(s)ds

)
dt

]
,

(3.1.12)
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for any x > 0. Since R is integrable in (0, +∞) and

W (x) ≤

(∫ 1

0

1

q(s)W (s)
ds

)−1

R(x), x ≥ 1,

we easily deduce that W ∈ L1(0, +∞). Therefore, from (3.1.12) it easily fol-
lows that u2 is bounded in (0, +∞).

(ii). Let u be a positive decreasing solution to (3.1.1). Then, the equation
(3.1.6) implies that the function u′/W is negative and increasing in R. There-
fore, there exists k ≤ 0 such that

k = lim
x→+∞

u′(x)

W (x)
.

Let us prove that k = 0. For this purpose, we observe that, integrating (3.1.6)
from x to c and, then, letting c go to +∞, gives

u′(x) = W (x)

(
k − λ

∫ +∞

x

u(s)

q(s)W (s)
ds

)
, x ∈ R. (3.1.13)

Since Q ∈ L1(0, +∞), the Fubini theorem implies that the function x 7→

W (x)
∫ +∞

x (q(s)W (s))−1ds is integrable in (0, +∞). The boundedness of u in

(0, +∞) yields the integrability of the function x 7→
∫ +∞

x
u(s)/(q(s)W (s))ds

in (0, +∞). Therefore, from (3.1.13) it follows that, if k 6= 0, the function W
is integrable in (0, +∞). Since

1

q(x)W (x)
≤

(∫ 1

0

W (s)ds

)−1

Q(x), x ≥ 1, (3.1.14)

then the function 1/(qW ) is integrable in (0, +∞). But this implies that R is
integrable in (0, +∞) as well. Hence, we get a contradiction.

(iii). Let us prove that, if Q, R ∈ L1(0, +∞), then any solution to (3.1.1)
is such that u and u′/W admit finite limits at +∞. By the property (i) we
can limit ourselves to showing that the limit limx→+∞ u′/W is finite for any
solution u of (3.1.1). For this purpose we observe that, from (3.1.14) and the
boundedness of u at +∞, it follows that u/(qW ) is integrable in (0, +∞).
Therefore, dividing both the sides of (3.1.7) by W (x) and letting x go to +∞,
we obtain that the limit limx→+∞ u′(x)/W (x) is finite.

Let us now set u = u1−cu2 where c is a constant such that limx→+∞ u(x) =
0. Let us observe that c ∈ [0, 1). Of course, c > 0 since uj (j = 1, 2) is positive
in R. Moreover, u2 ≥ u1 in [0, +∞) and u1(0) = u2(0) = 1. If c > 1, then
ũ should have a negative minimum and if c = 1 it should have a positive
maximum or a negative minimum. Of course, these are all contradictions
by Remark 3.1.1. Therefore, c ∈ [0, 1). It follows that u(0) > 0 and, since
limx→+∞ u(x) = 0, Remark 3.1.1 implies that u is decreasing in R.
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Arguing as in the proof of the property (ii) we see that u′(x)/W (x) tends
to a nonpositive limit k as x tends to +∞. If k = 0, from (3.1.13) we would
get

u′(x)

u(x)
= −λ

W (x)

u(x)

∫ +∞

x

u(s)

q(s)W (s)
ds ≥ −λW (x)

∫ +∞

x

1

q(s)W (s)
ds,

(3.1.15)
for any x ∈ R. As it has been shown in the proof of the property (ii) the
last side of (3.1.15) is integrable in (0, +∞) since Q ∈ L1(0, +∞). It follows
that the function log(u) is bounded from below in (0, +∞) and, consequently,
limx→+∞ u(x) = l > 0. Since this is a contradiction, k should be strictly neg-
ative. Therefore, setting u = −ũ/k, we obtain a solution to (3.1.1) satisfying
(3.1.9)(i).

Now, let us show that the problem (3.1.1) admits a positive decreasing
solution v satisfying (3.1.9)(ii). For this purpose, let w be the solution to
(3.1.1) satisfying w(0) = 0 and w′(0) = 1. According to Remark 3.1.1, w is
increasing in R. Therefore, from (3.1.6) it follows that w′/W is increasing as
well and, consequently, limx→+∞ w′(x)/W (x) ∈ (1/W (0), +∞).

Let us set v = u+dw where u satisfies (3.1.9)(i) and d is a positive constant
such that limx→+∞ v′(x)/W (x) = 0. Since v is nonnegative, by (3.1.6) we now
easily see that v is decreasing in R. Moreover, since limx→+∞ v′(x)/W (x) = 0,
the previous arguments show that l := limx→+∞ v(x) is strictly greater than
0. Thus, the function v = v/l is a solution to (3.1.1) satisfying (3.1.9)(ii).

(iv). Let u be a decreasing solution such that limx→+∞ u(x) = l > 0. Then,
arguing as in the proof of the property (ii), we can show that there exists
k ≤ 0 such that

k = lim
x→+∞

u′(x)

W (x)

and u′ is given by (3.1.13). It follows that the function u/(qW ) is inte-
grable in (0, +∞). Since all the terms in the right-hand side of (3.1.13)
are nonpositive, and the left-hand side is integrable in (0, +∞), then the

function x 7→ W (x)
∫ +∞

x u(s)/(q(s)W (s))ds is integrable in (0, +∞) as well.
Since u is positive and u ≥ l in (0, +∞), it follows that also the function

x 7→ W (x)
∫ +∞

x (q(s)W (s))−1ds is integrable in (0, +∞). Using the Fubini
Theorem, we see that this implies that Q ∈ L1(0, +∞).

Conversely, let us suppose that Q ∈ L1(0, +∞) and let us prove that the
equation (3.1.1) admits a positive decreasing solution u with limx→+∞ u(x) =
l > 0. If R ∈ L1(0, +∞), the property (iii) gives us the wished function u.
If R /∈ L1(0, +∞), then any positive and decreasing solution u to (3.1.1) is
given by (3.1.13) and k = 0 by the property (ii). Hence u′/u satisfies (3.1.15)
and, consequently, arguing as in the proof of the property (iii), we see that
limx→+∞ u(x) = l > 0.

Concerning the behaviour of the solution to (3.1.1) in a neighborhood of
−∞, we have the following result.
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Proposition 3.1.5 The following properties are met:

(i) all the solutions to (3.1.1) admit finite limit at −∞ if and only if the

function R belongs to L1(−∞, 0);

(ii) if Q ∈ L1(−∞, 0) and R /∈ L1(−∞, 0) then any positive increasing

solution to (3.1.1) satisfies

lim
x→−∞

u′(x)

W (x)
= 0;

(iii) if Q, R belong to L1(−∞, 0) then any solution to (3.1.1) is such that

the limits limx→−∞ u(x) and limx→−∞ u′(x)/W (x) exist and are finite.

Moreover, there exist two increasing solutions u and v of (3.1.1) such

that

(i) lim
x→−∞

u(x) = 0, lim
x→−∞

u′(x)

W (x)
= 1,

(ii) lim
x→−∞

v(x) = 1, lim
x→−∞

v′(x)

W (x)
= 0;

(iv) the equation (3.1.1) admits an increasing solution with limx→−∞ u(x) >
0 if and only if Q ∈ L1(−∞, 0).

Proof. Let Ã be the second order differential operator defined by Ãu =
q̃u′′ + b̃u′ where q̃(x) = q(−x), and b̃(x) = −b(−x) for any x ∈ R. Let W̃ , Q̃
and R̃ be defined according to (3.1.3)-(3.1.5) with q, b being replaced with q̃
and b̃. As it is easily seen, W̃ (x) = W (−x), Q̃(x) = −Q(−x), R̃(x) = −R(−x).
Therefore, W̃ , Q̃ and R̃ are integrable in a neighborhood of −∞ if and only
if W , Q and R are integrable in a neighborhood of +∞. Moreover, u solves
λu − Au = 0 if and only if the function x 7→ v(x) := u(−x) solves the
differential equation λv−Ãv = 0. Now the assertion follows from Proposition
3.1.4.

We now give the following definitions.

Definition 3.1.6 The point +∞ is said

accessible if

{
regular, i.e., Q ∈ L1(0, +∞), R ∈ L1(0, +∞),

exit, i.e., Q /∈ L1(0, +∞), R ∈ L1(0, +∞),

unaccessible if

{
entrance, i.e., Q ∈ L1(0, +∞), R /∈ L1(0, +∞),

natural, i.e., Q /∈ L1(0, +∞), R /∈ L1(0, +∞).
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Similarly, the point −∞ is said

accessible if

{
regular, i.e., Q ∈ L1(−∞, 0), R ∈ L1(−∞, 0),

exit, i.e., Q /∈ L1(−∞, 0), R ∈ L1(−∞, 0),

unaccessible if

{
entrance, i.e., Q ∈ L1(−∞, 0), R /∈ L1(−∞, 0),

natural, i.e., Q /∈ L1(−∞, 0), R /∈ L1(−∞, 0).

The results in Propositions 3.1.4 and 3.1.5 can be rephrased as follows.

Proposition 3.1.7 The following properties are met:

(i) +∞ (resp. −∞) is regular if and only if the differential equation (3.1.1)
admits two positive decreasing (resp. increasing) solutions u1 and u2

such that

lim
x→+∞

uj(x) = j − 1, lim
x→+∞

u′
j(x)

W (x)
= −2 + j, j = 1, 2,

(
resp. lim

x→−∞
uj(x) = j − 1, lim

x→−∞

u′
j(x)

W (x)
= 2 − j, j = 1, 2

)
.

In this case all the solutions to (3.1.1) are bounded in (0, +∞) (resp. in

(−∞, 0));

(ii) +∞ (resp. −∞) is an exit if and only if all the solutions of (3.1.1) are

bounded in (0, +∞) (resp. in (−∞, 0)) and any positive decreasing (resp.
increasing) solution u vanishes at +∞ (resp. at −∞);

(iii) +∞ (resp. −∞) is an entrance if and only if the differential equation

(3.1.1) admits a positive decreasing (resp. increasing) solution u such

that

lim
x→+∞

u(x) = 1, lim
x→+∞

u′(x)

W (x)
= 0,

(
resp. lim

x→−∞
u(x) = 1, lim

x→−∞

u′(x)

W (x)
= 0

)
,

and any other solution of (3.1.1), which is independent of u, is un-

bounded in (0, +∞) (resp. in (−∞, 0));

(iv) +∞ (resp. −∞) is natural if and only the differential equation (3.1.1)
admits a positive decreasing (resp. increasing) solution u such that

lim
x→+∞

u(x) = 0, lim
x→+∞

u′(x)

W (x)
= 0,
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(

lim
x→−∞

u(x) = 0, lim
x→−∞

u′(x)

W (x)
= 0

)
,

and any other solution of (3.1.1), which is independent of u, is un-

bounded in (0, +∞) (resp. in (−∞, 0)).

Proof. We just prove the property (iv) since the other properties follow easily
from Propositions 3.1.4 and 3.1.5. Moreover, we limit ourselves to dealing with
the case when the point +∞ is natural, since the case when −∞ is natural can
be then deduced from this one using Proposition 3.1.5 instead of Proposition
3.1.4.

As a first step we observe that, according to Proposition 3.1.4(iv), u1 van-
ishes at +∞.

Let us now prove that u′
1/W vanishes at +∞ as well. For this purpose,

we begin by observing that, from (3.1.6) written with u1 instead of u, we
easily deduce that u′

1/W admits finite (and nonpositive) limit as x tends to
+∞ since it is negative and increasing. By contradiction, we assume that the
previous limit is negative and we denote it by k. Since any solution of (3.1.1)
is a linear combination of u1 and u2 and, according to Proposition 3.1.4(i),
the equation (3.1.1) admits solutions which are unbounded in a neighborhood
of +∞, it follows that u2(x) tends to +∞ as x tends to +∞. Taking Remark
3.1.3 into account, we can write

1 =
W (x)

W (x)
=

1

w0

(
u′

2(x)

W (x)
u1(x) −

u′
1(x)

W (x)
u2(x)

)
, x > 0.

Recalling that u′
2 and u1 are positive in R and taking the limit as x tends to

+∞, we are led to a contradiction.
Conversely, let us assume that there exists a positive decreasing solution ũ

to the problem (3.1.1) vanishing at +∞ together with the function ũ′/W and
that any other solution to (3.1.1), independent of ũ, is unbounded at +∞.
According to Proposition 3.1.4(i), it is clear that R /∈ L1(0, +∞). To show
that Q /∈ L1(0, +∞), we observe that, denoting by v a solution to (3.1.1)
linearly independent of ũ, then any solution u to the problem (3.1.1) is given
by u = c1ũ + c2v, for some c1, c2 ∈ R. Therefore, u is bounded at +∞ if and
only if c2 = 0. But in such a case, u vanishes at +∞. Therefore, Proposition
3.1.4(iv) implies that Q /∈ L1(0, +∞) and we are done.

3.2 The nonhomogeneous equation

In this section we study the solutions u ∈ C2(R) of the nonhomogeneous
equation

λu −Au = f, (3.2.1)
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when f ∈ Cb(R).
By the classical theory of ordinary differential equations, it is easy to check

that the more general solution to the differential equation (3.2.1) is given by

u(x) = −

∫ x

0

〈W(x)W−1(t)e2, e1〉
f(t)

q(t)
dt + c1u1(x) + c2u2(x), x ∈ R,

(3.2.2)
where c1, c2 are arbitrary real constants, e1 = (1, 0), e2 = (0, 1), u1, u2 are as
in Lemma 3.1.2 and W is the wronskian matrix

W(x) =

(
u1(x) u2(x)

u′
1(x) u′

2(x)

)
, x ∈ R.

Taking (3.1.8) into account, from (3.2.2) we can write

u(x) =

(
c1 +

1

w0

∫ x

0

f(t)

q(t)W (t)
u2(t)dt

)
u1(x)

+

(
c2 −

1

w0

∫ x

0

f(t)

q(t)W (t)
u1(t)dt

)
u2(x), (3.2.3)

for any x ∈ R.
We can now prove the following result.

Proposition 3.2.1 For any f ∈ Cb(R) and any λ > 0, the function u = Rλf
defined by

(Rλf)(x) =

∫ +∞

−∞

Gλ(x, s)f(s)ds, x ∈ R, (3.2.4)

where Gλ : R2 → R is given by

Gλ(x, s) =






u1(s)u2(x)

w0q(s)W (s)
, x < s,

u1(x)u2(s)

w0q(s)W (s)
, x ≥ s,

belongs to Cb(R)∩C2(R) and solves the differential equation (3.2.1). Moreover,

the operator Rλ : Cb(R) → Cb(R) is bounded and ||Rλ||L(Cb(RN )) ≤ 1/λ.

Proof. Observe that a formal computation shows that

(Rλf)(x) =
u1(x)

w0

∫ x

−∞

u2(s)

q(s)W (s)
f(s)ds +

u2(x)

w0

∫ +∞

x

u1(s)

q(s)W (s)
f(s)ds,

(3.2.5)
for any x ∈ R. So, let us prove that the integral terms in the right-hand side
of (3.2.5) are well defined for any x ∈ R.
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Since the function W−1u′
2 is positive and increasing in R (as it easily follows

from (3.1.6)), then, for any c < x, we have

∫ x

c

u2(s)

q(s)W (s)
|f(s)|ds ≤ ||f ||∞

∫ x

c

u2(s)

q(s)W (s)
ds

=
1

λ
||f ||∞

∫ x

c

(
u′

2

W

)′

(s)ds

=
1

λ
||f ||∞

(
u′

2(x)

W (x)
−

u′
2(c)

W (c)

)

≤
1

λ
||f ||∞

(
u′

2(x)

W (x)
− lim

c→−∞

u′
2(c)

W (c)

)

≤
1

λ
||f ||∞

u′
2(x)

W (x)
. (3.2.6)

Hence, the first integral in the right-hand side of (3.2.5) is well defined. A
similar argument shows that, for any c > x,

∫ c

x

u1(s)

q(s)W (s)
|f(s)|ds ≤ −

1

λ
||f ||∞

u′
1(x)

W (x)
. (3.2.7)

Hence, also the other integral is well defined. Of course, they both define
continuous functions in R. Therefore, Rλf is a continuous function in R and
it is bounded since (3.2.6) gives

|(Rλf)(x)| ≤ ||f ||∞

(
u1(x)

w0λ

u′
2(x)

W (x)
−

u′
1(x)

w0λ

u2(x)

W (x)

)
=

1

λ
||f ||∞,

for any x ∈ R. Finally, a straightforward computation shows that Rλf solves
the differential equation (3.2.1). This finishes the proof.

Thanks to Propositions 3.1.7 and 3.2.1, it is now easy to solve the problem
of the uniqueness of the solution u ∈ Cb(R) ∩ C2(R) to the equation (3.2.1).

Theorem 3.2.2 The elliptic equation (3.2.1) is uniquely solvable in Cb(R)∩
C2(R) for any λ > 0 and any f ∈ Cb(R) if and only if −∞ and +∞ are

unaccessible. If both −∞ and +∞ are accessible, then any solution u ∈ C2(R)
to (3.2.1) is bounded in R.

In Chapter 2 we have seen that if the coefficients q and b belong to Cα
loc(R),

then a solution u ∈ C2+α
loc (R) can be obtained by approximating the equation

(3.1.1) with the Dirichlet problems

{
λu(x) − q(x)u′′(x) − b(x)u′(x) = f(x), x ∈ (−n, n),

u(−n) = u(n) = 0,
(3.2.8)
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and, then, letting n go to 0. Now two questions arise naturally. Does this ap-
proximation argument work also in the case when the coefficients are merely
continuous in R and, if this is the case, what are the relations between the so-
lution provided by this method and the solution given by (3.2.4)? The answers
to the previous two questions are contained in the following proposition.

Proposition 3.2.3 For any f ∈ Cb(R), let un be the solution to the problem

(3.2.8). Then, un converges to the function Rλf (see (3.2.4)) in C2([−a, a])
for any a > 0, as n tends to +∞.

Proof. Throughout the proof, u1 and u2 will denote the functions in Lemma
3.1.2. Moreover, to simplify the notation we write u(+∞), respectively u(−∞),
to denote the limit of u at +∞, respectively at −∞, whenever these limits
exist. Finally, for any fixed function f ∈ Cb(R), we denote by gf and hf the
functions defined by

gf(x) =
1

w0

∫ x

0

f(t)

q(t)W (t)
u1(t)dt, hf (x) =

1

w0

∫ x

0

f(t)

q(t)W (t)
u2(t)dt,

for any x ∈ R. First of all, we prove that the sequence {un} converge in
C2([−a, a]), for any a > 0, to a function u ∈ C2(R)∩Cb(R). For this purpose,
we observe that a simple computation shows that un is given by (3.2.3), with
c = c1(n) and c2 = c2(n) satisfying

{
(c1(n) + hf (n))u1(n) + (c2(n) − gf (n))u2(n) = 0,

(c1(n) + hf (−n))u1(−n) + (c2(n) − gf (−n))u2(−n) = 0.
(3.2.9)

Moreover, by the classical maximum principle (see Theorem C.2.2(i)) it follows
that

sup
x∈[−n,n]

|un(x)| ≤
1

λ
||f ||∞, n ∈ N. (3.2.10)

Thus, writing (3.2.3) at x = ±1, we deduce that |c1(n)u1(1)+c1(n)u2(1)| and
|c1(n)u1(−1)+ c2(n)u2(−1)| are bounded by a positive constant, independent
of n. Since the matrix A, whose rows are (u1(−1), u2(−1)) and (u1(1), u2(1)),
is invertible, it follows that |c1(n)| and |c2(n)| are bounded uniformly with
respect to n ∈ N. Therefore, up to a subsequence, we can assume that c1(n)
and c2(n) converge to some real numbers c1(+∞) and c2(+∞). Now, from
(3.2.3) is immediate to check that un converges in C2([−a, a]) to some func-
tion u ∈ C2(R) which, of course, satisfies the differential equation (3.2.1).
Moreover, the estimate (3.2.10) implies that u is bounded in R. Therefore,
the function R(λ)f is well defined for any f ∈ Cb(R).

Let us now prove that R(λ)f = Rλf , where Rλf is given by (3.2.4). For
this purpose, it suffices to show that c1(n) and c2(n) converge as n tends to
+∞ and

c1(+∞) = −hf(−∞), c2(+∞) = gf (+∞). (3.2.11)
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Of course, according to Theorem 3.2.2 it suffices to consider the case when at
least one between −∞ and +∞ is accessible.

To begin with we observe that, from (3.2.6) and (3.2.7), we easily deduce
that the function u1/(qW ) is integrable in (0, +∞), whereas the function
u2/(qW ) is integrable in (−∞, 0). Therefore, gf(+∞) and hf(−∞), as well
as g1l(+∞) and h1l(−∞), exist and are finite. Moreover, if u1(+∞) = 0 and
u2(+∞) is finite, then (hfu1)(+∞) = 0. Indeed,

|hf (n)u1(n)| =
u1(n)

w0

∣∣∣∣
∫ n

0

f(t)

q(t)W (t)
u2(t)dt

∣∣∣∣

≤ ||f ||∞
u1(n)

w0

∫ n

0

u2(t)

q(t)W (t)
dt

≤ ||f ||∞
u1(n)u2(n)

w0

(∫ x

0

1

q(t)W (t)
dt +

∫ n

x

1

q(t)W (t)
dt

)

≤ ||f ||∞

{
u1(n)u2(n)

w0

∫ x

0

1

q(t)W (t)
dt + u2(n) (g1l(n) − g1l(x))

}
,

for any x > 0. Therefore, letting n go to +∞ we get

lim sup
n→+∞

|hf (n)u1(n)| ≤ ||f ||∞u2(+∞) (g1l(+∞) − g1l(x)) .

Then, letting x go to +∞, we get lim supn→+∞ hf (n)u1(n) = 0, namely
(hfu1)(+∞) = 0. Similarly, if u1(−∞) is real and u2(−∞) = 0, then

lim
n→+∞

u2(−n)gf(−n) = 0.

To complete the proof we need a deeper analysis of the functions u1 and
u2. For this purpose we split the remainder of the proof into several steps.

The case when +∞ and −∞ are both accessible. In such a situation, the
functions u1 and u2 are bounded in R and u1(+∞) = u2(−∞) = 0. The
boundedness of u1 and u2 follows immediately from the properties (i) and
(ii) in Proposition 3.1.7. Let us now show that u1(+∞) = 0. This is clear
by Proposition 3.1.7(ii) if +∞ is an exit point. So, let us assume that +∞
is regular. A similar argument then can be used to show that u2(−∞) = 0
when −∞ is natural. For this purpose, let u be a decreasing solution of (3.1.1)
with u(+∞) = 0, provided by Proposition 3.1.7. Then, we set v = u/u(0).
As it is immediately seen, v vanishes at +∞ and v(0) = 1. We claim that
v ≥ u1 in (0, +∞). Since u1 > 0 in R, it then follows that u1(+∞) = 0. By
contradiction suppose that there exists x > 0 such that u1(x) > v(x). Then,
u1 > v in (0, +∞). Indeed if this were not the case, then there should exist
a point x1 > 0 such that u1(x1) = v(x1). By the last part of Remark 3.1.1 it
would follow that u1 ≡ v: a contradiction. Therefore, if u1(x) > v(x) for some
x > 0, then u1 > v in (0, +∞). But this implies that u′

1(0) > v′(0). Since B is
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an interval, this would imply that u′
1(0) 6= supB: a contradiction. Therefore,

u1 ≤ v in (0, +∞) and v′(0) /∈ B (see (3.1.2)).
Now, from (3.2.9) it easily follows that c1(+∞) and c2(+∞) exist finite and

are given by (3.2.11).

The case when +∞ is accessible and −∞ is unaccessible. According to
the properties (i) and (ii) in Proposition 3.1.7, and arguing as in the previous
step, it follows that u1(+∞) = 0, u1(−∞) = +∞, u2(+∞) ∈ (0, +∞). Hence,
letting n go to +∞ in the first equation in (3.2.9) we deduce that c2(+∞)
is given by (3.2.11). To prove that c1(+∞) is given by (3.2.11), we begin by
studying the behaviour of u2 at −∞. For this purpose, we observe that we can
write u2 = d1u1 + d2u where u is an increasing solution to (3.1.1) satisfying
limx→−∞ u′(x)/W (x) = 0 and u(−∞) = 0, if −∞ is natural, and u(−∞) = 1,
if −∞ is an entrance. Since u2(−∞) is real, we easily see that d1 = 0 and
consequently u2 = u/u(0). Therefore, u2(−∞) = 0 if −∞ is natural whereas
u2(−∞) > 0 if −∞ is an entrance. In any case, u′

2/W tends to 0 as x tends
to −∞. Therefore,

|gf (−n)|u2(−n) ≤
||f ||∞
w0

u2(−n)

∫ 0

−n

u1(t)

q(t)W (t)
dt

=
||f ||∞
w0

u2(−n)

λ

(
u′

1(0) −
u′

1(−n)

W (−n)

)

=
||f ||∞
w0

u2(−n)

λ
u′

1(0) −
||f ||∞
w0

u′
2(−n)

λW (−n)
u1(−n) +

1

λ
||f ||∞.

Therefore,

lim
n→+∞

gf (−n)u2(−n)

u1(−n)
= 0.

Thus, letting n go to +∞ in the second equation in (3.2.9), we now easily see
that c1(+∞) is given by (3.2.11).

The case when +∞ is unaccessible and −∞ is accessible. By changing x
to −x, we go back again to the previous case (see the proof of Proposition
3.1.5). Hence, also in this case c1(+∞) and c2(+∞) are given by (3.2.11).
This finishes the proof.

Now, we consider some examples.

Example 3.2.4 Let A be the operator defined by

Aϕ(x) = ϕ′′(x) − x3ϕ(x), x ∈ R,

on smooth functions ϕ. Let us show that +∞ and −∞ are both unaccessible.
By Theorem 3.2.2 this will imply that the equation λu −Au = f is uniquely
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solvable in Cb(R)∩C2(R) for any f ∈ Cb(R). A straightforward computation
shows that

W (x) = ex4/4, Q(x) = e−x4/4

∫ x

0

es4/4ds, R(x) = ex4/4

∫ x

0

e−s4/4ds,

for any x ∈ R. It is readily seen that R /∈ L1(−∞, 0) ∪ L1(0, +∞). Moreover,
using De L’Hôpital rule it can be seen that

lim
x→±∞

x3Q(x) = 1.

Hence Q ∈ L1(−∞, 0) ∩ L1(0, +∞). We conclude that +∞ and −∞ are en-
trance points.

We will generalize this example to the N -dimensional setting in Chapter 4
(see Example 4.1.13).

Example 3.2.5 Let A be the one-dimensional differential operator defined
by

Aϕ(x) = ϕ′′(x) + x3ϕ′(x), x ∈ R,

on smooth functions ϕ. In this case

W (x) = e−
x4

4 , Q(x) = e
x4

4

∫ x

0

e−
s4

4 ds, R(x) = e−
x4

4

∫ x

0

e
s4

4 ds.

Arguing as in the previous example, it follows that Q /∈ L1(−∞, 0)∪L1(0, +∞)
and R ∈ L1(−∞, 0)∩L1(0, +∞). We conclude that +∞ and −∞ are both exit
points. Therefore, according to Theorem 3.2.2, for any f ∈ Cb(R) the equation
λu −Au = f admits more than one solution belonging to Cb(R) ∩ C2(R).

We will generalize this example to the N -dimensional setting in Chapter 5
(see Example 5.2.5).

Remark 3.2.6 These two examples show us that the uniqueness of the so-
lution u ∈ Dmax(A) to the elliptic equation λu − Au = f does not depend
merely on the growth at infinity of the coefficients of the operator A. In fact,
the operators defined in Examples 3.2.4 and 3.2.5 differ only in the sign of the
drift term, but this difference is crucial. Indeed, using the notation of Chapter
2, we have D(Â) = Dmax(A), if A is the operator in Example 3.2.4 whereas

D(Â) is properly contained in Dmax(A) if A is the operator in Example 3.2.5.
See also Example 5.2.5 and [88, Section 5.2] for a discussion about these

two previous examples in the probabilistic framework.
We study the problem of the uniqueness of the solution u ∈ Dmax(A) to

the elliptic equation λu−Au = f , and of the classical solution to the homoge-
neous Cauchy problem associated with the operator A (in the N -dimensional
setting), in Chapter 4.
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To conclude this section we characterize Dmax(A) under some additional
assumptions of the coefficients q and b. The following theorem has been proved
in [58].

Theorem 3.2.7 Suppose that q ∈ C(R) and q(x) ≥ κ0 for any x ∈ R and

some positive constant κ0. Further assume that b ∈ C1(R) satisfies

q(x)b′(x) ≤ c1 + c2(b(x))2, x ∈ R, (3.2.12)

for some constants c1 ∈ R and c2 < 1. Finally, assume that +∞ and −∞ are

both unaccessible. Then,

Dmax(A) = {u ∈ C2
b (R) : qu′′, bu′ ∈ Cb(R)}. (3.2.13)

Proof. According to Theorem 3.2.2 and Proposition 3.2.3, for any f ∈ Cb(R),
the elliptic equation

u −Au = f (3.2.14)

admits a unique solution u in Dmax(A). Therefore, to prove the assertion it
suffices to show that u actually belongs to the space defined in the right-
hand side of (3.2.13). For this purpose, for any n ∈ N, we denote by un ∈
C2([−n, n]) the solution to the Cauchy problem

{
u(x) −Au(x) = f(x), x ∈ (−n, n),

u′(−n) = u′(n) = 0.

According to Theorem C.2.2(ii), we have

||un||C([−n,n]) ≤ ||f ||C([−n,n]), ||Aun||C([−n,n]) ≤ 2||f ||C([−n,n]), (3.2.15)

for any n ∈ N.
The main step of the proof consists in proving that the C2-norm of un and

the sup-norm of qu′′
n and bu′

n are uniformly bounded with respect to n. Then,
a compactness argument will allow us to show that un converges to a solution
of the equation (3.2.14) belonging to the space defined by the right-hand side
of (3.2.13).

To begin with, let us prove that there exists a positive constant C, inde-
pendent of n, such that

||qu′′
n||C([−n,n]) + ||bu′

n||C([−n,n]) ≤ C||f ||C([−n,n]) ≤ C||f ||∞, n ∈ N.
(3.2.16)

For this purpose, let x0 = x0(n) be a point in [−n, n] such that |b(x0)u
′
n(x0)| =

||bu′
n||C([−n,n]). Up to replacing un with −un and f with −f , we can as-

sume that x0 is a maximum of the function bu′
n. Moreover, we can also

assume that x0 ∈ (−n, n) and b(x0) 6= 0, otherwise b(x0)u
′
n(x0) = 0 and
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(3.2.16) would follow immediately. Since (bu′
n)′(x0) = 0, we have u′′

n(x0) =
−b′(x0)(b(x0))

−1u′
n(x0). Hence, (3.2.12) implies that

q(x0)u
′′
n(x0) = −q(x0)b

′(x0)
u′

n(x0)

b(x0)
≥ −c1

u′
n(x0)

b(x0)
− c2b(x0)u

′
n(x0).

Therefore, taking (3.2.15) into account, we deduce that

2||f ||C([−n,n]) ≥ −f(x0) + un(x0)

= q(x0)u
′′
n(x0) + b(x0)u

′
n(x0)

≥ (1 − c2)b(x0)u
′
n(x0) − c1

u′
n(x0)

b(x0)
. (3.2.17)

Multiplying the first and the last sides of (3.2.17) by b(x0)u
′
n(x0) we get

2||bu′
n||C([−n,n])||f ||C([−n,n]) ≥ (1 − c2)||bu

′
n||

2
C([−n,n]) − c1(u

′
n(x0))

2

≥ (1 − c2)||bu
′
n||

2
C([−n,n]) − c+

1 ||u
′
n||

2
C([−n,n]).

If we set

x = ||bu′
n||C([−n,n]), α =

2

1 − c2
||f ||C([−n,n]), β =

c+
1

1 − c2
||u′

n||
2
C([−n,n]),

we obtain that x satisfies the inequality x2 ≤ αx + β, which implies that
x ≤ α +

√
β or, equivalently,

||bu′
n||C([−n,n]) ≤

2

1 − c2
||f ||C([−n,n]) +

(
c+
1

1 − c2

) 1

2

||u′
n||C([−n,n]). (3.2.18)

Now, we observe that there exists a positive constant C, independent of n,
such that

||v′||C([−n,n]) ≤ C||v||
1

2

C([−n,n])||v
′′||

1

2

C([−n,n]), (3.2.19)

for any v ∈ C2([−n, n]) and any n ∈ N. Indeed, if n = 1 the estimate (3.2.19)
follows from the Landau inequality applied to any extension w ∈ C2

b (R) of
v. To get (3.2.19) for a general n, with a constant being independent of n,
it suffices to apply the Landau inequality with n = 1 to the function w :
[−1, 1] → R defined by w(x) = v(nx) for any x ∈ [−1, 1].

Now, from (3.2.19) it follows immediately that, for any ε > 0, there exists
a positive constant Cε, independent of n, such that

||u′
n||C([−n,n]) ≤ ε||u′′

n||C([−n,n]) + Cε||un||C([−n,n])

≤ ε||u′′
n||C([−n,n]) + Cε||fn||C([−n,n]), (3.2.20)
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for any n ∈ N. Next we observe that, taking (3.2.15) into account, we can
write

||u′′
n||C([−n,n]) ≤

1

κ0
||qu′′

n||C([−n,n])

≤
1

κ0

(
||Aun||C([−n,n]) + ||bu′

n||C([−n,n])

)

≤
1

κ0

(
||bu′

n||C([−n,n]) + 2||fn||C([−n,n])

)
. (3.2.21)

Therefore, from (3.2.18), (3.2.20) (with ε small enough) and (3.2.21), we easily
get (3.2.16).

Now we observe that from (3.2.21) we obtain

||u′′
n||C([−n,n]) ≤

C

κ0
||f ||∞, n ∈ N.

Therefore, according to (3.2.15) and (3.2.19) it follows that ||un||C2([−n,n]) is
bounded by a positive constant independent of n. Now, using a compactness
argument similar to that used in the proof of Theorem 2.1.1, we can easily
show that, up to a subsequence, un converges to a function u ∈ C1(RN ) as n
tends to +∞, locally uniformly in R. Since qu′′

n = un−f−bu′
n and q ≥ κ0 > 0,

we then deduce that u′′
n converges locally uniformly in R as well. Therefore,

u ∈ C2(R) and, since the sequence {un} is bounded in C2
b (R), u belongs to

C2
b (R) as well. Moreover, qu′′ and bu′ are bounded in R, thanks to (3.2.16).

Therefore, u belongs to the space defined by the right-hand side of (3.2.13).
To complete the proof it suffices to observe that since un solves, for any

n ∈ N, the differential equation (3.2.14) in [−n, n], then u satisfies such a
differential equation in R. Therefore, u = R1f and we are done.



Chapter 4

Uniqueness results, conservation of

probability and maximum principles

4.0 Introduction

In this chapter we deal with the problem of the uniqueness of the solution of
the elliptic equation

λv(x) −Av(x) = f(x), x ∈ R
N , (4.0.1)

(f ∈ Cb(R
N )) which belongs to

Dmax(A) =

{
u ∈ Cb(R

N ) ∩
⋂

1≤p<+∞

W 2,p
loc (RN ) : Au ∈ Cb(R

N )

}
, (4.0.2)

and of the solution to the parabolic problem

{
Dtu(t, x) −Au(t, x) = 0, t > 0, x ∈ R

N ,

u(0, x) = f(x), x ∈ RN ,
(4.0.3)

which belongs to C([0,+∞) × RN ) ∩ C1,2((0,+∞) × RN ) and it is bounded
in [0, T ]× RN for any T > 0.

Throughout the chapter, we assume that the hypotheses of Chapter 2 are
satisfied. For the reader’s convenience, we state them again.

Hypotheses 4.0.1 (i) qij ≡ qji,

N∑

i,j=1

qij(x)ξiξj ≥ κ(x)|ξ|2, κ(x) > 0, ξ, x ∈ R
N ;

(ii) qij , bi (i, j = 1, . . . , N) and c belong to Cα
loc(R

N ) for some α ∈ (0, 1);

(iii) there exists c0 ∈ R such that

c(x) ≤ c0, x ∈ R
N .

51
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Under the previous hypotheses, in Chapter 2 we have proved the existence of
solutions to the problems (4.0.1) and (4.0.3), with the regularity properties
claimed above, for any f ∈ Cb(R

N ) and any λ > 0 (see Theorems 2.1.1 and
2.2.1).

The two problems of uniqueness are strictly connected. We exploit this
connection in Proposition 4.1.1 (in the general case) and in Proposition 4.1.10
(in the case when c ≡ 0).

The following assumption is often considered to get uniqueness results (see,
e.g., [83, 104, 139]).

Hypothesis 4.0.2 There exists a positive function ϕ ∈ C2(RN ) satisfying

lim
|x|→+∞

ϕ(x) = +∞, Aϕ(x) − λ0ϕ(x) ≤ 0, x ∈ R
N , (4.0.4)

for some λ0 > c0.

Remark 4.0.3 Observe that one can equivalently assume that there exists
ϕ ∈ C2(RN ) such that

lim
|x|→+∞

ϕ(x) = +∞, Aϕ(x) − λ0ϕ(x) ≤ C, x ∈ R
N , (4.0.5)

for some C ∈ R. Indeed, if ϕ satisfies (4.0.5), then the function ϕ+M satisfies
Hypothesis 4.0.2 provided the constant M is sufficiently large.

A function ϕ ∈ C2(RN ) satisfying (4.0.4) or (4.0.5) is usually called a
Lyapunov function for the operator A.

The condition (4.0.5) can be made clearer with a particular choice of ϕ. For
instance, if we take ϕ(x) = log(m+ |x|2), where m is a positive constant, then
(4.0.5) reads as follows:

(m+ |x|2)TrQ(x) − 2〈Q(x)x, x〉 + (m+ |x|2)〈b(x), x〉

+
c(x)

2
(m+ |x|2)2 log(m+ |x|2)

≤
λ0

2
(m+ |x|2)2 log(m+ |x|2) +

C

2
(m+ |x|2)2, x ∈ R

N .

(4.0.6)

Assuming Hypotheses 4.0.1 and 4.0.2 we prove some maximum principles for
the elliptic equation and for the parabolic problem. The maximum principles
yield the uniqueness of the bounded and continuous solution of the elliptic
equation (4.0.1) and the uniqueness of the classical solution of the parabolic
problem (4.0.3), which is bounded in [0, T ]× RN for any T > 0.

Afterwards, we focus our attention on the case when c ≡ 0. In such a case
the function u1 ≡ 1l is clearly a bounded solution of the problem (4.0.3) with
initial value f ≡ 1l. Also the function u2 = T (·)1l is a bounded solution of
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the same problem. Therefore, if the problem (4.0.3) admits a unique bounded
solution for any f ∈ Cb(R

N ), then, necessarily,

T (t)1l ≡ 1l, t > 0. (4.0.7)

In general, we only have 0 < T (t)1l ≤ 1l. In Proposition 4.1.10 we prove that,
actually, (4.0.7) is also a sufficient condition guaranteeing the uniqueness of
the classical solution to the problem (4.0.3), which is bounded in [0, T ]× RN

for any T > 0. In this case also the equation (4.0.1) has a unique solution in
Dmax(A), for any f ∈ Cb(R

N ).
When (4.0.7) holds, we say that {T (t)} is conservative or that conservation

of probability holds.
Finally, in Section 4.2 we give a nonuniqueness result. In the case when

c ≡ 0, some other sufficient conditions implying that the problem (4.0.3) is
not uniquely solvable are given in Section 5.2.

4.1 Conservation of probability and uniqueness

The following proposition describes the relation between the uniqueness of
the elliptic equation (4.0.1) and the parabolic problem (4.0.3).

Proposition 4.1.1 Consider the following conditions:

(i) for any λ > c0 and any f ∈ Cb(R
N ), the function u = R(λ)f is the

unique solution of the elliptic equation (4.0.1) in Dmax(A);

(ii) for any f ∈ Cb(R
N ), the function u = T (·)f is the unique solution of the

parabolic problem (4.0.3) which belongs to Cb([0, T ]×RN)∩C1,2((0, T )×
RN ) for any T > 0;

(iii) for any f ∈ Cb(R
N ), the function u = T (·)f is the unique solution of

the parabolic problem (4.0.3) in C([0,+∞)×RN)∩C1,2((0,+∞)×RN)
satisfying |u(t, x)| ≤ M exp(c0t) for some M > 0, any t > 0 and any

x ∈ RN .

Then “(i)⇒ (iii)” and “(ii)⇒ (i)”.

Proof. “(i)⇒ (iii)”. Let u ∈ C([0,+∞) × RN ) ∩ C1,2((0,+∞) × RN ) be a
solution of the parabolic problem (4.0.3) with u(0, ·) = 0, satisfying

|u(t, x)| ≤M exp(c0t), t > 0, x ∈ R
N , (4.1.1)
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for some M > 0. Let us prove that u(t, x) = 0 for any t > 0 and any x ∈ RN .
For this purpose, fix λ > c0, and consider the functions

v∞(x) =

∫ +∞

0

e−λtu(t, x)dt, x ∈ R
N ,

vn(x) =

∫ n

1/n

e−λtu(t, x)dt, x ∈ R
N , n ∈ N.

Taking (4.1.1) into account, we easily deduce that vn ∈ Cb(R
N ) for any n ∈

N ∪ {0} and

||vn||∞ ≤
M

λ− c0
, n ∈ N ∪ {0}. (4.1.2)

We now observe that, for any x ∈ RN and any n ∈ N, we have

Avn(x) =

∫ n

1/n

e−λtAu(t, x)dt

=

∫ n

1/n

e−λtDtu(t, x)dt

= e−λnu(n, x) − e−λ/nu(1/n, x) + λvn(x), (4.1.3)

which implies that Avn ∈ Cb(R
N ), so that vn ∈ Dmax(A). Moreover, by

(4.1.1), (4.1.2) and (4.1.3) it follows that there exists a constant C > 0 such
that ||Avn||∞ ≤ C for any n ∈ N, and

lim
n→+∞

Avn(x) = λv∞(x), (4.1.4)

for any x ∈ RN . We now define, for any n ∈ N, the function ϕn : RN → R by
setting ϕn = λvn −Avn. By the above results we deduce that ϕn ∈ Cb(R

N )
and, by (i),

vn(x) = (R(λ)ϕn)(x) =

∫

RN

Kλ(x, y)ϕn(y)dy, x ∈ R
N , (4.1.5)

where R(λ) and Kλ are given by Theorem 2.1.3. Moreover, as we can easily
see, there exists a constant C′ > 0 such that ||ϕn||∞ ≤ C′ for any n ∈ N. Thus,
letting n go to +∞ in (4.1.5), from (4.1.4) and the dominated convergence
theorem, we get

lim
n→+∞

vn(x) = 0, x ∈ R
N ,

that is v∞(x) = 0 for any x ∈ R
N . Since λ > c0 is arbitrary, by the uniqueness

of the Laplace transform, we conclude that u(t, x) = 0 for any t > 0 and any
x ∈ RN .

“(ii)⇒ (i)”. Let v ∈ Dmax(A) be a solution of the equation λv − Av = 0;
let us prove that v = 0. By local regularity results for elliptic equations in
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bounded domains, we know that v ∈ C2+α
loc (RN ). Then, the function

u(t, x) = eλtv(x), t > 0, x ∈ R
N ,

belongs to u ∈ C([0,+∞) × RN ) ∩ C1,2((0,+∞) × RN ), and it is immediate
to check that it is a solution of the problem (4.0.3), with u(0, ·) = v; besides u
is bounded in [0, T ]×RN for any T > 0. By (ii), we have u(t, x) = (T (t)v)(x)
for any t > 0 and any x ∈ RN , and, then, by Theorem 2.2.5,

|u(t, x)| ≤ exp(c0t)||v||∞, t > 0, x ∈ R
N .

Since supx∈RN |u(t, x)| = exp(λt)||v||∞ and λ > c0, we conclude that ||v||∞ = 0.

4.1.1 Maximum principles

In this subsection we prove two maximum principles which provide us with
uniqueness results for the solution to the equation (4.0.1) and the Cauchy
problem (4.0.3). First we prove the following lemma which is a local maximum
principle for functions in W 2,p

loc (RN ).

Lemma 4.1.2 Assume Hypotheses 4.0.1 and suppose that u ∈ W 2,p
loc (RN ),

for any p ∈ [1,+∞), and that Au ∈ C(RN ). If x0 is a local maximum (resp.
minimum) of u, then

Au(x0) − c(x0)u(x0) ≤ 0, (resp. Au(x0) − c(x0)u(x0) ≥ 0).

Proof. We limit ourselves to considering the case when x0 is a local max-
imum point for u, since the case when x0 is a local minimum follows easily
from this one replacing u with −u. Moreover, without loss of generality, we
can suppose that c(x) = 0 for any x ∈ RN . The general case follows from this
one replacing the operator A with the operator A0 = A−c. Possibly replacing
u with u(· − x0) + C for a suitable constant C > 0, we can also assume that
x0 = 0 and u(0) > 0. Let r > 0 be such that u∣∣B(r)

attains its maximum value

at 0. Moreover, let ψ ∈ C∞
c (RN ) be such that χB(r/2) ≤ ψ ≤ χB(r). Thus, 0

is a global maximum point of the function v = ψu. Moreover, the function

Av = ψAu + uAψ + 2〈QDu,Dψ〉

belongs to Cb(R
N ) since, by the Sobolev embedding theorems (see [2, Theorem

5.4]), u ∈ C1(RN ). Therefore, v ∈ Dmax(A) ∩ C0(R
N ) and, consequently,

Proposition 2.3.6 implies that v ∈ D(Â). Now, since c ≡ 0, the family of
measures {p(t, x; dy) : t > 0, x ∈ R

N}, introduced in Theorem 2.2.5, defines
a transition function and, by (2.2.8), we have

(T (t)v)(0) − v(0) ≤

∫

B(r)

(v(y) − v(0))p(t, 0; dy) ≤ 0.
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Taking Proposition 2.3.6 into account, we now deduce that

Au(0) = Av(0) = Âv(0) = lim
t→0+

(T (t)v)(0) − v(0)

t
≤ 0.

The proof of Lemma 4.1.2 strongly relies on the representation formula
(2.2.8) and on the characterization of D(Â). We now give an alternative proof
of Lemma 4.1.2 which has the advantage that it can be easier extended to
the case when RN is replaced with an open set Ω and u ∈

⋂
1≤p<+∞W 2,p

loc (Ω)
satisfies λu−Au ≤ 0 in Ω.

A second proof of Lemma 4.1.2. As in the other proof, we deal only with
the case when x0 is a relative maximum. Moreover, we assume that c ≡ 0,
x0 = 0 and u(x) ≥ 0 for any x ∈ B(r) and some r > 0.

Let us fix a function ψ ∈ C∞
c (RN ) compactly supported in B(r) and such

that ψ(0) = 1, Dψ(0) = 0, D2ψ(0) = 0 and 0 ≤ ψ(x) < 1 for any x ∈ B(r) \
{0}. As it is easily seen, x = 0 is the unique maximum point of the function
v := ψu, and Av ∈ C(RN ). Moreover, since Dψ(0) = 0 and D2ψ(0) = 0, we
deduce that Au(0) = Av(0).

Now let ϕ ∈ C∞
c (RN ) be a smooth function such that 0 ≤ ϕ(x) ≤ 1 for any

x ∈ RN , supp(ϕ) ⊂ B(1), and with ||ϕ||L1(RN ) = 1. For any n ∈ N we set

ϕn(x) = nNϕ(nx), vn = ϕn ⋆ v ∈ C∞
c (RN ),

where “⋆” denotes the convolution operator. Since v ∈ C0(R
N ), then vn con-

verges to v, uniformly in RN , as n tends to +∞. Moreover, for any n ∈ N, vn

has an absolute maximum at some point xn ∈ B(r+1/n) so that Avn(xn) ≤ 0.
Since Divn = ϕn⋆Div and Dijvn = ϕn⋆Dijv for any i, j = 1, . . . , N , it follows
that

Avn(x) =
N∑

i,j=1

qij(x)Dijvn(x) +
N∑

j=1

bj(x)Djvn(x)

=

∫

RN

ϕn(y)

N∑

i,j=1

qij(x− y)Dijv(x − y)dy

+

∫

RN

ϕn(y)

N∑

j=1

bj(x − y)Djv(x − y)dy

+

∫

RN

ϕn(y)

N∑

i,j=1

(qij(x) − qij(x− y))Dijv(x− y)dy

+

∫

RN

ϕn(y)

N∑

j=1

(bj(x) − bj(x− y))Djv(x − y)dy
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= (ϕn ⋆Av)(x)

+

∫

B(1/n)

ϕn(y)
N∑

i,j=1

(qij(x) − qij(x− y))Dijv(x− y)dy

+

∫

B(1/n)

ϕn(y)

N∑

j=1

(bj(x) − bj(x− y))Djv(x − y)dy,

(4.1.6)

for any x ∈ R
N . Since Av ∈ C0(R

N ), it follows that ϕn ⋆ Av tends to Av
uniformly in RN as n tends to +∞. As far as the remaining terms in the
last side of (4.1.6) are concerned, we observe that they vanish as n tends to
+∞, uniformly with respect to x ∈ RN . Indeed, if p > N/α (α being as in
Hypothesis 4.0.1(ii)), then

∫

B(1/n)

ϕn(y)

N∑

i,j=1

(qij(x) − qij(x− y))Dijv(x− y)dy

+

∫

B(1/n)

ϕn(y)

N∑

j=1

(bj(x) − bj(x − y))Djv(x− y)dy

≤ C1n
−α||ϕn||Lp′(RN )||D

2v||Lp(RN ) + C2n
−α||ϕn||Lp′(RN )||Dv||Lp(RN )

= C1n
−α+N/p||ϕ||Lp′(RN )||D

2v||Lp(RN ) + C2n
−α+N/p||ϕ||Lp′ (RN )||Dv||Lp(RN ).

Here 1/p+ 1/p′ = 1,

C2
1 =

N∑

i,j=1

[qij ]
2
Cα(B(r+2)), C2

2 =

N∑

j=1

[bj ]
2
Cα(B(r+2)),

and ||Du||p, ||D2u||p denote the Lp-norms of the functions

x 7→




N∑

j=1

|Dju(x)|2




1/2

, and x 7→




N∑

i,j=1

|Diju(x)|2




1/2

,

respectively.
Summing up, we have proved that vn and Avn converge, respectively, to v
and Av uniformly in RN as n tends to +∞.

Since {xn} is a bounded sequence, using a compactness argument we easily
see that, up to a subsequence, we can assume that {xn} converges to some
point x̂ ∈ B(r) as n tends to +∞. By continuity, v(xn) tends to v(x̂) as n
tends to +∞. Hence,

v(x̂) = lim
n→+∞

v(xn) = lim
n→+∞

vn(xn) = lim
n→+∞

||vn||∞ = ||v||∞ = v(0),

where the second equality follows from the fact that vn converges uniformly
in RN to v. Recalling that 0 is the unique point where v attains its maximum
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value, it follows that x̂ = 0. Since Avn ≤ 0 for any n ∈ N and it converges
uniformly to Av, we immediately deduce that Av(0) ≤ 0, and the assertion
follows.

Theorem 4.1.3 Assume Hypotheses 4.0.1 and 4.0.2. Fix T > 0, f ∈ C(RN ),
g : (0, T ] × RN → R. Further suppose that the function u ∈ C([0, T ] × RN )
is such that Dtu ∈ C((0, T ] × RN ), u(t, ·) ∈ W 2,p

loc (RN ), Au(t, ·) ∈ C(RN ) for

any t ∈ (0, T ] and any p ∈ [1,+∞) and it solves the Cauchy problem
{
Dtu(t, x) −Au(t, x) = g(t, x), t ∈ (0, T ], x ∈ R

N ,

u(0, x) = f(x), x ∈ R
N .

(4.1.7)

Then, the following properties are met:

(i) If

sup
x∈RN

f(x) < +∞, g ≤ 0 in (0, T ]× R
N ,

and u satisfies

lim sup
|x|→+∞

(
sup

t∈[0,T ]

u(t, x)

ϕ(x)

)
≤ 0, (4.1.8)

then

u(t, x) ≤ ec0t max

{
0, sup

RN

f

}
, t ∈ [0, T ], x ∈ R

N . (4.1.9)

(ii) If

inf
x∈RN

f(x) > −∞, g ≥ 0 in (0, T ]× R
N ,

u satisfies

lim inf
|x|→+∞

(
inf

t∈[0,T ]

u(t, x)

ϕ(x)

)
≥ 0,

then

u(t, x) ≥ ec0t min

{
0, inf

RN
f

}
, t ∈ [0, T ], x ∈ R

N . (4.1.10)

(iii) In particular, for any f ∈ C(RN ) such that

lim
|x|→+∞

f(x)

ϕ(x)
= 0,

there exists at most one solution of the parabolic problem (4.1.7) (with

g ≡ 0) in C([0,+∞) × RN ) such that Dtu ∈ C((0, T ] × RN ), u(t, ·) ∈
W 2,p

loc (RN ), Au(t, ·) ∈ C(RN ) for any p ∈ [1,+∞) and any t ∈ (0, T ],
and such that (4.1.8) holds for any T > 0.
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Proof. We limit ourselves to proving (4.1.9), since (4.1.10) can be obtained
applying (4.1.9) to the function −u, whereas the last part of the statement is
a straightforward consequence of (4.1.9) and (4.1.10).

We make some reductions. First, we assume that c0 ≤ 0. Indeed, in the case
when c0 > 0, it suffices to consider the function ũ : [0, T ] × RN defined by
ũ(t, x) = e−c0tu(t, x) for any t ∈ [0, T ] and any x ∈ RN , which satisfies (4.1.8)
as well as the equation

Dtũ(t, x) −A0ũ(t, x) = e−c0tg(t, x), t ∈ (0, T ], x ∈ R
N ,

where A0u = Au − c0u has nonpositive zero-order coefficient and it satisfies
Hypothesis 4.0.2 with the same Lyapunov function ϕ and the same λ0. Thus,
from the case c0 = 0 it follows that

ũ(t, x) ≤ max

{
0, sup

RN

f

}
, t ∈ [0, T ], x ∈ R

N ,

which yields (4.1.9).
Besides, we can also assume that sup

RN f ≤ 0. Indeed, in the case when
sup

RN f > 0, it suffices to consider the function u = u − sup
RN f that has a

nonpositive initial value and it satisfies the equation

Dtu(t, x) −Au(t, x) = c(x) sup
RN

f + g(t, x), t ∈ (0, T ], x ∈ R
N ,

where the right-hand side is nonpositive. Then, from the case sup
RN f ≤ 0 we

get u ≤ 0, that is (4.1.9).
Taking these reductions into account, we introduce the function

v(t, x) = e−λ0tu(t, x), t ∈ [0, T ], x ∈ R
N ,

where λ0 is as in Hypothesis 4.0.2, and, for any k ∈ N, we introduce the
functions vk : [0, T ]× RN → R defined by

vk(t, x) = v(t, x) −
1

k
ϕ(x), t ∈ [0, T ], x ∈ R

N .

We prove that
vk(t, x) ≤ 0, t ∈ [0, T ], x ∈ R

N . (4.1.11)

First we observe that, by Hypothesis 4.0.2,

Dtvk(t, x)−(A−λ0)vk(t, x) = e−λ0tg(t, x)+
1

k
(Aϕ(x)−λ0ϕ(x)) ≤ 0, (4.1.12)

for any t ∈ (0, T ] and any x ∈ RN . Moreover, by Hypothesis 4.0.2 and assump-
tion (4.1.8) we deduce that for any k ∈ N the function vk has a maximum
point (tk, xk) in [0, T ] × RN . If tk = 0 then (4.1.11) follows, since f ≤ 0 and
ϕ ≥ 0. If instead tk ∈ (0, T ], then by Lemma 4.1.2 we have

(A− c(xk))vk(tk, xk) ≤ 0, 0 ≤ Dtvk(tk, xk),
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which, combined with (4.1.12), yields

(A− c(xk))vk(tk, xk) ≤ (A− λ0)vk(tk, xk).

Since λ0 > c(xk), we conclude that vk(tk, xk) ≤ 0, and (4.1.11) follows.
Now, (4.1.11) implies that v(t, x) ≤ k−1ϕ(x) for any t ∈ [0, T ], any x ∈ RN

and any k ∈ N. Letting k go to +∞, we get v ≤ 0, and then also u ≤ 0, that
is (4.1.9).

Remark 4.1.4 The maximum principle in Theorem 4.1.3 implies, in partic-
ular, that, under Hypotheses 4.0.1 and 4.0.2, the function u = T (·)f is the
unique classical solution of the Cauchy problem (4.0.3).

Next, we prove two maximum principles for the elliptic equation (4.0.1). The
former holds for any λ > c0 and gives uniqueness of the bounded solution,
while the latter holds only in the case when λ > λ0 (recall that λ0 > c0, see
Hypothesis 4.0.2) but it ensures uniqueness also for unbounded solutions.

Theorem 4.1.5 Let Hypotheses 4.0.1, 4.0.2 be satisfied and let u ∈ C(RN )∩
W 2,p

loc (RN ), for any p ∈ [1,+∞), be such that Au ∈ C(RN ). Further, fix

λ > c0. If u satisfies

sup
x∈RN

u(x) < +∞ (4.1.13)

and

λu(x) −Au(x) ≤ 0, x ∈ R
N , (4.1.14)

then u ≥ 0.
Similarly, if u satisfies

inf
x∈RN

u(x) > −∞ (4.1.15)

and

λu(x) −Au(x) ≥ 0, x ∈ R
N , (4.1.16)

then u ≥ 0.
In particular, for any f ∈ Cb(R

N ) and any λ > c0, the function R(λ)f (see
Theorem 2.1.3) is the unique bounded solution to the elliptic equation (4.0.1)
in Dmax(A).

Proof. We prove the first part of the statement since the second part follows
applying the first one to the function −u, while the last part is a straightfor-
ward consequence of the two previous parts. Thus, we assume (4.1.13) and
(4.1.14).

Consider the function ũ : [0,+∞) × RN → R defined by

ũ(t, x) = eλtu(x), t ≥ 0, x ∈ R
N .
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As it is easily seen, ũ satisfies the regularity assumptions in Theorem 4.1.3,
the condition (4.1.8) and the equation

Dtũ(t, x) −Aũ(t, x) = eλt(λu(x) −Au(x)) ≤ 0, t > 0, x ∈ R
N .

Therefore,

u(x) ≤ e(c0−λ)t max

{
0, sup

RN

u

}
, t > 0, x ∈ R

N .

Letting t go to +∞, we conclude that u ≤ 0.

Theorem 4.1.6 Assume Hypotheses 4.0.1 and 4.0.2. Further, assume that

u ∈ C(RN ) ∩W 2,p
loc (RN ), for any p ∈ [1,+∞), is such that Au ∈ C(RN ),

lim sup
|x|→+∞

u(x)

ϕ(x)
≤ 0 (4.1.17)

and

λu(x) −Au(x) ≤ 0, x ∈ R
N , (4.1.18)

for some λ ≥ λ0. Then u ≤ 0.
If u satisfies

lim inf
|x|→+∞

u(x)

ϕ(x)
≥ 0 (4.1.19)

and

λu(x) −Au(x) ≥ 0, x ∈ R
N , (4.1.20)

for some λ ≥ λ0, then u ≥ 0.

Proof. We prove the first part of the statement; then the second part follows
applying the first one to the function −u.

Without loss of generality we can assume that c0 ≤ 0. Indeed, in the case
when c0 > 0, it suffices to replace the operatorA with the operatorA0 = A−c0
which has a nonpositive zero order coefficient. Then, the Lyapunov function
ϕ satisfies

A0ϕ(x) − (λ0 − c0)ϕ(x) ≤ 0, x ∈ R
N ,

and the function u satisfies

(λ− c0)u(x) −A0u(x) ≤ 0, x ∈ R
N .

Therefore, from the case c0 ≤ 0 it follows that u ≤ 0.
So, let us assume that c0 ≤ 0. Then, Hypothesis 4.0.2 implies that, for any

λ ≥ λ0,
Aϕ(x) − λϕ(x) ≤ 0, x ∈ R

N . (4.1.21)
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Now, for any k ∈ N, we consider the function

uk(x) = u(x) −
1

k
ϕ(x), x ∈ R

N .

By (4.1.18) and (4.1.21) we have

λuk(x) −Auk(x) ≤ 0, x ∈ R
N . (4.1.22)

Moreover, by (4.1.17) and Hypothesis 4.0.2, the function uk has a maximum
point xk in R

N . By Lemma 4.1.2,

(A− c(xk))uk(xk) ≤ 0,

which, jointly with (4.1.22), yields

λuk(xk) ≤ c(xk)uk(xk).

Since λ > c(xk), it follows that uk(xk) ≤ 0. This means that uk(x) ≤ 0 for
any x ∈ RN and any k ∈ N and, therefore, u ≤ 0.

4.1.2 The case when c ≡ 0

We now consider the case when c ≡ 0. Note that in this case both the functions
u, v : [0,+∞) × RN → R defined by u(t, x) = (T (·)1l)(x) and v(t, x) = 1 for
any t ∈ [0,+∞) and any x ∈ RN are bounded solutions of the parabolic
problem (4.0.3) with initial value f ≡ 1l. In general, they can differ at some
point x ∈ R

N . In any case, we have 0 ≤ T (t)1l ≤ 1l for any t > 0, as follows
from Remark 2.2.3.

With this remark in mind we give the following definition.

Definition 4.1.7 We say that {T (t)} is conservative, or that the conserva-

tion of probability holds, if T (t)1l ≡ 1l for any t > 0.

Let us prove the following preliminary result.

Lemma 4.1.8 Assume Hypotheses 4.0.1 and let c ≡ 0. For any fixed x ∈
RN the functions t 7→ (T (t)1l)(x) and λ 7→ λ(R(λ)1l)(x) are, respectively,

decreasing and increasing in (0,+∞).

Proof. To prove the first part of the lemma, we observe that for any t, s > 0
and any x ∈ RN , we have (T (t+ s)1l)(x) = (T (t)T (s)1l)(x) ≤ (T (t)1l)(x). The
inequality follows easily observing that, since T (t) maps nonnegative functions
into nonnegative functions for any t > 0, then, for any pair of functions f1
and f2 with f1 ≤ f2, it holds that T (t)f1 ≤ T (t)f2 for any t > 0.
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To prove the last part, we begin by observing that, according to Theorem
2.1.3, 0 ≤ λR(λ)1l ≤ 1l for any λ > 0. Let us now fix 0 < λ < µ. From the
resolvent identity (2.1.5) we have

λR(λ)1l − µR(µ)1l = λ(R(µ)1l + (µ− λ)R(µ)R(λ)1l) − µR(µ)1l

= (λ− µ)R(µ)1l + λ(µ− λ)R(µ)R(λ)1l

≤ (λ− µ)R(µ)1l + (µ− λ)R(µ)1l = 0.

Remark 4.1.9 As the proof shows, the lemma holds also in the case when
c ≤ 0. We will use this generalization of Lemma 4.1.8 in Chapter 5.

Now, we can prove the following proposition.

Proposition 4.1.10 Assume Hypotheses 4.0.1 and suppose that c ≡ 0. Then,

the following conditions are equivalent:

(i) T (t)1l = 1l for some t > 0;

(ii) {T (t)} is conservative;

(iii) R(λ)1l = 1l/λ for some λ > 0;

(iv) R(λ)1l = 1l/λ for any λ > 0;

(v) for any f ∈ Cb(R
N ), the function u = T (·)f is the unique solution of the

parabolic problem (4.0.3) which belongs to Cb([0, T ]×R
N)∩C1,2((0, T )×

RN ) for any T > 0;

(vi) for any λ > 0 and any f ∈ Cb(R
N ), the function u = R(λ)f is the

unique solution of the elliptic equation (4.0.1) in Dmax(A).

Proof. Showing that “(ii)⇒ (i)”, “(iv)⇒ (iii)” and “(vi)⇒ (iv)” is trivial,
while the implication “(v)⇒ (vi)” has been shown in Proposition 4.1.1. Hence,
we can limit ourselves to showing that “(i)⇒ (ii)”, “(iii)⇒ (ii)” and “(ii)⇒
(v)”.

“(i)⇒ (ii)”. Fix x ∈ RN . If T (t0)1l ≡ 1l for some t0 > 0, then, according to
the semigroup law, the function t 7→ (T (t)1l)(x) is periodic, with period t0. By
Lemma 4.1.8 it is also decreasing. Hence, it is constant.

“(iii)⇒ (ii)” follows from (2.2.14). Indeed, if (T (t)1l)(x) were less than 1 for
some t > 0 and x ∈ RN , from (2.2.14) it would follow that (R(λ)1l)(x) < 1/λ.

“(ii)⇒ (v)”. Let u be a solution of the parabolic problem (4.0.3), with f ≡ 0,
which belongs to Cb([0, T ]×RN)∩C1,2((0, T )×RN) for any T > 0. We prove
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that u ≡ 0. On the contrary, suppose that u 6≡ 0. By changing sign and
multiplying u by a suitable constant if needed, we can assume that

sup
(0,T )×RN

u > 0, sup
(0,T )×RN

|u| < 1.

Set v = 1l − u. Then v(t, x) > 0 for any t > 0 and any x ∈ RN , and

inf
(0,T )×RN

v < 1.

Moreover, v is a bounded solution of the problem (4.0.3) with initial value
v(0, ·) = 1l. Then, by Remark 2.2.3, we have T (·)1l ≤ v. This implies that
infRN T (t)1l < 1l for some t ∈ (0, T ), which is in contradiction with statement
(ii).

The following proposition is an immediate consequence of the formula (2.2.8)
with f ≡ 1l.

Proposition 4.1.11 Let {p(t, x; dy) : t > 0, x ∈ RN} be the transition

function associated with the semigroup {T (t)} (see Theorem 2.2.5). Then,

{T (t)} is conservative if and only if p(t, x; RN ) = 1 for any t > 0 and any

x ∈ R
N .

Similarly, taking Theorem 4.1.3 into account, the following sufficient con-
dition, ensuring that {T (t)} is conservative, follows.

Proposition 4.1.12 Suppose that c ≡ 0 and assume Hypotheses 4.0.1 and

4.0.2. Then, the conservation of probability holds.

Example 4.1.13 Consider the operator A defined on smooth functions by

Af = ∆f + 〈b(·), Df〉,

where b ∈ Cα
loc(R

N ) for some α ∈ (0, 1). Choosing ϕ(x) = log(m + |x|2) for
some m > 1, the condition (4.0.5) becomes

〈b(x), x〉 ≤M(m+ |x|2) log(m+ |x|2), x ∈ R
N , (4.1.23)

for some M > 0 (see (4.0.6)). Therefore, if (4.1.23) holds the corresponding
semigroup {T (t)} is conservative.

For instance, this is the case when b(x) = −x|x|2 for any x ∈ RN . Note
that the one-dimensional version of the operator A, with b(x) = −x3 for any
x ∈ R, has been already considered in Chapter 3 (see Example 3.2.4), where,
in fact, we proved, with a different argument, that the associated semigroup
is conservative.
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Remark 4.1.14 Let us notice that the papers [9, 19, 50] contain some unique-
ness results for the classical solution to the problem (4.0.3), with a prescribed
growth rate at infinity. In particular such results apply to prove the unique-
ness of the bounded solution to the problem (4.0.3). We stress that the results
in [9, 19, 50] apply to operators with diffusion coefficients with an at most
quadratic growth at infinity.

4.2 Nonuniqueness

By the results in Chapter 3 (see Theorem 3.2.2), in the one-dimensional set-
ting, one can give necessary and sufficient conditions for the elliptic equation
(4.0.1) to be not uniquely solvable in Dmax(A). Such conditions can be ex-
pressed in terms of integrability properties at ±∞ of the functions Q and R
in (3.1.4) and (3.1.5).

In this section we prove a sufficient condition for the nonuniqueness of the
solution v ∈ Dmax(A) of the elliptic equation (4.0.1) in the N -dimensional
setting (see [83, Section 3.4], or [116, Remark 3.16]). According to Proposi-
tion 4.1.1, this result will imply that the parabolic problem (4.0.3) admits
several solutions belonging to C([0,+∞) × RN ) ∩C1,2((0,+∞)× RN ) which
are bounded in [0, T ]×R

N for any T > 0. Here, we do not assume that c ≡ 0.

Proposition 4.2.1 Suppose that there exists a nonidentically vanishing func-

tion ϕ ∈ C2(RN ), such that

0 ≤ ϕ ≤ C, λϕ−Aϕ ≤ 0, (4.2.1)

for some λ > c0 and some C > 0. Then, there exists a bounded, continuous

and nonidentically vanishing solution of the equation λu−Au = 0.

Proof. For any n ∈ N consider the solution un ∈ C(B(n)) of the Dirichlet
problem {

λun(x) −Aun(x) = 0, x ∈ B(n),

un(x) = ||ϕ||∞, x ∈ ∂B(n).

From (4.2.1) and the maximum principle it follows that

ϕ ≤ un ≤ ||ϕ||∞. (4.2.2)

Moreover, {un} is a decreasing sequence. Indeed, the function v = un+1 − un

solves the problem

{
λv(x) −Av(x) = 0, x ∈ B(n),

v(x) = un+1(x) − ||ϕ||∞ ≤ 0, x ∈ ∂B(n)



66 Chapter 4. Uniqueness results, conservation of probability...

and, then, it is negative, still by virtue of the maximum principle. Thus, we
can define the function u : RN → R by setting

u(x) := lim
n→+∞

un(x), x ∈ R
N .

By (4.2.2), u is bounded. Taking the a priori interior estimates of Theorem
C.1.1 into account and arguing as in the proof of Theorem 2.1.1, it follows
that u is a continuous and nonidentically vanishing solution of the equation
λu −Au = 0 in RN .

Remark 4.2.2 In Section 5.2 we will see other conditions implying nonunique-
ness of the bounded solutions. Actually, we will see sufficient conditions en-
suring that T (t)(Cb(R

N )) ⊂ C0(R
N ) for any t > 0. It is clear that, in such a

situation when c ≡ 0, uniqueness does not hold, since we have T (t)1l 6≡ 1l.



Chapter 5

Properties of {T (t)} in spaces of

continuous functions

5.0 Introduction

In this chapter we study several properties of the semigroup {T (t)} in Cb(R
N ).

More precisely, we deal with: the compactness of the semigroup in Cb(R
N ),

the inclusion T (t)(Cb(R
N )) ⊂ C0(R

N ) and the invariance of C0(R
N ) under

the action of the semigroup.

Compactness. In Section 5.1 we study the compactness of {T (t)} in
Cb(R

N ). First, we consider the conservative case and, then, the nonconser-
vative one. In the conservative case T (t) is a compact operator, for any t > 0,
provided that the family {p(t, x; dy) : x ∈ RN} is tight for any t > 0 (see
Definition 5.1.2). Here, {p(t, x; dy) : t > 0, x ∈ RN} is the transition family
defined in Theorem 2.2.5. In such a case the function t 7→ T (t) is continuous
in (0,+∞) with respect to the operator topology.

We show that the family {p(t, x; dy) : x ∈ RN} is tight for any t > 0 if
there exist a strictly positive function ϕ ∈ C2(RN ) and a convex function
g : [0,+∞) → R such that

lim
|x|→+∞

ϕ(x) = +∞, 1/g is integrable at +∞, Aϕ(x) ≤ −g(ϕ(x)), x ∈ R
N .

It is not difficult to give sufficient conditions on the coefficients of the operator
A guaranteeing that the previous conditions are satisfied. For instance, this
is the case of the semigroup generated by the operator

Aϕ(x) = ∆ϕ(x) − |x|2〈x,Dϕ(x)〉, x ∈ R
N .

In the nonconservative case, we show that there are some connections be-
tween the compactness of T (t) (t > 0) and the fact that T (t) maps Cb(R

N )
into C0(R

N ). More precisely, we show that T (t) is compact and maps C0(R
N )

into itself, for some t > 0, if and only if T (t)1l belongs to C0(R
N ). In such a

case (see Proposition 5.1.12), the resolvent operator R(λ, Â) (see Sections 2.1

and 2.3 for the definitions of Â and the resolvent operator R(λ, Â)) is compact
for any λ > 0 and the semigroup is norm-continuous.

The inclusion T (t)(Cb(R
N )) ⊂ C0(R

N ). It is not always true that T (t)
maps Cb(R

N ) into C0(R
N ) for any t > 0, since it is not always true that

67
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C0(R
N ) is invariant under {T (t)}. For instance, if, for some t > 0, T (t) is

conservative and compact, then C0(R
N ) is not invariant under T (t). In fact,

T (t) maps Cb(R
N ) into C0(R

N ), for some t > 0, if and only if T (t)1l ∈ C0(R
N ).

As it is shown in Proposition 5.2.2, T (t) maps Cb(R
N ) into C0(R

N ) for any

t > 0, if and only if the resolvent operator R(λ) = R(λ, Â) does, for some
(and, hence, for any) λ > 0 or, equivalently, if and only if C0(R

N )∩Dmax(A)

is the domain of the weak generator Â of the semigroup {T (t)}.
A sufficient condition implying that T (t)1l ∈ C0(R

N ) is given in Proposition
5.2.4 in the case when there exists a function ϕ ∈ C2(RN ) ∩ C0(R

N ), which
is positive outside a compact subset K and satisfies

inf
x∈RN\K

(λϕ(x) −Aϕ(x)) = a > 0,

for some λ > c0, where, as usual, c0 = supx∈RN c(x).

Invariance of C0(R
N ). As it has already been remarked above, it is not

always true that T (t)(C0(R
N )) ⊂ C0(R

N ) for any t > 0. This occurs, for
instance, when there exists a strictly positive function ϕ ∈ C2(RN )∩C0(R

N )
such that

λϕ−Aϕ ≥ 0,

for some λ > 0. In such a case the operator A0, defined by A0u = Au for any
u ∈ D(A0) = {u ∈ Dmax(A) ∩C0(R

N ) : Au ∈ C0(R
N )} (i.e., the part of Â in

C0(R
N )), is the generator of a strongly continuous semigroup.

5.1 Compactness of {T (t)}

In this section we study the compactness of the semigroup {T (t)} in the space
Cb(R

N ) of bounded and continuous functions. The results that we present here
are taken from [44] and [115]. In this and in the subsequent sections we assume
that the coefficients of the operator A, defined on smooth functions by

Au =

N∑

i,j=1

qijDiju+

N∑

j=1

bjDju+ cu,

satisfy the same hypotheses of Chapter 2. For the reader’s convenience we
state them again.

Hypotheses 5.1.1 (i) qij ≡ qji,

N∑

i,j=1

qij(x)ξiξj ≥ κ(x)|ξ|2, κ(x) > 0, ξ, x ∈ R
N ;
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(ii) qij , bi (i, j = 1, . . . , N) and c belong to Cα
loc(R

N ) for some α ∈ (0, 1);

(iii) there exists c0 ∈ R such that

c(x) ≤ c0, x ∈ R
N .

We consider both the cases when the semigroup is conservative and non-
conservative.

5.1.1 The conservative case

We begin this subsection recalling that the semigroup {T (t)} is conservative
whenever T (t)1l = 1l for any t > 0 or, equivalently, whenever the elliptic
equation

λu(x) −Au(x) = f(x), x ∈ R
N , (5.1.1)

and the Cauchy problem
{
Dtu(t, x) −Au(t, x) = 0, t > 0, x ∈ RN ,

u(0, x) = f(x), x ∈ RN ,
(5.1.2)

are uniquely solvable, respectively, in

Dmax(A) =

{
u ∈ Cb(R

N ) ∩
⋂

1≤p<+∞

W 2,p
loc (RN ) : Au ∈ Cb(R

N )

}

and in Cb([0, T ] × RN ) ∩ C
1+α/2,2+α
loc ((0,+∞) × RN ), for any T > 0 (see

Proposition 4.1.10). Of course, if {T (t)} is conservative then, necessarily, c ≡
0.

We also recall that we can associate a transition family {p(t, x; dy) : t >
0, x ∈ R

N} with the semigroup (see Definition 2.2.4 and Theorem 2.2.5).
The connection between the semigroup and the transition family is explained
by the formula (2.2.8) which allows us to write T (t)f for any t > 0 and
any f ∈ Cb(R

N ) in terms of the Borel measures p(t, x; dy). For the reader’s
convenience we rewrite here such a formula:

(T (t)f)(x) =

∫

RN

f(y)p(t, x; dy), t > 0, x ∈ R
N , f ∈ Cb(R

N ).

(5.1.3)
With all these remarks in mind we can now show that the compactness of
the semigroup {T (t)} is equivalent to the tightness of the family of measures
{p(t, x; ·) : x ∈ RN} for any t > 0, and it implies that the semigroup is
norm-continuous in (0,+∞) (see Definition B.2.4).

Definition 5.1.2 A family of Borel probability measures {µα}α∈F is said to

be tight if for any ε > 0 there exists ρ > 0 such that µα(B(ρ)) ≥ 1− ε for any

α ∈ F .
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Proposition 5.1.3 Assume that the semigroup {T (t)} is conservative. Then,

T (t) is compact in Cb(R
N ), for any t > 0, if and only if the family of measures

{p(t, x; ·) : x ∈ R
N} is tight for any t > 0. In this case the semigroup is norm-

continuous in (0,+∞), and the resolvent R(λ, Â) is compact for any λ > 0.

Proof. Fix t, ε > 0 and suppose that T (t) is compact. Let {fn} be a sequence
of bounded and continuous functions in RN such that χB(n−1) ≤ fn ≤ χB(n)

for any n ∈ N. By Proposition 2.2.9 we deduce that T (t)fn tends to T (t)1l = 1
as n tends to +∞, locally uniformly in RN . Since T (t) is compact, then T (t)fn

tends to 1l uniformly in RN . Indeed, if this were not the case one could find
out a positive number ε0 and a subsequence {fnk

} such that

||T (t)fnk
− 1l||∞ ≥ ε0.

Hence, no subsequences uniformly converging in RN could be extracted from
the sequence {T (t)fnk

}, contradicting the compactness of T (t). It follows that
the family of measures {p(t, x; ·) : x ∈ RN} is tight for any t > 0, since (see
(5.1.3))

p(t, x;B(n)) ≥ (T (t)fn)(x), x ∈ R
N .

Conversely, assume that, for any t > 0, the family {p(t, x; ·) : x ∈ RN} is
tight. Fix t > 0 and let ρn > 0 be such that

p(t/2, x;B(ρn)) ≥ 1 − n−1, x ∈ R
N . (5.1.4)

Define the operator St,n in Cb(R
N ) by

(St,nf)(x) =

∫

B(ρn)

(T (t/2)f)(y)p(t/2, x; dy),

for any x ∈ RN and any f ∈ Cb(R
N ). By (5.1.4), we have

|(T (t)f)(x) − (St,nf)(x)| ≤

∫

RN\B(ρn)

|(T (t/2)f)(y)|p(t/2, x; dy) ≤ n−1||f ||∞,

(5.1.5)
for any f ∈ Cb(R

N ) and any x ∈ RN , since {T (t)} is a semigroup of con-
tractions (see (2.2.7)). Moreover, St,n is compact for any n ∈ N. Indeed, we
have

St,n = Gn ◦Rn ◦ T (t/2), n ∈ N,

where Rn : Cb(R
N ) → C(B(ρn)) is the restriction operator (i.e., Rnf(x) =

f(x) for any x ∈ B(ρn) and any f ∈ Cb(R
N )) and Gn :C(B(ρn)) → Cb(R

N )
is the bounded operator defined by

(Gnh)(x) =

∫

B(ρn)

h(y)p(t/2, x; dy) = T (t/2)(hχB(n)), x ∈ R
N ,
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for any h ∈ C(B(ρn)). We observe that Gnh ∈ Cb(R
N ) for any h ∈ C(B(ρn)),

since {T (t)} has the strong Feller property (see Proposition 2.2.12). By the
interior Schauder estimates in Theorem C.1.4, we deduce that Rn ◦ T (t/2) is
bounded from Cb(R

N ) into C2+α(B(ρn)), and the Ascoli-Arzelà Theorem im-
plies that Rn ◦T (t/2) is compact. It follows that St,n is compact as well. Since
{St,n} is a sequence of compact operators converging to T (t) in the operator
topology (see (5.1.5)), we deduce that T (t) is, itself, a compact operator. Due
to the arbitrariness of t > 0, it follows that T (t) is compact for any t > 0.

Let us now prove that T (t) is norm-continuous for any t > 0. We begin
by showing that T (t)f is continuous in (0,+∞) for any f ∈ Cb(R

N ) with
||f ||∞ ≤ 1. For this purpose, we fix ε > 0, t0 > 0 and let ρ be sufficiently large
such that

p(t0, x; R
N \B(ρ)) ≤ ε, x ∈ R

N .

Then, for any h > 0 it holds that

(T (t0 + h)f)(x) − (T (t0)f)(x)

=

∫

RN

f(y)p(t0 + h, x; dy) −

∫

RN

f(y)p(t0, x; dy)

=

∫

B(ρ)

((T (h)f)(y) − f(y)) p(t0, x; dy)

+

∫

RN\B(ρ)

((T (h)f)(y) − f(y)) p(t0, x; dy)

≤ ||T (h)f − f ||C(B(ρ)) + 2ε (5.1.6)

and the right-hand side of (5.1.6) is less than 3ε provided h is sufficiently
small since T (·)f ∈ C([0,+∞) × RN ) and T (0)f = f (see Theorems 2.2.1,
2.2.5). Hence,

lim
h→0+

||T (t0 + h)f − T (t0)f ||∞ = 0.

For negative values of h we fix δ ∈ (0, t0). Then, for any h ∈ (δ − t0, 0) we
split

T (t0 + h)f − T (t0)f = T (t0 + h− δ)(T (δ)f − T (δ − h)f).

Hence,

||T (t0 + h)f − T (t0)f ||∞ = ||T (t0 + h− δ) (T (δ)f − T (δ − h)f) ||∞

≤ ||T (δ)f − T (δ − h)f ||∞

and letting h go to 0−, by the previous step, we get

lim
h→0−

T (t0 + h)f = T (t0)f. (5.1.7)

Hence,
lim
h→0

||T (t0 + h)f − T (t0)f ||∞ = 0, t > 0. (5.1.8)
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We can now show that (5.1.8) and the compactness of the semigroup imply
that t 7→ T (t) is norm-continuous in (0,+∞). Suppose by contradiction that
T (t) is not norm-continuous in (0,+∞). Then, we can find out t0, ε > 0 two
sequences {fn} ⊂ Cb(R

N ), with ||fn||∞ = 1, for any n ∈ N, and {tn} ⊂
(0,+∞), tending to t0 as n tends to +∞, such that

||(T (tn) − T (t0))fn||∞ ≥ ε, n ∈ N. (5.1.9)

Without loss of generality, we can assume that {tn} is a monotone sequence.
We first assume that it is decreasing and we set an = tn − t0 for any n ∈ N.
Since T (t0) is a compact operator, up to a subsequence we can assume that
T (t0)fn converges uniformly to a function g ∈ Cb(R

N ) as n tends to +∞.
Hence, from (5.1.9), we get

||(T (an) − I)g||∞ ≥ ||(T (an) − I)T (t0)fn||∞ − ||(T (an) − I)(g − T (t0)fn)||∞

≥ ε− 2||g − T (t0)fn||∞.

Letting n go to +∞, we get

lim sup
n→+∞

||(T (an) − I)g||∞ ≥ ε,

which contradicts (5.1.8). Therefore, limt→t+
0

T (t) = T (t0) in L(Cb(R
N )). Now

to prove that T (t) is norm continuous from the left in (0,+∞), it suffices to
argue as in the proof of (5.1.7).

To conclude the proof, we observe that, since T (t) is norm-continuous and
bounded in (0,+∞), the integral

∫ +∞

0

e−λtT (t)dt

converges in the operator topology to R(λ), for any λ > 0. Since T (t) is
compact for any t > 0, the operator R(λ) is compact as well.

Now, we prove a lemma.

Lemma 5.1.4 Suppose that {T (t)} is conservative. Let ϕ ∈ C2(RN ) be any

function such that

lim
|x|→+∞

ϕ(x) = +∞, Aϕ(x) ≤ K, x ∈ R
N ,

for some K > 0. Then, we have

(T (t)ϕ)(x) :=

∫

RN

ϕ(y)p(t, x; dy) ∈ R, (5.1.10)

(T (t)Aϕ)(x) :=

∫

RN

Aϕ(y)p(t, x; dy) ∈ R, (5.1.11)
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for any t > 0 and any x ∈ RN . Moreover, the function T (·)ϕ belongs to

C
1+α/2,2+α
loc ((0,+∞) × RN ) ∩ C([0,+∞) × RN ) and

lim
t→0+

(T (t)ϕ)(x) = ϕ(x),

(
∂

∂t
T (t)ϕ

)
(x) ≤ (T (t)Aϕ)(x), t > 0, x ∈ R

N .

(5.1.12)

Proof. Without loss of generality, we can suppose that ϕ ≥ 0. Indeed, if this
is not the case, we replace ϕ with ϕ− infx∈RN ϕ(x). Observe that infx∈RN ϕ(x)
is a real number, since ϕ goes to +∞ as |x| goes to +∞. Moreover, Aϕ =
A(ϕ− infx∈RN ϕ(x)), since the zero-order coefficient of A identically vanishes
in RN .

For any n ∈ N, let ψn ∈ C2
b ([0,+∞)) be any function such that

ψn(s) = s, s ∈ [0, n], ψn(s) = n+ 1, s ≥ n+ 2,

0 ≤ ψ′
n(s) ≤ 1, ψ′′

n(s) ≤ 0 s ∈ [0,+∞).

Then ψn◦ϕ is bounded and, in particular, it is constant outside some compact
set of R

N . Consequently, the function A(ψn ◦ ϕ) has compact support. This
implies that ψn ◦ ϕ ∈ Dmax(A). By Propositions 2.3.6 and 4.1.10, we know

that Dmax(A) = D(Â) (see Section 2.3). Hence, by Lemma 2.3.3 we deduce
that

T (t)A(ψn ◦ ϕ) = T (t)Â(ψn ◦ ϕ) = ÂT (t)(ψn ◦ ϕ) = AT (t)(ψn ◦ ϕ), t ≥ 0.
(5.1.13)

Now, let

un(t, x) = (T (t)(ψn ◦ ϕ))(x) :=

∫

RN

ψn(ϕ(y))p(t, x; dy), t > 0, x ∈ R
N .

Thanks to our assumptions on the functions ψn (n ∈ N), we easily deduce
that the sequence {ψn(s)} is increasing to ϕ(s) for any s ∈ R. Hence, the
monotone convergence theorem yields

lim
n→∞

un(t, x) = lim
n→+∞

∫

RN

ψn(ϕ(y))p(t, x; dy) = u(t, x) := (T (t)ϕ)(x),

(5.1.14)
for any t > 0 and any x ∈ RN . Now, from (5.1.13) we deduce that, for any
s > 0 and any x ∈ RN ,

Dtun(s, x) = Aun(s, x) = (T (s)A(ψn ◦ ϕ))(x)

=

∫

RN

{(ψ′
n ◦ ϕ)Aϕ + (ψ′′

n ◦ ϕ)〈QDϕ,Dϕ〉} p(s, x; dy)

≤

∫

RN

(ψ′
n ◦ ϕ)Aϕp(s, x; dy) ≤ K, (5.1.15)



74 Chapter 5. Properties of {T (t)} in spaces of continuous functions

where Q(y) = (qij(y)). Integrating (5.1.15) with respect to s ∈ [0, t], and
recalling that the semigroup is positivity preserving, gives

0 ≤ un(t, x) ≤ ψn(ϕ(x)) +Kt ≤ ϕ(x) +Kt, t > 0, x ∈ R
N , (5.1.16)

for any n ∈ N. Then, letting n go to +∞, we get

0 ≤ u(t, x) ≤ ϕ(x) +Kt < +∞, t > 0, x ∈ R
N ,

and (5.1.10) follows.
We now prove (5.1.11) and (5.1.12) and, at the same time, we show that

u ∈ C
1+α/2,2+α
loc ((0,+∞)×RN). By (5.1.16) and Theorem C.1.4, the sequence

{un} is bounded in C1+α/2,2+α([ε, T ]× F ) for any ε, T > 0 and any compact
set F ⊂ RN . From (5.1.14) and the Ascoli-Arzelà Theorem, we deduce that
u ∈ C1+α/2,2+α([ε, T ] × F ) and un converges to u in C1+β/2,2+β([ε, T ] × F )
for any β < α. In particular,

lim
n→+∞

Dtun(t, x) = Dtu(t, x), (5.1.17)

for any t > 0 and any x ∈ RN . From (5.1.15) it follows that

Dtun(t, x) ≤

∫

{Aϕ≥0}

ψ′
n(ϕ(y))Aϕ(y)p(t, x; dy)

+

∫

{Aϕ<0}

ψ′
n(ϕ(y))Aϕ(y)p(t, x; dy). (5.1.18)

As n tends to +∞, by (5.1.17) and the monotone convergence theorem, we
get (5.1.11) and (5.1.12). Note that the first integral in the right-hand side of
(5.1.18) converges for any x ∈ R, since 0 ≤ ψ′

n ≤ 1 for any n ∈ N, and Aϕ is
bounded from above. Therefore, the second integral in the right-hand side of
(5.1.18) converges as well for any x ∈ RN and the second formula in (5.1.12)
follows.

To show that u is continuous up to t = 0 we argue as in the proof of
Theorem 2.2.1. For this purpose, we fix m ∈ N and introduce a cut-off function
ϑ = ϑm ∈ C∞

c (RN ) such that χB(m−1) ≤ ϑ ≤ χB(m). Then, we consider the
function vn = unϑm and we take n sufficiently large such that

n ≥ sup
x∈B(m)

|ϕ(x)|.

This choice of n implies that ϑψn(ϕ) = ϑϕ. As it is easily seen, vn solves the
Cauchy-Dirichlet problem






Dtvn(t, x) = Avn(t, x) + gn(t, x), t > 0, x ∈ B(m),

vn(t, x) = 0, t > 0, x ∈ ∂B(m),

vn(0, x) = ϑ(x)ϕ(x), x ∈ B(m),
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for any n ≥ m, where

gn = −
N∑

i,j=1

qij(2DiunDjϑ+ unDijϑ) − un

N∑

i=1

biDiϑ

satisfies

|gn(t, x)| ≤ C1

(
||ϕ||L∞(B(m)) + ||un||L∞(B(m)) +

N∑

i=1

||Diun(t, ·)||L∞(B(m))

)
,

for some positive constant C1, independent of n. The estimate (5.1.16) and
the interior estimates in Theorem C.1.4 (see (C.1.16)) yield

||
√
tDiun(t, ·)||L∞(B(m)) ≤ C||un||L∞((0,T )×B(m+1))

≤ C2

(
||ϕ||L∞(B(m+1)) +K

)
,

for any t ∈ (0, 1), any x ∈ B(m), any i = 1, . . . , N and some positive constant
C2, independent of n. Now, repeating step by step the last part of the proof of
Theorem 2.2.1, we deduce that u(t, ·) tends to ϕ uniformly in B(m− 1), as t
tends to 0. Due to the arbitrariness of m, it follows that u ∈ C([0,+∞)×RN).

Thanks to Lemma 5.1.4, we can now prove the following theorem which
gives a sufficient condition ensuring the compactness of T (t) for any t > 0.

Theorem 5.1.5 Assume that the semigroup {T (t)} is conservative and sup-

pose that there exist a strictly positive function ϕ ∈ C2(RN ) and a convex

function g ∈ C1([0,+∞)) such that

lim
|x|→+∞

ϕ(x) = +∞,
1

g
is integrable at +∞, Aϕ(x) ≤ −g(ϕ(x)), x ∈ R

N .

(5.1.19)
Then, T (t) is compact in Cb(R

N ) for any t > 0.

Proof. Without loss of generality, we can suppose that g(0) < 0. Indeed, if
this is not the case we replace g with g − C for some large enough positive
constant C. Let us set

u(t, x) = (T (t)ϕ)(x) =

∫

RN

ϕ(y)p(t, x; dy), t > 0, x ∈ R
N .

Observe that, since g is convex and 1/g is integrable in a neighborhood of +∞,
then g(x) tends to +∞ as x tends to +∞. In particular, g is bounded from be-
low in (0,+∞). Hence, by (5.1.19), Aϕ is bounded from above. Consequently,
by Lemma 5.1.4, it follows that u ∈ C1,2((0,+∞)× RN ) ∩C([0,+∞)× RN).
Moreover,

∂

∂t
u(t, x) ≤

∫

RN

Aϕ(y)p(t, x; dy) ≤ −

∫

RN

g(ϕ(y))p(t, x; dy) ≤ −g(u(t, x)),
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for any t > 0 and any x ∈ RN , where the last inequality follows from Jensen’s
inequality.

For any fixed x ∈ R
N let z(·, x) be the solution of the Cauchy problem

{
z′(t, x) = −g(z(t, x)), t > 0, x ∈ RN ,

z(0, x) = ϕ(x), x ∈ RN .
(5.1.20)

Note that z(·, x) is defined in (0,+∞). Indeed, if ϕ(x) = xg, where xg denotes
the zero of g, then z(·, x) ≡ xg, whereas z(·, x) is increasing and greater than
xg if ϕ(x) > xg. Similarly, z(·, x) is decreasing and less than xg if ϕ(x) < xg.
In any case, z(·, x) exists in [0,+∞).

Let us now prove that z(·, x) is bounded from above in [τ,+∞) for any
τ > 0, uniformly with respect to x ∈ R

N . First, we assume that ϕ(x) > xg.
Integrating the differential equation (5.1.20) gives

−

∫ z(t,x)

ϕ(x)

dz

g(z)
= t.

Therefore,

∫ +∞

z(t,x)

dz

g(z)
=

∫ +∞

ϕ(x)

dz

g(z)
−

∫ z(t,x)

ϕ(x)

dz

g(z)
≥ −

∫ z(t,x)

ϕ(x)

dz

g(z)
= t > τ. (5.1.21)

Note that all the integral terms are finite since the function 1/g is integrable
in a neighborhood of +∞. Since 1/g is not integrable in a neighborhood of
xg, there exists a unique value z̄ = z̄(τ) > xg such that

∫ +∞

z̄

dz

g(z)
= τ. (5.1.22)

The positivity of g in (xg,+∞), (5.1.21) and (5.1.22) imply that

z(t, x) < z̄, t > τ. (5.1.23)

Now, suppose that ϕ(x) ≤ xg. In such a case, z(t, x) ≤ xg for any t ∈
(τ,+∞). Summing up, we have proved that z(t, x) ≤ max(z̄, xg) = z̄ for any
t > τ and any x ∈ RN .

Now, we fix ε > 0 and let ρ > 0 be such that ϕ(x) ≥ z̄/ε for any x ∈
RN \B(ρ). Then, we have

p(t, x; RN \B(ρ)) ≤ εz̄−1

∫

RN\B(ρ)

ϕ(y)p(t, x; dy) ≤ εz̄−1u(t, x) ≤ ε,

for any x ∈ RN and any t > τ . The compactness of T (t), for any t > 0, now
follows from Proposition 5.1.3 and the arbitrariness of τ > 0. Note that the
proof of the quoted proposition shows that T (t0) is compact whenever the
family {p(t0, x; dy) : x ∈ RN} is tight.
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Example 5.1.6 Consider the operator A defined by

Af(x) = ∆f(x) + 〈b(x), Df(x)〉, x ∈ R,

on smooth functions, with the drift b satisfying

〈b(x), x〉 ≤ C −M |x|2+ε, x ∈ R
N ,

for some C ∈ R, M, ε > 0. Then, the associated semigroup {T (t)} is compact.
To see it, it suffices to apply Theorem 5.1.5 with

ϕ(x) = |x|2, x ∈ R
N , g(s) = −(2N + C) +Ms1+

ε
2 , s > 0.

(5.1.24)

Finally, we give another condition implying that T (t) is a compact operator
for any t > 0. For this purpose, we introduce the one-dimensional differential
operator C, defined on smooth functions by

Cu(r) = q(r)
[
u′′(r) + r−1b(r)u′(r)

]
, r > 0,

where

q(r) = min
x∈∂B(r)

(
1

|x|2

N∑

i,j=1

qij(x)xixj

)
:= min

x∈∂B(r)
Q(x), (5.1.25)

b(r) = max
x∈∂B(r)

(
1

Q(x)

N∑

i=1

(qii(x) + bi(x)xi) − 1

)
:= max

x∈∂B(r)
B(x). (5.1.26)

Proposition 5.1.7 If +∞ is an entrance point for the operator C (see Defi-

nition 3.1.6), then T (t) is a compact operator for any t > 0.

To prove the proposition we need two preliminary lemmata.

Lemma 5.1.8 Suppose that +∞ is an entrance point for the operator C.

Then, for any R > 0, there exists a positive function ϕ ∈ C2(RN \ B(R))
diverging to +∞ as |x| tends to +∞ and such that ϕ−Aϕ ≥ 0 in RN \B(R).
As a consequence, if z ∈ Cb([0, T ] × RN \ B(R)) ∩ C1,2((0, T ) × RN \ B(R))
satisfies






Dtz(t, x) −Az(t, x) ≥ 0, t ∈ (0, T ), x ∈ R
N \B(R),

z(t, x) ≥ 0, t ∈ (0, T ), x ∈ ∂B(R),

z(0, x) ≥ 0, x ∈ RN \B(R),

for some R > 0, then z ≥ 0.
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Proof. We limit ourselves to considering the case when R = 1, the general
case being completely similar.

Let us determine a function ϕ satisfying the assertion. For this purpose, we
observe that since +∞ is an entrance, according to Proposition 3.1.7(iii), we
can determine an increasing positive solution ψ : [1,+∞) → R of the equation
ψ−Cψ = 0 such that limr→+∞ ψ(r) = +∞. This can be done adapting to this
situation the proof of Proposition 3.1.4. The function ϕ can now be defined
by setting ϕ(x) = ψ(|x|) for any x ∈ RN \ B(1). Indeed, a straightforward
computation shows that

ϕ(x)−Aϕ(x) = ψ(|x|)−Q(x)

(
ψ′′(|x|) +

B(x)

|x|
ψ′(|x|)

)
, x ∈ R

N \B(1),

where Q and B are given by (5.1.25) and (5.1.26). Since ψ and ψ′ are both
positive, it is now easy to check that

ϕ(x) −Aϕ(x) ≥ Q(x)

(
1

q(|x|)
ψ(|x|) − ψ′′(|x|) −

b(|x|)

|x|
ψ′(|x|)

)
= 0,

for any x ∈ RN \B(1).
To prove the last part of the lemma, for any ε > 0, we introduce the

function zε defined by zε(t, x) = z(t, x) + εetϕ(x) + εt for any t ∈ [0, T ] and
any x ∈ RN \ B(1). As it is immediately seen, Dtzε − Azε ≥ ε in (0, T ) ×
(RN \B(1)) and zε tends to +∞ as |x| tends to +∞, uniformly with respect
to t ∈ [0, T ]. This implies that zε has an absolute minimum at some point
(t0, x0) ∈ [0, T ]×RN \B(1). We cannot have t0 > 0 and |x0| > 1, otherwise we
should have Dtzε(t0, x0)−Az(t0, x0) ≤ 0 which is a contradiction. Therefore,
t0 = 0 or |x0| = 1. In any case we have zε(t0, x0) ≥ 0. Letting ε go to 0 the
assertion follows.

Lemma 5.1.9 Fix δ > 0. Then, for any f ∈ Cb([δ,+∞)) the Cauchy-Dirichlet

problem 




Dtu(t, x) = Cu(t, x), t > 0, x > δ,

u(t, δ) = 0, t > 0,

u(0, x) = f(x), x > δ,

(5.1.27)

admits a solution u ∈ Cb(([0,+∞) × [δ,+∞)) \ {(0, δ)}) ∩ C1,2((0,+∞) ×
(δ,+∞)). Moreover,

||u||∞ ≤ ||f ||∞. (5.1.28)

Further, the family of linear operators {S(t)} defined by S(t)f = u(t, ·) for any

t > 0, where u is as above, is a positive semigroup of contractions. Finally,

the function v = S(·)1l satisfies Dtv ≤ 0 and Drv ≥ 0 in (0,+∞) × (δ,+∞).
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Proof. Let us observe that a straightforward computation shows that the
coefficients of the operator C belong to Cα

loc([δ,+∞)). Moreover, the proof of
Lemma 5.1.8 shows that there exists a positive function ψ ∈ C2([δ,+∞)),
blowing up as x tends to +∞, such that ψ − Cψ = 0 in (δ,+∞). Therefore,
to prove the assertion, it suffices to apply the same arguments as in the proof
of the forthcoming Theorem 11.2.1.

Let us give just the proof of the last part of the lemma. We set u = S(·)1l
and we prove that Dtu and −Dru are nonpositive in (0,+∞) × (δ,+∞). As
a first step we observe that, from the estimate (5.1.28), it follows that u ≤ 1l.
Now, using the positivity of the semigroup, we get

u(t+ s, ·) = S(t+ s)1l = S(s)S(t)1l ≤ S(t)1l = u(t, ·), s, t > 0,

so that the function u(·, r) is nonincreasing in (0,+∞) for any r > δ and,
consequently, Dtu ≤ 0 in (0,+∞) × (δ,+∞).

Now we show that, for any t > 0, the function u(t, ·) is nondecreasing in
(0,+∞). Since

Cu(t, r) = q(r)W (r)Dr

(
Dru(t, ·)

W

)
(r), t > 0, r > δ,

where W is given by (3.1.3), we deduce that, for any 0 < r < s and any t > 0,

Dru(t, s)

W (s)
−
Dru(t, r)

W (r)
=

∫ s

r

Dtu(t, ξ)

q(ξ)W (ξ)
dξ.

Since Dtu is nonpositive in (0,+∞)×(δ,+∞), then the function w(t, ·) :=
Dru(t, ·)/W is nonincreasing in (δ,+∞), for any t > 0. Set lt = lim

r→+∞
w(t, r).

We claim that lt ≥ 0 for any t > 0. Of course, once the claim is proved, we
will immediately obtain that w ≥ 0 and, consequently, Dru ≥ 0 in (0,+∞)×
(δ,+∞) since W is a strictly positive function. Suppose by contradiction that
lt < 0 for some t > 0. Then, there exist r∗ > 0 and a negative constant c such
that

Dtu(t, r) ≤ cW (r), r ≥ r∗.

Integrating in [r∗, r] the previous inequality, we get

v(t, r) = v(t, r∗) +

∫ r

r∗

Dtu(t, s)ds ≤ u(t, δ) + c

∫ r

r∗

W (s)ds.

The boundedness of v in (0,+∞) × (δ,+∞) implies that W is integrable in
(r∗,+∞) and, consequently, in (δ,+∞). But this is a contradiction. Indeed,
since Q is integrable in (δ,+∞), then the function 1/(qW ) is integrable in
(δ,+∞) as well. The integrability of W in (δ,+∞) should imply the integra-
bility of R in (δ,+∞), which contradicts our assumptions.

Now, we can prove Proposition 5.1.7.
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Proof of Proposition 5.1.7. According to Proposition 5.1.3, to prove that
T (t) is compact for any t > 0, we show that the family of measures {p(t, x; dy) :
x ∈ R

N} is tight for any t > 0., i.e. we fix t0 > 0 and we prove that for any
ε > 0 there exists ρ > 0 such that

p(t0, x;B(ρ)) ≥ 1 − ε, x ∈ R
N . (5.1.29)

Let {fn} ⊂ Cb(R
N ) be a sequence of continuous functions in RN such that

χB(n−1) ≤ fn ≤ χB(n) for any n ∈ N. Observe that

p(t0, x;B(n)) =

∫

B(n)

p(t0, x; dy) ≥

∫

RN

fn(y)p(t0, x; dy) = (T (t0)fn)(x),

for any x ∈ RN (see Theorem 2.2.5). Since fn converges to the function f = 1l
as n tends to +∞, locally uniformly in RN , by Proposition 2.2.9 it follows
that, the function T (t0)fn converges locally uniformly in RN to the function
1l. Hence, it suffices to show that there exist ρ > 0 and n1 ∈ N such that

(T (t0)fn)(x) ≥ 1 − ε, x ∈ R
N \B(ρ), (5.1.30)

for any n ≥ n1. To prove (5.1.30) we use a comparison argument with radial
functions. For this purpose we split the proof into two steps. First, in Step 1,
we study the main properties of the function vδ = S(·)1l that we need in the
sequel. Here {S(t)} is the semigroup in Cb([δ,+∞)) defined in Lemma 5.1.9.
Then, in Step 2, by means of the function vδ, we construct a radial function w
such that w(t0, ·) ≥ 1−ε and such that, for |x| and n large enough, it satisfies
(T (t0)fn)(x) ≥ w(t0, x).

Step 1. We claim that, for any δ sufficiently large,

0 ≤ vδ(t0, r) ≤ η := 1 − (1 − ε)1/2, r ≥ δ. (5.1.31)

For this purpose, for any δ > 0, we set

ψδ(r) = 1 −

∫ +∞

0

e−tv(t, r)dt, r ≥ δ.

The function ψδ is well defined since v is bounded in (0,+∞) × (δ,+∞).
Moreover, ψδ satisfies

{
ψδ(r) − Cψδ(r) = 0, r > δ,

ψδ(δ) = 1.
(5.1.32)

Of course, ψδ(δ) = 1 since v(t, 0) = 0 for any t > 0. To show that ψδ satisfies
the differential equation in (5.1.32), we introduce, for any n ∈ N, the function
ψδ,n : [δ,+∞) → R defined by

ψδ,n(r) =

∫ n

0

e−tv(t, r)dt, r ≥ δ.
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It is immediate to check that ψδ,n ∈ C2((δ,+∞)) and it solves the differential
equation

ψδ,n(r) − Cψδ,n(r) = 0, r > δ. (5.1.33)

Moreover, ψδ,n converges uniformly to ψδ in [δ,+∞). Let us now show that
ψδ ∈ C2((δ,+∞)) and it solves the differential equation in (5.1.32) pointwise.
For this purpose, we observe that, since the sequence {ψδ,n} is bounded in
Cb([δ,+∞)), using the same compactness arguments as in the proof of The-
orem 2.1.1, one can easily show that, up to a subsequence, ψδ,n converges
to ψδ in W 2,p(r1, r2) for any δ < r1 < r2 and any p ∈ (1,+∞). According
to the Sobolev embedding theorems (see [4, Theorem 5.4]), we deduce that
ψδ ∈ C1((δ,+∞)) and ψ′

δ,n converges to ψ′
δ locally uniformly in (δ,+∞). Now,

since q(r)ψ′′
δ,n(r) = ψδ,n(r) − r−1q(r)b(r)ψ′

δ,n(r) for any r ∈ (δ,+∞) and any
n ∈ N, it follows that qψ′′

δ,n (and consequently ψ′′
δ,n since q does not vanish in

[δ,+∞)) converges locally uniformly in (δ,+∞). Therefore, ψδ ∈ C2((δ,+∞)).
Now, letting n go to +∞ in (5.1.33), we easily see that ψδ solves the differential
equation in (5.1.32).

Let us now prove that δ can be chosen sufficiently large so that

ψδ(r) ≥ 1 − ηt0e
−t0 , r ≥ δ. (5.1.34)

For this purpose, denote by ϕ the unique positive decreasing solution of the
equation ϕ − Cϕ = 0 in (1,+∞), such that limr→+∞ ϕ(r) = 1 (the existence
of such a solution can be established arguing as in the proof of the properties
(ii) and (iv) in Proposition 3.1.4). Then, ψδ = ϕ/ϕ(δ). Indeed, the same
arguments as in the proof of Proposition 3.1.4 show that, up to a multiplicative
constant, ψδ is the unique bounded solution to the problem (5.1.32). It is now

clear that we can fix δ̂ such that ψδ̂ satisfies (5.1.34).
Now, let λm = e−t0η +m−1 (m ∈ N) and introduce the set

Em = {t ≥ 0 : e−t lim
r→+∞

vδ̂(t, r) ≥ λm}.

Since v is bounded, the set Em is bounded for any m ∈ N and it is not empty
since it contains t = 0. Moreover, using the Chebyshev inequality, we get

∫

Em

dr =
1

λm

∫

Em

λmdr ≤
1

λm

∫

Em

e−t lim
r→+∞

vδ̂(t, r)dt

=
1

λm
lim

r→+∞

∫

Em

e−tvδ̂(t, r)dt

=
1

λm
lim

r→+∞

∫

Em

e−tvδ̂(t, r)dt

≤
1

λm
lim sup
r→+∞

(1 − ψδ̂(r))

≤
η

λm
t0e

−t0 .
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Therefore, due to the choice of λm, the Lebesgue measure of Em is strictly
less than t0. From this fact, and recalling that vδ̂(t, ·) is increasing in [δ̂,+∞)

for any t > δ̂, it follows that we can determine t1,m < t0 such that

e−t1,mvδ̂(t1,m, r) < λm, r > δ̂.

Since the sequence {t1,m} is bounded, up to a subsequence, we can assume
that t1,m converges to a point t1 ∈ (0, t0] as m tends to +∞. Moreover, by
continuity

e−t1vδ̂(t1, r) ≤ e−t0η, r ≥ δ̂

and, consequently, vδ̂(t1, ·) ≤ η in [δ̂,+∞). Since vδ̂(·, r) is nonincreasing in

(0,+∞) for any r > δ̂, the estimate (5.1.31) follows.

Step 2. Now, we prove (5.1.30) with ρ = δ̂+1. Since, as it has already been
pointed out, T (t)fn converges locally uniformly in [0,+∞)×RN to 1l, we can
fix n1 ∈ N such that

(T (t)fn)(x) ≥ 1 − η, t ∈ (0, t0), x ∈ B(δ̂ + 1), n ≥ n1.

Let us now introduce the function w : [0,+∞) × (RN \B(δ̂ + 1)) defined by

w(t, x) = (1 − η)(1 − vδ̂(t, |x|)), t ≥ 0, x ∈ R
N \B(δ̂ + 1).

Of course, w ∈ Cb([0,+∞)×(RN \B(δ̂+1)))∩C1,2((0,+∞)×(RN \B(δ̂+1))),

it satisfies w ≤ 1−η in [0,+∞)× (RN \B(δ̂+1)), w(0, ·) = 0 and, by (5.1.31),

w(t0, ·) ≥ (1−η)2 = 1−ε in RN \B(δ̂+1). Moreover, it satisfies the differential
equation Dtw −Aw = g, where

g(t, x) = (η − 1)Q(x)

[
Dtv(t, |x|)

Q(x)
−Drrv(t, |x|) −

B(x)

|x|
Drv(t, |x|)

]
,

for any t > 0 and any x ∈ RN \B(δ̂+1). Here, Q and B are defined by (5.1.25)

and (5.1.26). Since Dtv and −Drv are nonpositive in (0,+∞) × (δ̂,+∞), we
deduce that

g(t, x) ≤ (η − 1)
Q(x)

q(|x|)
(Dtv(t, |x|) − Cv(t, |x|)) = 0.

From all the results above, it follows that the function z = T (·)fn−w satisfies






Dtz(t, x) −Az(t, x) ≥ 0, t ∈ (0, t0), x ∈ RN \B(δ̂ + 1),

z(t, x) ≥ 0, t ∈ (0, t0), x ∈ RN \ ∂B(δ̂ + 1),

z(0, x) = fn(x), x ∈ RN \B(δ̂ + 1),

for any n ≥ n1. The maximum principle in Lemma 5.1.8 implies that z ≥ 0
in (0, t0) × (RN \B(δ̂ + 1)) and (5.1.30) follows.
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5.1.2 The nonconservative case

We now consider the nonconservative case. In particular, here we do not as-
sume that the coefficient c identically vanishes in RN .

The following theorem shows that T (t) is compact and maps C0(R
N ) into

itself, for some t > 0, if and only if it maps the function 1l into a function
vanishing at infinity. To prove such a result, we need the following lemma.

Lemma 5.1.10 Suppose that F is a bounded subset of C0(R
N ) such that for

any ε > 0 there exist δ > 0 with the property

sup
f∈F

sup
x∈RN\B(δ)

|f(x)| < ε.

Further, suppose that, for any compact set H ⊂ RN and any ε > 0, there

exists σ > 0 such that

sup
f∈F

sup
|x−y|≤σ

x,y∈H

|f(x) − f(y)| ≤ ε.

Then, F is totally bounded in C0(R
N ).

Proof. Fix ε > 0 and let δ > 0 be such that |f(x)| ≤ ε for any |x| ≥ δ and
any f ∈ F . According to our assumptions and the Ascoli-Arzelà Theorem,
the set F∣∣B(2δ)

, of all the restrictions to B(2δ) of the functions in F , is totally

bounded. Hence, we can find out k ∈ N and g1, . . . , gk ∈ C(B(2δ)) such that

F∣∣B(2δ)
⊂

k⋃

j=1

(gj +B(ε)),

where gj +B(ε) (j = 1, . . . , k) denotes the closed ball in C(B(2δ)) with centre
at gj and radius ε. Now let ϕ be any smooth function such that χB(δ) ≤ ϕ ≤
χB(2δ). Then,

F ⊂
k⋃

j=1

(ϕgj +B(3ε)), (5.1.35)

where the closed balls ϕgj+B(3ε) are now meant in Cb(R
N ). To check (5.1.35),

fix f ∈ F and let j ∈ {1, . . . , k} be such that ||f − gj||C(B(2δ)) ≤ ε. Then, in
particular,

||f − ϕgj ||C(B(δ)) ≤ ε.

Moreover,

||f − ϕgj||Cb(RN\B(δ)) ≤ ||f ||Cb(RN\B(δ)) + ||gj ||C(B(2δ)\B(δ))

≤ 2||f ||Cb(RN\B(δ)) + ||f − gj||C(B(2δ))

≤ 3ε.
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Summing up, we have
||f − ϕgj ||Cb(RN ) ≤ 3ε,

and (5.1.35) follows.

We can now prove the following result.

Theorem 5.1.11 Fix t > 0. Then T (t)1l ∈ C0(R
N ) if and only if T (t) is

compact and C0(R
N ) is invariant for T (t).

Proof. Suppose that T (t)1l ∈ C0(R
N ). Then, using (2.2.8), we get

|(T (t)f)(x)| =

∣∣∣∣
∫

RN

f(y)p(t, x; dy)

∣∣∣∣ ≤ ||f ||∞

∫

RN

p(t, x; dy) = ||f ||∞(T (t)1l)(x),

(5.1.36)
for any f ∈ Cb(R

N ) and any x ∈ RN . Therefore, T (t) maps Cb(R
N ) in

C0(R
N ). In particular, C0(R

N ) is invariant.
Let us now prove that T (t) is a compact operator. For this purpose, let

B∞(1) = {f ∈ Cb(R
N ) : ||f ||∞ ≤ 1}

be the unit ball in Cb(R
N ). According to (5.1.36), T (t)(B∞(1)) is a set of

functions vanishing uniformly at infinity. This implies that, for any ε > 0,
there exists δ > 0 such that

|(T (t)f)(x)| ≤ ε, |x| ≥ δ, (5.1.37)

for any f ∈ B∞(1). Moreover, from the interior Schauder estimates in The-
orem C.1.4, it follows that, for any ρ > 0, there exists a positive constant
C = C(ρ, t) such that

||T (t)f ||C2+α(B(ρ)) ≤ C||f ||C(B(2ρ)) ≤ C, (5.1.38)

for any f ∈ B∞(1), where α is as in Hypothesis 5.1.1(ii). Therefore, the set
of all the restrictions of the functions in T (t)(B∞(1)) to B(ρ) is a bounded
set of equicontinuous functions. From (5.1.37), (5.1.38) and Lemma 5.1.10 it
follows that T (t)(B∞(1)) is compact in Cb(R

N ).
Conversely, fix t > 0 and suppose that T (t) is compact and C0(R

N ) is
invariant for T (t). Let {fn} be a sequence of continuous functions such that
χB(n−1) ≤ fn ≤ χB(n) for any n ∈ N. By Proposition 2.2.9, (T (t)fn)(x)
tends to (T (t)1l)(x) for any x ∈ RN . Since T (t) is compact, then T (t)fn

tends to T (t)1l uniformly in RN . Moreover, since C0(R
N ) is invariant, then

T (t)fn ∈ C0(R
N ) for any n ∈ N, and, therefore, T (t)1l ∈ C0(R

N ) as well.

In Section 5.2 we will determine some sufficient conditions implying that
T (t)1l ∈ C0(R

N ) for any t > 0. By virtue of Theorem 5.1.11, such conditions
turn out to be sufficient conditions for the compactness of T (t) for any t > 0.

We conclude this section with the following proposition.
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Proposition 5.1.12 Suppose that, for any t > 0, T (t) is a compact operator

and C0(R
N ) is invariant under T (t). Then, the semigroup is norm-continuous

in (0,+∞) and the resolvent R(λ, Â) is compact for any λ > c0.

Proof. We limit ourselves to proving that the map t 7→ T (t)f is continuous
from the right in (0,+∞) for any f ∈ B∞(1) = {f ∈ Cb(R

N ) : ||f ||∞ ≤ 1}.
Indeed, once this property is proved, repeating the proof of Proposition 5.1.3,
we can easily show that the map t 7→ T (t) is norm-continuous in (0,+∞) and

R(λ, Â) is compact for any λ > c0. Observe that, by Theorem 5.1.11, T (t)1l ∈
C0(R

N ) for any t > 0. Hence, applying (5.1.36), written for f ∈ Cb(R
N ), we

easily see that T (t) maps Cb(R
N ) into C0(R

N ) for any t > 0. By Proposition
2.2.7, T (t)g tends to g uniformly in RN , as t tends to 0, for any g ∈ C0(R

N ).
Hence,

lim
h→0+

||(T (h) − I)T (t)f ||∞ = 0,

for any t > 0 and any f ∈ Cb(R
N ), and this implies that t 7→ T (t)f is

right-continuous in (0,+∞).

5.2 On the inclusion T (t)(Cb(R
N)) ⊂ C0(R

N)

In this section we determine sufficient conditions implying that T (t) maps
Cb(R

N ) into C0(R
N ). If not explicitly specified, we do not assume that c ≡

0. Let us observe that, without loss of generality, we can limit ourselves to
determining sufficient conditions which ensure that T (t)1l ∈ C0(R

N ). Indeed,
as it has been already pointed out in the proof of Proposition 5.1.12, applying
(5.1.36) written for f ∈ Cb(R

N ), we easily deduce that

|(T (t)f)(x)| ≤ ||f ||∞(T (t)1l)(x), t > 0, x ∈ R
N . (5.2.1)

Hence, if T (t)1l ∈ C0(R
N ), then T (t)f ∈ C0(R

N ) as well, for any f ∈ Cb(R
N ).

Using (5.2.1), we can easily show that

|(R(λ, Â)f)(x)| ≤ ||f ||∞|(R(λ, Â)1l)(x)|, x ∈ R
N , λ > c0, (5.2.2)

which implies thatR(λ, Â) maps Cb(R
N ) into C0(R

N ) if and only ifR(λ, Â)1l ∈
C0(R

N ). We recall that, for any f ∈ Cb(R
N ),

(R(λ, Â)f)(x) =

∫ +∞

0

e−λt(T (t)f)(x)dt, x ∈ R
N , (5.2.3)

where Â is the weak generator of the semigroup. See Sections 2.1 and 2.3.
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The following proposition shows that T (t) maps Cb(R
N ) into C0(R

N ) if

and only if R(λ, Â) does for some (and hence all) λ > 0. Before stating and
proving it, we consider the following lemma.

Lemma 5.2.1 Let, as usual, c0 = supx∈RN c(x). Then, for any x ∈ RN , the

function t 7→ (S(t)1l)(x) := e−c0t(T (t)1l)(x) is not increasing in [0,+∞).

Proof. It can be obtained applying the proof of Lemma 4.1.8. See Remark
4.1.9.

We can now prove the following proposition.

Proposition 5.2.2 The following properties are equivalent:

(i) T (t)1l ∈ C0(R
N ) for any t > 0;

(ii) R(λ, Â)1l ∈ C0(R
N ) for any λ > c0;

(iii) R(λ, Â)1l ∈ C0(R
N ) for some λ > c0;

(iv) D(Â) = Dmax(A) ∩ C0(R
N ), where D(Â) is defined in Section 2.3.

Proof. We can limit ourselves to proving that “(i)⇒ (ii)” and “(iii)⇒ (i)”,
since the implication “(ii)⇒ (iii)” is trivial and “(ii)⇔ (iv)” follows imme-
diately, from Proposition 2.3.6, observing that (ii) and (5.2.2) imply that

R(λ, Â)f ∈ C0(R
N ) for any f ∈ Cb(R

N ).
“(i)⇒ (ii)”. Fix λ > 0. Taking (5.2.3) and Lemma 5.2.1 into account, we

deduce that

(R(λ, Â)1l)(x) =

∫ +∞

0

e−λt(T (t)1l)(x)dt

=

∫ +∞

0

e−(λ−c0)t(S(t)1l)(x)dt

=

∫ ε

0

e−(λ−c0)t(S(t)1l)(x)dt +

∫ +∞

ε

e−(λ−c0)t(S(t)1l)(x)dt

≤ ε+ (S(ε)1l)(x)

∫ +∞

ε

e−(λ−c0)tdt

≤ ε+ (S(ε)1l)(x)

∫ +∞

0

e−(λ−c0)tdt,

for any ε > 0 and any x ∈ RN , where we use the fact that {S(t)} is a semigroup
of contractions. Since T (ε)1l ∈ C0(R

N ), then S(ε)1l ∈ C0(R
N ) as well. This

implies that
lim sup
|x|→+∞

(R(λ, Â)1l)(x) ≤ ε.
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From the arbitrariness of ε > 0 and the nonnegativity of the functionR(λ, Â)1l,

we deduce that R(λ, Â)1l ∈ C0(R
N ).

“(iii)⇒ (i)”. Fix t > 0. Again by the formula (5.2.3) and Lemma 5.2.1 we
get

(R(λ, Â)1l)(x) =

∫ +∞

0

e−(λ−c0)s(S(s)1l)(x)ds

≥

∫ t

0

e−(λ−c0)s(S(s)1l)(x)ds

≥ (S(t)1l)(x)

∫ t

0

e−(λ−c0)sds, x ∈ R
N ,

that is

0 ≤ S(t)1l ≤

(
λ− c0

1 − e−(λ−c0)t

)
R(λ, Â)1l.

Thus, we conclude that S(t)1l (and hence T (t)1l) belongs to C0(R
N ).

An interesting consequence of the fact that the semigroup maps Cb(R
N )

into C0(R
N ) is given by the next proposition.

Proposition 5.2.3 Suppose that c ≡ 0 and T (t0) maps Cb(R
N ) into C0(R

N )
for some t0 > 0. Then, ||T (t)||L(Cb(RN )) decreases exponentially to 0 as t tends

to +∞.

Proof. We begin the proof observing that, since T (t)1l = T (t0)T (t− t0)1l for
any t ≥ t0, then T (t) maps Cb(R

N ) into C0(R
N ) for any t ≥ t0. Now, we prove

that there exists a positive constant k0 ∈ (0, 1) such that (T (t0)1l)(x) ≤ k0

for any x ∈ RN . For this purpose, we notice that, since T (t0)1l ∈ C0(R
N ),

there exists δ > 0 such that (T (t0)1l)(x) ≤ 1/2 for any |x| ≥ δ. Moreover,
since T (t)1l ≤ 1l for any t > 0, (T (t0)1l)(x) < 1 for any x ∈ B(δ) otherwise by
the classical maximum principle (see Proposition C.2.3(iii)), T (t0)1l should be
constant in B(δ) and equal to 1l, which, of course, cannot be the case.

Now, the semigroup property allows us to show that ||T (t)||L(Cb(RN ) de-
creases to 0 exponentially as t tends to +∞. For this purpose, we split
any t > t0 as t = nt0 + r with n ∈ N and r ∈ [0, t0). Recalling that
||T (r)||L(Cb(RN )) = ||T (r)1l||∞ ≤ 1 for any r > 0, we get

||T (t)||L(Cb(RN )) = ||(T (t0))
nT (r)1l||L(Cb(RN ))

≤ ||T (t0)||
n
L(Cb(RN ))||T (r)1l||∞

≤ exp(n log(k0)),

for any t ≥ t0. Now observing that n ≥ t/t0 − 1, we easily deduce that
exp(n log(k0)) ≤ k−1

0 eωt, where ω = t−1
0 log(k0) < 0. This finishes the proof.
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The following result gives a sufficient condition which guarantees that T (t)1l
belongs to C0(R

N ), in terms of a suitable Lyapunov function ϕ.

Proposition 5.2.4 Suppose that there exist λ0 > c0, a compact set K and a

function ϕ ∈ C2(RN \K) ∩ C0(R
N \K) such that

ϕ(x) > 0, x ∈ R
N \K, inf

x∈RN\K

(
λ0ϕ(x) −Aϕ(x)

)
:= a > 0, (5.2.4)

Then, T (t)1l ∈ C0(R
N ) for any t > 0.

Proof. By virtue of Proposition 5.2.2, we can limit ourselves to proving that
R(λ0, Â)1l belongs to C0(R

N ).
Let now n0 be the smallest integer such that K ⊂ B(n0). Moreover, let

γ = infx∈∂B(n0) ϕ(x) > 0 and set δ = min{a, (λ0 − c0)γ}. We will prove that

R(λ0, Â)δ ∈ C0(R
N ). Of course, this will imply thatR(λ0, Â)1l = δ−1R(λ0, Â)δ

belongs to C0(R
N ). For this purpose, we recall that R(λ0, Â)δ is the pointwise

limit of the sequence {un}, where, for any n ∈ N, the function un is the unique
solution in

⋂
1≤p<+∞W 2,p(B(n)) to the problem

{
λ0un(x) −Aun(x) = δ, x ∈ B(n),

un(x) = 0, x ∈ ∂B(n).

Moreover, 0 ≤ un ≤ (λ0 − c0)
−1δ; see the proof of Theorem 2.1.1.

Now, we observe that, for any n > n0, the function ϕ satisfies






λ0ϕ(x) −Aϕ(x) ≥ a, x ∈ B(n) \B(n0),

ϕ(x) ≥ γ, x ∈ ∂B(n0),

ϕ(x) > 0, x ∈ ∂B(n).

Therefore, the classical maximum principle (see Theorem C.2.2(i)) implies
that

ϕ(x) ≥ un(x), x ∈ B(n) \B(n0).

Letting n go to +∞, we get

0 ≤ (R(λ0, Â)δ)(x) ≤ ϕ(x), x ∈ R
N \B(n0).

Hence, R(λ0, Â)δ ∈ C0(R
N ).

Example 5.2.5 Consider the operator A defined on smooth functions by

Af(x) = ∆f(x) + 〈b(x), Df(x)〉, x ∈ R
N ,
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where b ∈ Cα
loc(R

N ) (α ∈ (0, 1)). Moreover, let ϕ be the function defined by
ϕ(x) = (1 + |x|2)−1 for any x ∈ RN . We have Dϕ(x) = −2(ϕ(x))2x and
D2ϕ(x) = −2(ϕ(x))2IN×N + 8(ϕ(x))3x⊗ x for any x ∈ R

N . Therefore,

Aϕ(x) = 8|x|2(ϕ(x))3−2N(ϕ(x))2−2(ϕ(x))2〈b(x), x〉, x ∈ R
N . (5.2.5)

The condition (5.2.4) reads as

〈b(x), x〉 ≥
a

2
(1 + |x|2)2 −

λ0

2
(1 + |x|2) −N + 4

|x|2

1 + |x|2
, x ∈ R

N \K,

for some compact set K ⊂ RN , some λ0 > 0 and some positive constant a.
Such a condition is satisfied, for instance, if

〈b(x), x〉 ≥ C +M |x|4, (5.2.6)

for some C ∈ R and M > a/2. In such a case, we can take any λ0 > 0.
According to Proposition 5.2.4, the semigroup {T (t)}, associated with the
operator A, is such that T (t)1l ∈ C0(R

N ) for any t > 0.
The condition (5.2.6) is satisfied, for instance, when the operator A is given

by

A+f(x) = ∆f(x) + |x|2〈x,Df(x)〉, x ∈ R
N .

This example should be compared with Example 4.1.13, where we consid-
ered the operator

A−f(x) = ∆f(x) − |x|2〈x,Df(x)〉, x ∈ R
N ,

and showed that the associated semigroup is conservative. The operators A+

and A− differ only in the sign of the drift term. The reason for the difference
in the behaviour of the two semigroups can be understood looking at the
stochastic equations associated with these two operators. The operator A−

satisfies the Hypotheses 2.5.3 and 2.5.4. Therefore, all the results in Section
2.5 hold. The stochastic equation associated with it is

dξx
t = −|ξx

t |
2ξx

t dt+ dWt, t > 0,

with the initial condition ξx
0 = x ∈ RN . This equation has a solution defined

for any t > 0. Heuristically, one can think of this equation as a perturbation
of the ordinary differential equation

d

dt
ξx
t = −|ξx

t |
2ξx

t , t > 0,

whose solutions exist for any t > 0.
Repeating the same argument in the case of the operator A+ leads to the

differential equation
d

dt
ξx
t = |ξx

t |
2ξx

t , t > 0,



90 Chapter 5. Properties of {T (t)} in spaces of continuous functions

whose not vanishing solutions explode in a finite time. And also the solutions
of the stochastic equation

dξx
t = |ξx

t |
2ξx

t dt+ dWt, t > 0,

with the initial condition ξx
0 = x ∈ RN , do not exist for all t > 0. Indeed, the

life time of the Markov process associated with {T (t)} is finite since

Px{t < τ} = (T (t)1l)(x) < 1.

Example 5.2.6 Let A be the one-dimensional operator defined by

Aϕ(x) = ϕ′′(x) + |x|3ϕ′(x), x ∈ R.

The associated semigroup {T (t)} is not conservative. Indeed, using the nota-
tion of Chapter 3 (see the formulas (3.1.3), (3.1.4) and (3.1.5)), it is easy to
see that Q ∈ L1(−∞, 0), Q /∈ L1(0,+∞), R /∈ L1(−∞, 0) and R ∈ L1(0,+∞).
Therefore, the point −∞ is entrance and, hence, unaccessible while the point
+∞ is exit and, hence, accessible. According to Theorem 3.2.2, we conclude
that the semigroup {T (t)} is not conservative.

We now claim that R(λ, Â)1l and T (t)1l do not belong to C0(R
N ), for any

λ > 0 and any t > 0, respectively. To show that u = R(λ, Â)1l is not in C0(R),
we observe that u is a solution of the elliptic equation

λu(x) − u′′(x) − |x|3u′(x) = 1, x ∈ R, (5.2.7)

and it satisfies 0 ≤ u ≤ 1/λ. Moreover, since the coefficients of the operator
A belong to C2+θ

loc (R) for any θ ∈ (0, 1), it is readily seen that u ∈ C4+θ
loc (R).

We claim that u′(x) ≤ 0 for any x ∈ R. This, of course, will imply that
u /∈ C0(R). By contradiction, suppose that u′(x) > 0 for any x ∈ (a, b) for
some a, b ∈ R. Let

a0 = inf{α : u′(x) > 0 ∀x ∈ (α, b)}.

If a0 > −∞, we have u′(a0) = 0 and u′(x) > 0 for any x ∈ (a0, b). Therefore,
for such values of x,

u′′(x) = λu(x) − 1 − |x|3u′(x) ≤ 0.

But this is a contradiction. Similarly, if a0 = −∞ we have u′(x) > 0 and
u′′(x) ≤ 0 for any x < b, so that

lim
x→−∞

u′(x) > 0,

which is a contradiction since u is bounded. We conclude that u′ ≤ 0. Since
u does not identically vanish in R, then u /∈ C0(R).

To prove that, for any t > 0, T (t)1l does not belong to C0(R
N ), we show that

DxT (t)1l ≤ 0. For this purpose, let u = T (·)1l. According to Lemma 4.1.8 we
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know that Dtu(t, x) ≤ 0 for any (t, x) ∈ R+ × R. Suppose that Dxu(t, x) > 0
at some point (t, x) ∈ R+ × R. Then, we have

Dxxu(t, x) = Dtu(t, x) − |x|3Dxu(t, x) ≤ 0.

Repeating the same arguments as above, we see that the assumption on the
positiveness of Dxu(t, x) leads us to a contradiction. Therefore, Dxu(t, x) ≤ 0
for any (t, x) ∈ R+ × R. Since T (t)1l does not identically vanish in R

N , we
conclude that T (t)1l /∈ C0(R

N ).

5.3 Invariance of C0(R
N)

In this section we determine sufficient conditions implying that C0(R
N ) is

invariant under T (t) for some t > 0. By the results in Section 5.2 we know
that this is the case if T (t)1l vanishes at infinity. But this is the case also under
weaker assumptions as the next propositions show.

In Proposition 5.2.2 we have seen that T (t) maps Cb(R
N ) into C0(R

N ) for

any t > 0 if and only if R(λ, Â) does, for some (and hence all) λ > 0. As we
are going to show, the same property holds true as far as the invariance of
C0(R

N ) is concerned. Moreover, in the case when C0(R
N ) is invariant under

the semigroup, then the restriction of the semigroup to C0(R
N ) defines a

strongly continuous semigroup.

Proposition 5.3.1 C0(R
N ) is invariant under the semigroup {T (t)} if and

only if it is invariant under R(λ, Â) for any (equivalently, some) λ > 0. In

such a case, the restriction of {T (t)} to C0(R
N ) defines a strongly continuous

semigroup. Its infinitesimal generator A0 is the part of Â in C0(R
N ), i.e.,

{
D(A0) = {u ∈ Dmax(A) ∩ C0(R

N ) : Au ∈ C0(R
N )},

A0u = Au, for any u ∈ D(A0).
(5.3.1)

Proof. Suppose that T (t) maps C0(R
N ) into itself for any t > 0. Then,

by Proposition 2.2.7 we deduce that the restriction of {T (t)} to C0(R
N ) is a

strongly continuous semigroup in C0(R
N ). Since the resolvent operator asso-

ciated with the restriction to C0(R
N ) of {T (t)} is the restriction of R(λ, Â)

to C0(R
N ), we immediately deduce that R(λ, Â) maps C0(R

N ) into itself for
any λ > c0.

Conversely, let us assume that R(λ, Â) maps C0(R
N ) into itself for any

λ > c0. It is easy to show that, for any λ > c0, the operator λI − A0 with
domain (5.3.1) is bijective from D(A0) into C0(R

N ). Moreover,

R(λ,A0) = R(λ, Â)∣∣C0(RN )
, λ > c0 (5.3.2)
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and, consequently,

||R(λ,A0)||L(C0(RN )) ≤
1

λ− c0
, λ > c0. (5.3.3)

Indeed, if u ∈ D(A0) is such that λu−A0u = 0, then u ∈ D(Â) (see (2.3.13))

and consequently λu − Âu = 0, implying that u = 0. Now take f ∈ C0(R
N ).

The function u = R(λ, Â)f is the unique solution in D(Â) of the equation

λu−Au = f . Since R(λ, Â) maps C0(R
N ) into itself, then u ∈ D(Â)∩C0(R

N )
and Au ∈ C0(R

N ). Still from (2.3.13) we deduce that u ∈ D(A0) and it solves
the equation λu−A0u = f . The formula (5.3.2) now easily follows. Similarly,
(5.3.3) follows recalling that

||R(λ, Â)||L(Cb(RN )) ≤
1

λ− c0
, λ > c0;

see (2.1.4) and Section 2.3.
Now, the Hille-Yosida theorem (see Theorem B.1.5) implies that the opera-

tor A0 with domain (5.3.1) is the generator of a strongly continuous semigroup
{T0(t)} in C0(R

N ). By general results for strongly continuous semigroups we
know that

R(λ,A0)f =

∫ +∞

0

e−λtT0(t)fdt,

for any λ > c0, where the integral converges in C0(R
N ). Since R(λ,A0) is the

restriction of R(λ, Â) to C0(R
N ) and

(R(λ, Â)g)(x) =

∫ +∞

0

e−λt(T (t)g)(x)dt, x ∈ R
N ,

for any g ∈ Cb(R
N ) (see (2.2.14), (2.3.1)), we deduce that

∫ +∞

0

e−λt ((T (t) − T0(t))f) (x)dt = 0,

for any f ∈ C0(R
N ), any x ∈ RN and any λ > c0. The uniqueness of the

Laplace transform implies that T (t)f = T0(t)f for any t > 0. Hence, T (t)
maps C0(R

N ) into itself for any t > 0.

Finally, we show that, if C0(R
N ) is invariant under R(λ0, Â) for some λ0 >

c0, then it is invariant under R(λ, Â) for any λ > c0. For this purpose, we set

F = {λ ∈ (c0,+∞) : C0(R
N ) is invariant under R(λ, Â)}

and prove that F is open and closed in (c0,+∞). This will easily imply that
F = (c0,+∞), since, by assumptions, F is not empty. We begin by proving
that F is an open set. We fix λ1 ∈ F , f ∈ C0(R

N ) and prove that, if λ is
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sufficiently close to λ1, the equation λu−Au = f admits a solution u ∈ D(A0).
As it is immediately seen, u ∈ D(A0) is a solution to the previous equation if
and only if

(λ− λ1)R(λ1, Â)u+ u = R(λ1, Â)f. (5.3.4)

Since C0(R
N ) is invariant under R(λ1, Â), the operatorG = (λ−λ1)R(λ1, Â)+

I is bounded from C0(R
N ) into itself. Moreover, if |λ− λ1| < |λ1 − c0|, then

||(λ−λ1)R(λ1, Â)||C0(RN ) < 1 (see again Sections 2.1 and 2.3). Therefore, G is

bijective in C0(R
N ) and the equation (5.3.4) is uniquely solvable in C0(R

N ).

This implies that R(λ, Â)f ∈ C0(R
N ).

Let us now suppose that λ ∈ (c0,+∞) is the limit of a sequence {λn} ⊂

F . Then, for any n ∈ N, R(λn, Â) is a bounded operator in C0(R
N ). Since

R(λn, Â) converges to R(λ, Â) in L(Cb(R
N )), it follows that R(λ, Â) belongs

to L(C0(R
N )) as well, and F is closed.

The next theorem gives a sufficient condition for the invariance of C0(R
N ).

It should be compared with Proposition 5.2.4.

Theorem 5.3.2 Suppose that there exist λ0 > 0, a compact set F and a

strictly positive function ϕ ∈ C2(RN \ F ) ∩C0(R
N \ F ) such that

λ0ϕ(x) −Aϕ(x) ≥ 0, x ∈ R
N \ F. (5.3.5)

Then C0(R
N ) is invariant under T (t) for any t > 0.

Proof. We prove that C0(R
N ) is invariant under R(λ0 + 1, Â). Then, the

conclusion will follow from Proposition 5.3.1.
We take a compactly supported function f ∈ C0(R

N ) and prove that u =

R(λ0, Â)f belongs to C0(R
N ). The general case will follow by density since

any function f ∈ C0(R
N ) can be approximated uniformly in RN by a sequence

of compactly supported functions.
We fix n0 ∈ N such that B(n0) contains both F and the support of f .

Moreover, replacing ϕ with δϕ for a sufficiently large positive constant δ, we
can assume that

inf
x∈∂B(n0)

ϕ ≥ (λ0 − c0)
−1||f ||∞.

Finally, for any n ∈ N, let un be the (unique) solution in
⋂

1≤p<+∞W 2,p(B(n))
of the equation

{
λ0un(x) −Aun(x) = f(x), x ∈ B(n),

un(x) = 0, x ∈ ∂B(n).

According to the proof of Theorem 2.1.1, u is the pointwise limit of the se-
quence {un} and

||un||∞ ≤
1

λ0 − c0
||f ||∞,
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for any n ∈ N. Since f vanishes outside B(n0), the function wn = ϕ − un

satisfies λ0w − Aw ≥ 0 in B(n) \ B(n0) (n > n0), as well as the boundary
conditions w ≥ 0 on ∂B(n0) ∪ ∂B(n). The classical maximum principle (see
Theorem C.2.2(i)) now implies that w ≥ 0 in B(n) \ B(n0). Thus, letting n
go to +∞, we obtain that

0 ≤ (R(λ0, Â)f)(x) ≤ ϕ(x), x ∈ R
N \B(n0).

This finishes the proof.

Example 5.3.3 Consider again the operator A and the function ϕ defined
in Example 5.2.5. Taking (5.2.5) into account, it is immediate to see that the
condition (5.3.5) reads as

〈b(x), x〉 ≥ −
λ0

2
(1 + |x|2) −N + 4

|x|2

1 + |x|2
, x ∈ R

N ,

for some λ0 > 0. If it is satisfied then C0(R
N ) is invariant. This holds, for

instance, if we have

〈b(x), x〉 ≥ C −M |x|2, x ∈ R
N , (5.3.6)

for some C ∈ R and M > 0. Indeed, it suffices to take λ0 > 2M .
The condition (5.3.6) should be compared with the condition (5.2.6), which

guarantees that the semigroup associated with the operator A maps Cb(R
N )

into C0(R
N ) and hence, in particular, leaves C0(R

N ) invariant.

We conclude this section with the following proposition which gives a suf-
ficient condition ensuring that C0(R

N ) is not preserved by the action of the
semigroup. It is a immediate corollary of Theorem 5.1.11.

Proposition 5.3.4 Fix t > 0. If T (t)1l = 1l and T (t) is compact, then C0(R
N )

is not invariant for T (t).



Chapter 6

Uniform estimates for the derivatives

of T (t)f

6.0 Introduction

In this chapter we prove some uniform estimates for the derivatives of the
function T (t)f , when f ∈ Cb(R

N ) and {T (t)} is the semigroup associated
with the uniformly elliptic operator

A =

N∑

i,j=1

qij(x)Dij +

N∑

j=1

bj(x)Dj ,

with unbounded coefficients in RN .
The problem of estimating the derivatives of T (t)f has been studied in

literature with both analytic ([13, 15, 108]) and probabilistic methods ([29,
30, 143]).

Here, we present the results of [18]. More precisely, we prove uniform es-
timates for the first-, second- and third-order derivatives of T (t)f . First, we
show that, for any ω > 0 and any k, l ∈ N, with 0 ≤ k ≤ l ≤ 3, there exists a
positive constant Ck,l = Ck,l(ω) such that

||T (t)f ||Cl
b
(RN ) ≤ Ck,lt

− l−k
2 eωt||f ||Ck

b
(RN ), f ∈ Ck

b (RN ), t > 0. (6.0.1)

Although we limit ourselves to the case when l ≤ 3, the techniques that we
present work as well for l > 3 under suitable additional assumptions on the
coefficients.

To prove (6.0.1) we use the Bernstein method (see [14]) and approximate
T (t)f by solutions of Cauchy problems in bounded domains. We assume weak
dissipativity-type and growth conditions on the coefficients of A. We notice
that some dissipativity condition is necessary, because in general the estimate
(6.0.1) fails; see Example 6.1.11.

By interpolation, we can then extend the estimate (6.0.1) to the case when
k, l ∈ R+, 0 ≤ k ≤ l ≤ 3. This allows us to prove optimal Schauder estimates
for the solution of the nonhomogeneous Cauchy problem

{
Dtu(t, x) = Au(t, x) + g(t, x), t > 0, x ∈ RN ,

u(0, x) = f(x), x ∈ RN ,

as well as for the elliptic equation λu−Au = f , (λ > 0).

95
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6.1 Uniform estimates

Throughout this section we assume the following hypotheses:

Hypotheses 6.1.1 (i) qij(x) = qji(x) for any i, j = 1, . . . , N and any
x ∈ RN , and

N∑

i,j=1

qij(x)ξiξj ≥ κ(x)|ξ|2, ξ, x ∈ R
N ,

for some function κ : RN → R such that

inf
x∈RN

κ(x) = κ0 > 0;

(ii) there exist a function ϕ ∈ C2(RN ) and two positive constants λ0 and C
such that

lim
|x|→+∞

ϕ(x) = +∞, Aϕ(x) − λ0ϕ(x) ≤ C, x ∈ R
N ;

(iii) there exists a constant C > 0 such that

∣∣∣∣∣

N∑

i,j=1

qij(x)xj

∣∣∣∣∣ ≤ C(1 + |x|2)κ(x), Tr(Q(x)) ≤ C(1 + |x|2)κ(x),

(6.1.1)

N∑

i=1

bi(x)xi ≤ C(1 + |x|2)κ(x), (6.1.2)

for any x ∈ R
N , i = 1, . . . , N .

Moreover, in the next theorems we always assume that one of the following
hypotheses holds true:

(iv-1) qij , bj ∈ C1+δ
loc (RN ) for some δ ∈ (0, 1) and any i, j = 1, . . . , N , and

there exist a positive constant C and a function d : RN → R with
L1 := supx∈RN{d(x)/κ(x)} < +∞, such that |Dkqij(x)| ≤ Cκ(x) for
any i, j, k = 1, . . . , N and

N∑

i,j=1

Dibj(x)ξiξj ≤ d(x)|ξ|2, x, ξ ∈ R
N ; (6.1.3)
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(iv-2) qij , bj ∈ C2+δ
loc (RN ) for some δ ∈ (0, 1) and any i, j = 1, . . . , N ; Hypothe-

sis 6.1.1(iv-1) holds true and there exist a positive function r : RN → R

and three constants K1 ∈ R, L2, L3 > 0 such that

|Dβbj(x)| ≤ r(x), x ∈ R
N , j = 1, . . . , N, |β| = 2,

d(x) + L2r(x) ≤ L3κ(x), x ∈ R
N

and

N∑

i,j,h,k=1

Dhkqij(x)mijmhk ≤ K1κ(x)

N∑

h,k=1

m2
hk, x ∈ R

N ,

for any symmetric matrix M = (mhk);

(iv-3) qij , bj ∈ C3+δ
loc (RN ) for some δ ∈ (0, 1) and any i, j = 1, . . . , N ; Hypoth-

esis 6.1.1(iv-2) holds true and there exists a constant C > 0 such that
|Dβbj(x)| ≤ r(x) and |Dβqij(x)| ≤ Cκ(x) for any i, j = 1, . . . , N , any
|β| = 3 and any x ∈ R

N .

Remark 6.1.2 Differently from what we did in the previous chapters, here
we assume that the function κ is far from zero.

Remark 6.1.3 We remark that in 6.1.1(iv-l) (l = 2, 3) we can take

r(x) = L4(1 + |d(x)|),

for any L4 > 0. It is sufficient to fix L2 and L3 satisfying

L2 < L−1
4 , L3 = (1 + L2L4)

(
sup

x∈RN

d(x)

κ(x)

)+

+ L2L4κ
−1
0

in (iv-2).

Remark 6.1.4 In some situation, Hypothesis 6.1.1(iii) is easily implied by
Hypothesis 6.1.1(iv-1). This is the case, for instance, when there exists a
positive constant K such that

∫ 1

0

κ(tx)dt ≤ Kκ(x), x ∈ R
N . (6.1.4)

We limit ourselves to showing that in such a situation, the condition (6.1.2)
follows from Hypothesis 6.1.1(iv-1). The same argument can be used to prove
that also (6.1.1) is a consequence of Hypothesis 6.1.1(iv-1).
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To show (6.1.2) we observe that taking (x, ξ) = (tz, z) in (6.1.3) gives

d

dt

N∑

j=1

bj(tz)zj ≤ L1κ(tz)|z|2, z ∈ R
N . (6.1.5)

Integrating (6.1.5) with respect to t ∈ [0, 1] and taking (6.1.4) into account,
we get

N∑

j=1

bj(z)zj ≤
N∑

j=1

bj(0)zj + L1|z|
2

∫ 1

0

κ(tz)dt

≤ |z||b(0)| +KL1|z|
2κ(z)

≤ C′|z|(1 + |z|)κ(z), (6.1.6)

for any z ∈ RN , where b(0) = (b1(0), . . . , bN(0)), C′ = max{|b(0)|κ−1
0 ,KL1}.

Let us observe that (6.1.4) is satisfied, for instance, in the case when κ(x) =
κ(|x|) for any x ∈ RN and some nondecreasing function κ : R+ → R+, and in
the case when κ(x) = c+ κ̃(x), c and κ̃ being, respectively, a positive constant
and a nonnegative homogeneous function of degree α > 0.

In the sequel, for any n ∈ N, we denote by un the (unique) classical solution
of the Cauchy-Dirichlet problem






Dtun(t, x) = Aun(t, x), t > 0, x ∈ B(n),

un(t, x) = 0, t > 0, x ∈ ∂B(n),

un(0, x) = f(x), x ∈ B(n),

(6.1.7)

corresponding to f ∈ Cb(R
N ) (i.e., the unique solution in Cb([0,+∞)×B(n))∩

C1,2((0,+∞) ×B(n))). Here, ϑn : RN → R is defined by

ϑn(x) = ϕ(|x|/n), x ∈ R
N , n ∈ N, (6.1.8)

ϕ ∈ C∞
c (R) being any nonincreasing function such that χ(−1/2,1/2) ≤ ϕ ≤

χ(−1,1).

Remark 6.1.5 Repeating the same arguments as in Theorems 2.2.1 and in
Remark 2.2.3 and taking Remark 4.1.4 and Theorem 4.1.3 into account,
it is easy to check that un converges to u := T (·)f locally uniformly in
(0,+∞) × RN as n tends to +∞. From the interior Schauder estimate in
Theorem C.1.4(ii), we easily deduce that

lim
n→+∞

sup
ε≤t≤T

||un(t, ·) − u(t, ·)||C3(B(k)) = 0, (6.1.9)

for any 0 < ε < T and any k ∈ N.
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To prove the main result of this section we need the following lemma.

Lemma 6.1.6 Let Ω ⊂ RN be any smooth bounded open set. Assume that

Hypothesis 6.1.1(i) is satisfied in Ω and that the coefficients belong to Ck+α(Ω)
for some α ∈ (0, 1) and k ∈ {1, 2, 3}. Then, for any f ∈ Cj

c (Ω) (j = 0, . . . , k),
the function (t, x) 7→ t(k−j)/2(DkTn(t)f)(x) is continuous in [0, T ] × Ωδ for

any T > 0 and any δ > 0, where Ωδ = {x ∈ Ω : δ ≤ infy∈∂Ω |x− y|}.

Proof. The proof follows from a density argument. We limit ourselves to
proving it in the case when j = k = 3, the other cases being completely similar,
and even simpler. It is well known that for any f ∈ C∞

c (Ω), the function
DkTn(·)f (k = 1, 2, 3) is continuous in [0, T ] × Ω (see Proposition C.3.2).
Using a method similar to that used in the proof of the following Theorem
6.1.7, we can easily show that there exists a positive constant C = CT,δ,
independent of f , such that

||T (t)f ||C3(Ωδ) ≤ C||f ||C3(Ω), t ∈ [0, T ]. (6.1.10)

Now with any f ∈ C3
c (Ω) we associate a sequence of smooth functions {fn} ⊂

C∞
c (Ω) converging to f in Ck(Ω). Since, for any n ∈ N and l ∈ {1, 2, 3}, the

function DlT (·)fn is continuous in [0, T ] × Ω for any T > 0, taking (6.1.10)
into account, we easily get the assertion.

Now, we prove the main result of this section.

Theorem 6.1.7 Let Hypotheses 6.1.1(i)–6.1.1(iii), 6.1.1(iv-l) be satisfied for

some l ∈ {1, 2, 3}. Then, for any ω > 0 and any k = 0, . . . , l, there exist

constants Ck,l = Ck,l(ω) > 0 such that

||T (t)f ||Cl
b
(RN ) ≤ Ck,lt

− l−k
2 eωt||f ||Ck

b
(RN ), f ∈ Ck

b (RN ), t > 0 (6.1.11)

holds true. In particular, if k = l we can take ω = 0 in (6.1.11).

Proof. We begin the proof considering the case when k = 0 and l = 3. For
any n ∈ N, let ϑn be the smooth function defined in (6.1.8). We fix ω > 0 and
t0 > 0 such that

eωt0t−
3

2 ≥ 1, t ≥ t0, (6.1.12)

and define the function

v0,3,n(t, x) = |un(t, x)|2 + atϑ2
n|Dun(t, x)|2 + a2t2ϑ4

n|D
2un(t, x)|2

+a3t3ϑ6
n|D

3un(t, x)|2,

for any t ∈ [0, t0] and any x ∈ B(n), where un = Tn(·)(ϑnf) is the solution
of the Cauchy-Dirichlet problem (6.1.7). For notational convenience, through-
out the rest of the proof, we drop out the dependence on n, when there is
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no damage of confusion. Observing that un is in C([0,+∞);C(B(n))) (see
Proposition B.2.5(i) and Theorem C.3.6(iv)) and taking Lemma 6.1.6 into
account, it follows that v0,3 is continuous in [0, t0] × B(n) and, with some
computations, one can see that v0,3 solves the Cauchy problem






Dtv0,3(t, x) = Av0,3(t, x) + g(t, x), t ∈ (0, t0], x ∈ B(n),

v0,3(t, x) = 0, t ∈ [0, t0], x ∈ ∂B(n),

v0,3(0, x) = (ϑf)2(x), x ∈ B(n),

(6.1.13)

where g =
∑8

j=1 gj with

g1 = −2

N∑

i,j=1

qijDiuDju− 2atϑ2
N∑

i,j,h=1

qijDihuDjhu

− 2a2t2ϑ4
N∑

i,j,h,k=1

qijDihkuDjhku− 2a3t3ϑ6
N∑

i,j,h,k,l=1

qijDihkluDjhklu,

(6.1.14)

g2 = −2at|Du|2
N∑

i,j=1

qijDiϑDjϑ− 12a2t2ϑ2|D2u|2
N∑

i,j=1

qijDiϑDjϑ

− 30a3t3ϑ4|D3u|2
N∑

i,j=1

qijDiϑDjϑ,

(6.1.15)

g3 = −2atϑA(ϑ)|Du|2 − 4a2t2ϑ3A(ϑ)|D2u|2 − 6a3t3ϑ5A(ϑ)|D3u|2

− 8atϑ

N∑

i,j,h=1

qijDjϑDhuDihu− 16a2t2ϑ3
N∑

i,j,h,k=1

qijDjϑDhkuDihku

− 24a3t3ϑ5
N∑

i,j,h,k,l=1

qijDjϑDhkluDihklu,

(6.1.16)

g4 = 2atϑ2
N∑

j,h=1

DhbjDjuDhu+ 4a2t2ϑ4
N∑

j,h,k=1

DhbjDjkuDhku

+ 6a3t3ϑ6
N∑

j,h,k,l=1

DhbjDjkluDhklu,

(6.1.17)
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g5 = 2atϑ2
N∑

i,j,h=1

DhqijDhuDiju+ 4a2t2ϑ4
N∑

i,j,h,k=1

DhqijDhkuDijku

+ 6a3t3ϑ6
N∑

i,j,h,k,l=1

DhqijDhkluDijklu,

(6.1.18)

g6 = 2a2t2ϑ4

( N∑

i,j,h,k=1

DhkqijDijuDhku+
N∑

j,h,k=1

DhkbjDjuDhku

)

+ 6a3t3ϑ6

( N∑

i,j,h,k,l=1

DhkqijDijluDhklu+

N∑

j,h,k,l=1

DhkbjDjluDhklu

)
,

(6.1.19)

g7 = 2a3t3ϑ6

( N∑

i,j,h,k,l=1

DhklqijDijuDhklu+

N∑

j,h,k,l=1

DhklbjDjuDhklu

)
,

(6.1.20)

g8 = aϑ2|Du|2 + 2a2tϑ4|D2u|2 + 3a3t2ϑ6|D3u|2. (6.1.21)

Taking the ellipticity condition 6.1.1(i) into account, we easily deduce that

g1 ≤ −2κ|Du|2− 2atϑ2κ|D2u|2 − 2a2t2ϑ4κ|D3u|2 − 2a3t3ϑ6κ|D4u|2 (6.1.22)

and that g2 ≤ 0.
To estimate the function g3 we observe that, by virtue of (6.1.1) and recall-

ing that ϕ′ = 0 in (−1/2, 1/2), it can be easily shown that

|Tr(Q(x)D2ϑ(x))|

≤ |ϕ′(|x|/n)|

(
1

|x|n
Tr(Q(x)) +

1

|x|3n
〈Q(x)x, x〉

)

+|ϕ′′(|x|/n)|
1

|x|2n2
〈Q(x)x, x〉

≤ Cκ(x) sup
n
2
≤|x|≤n

[
|ϕ′(|x|/n)|

(
1 + |x|2

|x|n
+

1 + |x|2

|x|3n

N∑

i=1

|xi|

)

+C|ϕ′′(|x|/n)|
1 + |x|2

|x|2n2

N∑

i=1

|xi|

]

≤ 4C
(
1 + 2

√
N
)
||ϕ′||∞κ(x) + 4C

√
N ||ϕ′′||∞κ(x) =: C′κ(x),

(6.1.23)
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for any x ∈ B(n) and any n ≥ 1. Similarly,

∣∣∣∣∣

N∑

i,j=1

qij(x)Djϑ(x)

∣∣∣∣∣ ≤ Cκ(x) sup
n
2
≤|x|≤n

(
|ϕ′(|x|/n)|

1 + |x|2

|x|n

)

≤ 4C||ϕ′||∞κ(x) =: C′′κ(x), (6.1.24)

for any i = 1, . . . , N . Using (6.1.2) and recalling that ϕ′ is nonincreasing in
R, we obtain that

−
N∑

i=1

bi(x)Diϑ(x) = −ϕ′(|x|/n)
1

|x|n

N∑

j=1

bj(x)xj

≤ Cκ(x) sup
n
2
≤|x|≤n

(
−ϕ′(|x|/n)

1 + |x|2

|x|n

)

≤ C′′κ(x),

(6.1.25)

for any x ∈ B(n).
Taking (6.1.23), (6.1.24) and (6.1.25) into account and recalling that for

any a, b, ε > 0 it holds that ab ≤ (4ε)−1a2 + ε2b2, we can now show that

g3 ≤ 2aC′tκϑ|Du|2 + 4a2C′t2κϑ3|D2u|2 + 6a3C′t3κϑ5|D3u|2

+ 2aC′′tκϑ|Du|2 + 4a2C′′t2κϑ3|D2u|2 + 6a3C′′t3κϑ5|D3u|2

+ 8aC′′tκ

(
N

4ε
|Du|2 + εϑ2|D2u|2

)

+ 16a2C′′t2κ

(
N

4ε
ϑ2|D2u|2 + εϑ4|D3u|2

)

+ 24a3C′′t3κ

(
N

4ε
ϑ4|D3u|2 + εϑ6|D4u|2

)

≤ 2a

(
C′ + C′′ + C′′N

ε

)
tκ|Du|2

+ 4a

(
aC′t+ aC′′t+ 2C′′ε+ aC′′t

N

ε

)
tκϑ2|D2u|2

+ 2a2

(
3aC′t+ 3aC′′t+ 8C′′ε+ 3aC′′t

N

ε

)
t2κϑ4|D3u|2

+ 24a3C′′t3εκϑ6|D4u|2.

(6.1.26)

Taking advantage of Hypothesis 6.1.1(iv-1), we deduce that

g4 ≤ 2atd ϑ2|Du|2 + 4a2t2dϑ4|D2u|2 + 6a3t3dϑ6|D3u|2. (6.1.27)
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The terms g5, g6 and g7 can be estimated in a similar way taking Hypothesis
6.1.1(iv-3) into account, and they yield

g5 ≤ atC
N2

2ε
κ|Du|2 + aCN

(
2ε+ at

N

ε

)
tκ ϑ2|D2u|2

+ a2CN

(
4ε+ 3at

N

2ε

)
t2κϑ4|D3u|2 + 6a3t3εCNκϑ4|D4u|2,

(6.1.28)

g6 ≤ a2t2ϑ2r
N2

2ε
|Du|2 + a2t2ϑ4

[
2K1κ+N

(
2ε+ 3at

N

2ε

)
r

]
|D2u|2

+ 6a3t3ϑ6 (K1κ+ εNr) |D3u|2,
(6.1.29)

g7 ≤ a3t3ϑ2r
N3

2ε
|Du|2 + a3t3ϑ4Cκ

N3

2ε
|D2u|2

+ 2a3t3ϑ6εN (CκN + r) |D3u|2.

(6.1.30)

From (6.1.22), (6.1.26)-(6.1.30) we immediately deduce that for any t ∈
(0, t0] we have

g ≤

{
−κ0 + a+ κ

[
−1 + 2at

(
C′ + C′′ + C′′N

ε

)
+ atC

N2

2ε
+ a2t2C

N2

2ε

]

+at

[
2d+ at(1 + atN)

N2

2ε
r

]}
|Du|2

+ a

{
−κ0 + 2a+ κ

[
−1 + 4

(
aC′t+ aC′′t+ 2C′′ε+ aC′′t

N

ε

)

+CN

(
2ε+ at

N

ε

)
+ 2K+

1 at+ a2t2C
N3

2ε

]

+at

[
4d+

(
2εN + 3at

N2

2ε

)
r

]}
tϑ2|D2u|2

+ a2

{
−κ0 + 3a+ κ

[
− 1 + 2

(
3aC′t+ 3aC′′t+ 8C′′ε+ 3aC′′t

N

ε

)

+ CN

(
4ε+ 3at

N

2ε

)
+ 6atK+

1 + 2atεCN2

]

+ 2at
(
3d+ 4εNr

)
}
t2ϑ4|D3u|2

+ 2a3 (−1 + 12C′′ε+ 3εCN) t3κϑ6|D4u|2.
(6.1.31)
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We now choose (a, ε), sufficiently small, satisfying the following set of inequal-
ities:






3a− κ0 ≤ 0, 4εN ≤ 3L2, at0(1 + at0N)
N2

2ε
≤ 2L2,

2εN + 3at0
N2

2ε
≤ 4L2,

−1 + at0

[
4

(
C′ + C′′ + C′′N

ε
+ L3

)
+ C

N2

ε
+ 2K+

1

]

+2ε (CN + 4C′′) + a2t20C
N3

2ε
≤ 0,

−1 + at0

[
6

(
C′ + C′′ + C′′N

ε
+K+

1 + L3

)
+ 3C

N2

2ε
+ 2εCN2

]

+4ε (CN + 4C′′) ≤ 0.

With such a choice of (a, ε) we get g(t, x) ≤ 0 for any t ∈ (0, t0] and any
x ∈ B(n). From the classical maximum principle we now deduce that

|v0,3,n(t, x)| ≤ ||ϑnf ||
2
∞ ≤ ||f ||2∞, t ∈ [0, t0], x ∈ B(n).

Taking the limit as n tends to +∞, by (6.1.9) we deduce that (6.0.1) holds
for any t ∈ [0, t0], some constant C0,3 = C0,3(t0) > 0 and with ω = 0. Using
the semigroup property we can then extend the estimate to all the positive t.
Indeed, taking (6.1.12) into account, we get, for any t > t0,

||T (t)f ||C3

b
(RN ) = ||T (t0)T (t− t0)f ||C3

b
(RN ) ≤ C0,3t

− 3

2

0 ||T (t− t0)f ||∞

≤ C0,3t
− 3

2

0 ||f ||∞ ≤ C0,3t
− 3

2

0 eωtt−
3

2 ||f ||∞,

and, so, (6.0.1) follows with C0,3(ω) = max{C0,3(t0), C0,3(t0)t
−3/2
0 }.

In the other cases the proof is very similar. It suffices to apply the quoted
arguments to the function

vk,l,n(t, x) =
l∑

j=0

ajt(j−k)+(ϑn(x))2j |Djun(t, x)|2, t ∈ (0, t0], x ∈ B(n).

Let us just show that, if k = l, we can take ω = 0 in (6.0.1). We only
consider the case when l = 3. A straightforward computation shows that
v3,3,n is a classical solution to the Cauchy-Dirichlet problem (6.1.13) with

v3,3,n(0, ·) =
∑3

j=0 |D
j(ϑnf)|2 and gn being replaced with g̃n =

∑7
j=1 g̃j,n,

where g̃j,n (j = 1, . . . , 7) are defined by the right-hand sides of (6.1.14)-
(6.1.20) after replacing each t, therein appearing as coefficients of un or of
its derivatives, with t = 1. Arguing as above we can easily show that g̃n can
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be estimated, for any t > 0, by the last side of (6.1.31), where we set t = 1
and replace the terms −κ0 + a, −κ0 + 2a and −κ0 + 3a simply with −κ. It
is now clear that we can take (a, ε) such that g̃n(t, x) ≤ 0 for any t > 0, any
x ∈ RN and any n ∈ N, and, consequently,

|v3,3,n(t, x)| ≤ ||ϑf ||2∞ + ||D(ϑf)||2∞ + ||D2(ϑf)||2∞ + ||D3(ϑf)||2∞, (6.1.32)

for any t ∈ [0, t0], any x ∈ B(n) and any n ∈ N. The estimate (6.1.32) yields
(6.0.1) taking the limit as n tends to +∞.

Now, by interpolation, we can extend (6.0.1) to the case when at least one
between k and l is not integer.

Theorem 6.1.8 Let Hypotheses 6.1.1(i)–6.1.1(iii), 6.1.1(iv-l) be satisfied for

some l ∈ {1, 2, 3}. Then, for any ω > 0, any k,m = 0, . . . , l − 1 and any

α, θ ∈ [0, 1] such that k + α ≤ m + θ, there exist constants Ck+α,m+θ =
Ck+α,m+θ(ω) > 0 such that

||T (t)f ||Cm+θ

b
(RN ) ≤ Ck+α,m+θt

−m+θ−k−α
2 eωt||f ||Ck+α

b
(RN ), (6.1.33)

for any f ∈ Ck+α
b (RN ) and any k = 0, . . . ,m. In particular, if k+ α = m+ θ

we can take ω = 0 in (6.1.33).

Proof. The proof follows from an interpolation argument. We limit ourselves
to sketching it in a particular case, since the same techniques can also be
applied to all the other cases. So, let us assume that k = m = 2 and 0 < α ≤
θ < 1. Moreover, fix ω > 0 and t > 0. Setting ω′ = ω/(θ − α), from (6.1.11)
with (k, l) = (2, 2) and (k, l) = (2, 3), we deduce that

||T (t)||L(C2

b
(RN ),C2

b
(RN )) ≤ C2,2, ||T (t)||L(C2

b
(RN ),C3

b
(RN )) ≤ C2,3t

− 1

2 eω′t,

(6.1.34)

for any t > 0. Recalling that (C2
b (RN );C3

b (RN ))β,∞ = C2+β
b (RN ), for any

β ∈ (0, 1) (see Theorem A.4.8), and applying Proposition A.4.2, we easily

see from (6.1.34) that T (t) is bounded from C2
b (RN ) into C2+β

b (RN ) for any
β ∈ (0, 1) and

||T (t)||L(C2

b
(RN ),C2+β

b
(RN )) ≤ C2,2+βt

− β

2 eβω′t, t > 0, (6.1.35)

where C2,2+β = C1−β
2,2 Cβ

2,3.
Applying the same argument to (6.1.11), with (k, l) = (3, 3) and to (6.1.35),

we deduce that T (t) is bounded from C2+α
b (RN ) into C

2+β+(1−β)α
b (RN ) and

||T (t)||
L(C2+α

b
(RN ),C

2+β+(1−β)α

b
(RN ))

≤ C2+α,2+β+(1−β)αt
−(1−α) β

2 e(1−α)βω′t,
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where C2+α,2+β+(1−β)α = C1−α
2,2+βC

α
3,3. Now the assertion follows, taking β =

(θ − α)/(1 − α).

In some cases, we can extend Theorems 6.1.7 and 6.1.8 to the case when in
6.1.1(iv-j), the j-th-order derivatives of the coefficients are merely continuous
in R

N . As the following theorem shows, this is the case when the condition
(6.1.4) is satisfied and there exist m,M > 0 such that

∫ 1

0

d(tx+ y)dt ≤Mκ(x+ y), x ∈ R
N , y ∈ B(m). (6.1.36)

As it is immediately seen, the previous condition is satisfied, for instance,
when d is bounded from above.

Theorem 6.1.9 Suppose that Hypotheses 6.1.1(i)–6.1.1(iii), 6.1.1(iv-j) (j =
1, 2, 3) (with the j-th-order derivatives of the coefficients merely continuous in

RN ) and the conditions (6.1.4) and (6.1.36) are satisfied. Then, (6.1.11) and

(6.1.33) hold true for any k, l ∈ N, k ≤ l ≤ j.

Proof. The proof follows from a density argument. Of course, we can limit
ourselves to dealing with (6.1.11), since, as Theorem 6.1.8 shows, (6.1.33)
follows easily from (6.0.1).

For any ε > 0 let ϕε(x) = ε−Nϕ(x/ε), where ϕ ∈ C∞
c (RN ) is any non-

negative even function compactly supported in B(1) and with integral 1. We
denote by fε the convolution between f and ϕε.

Let Aε be defined as A with qij and bj being replaced, respectively, with
qε
ij and bεj for any i, j = 1, . . . , N . As it is immediately seen, qε

ij and bεj (i, j =
1, . . . , N) satisfy Hypotheses 6.1.1(i) and 6.1.1(iv-j), with κ, d, r being replaced
with κε, dε and rε, and with Cε = C, Lε

i = Li for i = 1, 2, 3, Kε
1 = K1 (if

j > 1) and κε
0 ≥ κ0.

Let us check that qε
ij and bεj (i, j = 1, . . . , N) satisfy Hypothesis 6.1.1(iii) for

some positive constant, independent of ε. For this purpose, we observe that
(6.1.4) implies that

|qij(x)| ≤ |qij(0)| + CK
√
N |x|κ(x), x ∈ R

N , i, j = 1, . . . , N,

which yields (6.1.1).
A straightforward computation now shows that

|qε
ij(x)| ≤ |qij(0)| + CK

√
N(|x| + ε)κε(x), x ∈ R

N , i, j = 1, . . . , N,

so that the qε
ij ’s satisfy the condition (6.1.1) with a constant being independent

of ε ∈ (0, 1].
Similarly, we can show that the bεj ’s satisfy (6.1.2) with a positive constant

being independent of ε ≤ m.
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Indeed, combining (6.1.6) and (6.1.36), we deduce that

∫ 1

0

dε(tx)dt =

∫

B(ε)

dy

∫ 1

0

d(tx− y)ϕε(y)dt

≤ M

∫

B(ε)

dy

∫ 1

0

κ(x− y)ϕε(y)dt

= Mκε(x),

for any x ∈ R
N and any ε ≤ m. Now, arguing as in the proof of (6.1.6), we

get

N∑

j=1

bεj(x)xj ≤
N∑

j=1

bεj(0)xj + |x|2
∫ 1

0

dε(tx)dt

≤ sup
y∈B(ε)

|bj(y)||x| +M |x|2κε(x),

for any x ∈ RN , which yields (6.1.2) with a constant being independent of
ε ≤ m.

Now, applying the same arguments as in the proof of Theorem 6.1.7, we
can show that, for any ω > 0 and any k, l ∈ N, 0 ≤ k ≤ l ≤ j, there exists a
positive constant Ck,l = Ck,l(ω), independent of ε and n, such that

||T ε
n(t)f ||Cl(B(n)) ≤ Ck,lt

− l−k
2 eωt||f ||Ck(B(n)), t > 0, f ∈ Ck

b (B(n)),

where T ε(t) is defined as T (t) with A being replaced with Aε. As n tends to
+∞, T ε

n(t)f tends to a solution uε =: T ε(t)f of the Cauchy problem

{
Dtu(t, x) = Aεu(t, x), t > 0, x ∈ RN ,

u(0, x) = f(x), x ∈ RN ,

which satisfies

||T ε(t)f ||Cl(RN ) ≤ Ck,lt
− l−k

2 eωt||f ||Ck(RN ), t > 0. (6.1.37)

Theorem C.1.4 and the estimate (6.1.37) imply that there exists an infinites-
imal sequence {εn} such that T εn(t)f and its space derivatives up to the

(j−1)-th-order converge in C
1+δ/2,2+δ
loc ((0,+∞)×RN) to a function u =: S(t)f

satisfying

||S(t)f ||Cl(RN ) ≤ Ck,lt
− l−k

2 eωt||f ||Ck(RN ), t > 0. (6.1.38)

Since the coefficients qij and bj (i, j = 1, . . . , N) are locally Lipschitz con-
tinuous, qεn

ij and bεn

j converge locally uniformly in RN as n tends to +∞,
respectively to qij and bj, so that S(t)f satisfies the differential equation
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Dtw −Aw = 0 in (0,+∞) × RN . Moreover, for any f ∈ C2
b (RN ), S(t)f con-

verges to f as t tends to 0, locally uniformly in x. This can be seen by a
localization argument similar to the one used in the proof of Theorem 2.2.1.
For this purpose, we fix k ∈ N and let ϑ = ϑk be as in the proof of Theorem
6.1.7. Moreover, for any n ∈ N, we set vn = ϑT εn(·)f and observe that vn is
a solution to the Cauchy problem






Dtvn(t, x) = Aεnvn(t, x) + ψn(t, x), t ∈ [0, T ], x ∈ B(k),

vn(t, x) = 0, t ∈ [0, T ], x ∈ ∂B(k),

vn(0, x) = ϑ(x)f(x), x ∈ B(k),

where

ψn(t, ·) = −2T εn(t)f · Aεn(ϑ) − 2

N∑

i,j=1

qεn

ij DiT
εn(t)f ·Djϑ.

Since the coefficients qε
ij and bεj (i, j = 1, . . . , N) converge locally uniformly

in RN , they are equibounded (with respect to n ∈ N) in B(k) and there

exists a positive constant C̃ such that ||Aεng||C(B(k)) ≤ C̃||g||C2(B(k)) for any

g ∈ C2(B(k)). Therefore, from (6.1.37) we deduce that there exists a constant
C, independent of n, such that

|ψn(t, x)| ≤ Ct−
1

2 ||f ||∞, t ∈ (0, T ], x ∈ B(k), n ∈ N. (6.1.39)

The estimate (6.1.39) implies that vn can be written by the usual variation-
of-constants formula as

vn(t, ·) = Tk,n(t)(ϑf) +

∫ t

0

Tk,n(t− s)ψn(s, ·)ds, t ∈ (0, T ],

where {Tk,n(t)} is the semigroup associated with the realization Ak,n of Aεn

in C(B(k)) with homogeneous Dirichlet boundary conditions (see Theorem
C.3.6(iv)).

Since ϑf ∈ D(Ak,n) = {u ∈
⋂

1≤p<+∞W 2,p(B(k)) : Aεnu ∈ C(B(k))}, the

domain of the realization of Aεn in C(B(k)) (see Theorem C.3.6) and {Tk,n}
is a semigroup of contractions in C(B(k)) for any n ∈ N, then

||Tk,n(t)(ϑf) − ϑf ||C(B(k)) =

∣∣∣∣

∣∣∣∣
∫ t

0

Tk,n(s)Aεn(ϑf)ds

∣∣∣∣

∣∣∣∣
C(B(k))

≤ t||Aεn(ϑf)||C(B(k)) ≤ Ct||ϑf ||C2(B(k)),

for any t ∈ (0, T ), which readily yields

lim
t→0+

sup
n∈N

||Tk,n(t)(ϑf) − ϑf ||C(B(k)) = 0. (6.1.40)
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From (6.1.39) and (6.1.40) we can now easily show that

lim
t→0+

sup
n∈N

||vn(t, ·) − ϑf ||C(B(k)) = 0.

Recalling that ϑ ≡ 1 in B(k/2), we deduce that

|(S(t)f)(x) − f(x)|

≤ sup
n∈N

|(T εn(t)f)(x) − ϑ(x)f(x)| + lim sup
n→+∞

|(T εn(t)f)(x) − (S(t)f)(x)|

≤ sup
n∈N

||vk(t, ·) − ϑf ||C(B(k)), (6.1.41)

for any t ∈ (0, T ) and any x ∈ B(k/2). Taking the limit as t tends to 0 in
both the first and the last side of (6.1.41) gives

lim
t→0+

sup
x∈B(k/2)

|u(t, x) − f(x)| = 0.

From the arbitrariness of k ∈ N, we deduce that S(t)f converges locally
uniformly (with respect to x) to f as t tends to 0. Hence S(t)f is a classical
solution to the problem

{
Dtw(t, x) = Aw(t, x), t > 0, x ∈ RN ,

w(0, x) = f(x), x ∈ RN ,

and Hypothesis 6.1.1(ii) and the maximum principle in Theorem 4.1.3 imply
that T (t)f = S(t)f . Since C2

b (RN ) is dense in C1
b (RN ) (which is endowed with

the sup-norm) we can extend the previous equality to all the f ∈ C1
b (RN ),

obtaining (6.0.1) in the case when k ≥ 1.
Finally, with any f ∈ C(RN ) and any t > 0 we write T (t) = T (t/2)T (t/2)f

and observe that since T (t/2)f ∈ C1
b (RN ), then T (t)f = S(t/2)T (t/2)f .

Applying (6.1.38) with (t, f) being replaced with (t/2, T (t/2)f), we easily get
(6.0.1) also in the case when k = 0.

Remark 6.1.10 In Theorem 6.1.7 we have shown that the estimate (6.1.11)
holds true for some ω ≥ 0. In Chapter 7, we will show that, actually, we
can take ω = 0 in (6.1.11) (and, consequently, in (6.1.33)) and that, under
somewhat heavier assumptions on the coefficients, we can also take ω < 0.

To conclude this section we show that the estimates (6.0.1) may fail to hold
without any dissipativity assumption.

Example 6.1.11 Consider the following one-dimensional operator

Au(x) = u′′(x) + p′(x)u′(x) = e−p(x)
(
ep(x)u′(x)

)′
, x ∈ R,
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where p ∈ C1(R) is a function that will be chosen later on. For any f ∈ Cb(R),
the solutions of the equation Au = f are given by

u(x) = C1 +

∫ x

0

e−p(t)

(
C2 +

∫ t

0

f(s)ep(s)ds

)
dt, (6.1.42)

where C1, C2 ∈ R are arbitrary real constants. Suppose now that ep ∈ L1(R)
and that ∫ +∞

−∞

f(t)ep(t)dt = 0. (6.1.43)

Choose

C2 = −

∫ +∞

0

f(t)ep(t)dt =

∫ 0

−∞

f(t)ep(t)dt.

If x > 0 then, from (6.1.42), we formally get

u(x) = C1 −

∫ x

0

e−p(t)

∫ +∞

t

f(s)ep(s)ds dt

= C1 −

∫ +∞

0

ep(s)f(s)

∫ s∧x

0

e−p(t)dt ds.

Suppose now that the function

Q(s) = ep(s)

∫ s

0

e−p(t)dt, s ∈ R

belongs to L1(0,+∞). Then, we get the estimate

|u(x)| ≤ |C1| + ||f ||∞

∫ +∞

0

Q(s)ds, x > 0,

which implies that u ∈ Cb([0,+∞)). Similarly, assuming that Q ∈ L1(−∞, 0)
we get u ∈ Cb((−∞, 0]).

Therefore, under the assumptionQ ∈ L1(R) we conclude that u ∈ Dmax(A).
Note that the assumption Q ∈ L1(R) implies ep ∈ L1(R). The derivative of u
is given by

u′(x) = −e−p(x)

∫ +∞

x

f(s)ep(s)ds, x ∈ R.

We claim that we can choose the functions p and f so that Q ∈ L1(R) and
(6.1.43) holds but u′ is not bounded. Indeed take

p(x) = −x4 + log h(x),

where h(x) is a regular function satisfying

h(x) = εn, if x = n−
δn
2
, n ∈ N,

εn ≤ h(x) ≤ 1, if n− δn < x < n, n ∈ N,

h(x) = 1, otherwise,
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where

εn =
1

n
e

(
n− 1

2

)4
−
(
n+ 1

2

)4
, δn =

e−n4

n2
εn .

Then, we have

Q(x) = e−x4

∫ x

0

et4dt, x < 0, Q(x) = h(x)e−x4

∫ x

0

et4

h(t)
dt, x > 0.

Applying De L’Hôpital rule one sees that limx→−∞ x3Q(x) = 1/4 and con-
clude that Q ∈ L1(−∞, 0). For any x > 0 we have

Q(x) ≤ e−x4

∫ x

0

et4

h(t)
dt

≤ e−x4

∫ x

0

et4dt+ e−x4

[x]+1∑

n=1

∫ n

n−δn

en4

εn
dt

≤ e−x4

∫ x

0

et4dt+ e−x4

∞∑

n=1

δne
n4

εn

= e−x4

∫ x

0

et4dt+ e−x4

∞∑

n=1

1

n2
,

which shows that Q ∈ L1(0,+∞). Now we choose a function f ∈ Cb(R)
satisfying (6.1.43) and such that f(x) = 1 for any x > 0. Then, for any x > 0
we have

u′(x) = −
ex4

h(x)

∫ +∞

x

h(t)e−t4dt,

for any x > 0, so that at x = n− δn/2

|u′(n− δn/2)| =
e(n−δn/2)4

εn

∫ +∞

n− δn
2

h(t)e−t4dt

≥
e

(
n− 1

2

)4

εn

∫ n+ 1

2

n

e−t4dt

≥
e

(
n− 1

2

)4

εn

1

2
e−
(
n+ 1

2

)4

=
n

2
,

which shows that u′(x) is unbounded.
Therefore, the function u belongs toDmax(A) but not to C1

b (R). This means
that (6.0.1) with k = 0, l = 1 fails to hold.
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We note that in this case the dissipativity assumption (6.1.3) fails since p′′

is unbounded from above. Indeed, let g : R → R be the function defined by
g(x) = log(h(x)) for any x ∈ R. Since g(n− δn) = g(n) = 0 and g(n− δn/2) =
log(εn) for any n ∈ N, then, by the mean value theorem, there exist two points
yn ∈ (n− δn, n− δn/2) and zn ∈ (n− δn/2, n) such that

g′(yn) = −g′(zn) =
2 log(εn)

δn
, n ∈ N.

Applying again the mean value theorem, it follows that there exists xn ∈
(yn, zn) such that

g′′(xn) = −
4 log(εn)

δn(zn − yn)
≥ −

4 log(εn)

δ2n
= −

4 log(εn)

ε2n
n4e2n4

, n ∈ N.

Since εn tends to 0 as n tends to +∞, then, for n large enough it holds that

p′′(xn) = −12x2
n + g′′(xn) ≥ −12n2 + n4e2n4

,

which shows that p′′ is unbounded from above.

Remark 6.1.12 As already recalled in the introduction to this chapter, in
the paper [29] and in the recent book [30], the author, starting from the
stochastic equation

{
dξx

t = b(ξx
t )dt+ σ(ξx

t )dWt, t > 0,

ξ0 ≡ x,

and using probabilistic methods, proves uniform estimates, comparable with
ours, for the space derivatives of the function T (t)f when f ∈ Cb(R

N ) and
{T (t)} is the semigroup associated with the stochastic differential equation.

More precisely, she assumes the following set of assumptions:

(i) σij ∈ C3(RN ) and there exists k ≥ 0 such that for any j = 0, . . . , 3 it
holds

sup
x∈RN

||Dβσ(x)||

1 + |x|k−j
< +∞, |β| = j.

(ii) bi ∈ C3(RN ) and there exists m ≥ k such that for any j = 0, . . . , 3 it
holds

sup
x∈RN

|Dβb(x)|

1 + |x|2m+1−j
< +∞, |β| = j.

There exist a, γ > 0 and c ∈ R such that for any x, h ∈ R
N it holds

〈b(x + h) − b(x), h〉 ≤ −a|h|2m+2 + c(1 + |x|γ).
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(iii) For any p > 0 there exists cp ∈ R such that

〈b(x) − b(y), x− y〉 + p||σ(x) − σ(y)||22 ≤ cp|x− y|2.

Under the previous set of assumptions, she proves that T (t)f ∈ C3
b (RN ) for

any t > 0 and any f ∈ Bb(R
N ) and that, for any T > 0, there exists a constant

CT > 0 such that

||DkT (t)f ||∞ ≤ CT t
− k

2 ||f ||∞, t ∈ (0, T ], k = 1, 2, 3.

Note that also our estimates can be extended to any f ∈ Bb(R
N ). Indeed,

since {T (t)} is a semigroup of contractions in Bb(R
N ) and it is also strong

Feller (see Remark 2.2.10 and Proposition 2.2.12), then we can split T (t)f =
T (t/2)T (t/2)f for any f ∈ Bb(R

N ) and write, for any ω > 0 and some positive
C = C(ω)

||DkT (t)f ||∞ ≤ ||DkT (t/2)||L(Cb(RN );Ck
b
(RN ))||T (t/2)f ||Cb(RN )

≤ Ce
ω
2

tt−
k
2 ||f ||∞, (6.1.44)

for any t > 0 and any k = 1, 2, 3. Actually, in view of the results in Section
7.2 (see Remark 7.2.4), we can get rid of the exponential term in (6.1.44).

Remark 6.1.13 As it has been remarked in the introduction to this chap-
ter, uniform estimates similar to those in Theorem 6.1.7 have been obtained
in [108] under assumptions on the coefficients of the operator A which are
comparable with ours. The main differences are in the method used in [108]
to prove such uniform estimates. Indeed, A. Lunardi approximates the coeffi-
cients of the operator A rather than the whole space RN by balls, centered at
the origin, as we do here. Moreover, she does not assume that the potential
c identically vanishes in RN . Here, we assume such an assumption in view of
the pointwise estimates of Chapter 7.

6.2 Some consequences

The estimates (6.1.33) can be used to prove optimal Schauder estimates for
the elliptic equation

λu−Au = f, (6.2.1)

as well as for the Cauchy problem
{
Dtu(t, x) = Au(t, x) + g(t, x), t > 0, x ∈ RN ,

u(0, x) = u0(x), x ∈ R
N .

(6.2.2)

We begin with the elliptic equation and we prove the following lemma.
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Lemma 6.2.1 Let θ ∈ (0, 3) be not an integer, let I ⊂ R be an interval,

and let ϕ : I → Cθ
b (RN ) be such that, for any x ∈ RN , the real function

t 7→ ϕ(t)(x) is continuous in I and

||ϕ(t)||Cθ
b
(RN ) ≤ c(t), t ∈ I,

for some function c ∈ L1(I). Then, the function

f(x) =

∫

I

ϕ(t)(x)dt, x ∈ R
N , (6.2.3)

belongs to Cθ
b (RN ) and

||f ||Cθ
b
(RN ) ≤ K||c||L1(I),

for some positive constant K.

Proof. We begin the proof observing that, according to [141, Section 2.7.2],
for any θ ∈ (0, 3), Cθ

b (RN ) can be characterized as the space of functions
g ∈ Cb(R

N ) such that

[[g]]θ = sup
x,h∈RN

h6=0

|h|−θ

∣∣∣∣∣

3∑

l=0

(−1)lf(x+ lh)

∣∣∣∣∣ < +∞

and the norm
g 7→ ||g||∞ + [[g]]θ

is equivalent to the classical norm of Cθ
b (RN ). Hence, if ϕ is as in the statement

of the lemma, then for any x, h ∈ RN , with h 6= 0, we have

∣∣∣∣∣

3∑

l=0

(−1)l

∫

I

ϕ(t)(x + lh)dt

∣∣∣∣∣ ≤
∫

I

∣∣∣∣∣

3∑

l=0

(−1)lϕ(t)(x + lh)

∣∣∣∣∣ dt ≤ K|h|θ
∫

I

c(t)dt,

(6.2.4)
for some positive constant K. The estimate (6.2.4) implies that the function
f in (6.2.3) belongs to Cθ

b (RN ), and the statement follows.

Now, we observe that by virtue of Hypothesis 6.1.1(ii), Theorem 4.1.5 im-
plies that, for any f ∈ Cb(R

N ) and any λ > c0, the function R(λ)f defined
by

(R(λ)f)(x) =

∫ +∞

0

e−λt(T (t)f)(x)dt, x ∈ R
N , (6.2.5)

is the unique solution to the elliptic equation (6.2.1) in

Dmax(A) =

{
u ∈ Cb(R

N ) ∩
⋂

1≤p<+∞

W 2,p
loc (RN ) : Au ∈ Cb(R

N )

}
, Au = Au.
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As a consequence, Proposition 2.3.6 implies that (A,Dmax(A)) = (Â,D(Â))
with equivalence of the corresponding norms.

With this remark in mind, we can now prove the following theorem, which
provides us a partial characterization of Dmax(A) and gives optimal Schauder
estimates for the solution of the elliptic equation (6.2.1).

Theorem 6.2.2 Suppose that Hypotheses 6.1.1(i)–6.1.1(iii), 6.1.1(iv-l) are

satisfied (for some l = 1, 2). Then, Dmax(A) is contained in Cθ
b (RN ), for any

θ ∈ (0, 1], if l = 1, and, for any θ ∈ (0, 2), if l = 2. Moreover, for any ω > 0
and any θ ∈ (0, l), and also for θ = 1 if l = 1, there exists a positive constant

C = C(θ, ω) such that

||u||Cθ
b
(RN ) ≤ C||u||

1− θ
2

∞ ||(ω −A)u||
θ
2

∞, u ∈ Dmax(A). (6.2.6)

Finally, let the previous assumptions be satisfied with l = 3. Then, for any

f ∈ Cθ
b (RN ) (θ ∈ (0, 1)) and any λ > 0, there exist a unique solution u ∈

C2+θ
b (RN ) of the elliptic equation λu − Au = f and a positive constant C =

C(θ, λ) such that

||u||C2+θ

b
(RN ) ≤ C||f ||Cθ

b
(RN ). (6.2.7)

Proof. To prove the first part we assume that l = 3, the other case being
completely similar and even simpler. Let u ∈ Dmax(A) be a nonidentically
vanishing function and fix ω > 0. For any λ > ω, set ϕ = λu −Au. Then,

u(x) =

∫ +∞

0

e−λt(T (t)ϕ)(x)dt, x ∈ R
N ,

so that, according to Lemma 6.2.1 and the estimate (6.1.33), f ∈ Cθ
b (RN )

and, if θ 6= 1, then

||u||Cθ
b
(RN ) ≤ C

Γ(1 − θ/2)

(λ− ω)1−θ/2
||ϕ||∞

≤ C
Γ(1 − θ/2)

(λ− ω)1−θ/2
((λ− ω)||u||∞ + ||(ω −A)u||∞) , (6.2.8)

for some positive constant C, independent of λ, where Γ denotes the Gamma
function. Taking the minimum for λ > ω in (6.2.8), the estimate (6.2.6) fol-
lows.

Now, we prove that for any f ∈ Cθ
b (RN ) (θ ∈ (0, 1)) and any λ > 0, there

exists a (unique) solution u ∈ C2+θ
b (RN ) of the equation (6.2.1). So we assume

that Hypothesis 6.1.1(iv-3) is satisfied. By virtue of Theorem 4.1.5, to prove
the assertion, it suffices to show that the function u = R(λ)f has the claimed
regularity properties.

We set

u(x) =

∫ +∞

0

e−λt(T (t)ϕ)(x)dt, x ∈ R
N ,
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and prove that, for any α ∈ (α, 1),

u ∈ (Cα
b (RN ), C2+α

b (RN ))1−(α−θ)/2,+∞.

This is enough for our aims. Indeed, by a well known result in interpolation
theory (see Theorem A.4.8) it holds that

(Cα
b (RN ), C2+α

b (RN ))1−(α−θ)/2,+∞ = C2+θ
b (RN ).

In order to show that u ∈ (Cα
b (RN ), C2+α

b (RN ))1−(α−θ)/2,+∞, we apply
the same arguments as in [105]. For this purpose, we split, for any ξ > 0,
u = aξ + bξ, where

aξ(x) =

∫ ξ

0

e−λt(T (t)f)(x)dt, bξ(x) =

∫ +∞

ξ

e−λt(T (t)f)(x)dt,

for any x ∈ RN . From Lemma 6.2.1 and the estimate (6.1.33), where we take
ω = λ/2, we deduce that

||aξ||Cα
b

(RN ) ≤ C||f ||Cθ
b
(RN )

∫ ξ

0

t−
α−θ

2 dt = C′ξ1−
α−θ

2 ||f ||Cθ
b
(RN ),

||bξ||C2+α

b
(RN ) ≤ C||f ||Cθ

b
(RN )

∫ +∞

ξ

t−1−α−θ
2 dt = C′′ξ−

α−θ
2 ||f ||Cθ

b
(RN ),

for some positive constants C,C′, C′′, independent of ξ. Hence,

ξ−1+ α−θ
2

(
||aξ||Cα

b
(RN ) + ξ||bξ||C2+α

b
(RN )

)
≤ C′||f ||Cθ

b
(RN ) + C′′||f ||Cθ

b
(RN ),

for any ξ > 0. This implies that (see Definition A.4.1)

sup
ξ∈(0,1)

ξ−1+ α−θ
2 K(ξ, u) ≤ (C′ + C′′)||ϕ||Cθ

b
(RN ),

implying that u ∈ (Cα
b (RN ), C2+α

b (RN ))1−(α−θ)/2,∞ and, consequently, that
(6.2.7) holds true.

Remark 6.2.3 Actually, the results in Chapter 7 will show that, in some
situations, (6.1.11) and, consequently, (6.1.33) hold with an exponential term
of negative type (see Remark 7.2.4). In such a situation, the same arguments
as in the proof of Theorem 6.2.2 show that we can take ω = 0 in (6.2.6).

As far as the Cauchy problem (6.2.2) is concerned, we can prove two results
which provide us a (unique) solution u to such a problem and give sharp
estimates for its space derivatives. As in the classical case, we give the following
definition.
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Definition 6.2.4 The function u : [0,+∞) × RN → R given by

u(t, x) = (T (t)u0)(x)+

∫ t

0

(T (t−s)g(s, ·))(x)ds, t > 0, x ∈ R
N , (6.2.9)

is called mild solution to the problem (6.2.2).

Throughout the rest of this section we always assume that Hypotheses 6.1.1(i)–
6.1.1(iii) and 6.1.1(iv-3) are satisfied.

Proposition 6.2.5 Fix α, θ ∈ (0, 1), θ < β ≤ 2 + θ. Moreover, let u0 ∈
Cb(R

N ) and let g be a continuous function in (0, T ] × RN such that g(t, ·) ∈

Cβ
b (RN ) for any t ∈ (0, T ] and

sup
0<t≤T

tα||g(t, ·)||Cβ

b
(RN ) < +∞.

Then, the function u defined in (6.2.9) belongs to C([0, T ]×RN)∩C1,2((0, T ]×
R

N ). Moreover, u is the unique bounded classical solution to the problem

(6.2.2). Finally, u(t, ·) ∈ C2+θ
b (RN ) for any t ∈ (0, T ] and there exists a

positive constant C > 0, independent of u, such that

||u(t, ·)||∞ + t1+
θ
2 ||u(t, ·)||C2+θ

b
(RN ) ≤ C

(
||u0||∞ + sup

0<t≤T
tα||g(t, ·)||Cβ

b
(RN )

)
,

for any t ∈ [0, T ].

Proof. The uniqueness of the bounded classical solution to the problem
(6.2.9) is a straightforward consequence of Hypothesis 6.1.1(ii) and Theorem
4.1.3. So, let us prove that the function u in (6.2.9) is actually a bounded
classical solution to the problem (6.2.2).

Throughout the proof, we denote by C positive constants, independent of
s and t, which may vary from line to line.

To begin with, we will deal with the function defined by the integral term
in (6.2.9). We will denote it by v.

As a first step, we show that v is well defined and it is continuous in [0, T ]×
RN . For this purpose, we observe that the function (r, s, x) 7→ (T (r)g(s, ·))(x)
is continuous in [0, T ]×(0, T ]×R

N. To see it, it suffices to observe that, for any
s ∈ [0, T ], the function (r, x) 7→ (T (r)g(s, ·))(x) is continuous in [0, T ] × RN ,
and, by virtue of Proposition 2.2.9, for any r ∈ [0, T ] and any x ∈ RN , the
function s 7→ (T (r)g(s, ·))(x) is continuous in [0, T ], uniformly with respect
to r and x on compact subsets of RN . Moreover,

|T (r)(g(s, ·))(x)| ≤ ||g(s, ·)||∞ ≤ Cs−α, s ∈ (0, T ], x ∈ R
N

for some C > 0. This is enough to conclude that v is continuous in [0, T ]×RN .
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Let us now prove that v(t, ·) ∈ C2+θ
b (RN ) for any t ∈ (0, T ]. By the estimate

(6.1.33) we have

||T (t− s)||L(Cβ

b
(RN ),C2+θ

b
(RN )) ≤ C(t− s)1−

β−θ
2 ,

for any 0 ≤ s < t ≤ T . Therefore,

||T (t− s)g(s)||C2+θ

b
(RN ) ≤

C

sα(t− s)1−(β−θ)/2
sup

0<t≤T
tα||g(t, ·)||Cβ

b
(RN ).

Since s 7→ (sα(t − s)1−(β−α)/2)−1 is in L1(0, t), by Lemma 6.2.1, we have
v(t, ·) ∈ C2+θ

b (RN ) for any t ∈ (0, T ], and

||v(t, ·)||C2+θ

b
(RN ) ≤ C

(∫ t

0

1

sα(t− s)1−(β−θ)/2
ds

)
sup

0<t≤T
tα||g(t, ·)||Cβ

b
(RN )

= C′t−α+ β−θ

2 sup
0<t≤T

tα||g(t, ·)||Cβ

b
(RN ). (6.2.10)

Therefore, the function t 7→ v(t, ·) is bounded in [ε, T ] with values in C2+θ(K)
for any compact set K ⊂ RN and any ε ∈ (0, T ). Since v is continuous, then
it belongs to C([0, T ];C(K)). By Propositions A.4.4 and A.4.6(i), the map v
belongs to C([ε, T ]×C2(K)). Therefore, the first- and second-order derivatives
of v are continuous in [ε, T ]×K and, hence, in (0, T ]× RN .

Let us now consider the regularity of v with respect to t. For this purpose
we observe that, for any t > 0, any x ∈ RN and any h > 0, sufficiently close
to 0, one has

v(t+ h, x) − v(t, x)

h
=

1

h

∫ t+h

t

(T (t+ h− s)g(s, ·))(x)ds

+
1

h

∫ t

0

((T (t+ h− s) − T (t− s))g(s, ·))(x)ds.

(6.2.11)

As it is easily seen, the first integral term in the right-hand side of (6.2.11)
tends to g(t, x) as h tends to 0+. As far as the second term is concerned, we
observe that, taking Theorem 2.2.1 into account, we can show that, for any
s ∈ (0, T ] and any x ∈ RN , the function t 7→ (T (t−s)g(s, ·))(x) is continuously
differentiable in (s, T ] and

Dt(T (t− s)g(s, ·))(x) = (AT (t− s)g(s, ·))(x).

Therefore,

((T (t+ h− s) − T (t− s))g(s, ·))(x) =

∫ h

0

(DtT (t− s+ r)g(s, ·))(x)dr

=

∫ h

0

(AT (t− s+ r)g(s, ·))(x)dr.
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Now, using (6.1.33), we can show that

|(AT (t+ r − s)g(s, ·))(x)| ≤
C

sα
(t+ r − s)min( β

2
−1,0) sup

0<t≤T
tα||g(t, ·)||Cβ

b
(RN ),

≤
C

sα
(t− s)min(β

2
−1,0) sup

0<t≤T
tα||g(t, ·)||Cβ

b
(RN ),

for any t ∈ (s, T ], any x ∈ B(n), any r ∈ (0, h) and some positive constant
C = C(n, T ). Hence,

|((T (t+ h− s) − T (t− s))g(s, ·))(x)|

≤
C

sα
(t− s)min(β

2
−1,0)|h| sup

0<t≤T
tα||g(t, ·)||Cβ

b
(RN ) (6.2.12)

for any s, t, h as above. From (6.2.12) and the dominated convergence theorem,
we obtain that the second term in the right-hand side of (6.2.11) tends to
Av(t, x) as h tends to 0+, for any t > 0 and any x ∈ RN . Therefore, v(·, x) is
differentiable from the right in (0, T ) for any x ∈ RN , and

D+
t v(t, x) =

∫ t

0

(AT (t− s)g(s, ·))(x)ds + g(t, x), t ∈ (0, T )× R
N .

Let us now prove that

∫ t

0

(AT (t− s)g(s, ·))(x)ds = A

∫ t

0

(T (t− s)g(s, ·))(x)ds, (6.2.13)

for any t ∈ (0, T ] and any x ∈ RN . This will imply that Dtv
+ = Av + g.

But, since we have already shown that the functions Dγv (|γ| = 1, 2) are
continuous in (0, T ] × RN , it follows that Av is continuous in (0, T ] × RN

as well. Therefore, Dtv exists in (0, T ] × RN and it is therein continuous.
Hence, v is differentiable with respect to the time variable in (0, T ]×RN and
Dtv = Av + g.

We begin by proving (6.2.13). For this purpose, we observe that the function
s 7→ Dγ

x(T (t− s)g(s, ·))∣∣K belongs to C((0, T );C(K)) ∩ L1((0, T );C(K)) for

any compact set K ⊂ RN , any multi-index γ with |γ| = 1, 2 and any t ∈ (0, T ].
Since the realization of the derivative Dγ

x in C(K) is a closed operator, it
follows that

Dγ
x

∫ t

0

(T (t− s)g(s, ·))(x)ds =

∫ t

0

(Dγ
xT (t− s)g(s, ·))(x)ds,

for any t ∈ (0, T ] and any x ∈ K. Hence, the formula (6.2.13) immediately
follows.

To conclude the proof, let us deal with the function T (·)u0. According to
Theorem 2.2.1 we already know that such a function belongs to C1,2((0,+∞)×
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RN ) ∩ Cb([0,+∞) × RN ) and DtT (t)u0 = AT (t)u0 for any t ∈ (0,+∞). We
now observe that, by virtue of (6.1.33), the function t 7→ t1+θ/2T (t)u0 is
bounded with values in C2+θ

b (RN ). Hence, the function

u(t, x) = (T (t)u0)(x) + v(t, x), t ∈ [0, T ], x ∈ R
N ,

belongs to C1,2((0, T ] × R
N ), it satisfies (6.2.2), and

sup
0<t≤T

t1+
θ
2 ||u(t, ·)||C2+θ

b
(RN ) ≤ C

(
||u0||∞ + sup

0<t≤T
tα||g(t, ·)||Cβ

b
(RN )

)
.

If, in addition, g is bounded with values in C2+θ
b (RN ), then v(t, ·) is bounded

up to t = 0 with values in C2+θ
b (RN ) since, by (6.1.33),

||T (t)||L(Cβ

b
(RN );C2+θ

b
(RN )) ≤ C(t− s)−1+ β−θ

2 ,

and the right-hand side of the previous inequality defines a function in L1(s, t).
Taking once more advantage of (6.1.33), we obtain that also the function
t 7→ T (t)u0 is bounded with values in C2+θ

b (RN ). Then, arguing as above, we
easily see that u ∈ C1,2([0, T ] × RN ).

Proposition 6.2.6 Let T > 0, θ ∈ (0, 1) and let g : [0, T ] × RN → R be a

bounded and continuous function such that g(t, ·) ∈ Cθ
b (RN ) for any t and

sup
t∈[0,T ]

||g(t, ·)||Cθ
b
(RN ) < +∞.

Moreover, let u0 ∈ C2+θ
b (RN ). Then, the function u in (6.2.9) is the unique

strict solution to the problem (6.2.2) (i.e., Dtu,Dxu, Dxxu ∈ Cb([0, T ]×RN )
and u solves (6.2.2)). Moreover, there exists a positive constant C = CT such

that

sup
t∈[0,T ]

||u(t, ·)||C2+θ

b
(RN ) ≤ C

(
||u0||C2+θ

b
(RN ) + sup

t∈[0,T ]

||g(t, ·)||Cθ
b
(RN )

)
. (6.2.14)

Proof. From Proposition 6.2.5, we know that, under our assumptions, the
function u defined by (6.2.9) is the unique classical solution to the problem
(6.2.2) belonging to C1,2([0, T ]×R

N). For notational convenience, throughout
the rest of the proof, we denote by v the function defined by the integral term
in (6.2.9), so that we can write u(t, ·) = T (t)u0 + v(t, ·) for any t ∈ [0, T ].

Let us prove that u is bounded with values in C2+θ
b (RN ) and it satisfies

(6.2.14). For this purpose, we begin by observing that, due to (6.1.33), we
already know that T (t)u0 ∈ C2+θ

b (RN ) for any t ≥ 0 and

||T (t)||C2+θ

b
(RN ) ≤ C1||u0||C2+θ

b
(RN ), (6.2.15)
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for some positive constant C1 and any t ∈ [0, T ]. To show that v is bounded
with values in C2+θ

b (RN ) we adapt the techniques used in the proof of Theorem
6.2.2, namely, we show that, for any t ∈ [0, T ] and any α ∈ (θ, 1),

v(t, ·) ∈ (Cα
b (RN ), C2+α

b (RN ))1−(α−θ)/2,∞,

recalling that (Cα
b (RN ), C2+α

b (RN ))1−(α−θ)/2,+∞ = C2+θ
b (RN ) with equiva-

lence of the corresponding norms (see Theorem A.4.8). For this purpose, we
split v(t, ·) = aξ(t, ·) + bξ(t, ·), where, for any ξ ∈ (0, 1), we set

aξ(t, x) =






∫ t

t−ξ

(T (t− s)g(s, ·))(x)ds, if ξ ≤ t,

∫ t

0

(T (t− s)g(s, ·))(x)ds, if ξ > t,

bt,ξ(x) =






∫ t−ξ

0

(T (t− s)g(s, ·))(x)ds, if ξ ≤ t,

0, if ξ > t

for any x ∈ RN . Taking Lemma 6.2.1 and the estimate (6.1.33) into account,
we easily deduce that, for any α ∈ (θ, 1) and any t ∈ [0, T ], aξ(t, ·) ∈ Cα

b (RN )
and bξ(t, ·) ∈ C2+α

b (RN ). Moreover,

||aξ(t, ·)||Cα
b

(RN ) ≤ C2 sup
0≤s≤t

∫ t

max(t−ξ,0)

(t− s)−
α−θ

2 ds,

≤ C3ξ
1−α−θ

2 sup
0≤s≤t

||g(s, ·)||Cθ
b
(RN )

and

||bξ(t, ·)||C2+α

b
(RN ) ≤ C4 sup

0≤s≤t

∫ max(t−ξ,0)

0

(t− s)−1−α−θ
2 ds,

≤ C5ξ
−α−θ

2 sup
0≤s≤t

||g(s, ·)||Cθ
b
(RN ),

for some positive constants C2, . . . , C5, independent of ε, so that

ξ−1+ α−θ
2 K(ξ, v(t, ·)) ≤ ξ−1+ α−θ

2 ||aξ(t, ·)||Cα
b

(RN ) + ξ
α−θ

2 ||bξ(t, ·)||Cα
b

(RN )

≤ (C4 + C5) sup
0≤s≤T

||g(s, ·)||Cθ
b
(RN ),

for any ξ ∈ (0, 1), implying that v(t, ·) ∈ (Cα
b (RN ), C2+α

b (RN ))1−(α−θ)/2,∞ for
any t ∈ (0, T ) and that

sup
0≤t≤T

||v(t, ·)||C2+θ

b
(RN ) ≤ C6 sup

0≤t≤T
||g(t, ·)||Cθ

b
(RN ), (6.2.16)
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for some positive constant C6. Summing up, we have proved that u(t, ·) ∈
C2+θ

b (RN ) for any t ∈ [0, T ]. Moreover, combining (6.2.15) and (6.2.16), the
estimate (6.2.14) now follows.



Chapter 7

Pointwise estimates for the

derivatives of T (t)f

7.0 Introduction

This chapter is devoted to prove some pointwise estimates for the first-,
second- and third-order derivatives of T (t)f , when f ∈ Ck

b (RN ) (k = 0, 1, 2, 3).
Under the same assumptions on the coefficients as in Chapter 6, we prove that,
for any k = 1, 2, 3 and any p ∈ (1,+∞), there exists a constant Mk,p > 0 such
that

(
k∑

i=0

|DiT (t)f)(x)|2
) p

2

≤Mk,p

(
T (t)

(
k∑

i=0

|Dif |2)

) p

2
)

(x), (7.0.1)

for any t > 0, any x ∈ RN and any f ∈ Ck
b (RN ). Under somewhat heavier

assumptions, we show that

(
k∑

i=1

|DiT (t)f)(x)|2
) p

2

≤ M̂k,pe
σk,pt

(
T (t)

(
k∑

i=1

|Dif |2)

) p

2
)

(x), (7.0.2)

for any t > 0 and any x ∈ RN , where M̂k,p and σk,p are, respectively, a
positive and a negative constant.

The estimates (7.0.1) and (7.0.2) are then used to prove the sharper estimate

|(DkT (t)f)(x)|p ≤

(
σ̃k,min{p,2}

1 − e−eσk,min{p,2}t
ϕk,min{p,2}(t)

)max{1, p

2
}

×
(
T (t)((|f |2 + . . .+ |Dk−1f |2)

p

2 )
)

(x), (7.0.3)

holding for any (t, x) ∈ (0,+∞) × RN , any f ∈ Ck−1
b (RN ) and any p > 1,

where σ̃k,p is a real constant and ϕk,r ∈ C([0,+∞)) is a suitable function
which behaves as t1−r/2 near 0 and it is such that the term in the first brackets
in the right-hand side of (7.0.3) stays bounded at infinity, or it decreases to
0 exponentially. Taking the semigroup property into account, from (7.0.3) we
get

|(DkT (t)f)(x)|p ≤ Ck,p
eωk,pt

tpk/2
(T (t)(|f |p))(x), t > 0, x ∈ R

N , (7.0.4)

123
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for any f ∈ Cb(R
N ), any p > 1 and some constants Ck,p > 0, blowing up as p

tends to 1, and ωk,p ∈ R.
In the particular case when qij(x) = δij , i.e., when A = ∆ +

∑
bi(x)Di,

we prove the estimate (7.0.1) also for p = 1. Such pointwise estimates are
typical for transition semigroups of Markov processes, and they have been
already studied for the first-order derivatives (k = 1); see [11, 13, 15]. Here,
we present the results of [18].

On the contrary, the estimate (7.0.4) cannot be extended, in general, to
the case when p = 1. Counterexamples are easily obtained in the simple case
A = ∆ (see Example 7.3.3).

In the case when ω1,p ≤ 0, the estimate (7.0.4) with k = 1 allows us to
obtain a Liouville type theorem, namely, in such a situation we can show that
if Au = 0, then u is constant. If ω1,p > 0, in general, such a result fails.
Counterexamples are given in [128] also in the one-dimensional case.

Sometimes in what follows, when there is no damage of confusion, we write
u instead of T (·)f .

7.1 The first type of pointwise gradient estimates

We begin by proving the following lemma which will be essential to prove the
first type of pointwise estimates.

Proposition 7.1.1 Let k ∈ {1, 2, 3} and let Hypotheses 6.1.1(i)–6.1.1(iii)
and 6.1.1(iv-k) be satisfied. Then, for any f ∈ Ck

b (RN ), the function (t, x) 7→
(DkT (t)f)(x) is continuous in [0,+∞)× RN .

Proof. Fix f ∈ Ck
b (RN ) and set u = T (·)f . The regularity of u for t > 0 is

a classical result, recalled in Theorem C.1.4. Thus we have only to prove the
regularity at t = 0. We will do it using a localization argument.

Fix x0 ∈ RN and let Ω be a smooth bounded neighborhood of x0. Moreover,
let ϑ ∈ C∞

c (Ω) be such that ϑ ≡ 1 in a smaller neighborhood Ω0 ⊂ Ω of x0.
Set v(t, x) = ϑ(x)u(t, x) for any t > 0 and any x ∈ Ω. Then, the function v
satisfies the equation Dtv −Av = ψ in (0,+∞) × Ω, where

ψ(t, x) = −u(t, x)Aϑ(x) − 2

N∑

i,j=1

qij(x)Diu(t, x)Djϑ(x),

for any t > 0 and any x ∈ Ω, and the boundary condition v(t, x) = 0 for any
t > 0 and any x ∈ ∂Ω. Moreover, it is readily seen that there exists a constant
C > 0 such that

||ψ(t, ·)||∞ ≤ C||u(t, ·)||C1(Ω) ≤ C
C0,1e

T

√
t

||f ||∞, t ∈ (0, T ],
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where we have used the estimate (6.0.1) with (k, l) = (0, 1). In particular the
function t 7→ ||ψ(t, ·)||∞ belongs to L1(0, T ) for any T > 0, and, therefore, we
can write

v(t, x) = (TΩ(t)(ϑf))(x) +

∫ t

0

(TΩ(t− s)ψ(s, ·))(x)ds, t > 0, x ∈ Ω,

where {TΩ(t)} is the semigroup associated with the realization of the operator
A with homogeneous Dirichlet boundary condition in C(Ω). Now, let k =
1, 2, 3 and f ∈ Ck

b (RN ); using the classical gradient estimates for {TΩ(t)} (see
Proposition C.3.2) and the estimate (6.0.1), we get

||DkTΩ(t− s)ψ(s, ·)||∞ ≤
CT√
t− s

||ψ(s, ·)||Ck−1(Ω)

≤ C
CT√
t− s

||u(s, ·)||Ck(Ω)

≤ Ck,kC
CT√
t− s

||f ||Ck
b
(RN ),

for any 0 < s < t ≤ T , where C,CT > 0 are constants. This means that the
function s 7→ ||DkTΩ(t− s)ψ(s, ·)||∞ belongs to L1(0, t) for any t ∈ (0, T ) and,
therefore, we can write

|Dkv(t, x) − (DkTΩ(t)(ϑf))(x)| =

∣∣∣∣
∫ t

0

(DkTΩ(t− s)ψ(s, ·))(x)ds

∣∣∣∣

≤ CCkkCT

∫ t

0

1
√
t− s

||f ||Ck
b
(RN )ds

= 2CCkkCT t||f ||Ck
b
(RN ),

for any t ∈ (0, T ] and any x ∈ Ω. This implies that the function Dkv is
continuous in [0, T ] × Ω0 since, by virtue of Lemma 6.1.6, Dk(TΩ(t)(ϑf))
tends to Dk(ϑf) uniformly in Ωδ := {x ∈ Ω : dist(x, ∂Ω) ≥ δ}, for any δ > 0,
as t tends to 0. Since v ≡ u in a neighborhood of x0, it follows that Dku is
continuous at (0, x0).

Now, we can prove the following theorem.

Theorem 7.1.2 Fix k ∈ {1, 2, 3} and let Hypotheses 6.1.1(i)–6.1.1(iii) and

6.1.1(iv-k) be satisfied. Then, for any f ∈ Ck
b (RN ) and any p ∈ (1,+∞), there

exists a positive constant Mk,p such that

(
k∑

j=0

|(DjT (t)f)(x)|2
) p

2

≤Mk,p

(
T (t)

(
k∑

j=0

|Djf |2
) p

2

)
(x), (7.1.1)

for any t > 0 and any x ∈ RN .
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Proof. We begin with the case when k = 3 and p ∈ (1, 2]. For any δ > 0 we
introduce the function wδ : [0,+∞)× RN → R defined by

wδ =
(
α|u|2 + β|Du|2 + γ|D2u|2 + |D3u|2 + δ

) p

2 , (7.1.2)

where α, β, γ are positive constants to be fixed later on, and u = T (·)f . By
Theorems 2.2.1, C.1.4(ii) and Proposition 7.1.1, wδ ∈ Cb([0,+∞) × RN ) ∩
C1,2((0,+∞)×RN ) and a straightforward computation shows that wδ solves
the Cauchy problem






Dtwδ(t, ·) = Awδ(t, ·) + gδ(t, ·), t > 0,

wδ(0, ·) =
(
α|f |2 + β|Df |2 + γ|D2f |2 + |D3f |2 + δ

) p

2 ,
(7.1.3)

where

gδ = p
(
α|u|2 + β|Du|2 + γ|D2u|2 + |D3u|2 + δ

) p

2
−1

×

(
− α

N∑

i,j=1

qijDiuDju− β
N∑

i,j,h=1

qijDihuDjhu

− γ
N∑

i,j,h,k=1

qijDihkuDjhku−
N∑

i,j,h,k,l=1

qijDihkluDjhklu

+ β
N∑

i,j,h=1

DhqijDhuDiju+ 2γ
N∑

i,j,h,k=1

DhqijDhkuDijku

+ 3
N∑

i,j,h,k,l=1

DhqijDhkluDijklu+ β
N∑

j,h=1

DhbjDjuDhu

+ 2γ
N∑

j,h,k=1

DhbjDjkuDhku+ 3
N∑

j,h,k,l=1

DhbjDjkluDhklu

+ γ
N∑

i,j,h,k=1

DhkqijDijuDhku+ 3
N∑

i,j,h,k,l=1

DhkqijDijluDhklu

+ γ
N∑

j,h,k=1

DhkbjDjuDhku+ 3
N∑

j,h,k,l=1

DhkbjDjluDhklu

+
N∑

i,j,h,k,l=1

DhklqijDijuDhklu+
N∑

j,h,k,l=1

DhklbjDjuDhklu

)
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+ p(2 − p)
(
α|u|2 + β|Du|2 + γ|D2u|2 + |D3u|2 + δ

) p
2
−2

×
N∑

i,j=1

qij

(
αuDiu+ β

N∑

h=1

DhuDihu+ γ

N∑

h,k=1

DhkuDihku

+

N∑

h,k,l=1

DhkluDihklu

)

×

(
αuDju+ β

N∑

h=1

DhuDjhu+ γ

N∑

h,k=1

DhkuDjhku

+

N∑

h,k,l=1

DhkluDjhklu

)
.

Now, let h, k ∈ {0, 1, 2, 3} be fixed. Applying the Cauchy-Schwarz inequality
twice (first to the inner product (ξ, η) 7→ 〈Q(x)ξ, η〉 and then to the Euclidean
one) we deduce that

N∑

i,j=1

qij
∑

|α|=h

DαuDiD
αu

∑

|β|=k

DβuDjD
βu

=
∑

|α|=h

∑

|β|=k

DαuDβu

N∑

i,j=1

qijDiD
αuDjD

βu

≤
∑

|α|=h

|Dαu|

(
N∑

i,j=1

qijDiD
αuDjD

αu

) 1

2

×
∑

|β|=k

|Dβu|

(
N∑

i,j=1

qijDiD
βuDjD

βu

) 1

2

≤ |Dhu||Dku|

(
∑

|α|=h

N∑

i,j=1

qijDiD
αuDjD

αu

) 1

2

×

(
∑

|β|=k

N∑

i,j=1

qijDiD
βuDjD

βu

) 1

2

. (7.1.4)
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This estimate can be used in order to get

N∑

i,j=1

qij

(
αuDiu+ β

N∑

h=1

DhuDihu+γ

N∑

h,k=1

DhkuDihku

+

N∑

h,k,l=1

DhkluDihklu

)

×

(
αuDju+ β

N∑

h=1

DhuDjhu+ γ

N∑

h,k=1

DhkuDjhku

+

N∑

h,k,l=1

DhkluDjhklu

)

≤

[
α|u|

(
N∑

i,j=1

qijDiuDju

) 1

2

+ β|Du|

(
N∑

i,j,h=1

qijDihuDjhu

) 1

2

+γ|D2u|

(
N∑

i,j,h,k=1

qijDihkuDjhku

) 1

2

+|D3u|

(
N∑

i,j,h,k,l=1

qijDihkluDjhklu

) 1

2

]2

≤ (α|u|2 + β|Du|2 + γ|D2u|2 + |D3u|2)

×

(
α

N∑

i,j=1

qijDiuDju+ β

N∑

i,j,h=1

qijDihuDjhu

+γ

N∑

i,j,h,k=1

qijDihkuDjhku+

N∑

i,j,h,k,l=1

qijDihkluDjhklu

)
.

(7.1.5)

Taking (7.1.5) into account, it is immediate to check that

gδ ≤ p

{
(1 − p)

(
α

N∑

i,j=1

qijDiuDju+ β

N∑

i,j,h=1

qijDihuDjhu

)

+(1 − p)

(
γ

N∑

i,j,h,k=1

qijDihkuDjhku+

N∑

i,j,h,k,l=1

qijDihkluDjhklu

)

+β

N∑

i,j,h=1

DhqijDhuDiju+ 2γ

N∑

i,j,h,k=1

DhqijDhkuDijku

+3

N∑

i,j,h,k,l=1

DhqijDhkluDijklu+ β

N∑

j,h=1

DhbjDjuDhu
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+2γ

N∑

j,h,k=1

DhbjDjkuDhku+ 3

N∑

j,h,k,l=1

DhbjDjkluDhklu

+γ

N∑

i,j,h,k=1

DhkqijDijuDhku+ 3

N∑

i,j,h,k,l=1

DhkqijDijluDhklu

+γ

N∑

j,h,k=1

DhkbjDjuDhku+ 3

N∑

j,h,k,l=1

DhkbjDjluDhklu

+

N∑

i,j,h,k,l=1

DhklqijDijuDhklu+

N∑

j,h,k,l=1

DhklbjDjuDhklu

}

×(α|u|2 + β|Du|2 + γ|D2u|2 + |D3u|2 + δ)
p

2
−1.

Hence, using Hypotheses 6.1.1(i) and 6.1.1(iv-3), we get, for any ε, ε1 > 0,

gδ ≤ p

{(
(1 − p)ακ+ Cβ

N2

4ε1
κ+ βd+ r

N3

4ε2
+ rγ

N2

4ε3

)
|Du|2

+

[
(1 − p+ Cε1N)βκ+

(
Cγ

N2

2ε1
+ C

N3

4ε1
+ γK1

)
κ+ 2dγ

+rN

(
γε3 +

3N

4ε2

)]
|D2u|2

+

[(
(1 − p+ 2Cε1N)γ + C

3N2

4ε1
+ ε1CN

2 + 3K1

)
κ

+3d+ 4rε2N

]
|D3u|2 + (1 − p+ 3Cε1N)κ|D4u|2

}

×
(
α|u|2 + β|Du|2 + γ|D2u|2 + |D3u|2 + δ

) p

2
−1
.

(7.1.6)

Now, we choose ε1 = (p− 1)/(3CN) to make the coefficient of |D4u|2 vanish,
ε2 = 3L2/(4N) and ε3 = γ−1, where L2 is defined in Hypothesis 6.1.1(iv-3).
Moreover, we choose β and γ satisfying






N4

3L2
+
N2γ2

4
≤ L2β,

N

(
1 +

N2

L2

)
≤ 2L2γ.

With this choice of β and γ, from (7.1.6) we get

gδ ≤ p

{(
(1 − p)ακ+

3C2N3

4(p− 1)
βκ+ β(d+ L2r)

)
|Du|2

+

[(
2 − 2p

3
β +

3C2N3

4(p− 1)
(2γ +N) + γK1

)
κ+ 2γ(d+ L2r)

]
|D2u|2
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+

[(
1 − p

3
γ +

9C2N3

4(p− 1)
+

(p− 1)N

3
+ 3K1

)
κ

+3(d+ L2r)

]
|D3u|2

}

×
(
α|u|2 + β|Du|2 + γ|D2u|2 + |D3u|2 + δ

) p
2
−1

≤ p

{(
(1 − p)α+

3C2N3

4(p− 1)
β + βL3

)
κ|Du|2

+

(
2 − 2p

3
β +

3C2N3

4(p− 1)
(2γ +N) + γK1 + 2γL3

)
κ|D2u|2

+

(
1 − p

3
γ +

9C2N3

4(p− 1)
+

(p− 1)N

3
+ 3(K1 + L3)

)
κ|D3u|2

}

×
(
α|u|2 + β|Du|2 + γ|D2u|2 + |D3u|2 + δ

) p
2
−1

(7.1.7)

Hence, up to taking larger β and γ and fixing α suitably large, we can make
the right-hand side of (7.1.7) nonpositive in (0,+∞) × RN . The maximum
principle in Theorem 4.1.3 now implies that

wδ ≤ T (·)
(
α|f |2 + β|Df |2 + γ|D2f |2 + |D3f |2 + δ

)
,

in (0,+∞) × RN , for any δ > 0. Taking the limit as δ tends to 0, from
Proposition 2.2.9 we get

(
α|u(t, x)|2 + β|Du(t, x)|2 + γ|D2u(t, x)|2 + |D3u(t, x)|2

) p

2

≤
(
T (t)

(
α|f |2 + β|Df |2 + γ|D2f |2 + |D3f |2

))
(x),

for any t > 0 and any x ∈ RN . Then (7.1.1) follows.
Finally we consider the case when p > 2. Since




3∑

j=0

|(DjT (t)f)(x)|2





p

2

≤
(
M3,2

(
T (t)

(
|f |2 + |Df |2 + |D2f |2 + |D3f |2

))
(x)
) p

2 ,

we get (7.1.1) observing that, since T (t)ψ is given by (2.2.8) and the measures
p(t, x; dy) in (2.2.9) are probability measures for any t > 0 and any x ∈ RN

(since c ≡ 0), then the Jensen inequality implies that

(T (t)ψ)p/2 ≤ T (t)(ψp/2),

for any t > 0 and any nonnegative ψ ∈ Cb(R
N ).
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To get (7.1.1) in the case when p ∈ (1, 2) and k = 1, 2, one can apply the
previous arguments to the function

wδ =
(
α|T (·)f |2 + |DT (·)f |2 + δ

) p

2 , δ > 0,

if k = 1 and to the function

wδ =
(
α|T (·)f |2 + β|DT (·)f |2 + |D2T (·)f |2 + δ

) p

2 ,

for any δ > 0, if k = 2, where α and β are positive constants to be properly
fixed. Actually one gets

(
k∑

j=0

|(DjT (t)f)(x)|2 + δ

) p

2

≤Mk,p

(
T (t)

(
k∑

j=0

|Djf |2 + δ

) p

2

)
(x), (7.1.8)

for any t > 0, any x ∈ RN and k = 1, 2.
In the case when p > 2 (7.1.1) then follows from the case p = 2, applying

the Jensen inequality. This finishes the proof.

We now show that under more restrictive assumptions on the coefficients
of the operator A we can improve the estimates in Theorem 7.1.2.

Hypotheses 7.1.3 (i) Hypotheses 6.1.1(i)–6.1.1(iii) are satisfied.
Moreover, we always assume that one of the following hypotheses holds true:

(ii-1) qij , bj ∈ C1+δ
loc (RN ) for some δ ∈ (0, 1) and any i, j = 1, . . . , N , and there

exist σ ∈ (0, 1) and a constant C > 0 such that |Dβqij(x)| ≤ C(κ(x))σ

for any x ∈ R
N , any |β| = 1 and any i, j = 1, . . . , N . Moreover, there

exist two constants L > 0, p0 ∈ (1, 2] and a function d : RN → R such
that

N∑

i,j=1

Dibj(x)ξiξj ≤ d(x)|ξ|2, x, ξ ∈ R
N (7.1.9)

and

0 ≥ C1(p0) := sup
RN

(
C2N3

4(p0 − 1)κ1−σ
0

κσ + d

)
; (7.1.10)

(ii-2) qij , bj ∈ C2+δ
loc (RN ) for some δ ∈ (0, 1) and any i, j = 1, . . . , N , and there

exist σ ∈ (0, 1), a constant C > 0 and a positive function r : RN → R

such that |D2bi(x)| ≤ r(x) and |Dβqij(x)| ≤ C(κ(x))σ for any x ∈ RN ,
any |β| = 1, 2 and any i, j = 1, . . . , N . Moreover, the condition (7.1.9) is
satisfied and there exist two constants L > 0 and p0 ∈ (1, 2] such that

0 ≥ C2(p0) := sup
RN

(
d+ Lr +

C2N3

4(p0 − 1)
κσ−1

0 κσ

)
. (7.1.11)
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Finally, there exists a constant K1 ∈ R such that

N∑

i,j,h,k=1

Dhkqij(x)mijmhk ≤ K1(κ(x))σ
N∑

h,k=1

m2
hk,

for any symmetric matrix M = (mhk)N
h,k=1 and any x ∈ RN ;

(ii-3) qij , bj ∈ C3+δ
loc (RN ) for some δ ∈ (0, 1) and any i, j = 1, . . . , N ; Hypoth-

esis 7.1.3(ii-2) holds true. Moreover, |Dβbi(x)| ≤ r(x) and |Dβqij(x)| ≤
C(κ(x))σ for any i, j = 1, . . . , N , any |β| = 3 and any x ∈ RN .

Remark 7.1.4 Hypotheses 7.1.3(ii-k) (k = 1, 2, 3) allow us to consider the
case when the coefficients are of polynomial type.

We are now able to improve the result in Theorem 7.1.2.

Theorem 7.1.5 Let k = 1, 2, 3 and let Hypotheses 7.1.3(i), 7.1.3(ii-k) be sat-

isfied. Then, there exists a positive constant M̂k,p such that

(
k∑

j=1

|(DjT (t)f)(x)|2
) p

2

≤ M̂k,pe
ωk,pt

(
T (t)

(
k∑

j=1

|Djf |2
) p

2

)
(x), (7.1.12)

for any t > 0, any x ∈ R
N , any f ∈ Ck

b (RN ) and any p ∈ (p0,+∞), where

ω1,p = pC1(p), with C1(p) being defined as in (7.1.10) with p instead of p0,

and ωk,p (k = 2, 3) is any real number greater than pκσ
0C2(p), where C2(p) is

defined according to (7.1.11) with p instead of p0. In particular, for k = 1, 2, 3,
we can take ωk,p < 0.

Proof. The proof is close to that of Theorem 7.1.2. Hence, we just point out
the main differences. To get (7.1.12), in the case when p ∈ (p0, 2] and k = 3,
one has to deal with the function wδ defined in (7.1.2) with α = 0 and β, γ to
be determined. As it is immediately seen, the function wδ so defined solves the
Cauchy problem (7.1.3) with gδ satisfying (7.1.6) (with α = 0 everywhere).

Taking Hypothesis 7.1.3(ii-3) into account and using the same techniques
as in the proof of Theorem 7.1.2 to estimate the right-hand side of (7.1.6), we
get

gδ ≤ p

{((
C
N2

4ε2
κσ + d

)
β + r

N2

4ε1
(N + γ2)

)
|Du|2

+

[(
(1 − p)κ1−σ

0 + Cε2N
)
βκσ +

(
Cγ

N2

2ε3
+ C

N3

4ε3
+K1γ

)
κσ

+2dγ + rN

(
ε1 +

3N

4ε1

)]
|D2u|2
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+

[
(
(1 − p)κ1−σ

0 + 2Cε3N
)
γκσ +

(
C

3N2

4ε3
+ ε3CN

2 + 3K1

)
κσ

+3d+ 4rε1N

]
|D3u|2 +

(
(1 − p)κ1−σ

0 + 3Cε3N
)
κσ|D4u|2

}

×
(
β|Du|2 + γ|D2u|2 + |D3u|2 + δ

) p

2
−1
.

(7.1.13)
Due to the estimate (7.1.11), we can find out s1 ∈ (0, 1) such that

0 > C2(p, s1) = sup
x∈RN

(
d(x) + Lr(x)

(κ(x))σ
+

C2N3

4(p− 1)(1 − s1)
κσ−1

0

)
. (7.1.14)

We now choose

ε2 = (p− 1)(1 − s1)
κ1−σ

0

CN
, ε3 = (p− 1)

κ1−σ
0

3CN

and ε1 in order to minimize the function g : (0,+∞) → R defined by g(x) =
N max{4x/3, (4x2 + 3N)/(8γx)}. We obtain ε1 = 3

√
N/(2

√
8γ − 3), if γ ≥

3/8. With these choices of ε1, ε2 and ε3, we get

gδ ≤ p

{
β

(
C2N3

4(p− 1)(1 − s1)
κσ−1

0 κσ + d+ r

√
(8γ − 3)N3

6β
(N + γ2)

)
|Du|2

+

[
s1(1 − p)κ1−σ

0 βκσ +

(
(2γ +N)

3C2N3

4(p− 1)κ1−σ
0

+K1γ

)
κσ

+2γ

(
d+

2N
3

2

√
8γ − 3

r

)]
|D2u|2

+

[
1

3
(1 − p)κ1−σ

0 γκσ +

(
9C2N3

4(p− 1)κ1−σ
0

+
1

3
(p− 1)Nκ1−σ

0 + 3K1

)
κσ

+3

(
d+

2N
3

2

√
8γ − 3

r

)]
|D3u|2

}

×
(
β|Du|2 + γ|D2u|2 + |D3u|2 + δ

) p

2
−1
.

Now we choose β, γ > 0 such that





A1(β, γ) :=

√
(8γ − 3)N3

6β
(N + γ2) − L ≤ 0,

A2(γ) :=
2N

3

2

√
8γ − 3

− L ≤ 0,

C3(β, γ, p) := s1(1 − p)κ1−σ
0 β + (4γ + 3N)

C2N3

4(p− 1)κ1−σ
0

+K1γ < 0,

C4(γ, p) :=
1

3
(1 − p)κ1−σ

0 γ +
3C2N3

2(p− 1)κ1−σ
0

+
1

3
(p− 1)Nκ1−σ

0 + 3K1 < 0.
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and we get

gδ(t, x) ≤ ω3,p

(
β|Du|2 + γ|D2u|2 + |D3u|2

)

×
(
β|Du|2 + γ|D2u|2 + |D3u|2 + δ

) p

2
−1

≤ ω3,pw(t, x) − ω3,pδ
p

2 , (7.1.15)

for any t > 0 and any x ∈ RN , where

ω3,p = pκσ
0 inf

β>0,γ>3/8, A1(β,γ), A2(γ)≤0

C3(β,γ,p), C4(γ,p)<0, j=2,3

max{C2(p), C3(β, γ, p)/γ, C4(γ, p)}.

Note that the previous infimum is C2(p). Of course, ω3,p ≥ C2(p). Hence, we
just need to show that ω3,p ≤ C2(p). For this purpose, we observe that, since
limγ→+∞C4(γ, p) = −∞, we can determine γ0 such that C3(γ0, p) < C2(p).
Similarly, since limβ→+∞C3(β, γ0, p) = −∞, we can determine β0 > 0 such
that C3(β0, γ0, p)/γ0 < C2(p). Of course, without loss of generality we can
assume that γ0 > 3/8 and max{A1(β0, γ0), A2(γ0) ≤ 0}. Therefore, ω3,p ≤
C2(p). So, let us fix β, γ ≥ 1 such that ω3,p = pκσ

0C2(p).
Now, from (7.1.15) we easily deduce that

Dtwδ(t, x) ≤ Awδ(t, x) + ω3,pwδ(t, x) − ω3,pδ
p

2 .

Set now zδ = e−ω3,pt(wδ − δp/2) and observe that zδ satisfies






Dtzδ(t, ·) ≤ Azδ(t, ·), t > 0,

zδ(0, ·) ≤
(
β|Df |2 + γ|D2f |2 + |D3f |2 + δ

) p
2 .

(7.1.16)

The maximum principle in Theorem 4.1.3 implies that

zδ(t, x) ≤
(
T (t)

(
β|Df |2 + γ|D2f |2 + |D3f |2 + δ

) p

2

)
(x), t > 0, x ∈ R

N ,

for any δ > 0. Taking the limit as δ tends to 0, from Proposition 2.2.9 we get

(
β|Du(t, x)|2 + γ|D2u(t, x)|2 + |D3u(t, x)|2

) p

2

≤ eω3,pt
(
T (t)

(
β|Df |2 + γ|D2f |2 + |D3f |2

) p
2

)
(x), t > 0, x ∈ R

N ,

and (7.1.12) follows with M̂3,p = max{βp/2, γp/2}.
Next, to get (7.1.12) in the case when p > 2, it suffices to repeat the same

arguments as in the proof of Theorem 7.1.2.
To get (7.1.1) in the case when p ∈ (1, 2) and k = 2, one can apply the

above arguments to the function

wδ =
(
β|DT (·)f |2 + |D2T (·)f |2 + δ

) p

2 , δ > 0,
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if k = 2, where β is a positive constant to be determined. From (7.1.13),
where we disregard the terms whose coefficients do not depend on β, γ, we
take γ = 1, ε1 = 2L/N , ε3 = (p − 1)κ1−σ

0 /(2CN) and we make the same
choices of ε2 as above; we get

gδ ≤ p

{
β

(
C2N3

4(p− 1)(1 − s1)
κσ−1

0 κσ + d+
N3

8βL
r

)
|Du|2

+

(
s1(1 − p)βκ1−σ

0 +
C2N3

(p− 1)κ1−σ
0

+K1

)
κσ|D2u|2

}

×
(
β|Du|2 + |D2u|2 + δ

) p

2
−1
.

Choosing β satisfying






N3 ≤ 8βL2,

C5(β, p) := s1(1 − p)βκ1−σ
0 +

C2N3

(p− 1)κ1−σ
0

+K1 < 0,

we get

(β|Du|2 + |D2u|2 + δ)
p

2 ≤ eω2,pt
(
T (·)(β|Df |2 + |D2u|2 + δ)

p

2

)
+ δ

p

2 , (7.1.17)

with
ω2,p = pκσ

0 min
β≥N4/(8L2)

C5(β,p)<0

max{C2(p, s1), C5(β, p)} = C2(p, s1).

Finally, in the case when k = 1, taking β = 1 and ε2 = (p− 1)κ1−σ
0 /(CN)

in (7.1.13) and disregarding the terms whose coefficients are independent of
β, we get

gδ ≤ p

(
C2N3

4(p− 1)κ1−σ
0

κσ + d

)
|Du|2

and, consequently, we get the assertion with ω1,p as in the assertion of the
theorem. This finishes the proof.

Remark 7.1.6 The conditions (7.1.10) and (7.1.11) can be a bit relaxed and,
under these new assumptions, the estimate (7.1.12) can be proved with posi-
tive constants ωk,p (k = 1, 2, 3). More precisely, it suffices to assume that

sup
x∈RN

d(x)

(κ(x))σ
< +∞,

to have (7.1.12) with k = 1,

sup
x∈RN

d(x) + L2r(x)

(κ(x))σ
< +∞,
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(with L2 = 2/
√

5, if N = 1, and L2 = N3/2/
√

8, if N > 1) to have (7.1.12)
with k = 2,

sup
x∈RN

3d(x) +
√
N3(N + 1)r(x)

3(κ(x))σ
< +∞,

to have (7.1.12) with k = 3.

7.2 The second type of pointwise gradient estimates

In this section we prove a second type of pointwise estimates. For this purpose,
we first prove a lemma.

Lemma 7.2.1 If gn, g : [0, T ] × RN (n ∈ N), are continuous functions such

that ||gn||∞ ≤ M for any n ∈ N and limn→+∞ gn = g, uniformly in [ε, T −
ε] ×B(k) for any k > 0 and any ε ∈ (0, T ), then

lim
n→+∞

Tn(t)gn(t) = T (t)g(t),

uniformly in [ε, T − ε] ×B(k) for any k > 0 and any ε ∈ (0, T ).
If fε, f0 ∈ Cb(R

N ) (ε > 0) are such that ||fε||∞ ≤ M for any ε > 0 and

limε→0+ fε = f0 uniformly in B(k) for any k > 0, then, for any t > 0, we

have

lim
ε→0+

T (t− ε)fε = T (t)f0,

uniformly in B(k) for any k > 0.

Proof. Throughout the proof, in order to simplify the notation, sometimes
we do not explicitly write the dependence on x of the functions that we will
consider. All the estimates that we write are meant pointwise in x.

Let gn, g be as above and observe that

|T (t)f − Tn(t)f | ≤ (T (t) − Tn(t)) |f |, t > 0. (7.2.1)

To check (7.2.1), we recall that (see Theorem 2.2.5 and Proposition C.3.2)

(Tn(t)f)(x) =

∫

B(n)

Gn(t, x, y)f(y)dy, (T (t)f)(x) =

∫

RN

G(t, x, y)f(y)dy

for any t > 0 and any x ∈ B(n), where Gn and G are positive, respectively,
in (0,+∞) × B(n) × B(n) and in (0,+∞) × RN × RN . Moreover Gn ≤ G in
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(0,+∞) ×B(n) ×B(n). Hence,

|(T (t)f)(x) − (Tn(t)f)(x)| =

∣∣∣∣
∫

RN

(
G(t, x, y) −Gn(t, x, y)χB(n)

)
f(y)dy

∣∣∣∣

≤

∫

RN

(G(t, x, y) −Gn(t, x, y)χB(n))|f(y)|dy

= ((T (t) − Tn(t))|f |) (x),

for any t > 0 and any x ∈ B(n). Hence, taking (7.2.1) into account, we get

|Tn(t)gn(t) − T (t)g(t)| ≤ |Tn(t)(gn(t) − g(t))| + |(T (t) − Tn(t))g(t)|

≤ Tn(t)
(
|gn(t) − g(t)|

)
+ (T (t) − Tn(t))|g(t)|

≤ T (t)
(
|gn(t) − g(t)|

)
+M(T (t) − Tn(t))1l, (7.2.2)

for any n ∈ N.
Let us observe that the second term in the last side of (7.2.2) converges to

zero uniformly in [ε, T ]×B(k) for any ε, k > 0, by Theorem 2.2.1. To estimate
the first term we observe that, for any t ∈ [ε, T − ε] and any x ∈ RN , we have

(
T (t)

(
|gn(t) − g(t)|

))
(x) ≤

(
T (t)( sup

t∈[ε,T−ε]

|gn(t) − g(t)|)
)
(x). (7.2.3)

Since supt∈[ε,T−ε] |gn(t) − g(t)| is a bounded and continuous function in RN ,

converging to 0, locally uniformly in RN , from Proposition 2.2.9 we deduce
that the right-hand side of (7.2.3) converges to 0, locally uniformly, as n tends
to +∞, and the conclusion follows.

Now, we prove the second part of the assertion. Let fε, f0 be as in the
statement of the lemma; we have

|T (t−ε)fε−T (t)f0| ≤ |T (t−ε)fε−T (t−ε)f0|+ |T (t−ε)f0−T (t)f0|, (7.2.4)

for any ε > 0. By Proposition 2.2.9, for any fixed t > 0, the first term in
the right-hand side of (7.2.4) converges to 0 as ε tends to 0, uniformly in
[0, T ] × B(k) for any T, k > 0. The second term in the right-hand side of
(7.2.4) converges to zero uniformly in [0, T ] × B(k), for any k > 0, as well,
since the function T (t)f0 is continuous in [0,+∞) × RN and, consequently,
uniformly continuous in [0, T ]×B(k) for any T, k > 0.

We can now prove our estimates. For notational convenience, we set

ω̂k = ω̂k,p =

{
0, if Hypotheses 6.1.1 hold

ωk,p, if Hypotheses 7.1.3 hold
, k = 1, 2, 3,

where ωk,p are defined in the proof of Theorem 7.1.5. Moreover, we denote
by Mk = Mk,p both the constants in (7.1.1) and in (7.1.12). Finally, we set
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L̃ = L2 if Hypotheses 6.1.1 are satisfied, and L̃ = L if Hypotheses 7.1.3 are
satisfied.

Theorem 7.2.2 Let k ∈ {1, 2, 3} and suppose that either Hypotheses 6.1.1(i)–
6.1.1(iii) and 6.1.1(iv-k) or Hypotheses 7.1.3(i) and 7.1.3(ii-k) hold. Then, for

any f ∈ Ck−1
b (RN ) we have

|
(
DkT (t)f

)
(x)|p

≤

(
ω̂k,p∧2

1 − e−ω̂k,p∧2t
ψk,p∧2(t)

)max{1, p
2
}
(
T (t)

(
k−1∑

j=0

|Djf |2
) p

2

)
(x),

(7.2.5)

for any t > 0, any x ∈ RN and any p > p̂, where p̂ = 1, under Hypotheses

6.1.1, and p̂ = p0, under Hypothesis 7.1.3, whereas

ψ1,r(t) = br,1t
1− p

2 (1 + t)
p

2 , t > 0,

for any r ∈ (1, 2], and

ψk,r(t) = br,k

(
1 +

eω̂k−1t − 1

ω̂k−1

) r
2
(
t+

eω̂k−1t − 1

ω̂k−1

)1− r
2

,

for any t > 0, any r ∈ (1, 2] and any k = 1, 2, 3, bk,r (r ∈ (1, 2], k = 2, 3)
being positive constants that can be explicitly determined from the data (see
(7.2.23) and (7.2.25)). When ω̂k−1 = 0 we agree that (1− e−ω̂k−1t)/ω̂k−1 = t.
Finally, a = 1, under Hypotheses 6.1.1, and a = α under Hypotheses 7.1.3.

Proof. We first consider the case when k = 3 and p ∈ (p̂, 2). We fix δ, t,
n ∈ N and let θn : RN → R be the cut-off function defined by ϑn(x) =
̺(|x|/n), where ̺ ∈ C∞([0,+∞)) is any nonincreasing function such that
χ(0,1/2) ≤ ϕ ≤ χ(0,1). For any α, β > 0 and any f ∈ C2

b (RN ) we define the
function gδ : [0, t] → C(B(n)) by

gδ(s)

= Tn(s)
{ (
α|Tn(t− s)f |2 + βϑ2

n|DTn(t− s)f |2 + ϑ4
n|D

2Tn(t− s)f |2 + δ
) p

2

−δ
p

2

}
,

(7.2.6)
for any 0 ≤ s ≤ t, where {Tn(·)} is the semigroup generated in Cb(B(n)) by the
realization An of the operator A with homogeneous Dirichlet boundary con-
ditions (see Section C). To simplify the notation, throughout the remainder of
the proof, when there is no damage of confusion, we drop out the dependence
of the functions considered on n. Moreover, we set ϕ(r) = ϕn(r) := Tn(t−r)f
for any r ∈ [0, t].

As it is easily seen the function

(
α|ϕ(r)|2 + βϑ2|Dϕ(r)|2 + ϑ4|D2Tϕ(r)|2 + δ

) p

2 − δ
p

2
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belongs to D(An) for any r ∈ [0, t). Recalling that A(δp/2) = 0, we get

g′δ(s)

= pTn(s)

[(
α

N∑

i,j=1

qijDiϕDjϕ+ βϑ2
N∑

i,j,h=1

qijDihϕDjhϕ

+ϑ4
N∑

i,j,h,k=1

qijDihkϕDjhkϕ+
β

2
A(ϑ2)|Dϕ|2 +

1

2
A(ϑ4)|D2ϕ|2

+4β ϑ

N∑

i,j,h=1

qijDiϑDhϕDjhϕ+ 8ϑ3
N∑

i,j,h,k=1

qijDjϑDhkϕDihkϕ

−βϑ2
N∑

i,j,h=1

DhqijDhϕDijϕ− βϑ2
N∑

j,h=1

DhbjDjϕDhϕ

−2ϑ4
N∑

i,j,h,k=1

DhqijDhkϕDijkϕ− 2ϑ4
N∑

j,h,k=1

DhbjDjkϕDhkϕ

−ϑ4
N∑

i,j,h,k=1

DhkqijDijϕDhkϕ− ϑ4
N∑

j,h,k=1

DhkbjDjϕDhkϕ

)

×
(
α|ϕ|2 + βϑ2|Dϕ|2 + ϑ4|D2ϕ|2 + δ

) p

2
−1

]

−
p(2 − p)

4
Tn(s)

[
N∑

i,j=1

qijDi

(
αϕ2 + βϑ2|Dϕ|2 + ϑ4|D2ϕ|2

)

×Dj

(
αϕ2 + βϑ2|Dϕ|2 + ϑ4|D2ϕ|2

)

×
(
α|ϕ|2 + βϑ2|Dϕ|2 + ϑ4|D2ϕ|2 + δ

) p
2
−2

]
.

Arguing as in the proof of (7.1.4) and observing that

(a+ b)2 ≤ (1 + ε)a2 + (1 + ε−1)b2

for any a, b, ε > 0, we easily deduce that

1

4

N∑

i,j=1

qijDi

(
αϕ2 + βϑ2|Dϕ|2 + ϑ4|D2ϕ|2

)

×Dj

(
αϕ2 + βϑ2|Dϕ|2 + ϑ4|D2ϕ|2

)
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≤ (1 + ε)

[
α|ϕ|

(
N∑

i,j=1

qijDiϕDjϕ

) 1

2

+βϑ2|Dϕ|

(
N∑

i,j,h=1

qijDihϕDjhϕ

) 1

2

+ϑ4|D2ϕ|

(
N∑

i,j,h,k=1

qijDihkϕDjhkϕ

) 1

2

]2

+

(
1 +

1

ε

)(
βϑ|Dϕ|2 + 2ϑ3|D2ϕ|2

)2 N∑

i,j=1

qijDiϑDjϑ

≤ (1 + ε)

[
α

N∑

i,j=1

qijDiϕDjϕ+ βϑ2
N∑

i,j,h=1

qijDihϕDjhϕ

+ϑ4
N∑

i,j,h,k=1

qijDihkϕDjhkϕ

]

×
(
α|ϕ|2 + βϑ2|Dϕ|2 + ϑ4|D2ϕ|2

)

+

(
1 +

1

ε

)(
β|Dϕ|2 + 4ϑ2|D2ϕ|2

)

×
(
βϑ2|Dϕ|2 + ϑ4|D2ϕ|2

) N∑

i,j=1

qijDiϑDjϑ.

Hence, taking ε = (p− 1)/(4 − 2p) we get

g′δ(s)

≥ pTn(s)

{[
p− 1

2
α

N∑

i,j=1

qijDiϕDjϕ+
p− 1

2
βϑ2

N∑

i,j,h=1

qijDihϕDjhϕ

+
p− 1

2
ϑ4

N∑

i,j,h,k=1

qijDihkϕDjhkϕ+
β

2
A(ϑ2)|Dϕ|2

+
1

2
A(ϑ4)|D2ϕ|2 + 4βϑ

N∑

i,j,h=1

qijDiϑDhϕDjhϕ

+8ϑ3
N∑

i,j,h,k=1

qijDjϑDhkϕDihkϕ− βϑ2
N∑

i,j,h=1

DhqijDhϕDijϕ

−βϑ2
N∑

j,h=1

DhbjDjϕDhϕ− 2ϑ4
N∑

i,j,h,k=1

DhqijDhkϕDijkϕ
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−2ϑ4
N∑

j,h,k=1

DhbjDjkϕDhkϕ− ϑ4
N∑

i,j,h,k=1

DhkqijDijϕDhkϕ

−ϑ4
N∑

j,h,k=1

DhkbjDjϕDhkϕ

−
3 − p

p− 1
(2 − p)

(
β|Dϕ|2 + 4ϑ2|D2ϕ|2

) N∑

i,j=1

qijDiϑDjϑ

]

×
(
α|ϕ|2 + βϑ2|Dϕ|2 + ϑ4|D2ϕ|2 + δ

) p

2
−1

}
. (7.2.7)

Taking Hypothesis 6.1.1(iii) and (6.1.24) into account, one can easily check
that

N∑

i,j=1

qij(x)Diϑ(x)Djϑ(x) ≤ C1κ(x), (7.2.8)

for any x ∈ B(n) and some positive constant C1, independent of n. Moreover,
in view of (6.1.23)-(6.1.25) and (7.2.8) we can write

A(ϑ2) ≥ −C2κ, (7.2.9)

A(ϑ4) = 2ϑ2A(ϑ2) + 2
N∑

i,j=1

qijDiϑ
2Djϑ

2 ≥ 2ϑ2A(ϑ2) ≥ −2C2ϑ
2κ, (7.2.10)

∣∣∣∣∣ϑ
N∑

i,j,h=1

qijDiϑDhϕDjhϕ

∣∣∣∣∣ ≤
C3N

4ε1
κ|Dϕ|2 + ε1C3ϑ

2κ|D2ϕ|2, (7.2.11)

∣∣∣∣∣ϑ
3

N∑

i,j,h,k=1

qijDjϑDhkϕDihkϕ

∣∣∣∣∣ ≤
C3N

4ε2
ϑ2κ|D2ϕ|2 + ε2C3ϑ

4κ|D3ϕ|2,

(7.2.12)
for any ε > 0, where C2, C3 are two positive constants independent of n.
Now, we observe that from Hypotheses 6.1.1, or Hypotheses 7.1.3, and (7.2.8),
(7.2.9)-(7.2.12), we get
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g′δ(s)

≥ pTn(s)

{[((
p− 1

2
α−

C2

2
β − β

C3N

ε1
+ β(p− 2)C1

3 − p

p− 1

)
κ− β2CN

2

4ε
κa

−ϑ2

(
βd+ r

N2

4ε

))
|Dϕ|2

+

((
β

(
p− 1

2
− 4ε1C3

)
−C2 −

2C3N

ε2
+ 4

3 − p

p− 1
(p− 2)C1

)
κ

−

(
CεN +

CN2

2ε3
+K+

1

)
κa − ϑ2 (2d+ rεN)

)
ϑ2|D2ϕ|2

+

[(
p− 1

2
− 8ε2C3

)
κ− 2Cε3Nκ

a

]
ϑ4|D3ϕ|2

]

×
(
α|ϕ|2 + βϑ2|Dϕ|2 + ϑ4|D2ϕ|2 + δ

) p
2
−1
}
,

where a= 1, under Hypotheses 6.1.1, and a= σ, under Hypotheses 7.1.3. We
now choose ε = 2L̃/N , ε1 = 2ε2 = (p− 1)/(16C3), ε3 = (p− 1)κ1−a

0 /(16CN)
and β ≥ N3/(8L̃2). With this choice of ε, ε1, ε2, ε3 and β we get

g′δ(s) ≥ pTn(s)

{
κ

(
H1(β, p)|Dϕ|

2 +H2(β, p)ϑ
2|D2ϕ|2 +

p− 1

8
κ1−a

0 ϑ4|D3ϕ|2
)

×(α|ϕ|2 + βϑ2|Dϕ|2 + ϑ4|D2ϕ|2 + δ)
p
2
−1

}
,

with

H1(α, β, p) :=
p− 1

2
α−

C2

2
β − 16

C2
3N

p− 1
β +

3 − p

p− 1
(p− 2)C1β

−
CN3

8L̃
κa−1

0 β2 −Aβ, (7.2.13)

H2(β, p) :=
p− 1

4
β − C2 −

64C2
3N

p− 1
+ 4

3 − p

p− 1
(p− 2)C1

−

(
8C2N3

p− 1
κa−1

0 +K+
1 + 2CL̃

)
κa−1

0 − 2A, (7.2.14)

where A = (L3)
+, under Hypotheses 6.1.1, and A = 0 otherwise.

It is immediate to notice that, both in the case when a = 1 and a = σ, we
can fix α, β sufficiently large so that H1(α, β, p) and H2(β, p) are both positive
and β ≥ N3/(8L̃2). Therefore, for such α’s and β’s we get

g′δ(s) ≥ cpTn(s)

(
ϑ4
(
|Dϕ|2 + |D2ϕ|2 + |D3ϕ|2

)

×
(
αϕ2 + β ϑ2|Dϕ|2 + ϑ4|D2ϕ|2 + δ

) p

2
−1
)
, (7.2.15)
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where

cp = cp(α, β) := pκ0 min

{
H1(α, β, p), H2(β, p),

p− 1

8
κ1−a

0

}
. (7.2.16)

Then, integrating (7.2.15) in [ε, t− ε] (ε > 0), and recalling that {Tn(t)} is a
positive semigroup, we get

cp

∫ t−ε

ε

(
Tn(s)

(
ϑ4(|Dϕ|2 + |D2ϕ|2 + |D3ϕ|2)

×(αϕ2 + β ϑ2|Dϕ|2 + ϑ4|D2ϕ|2 + δ)
p

2
−1
))

(x) ds

≤
(
Tn(t− ε)

(
(α|Tn(ε)f |2 +β ϑ2|DTn(ε)f |2 +ϑ4|D2Tn(ε)f |2 +δ)

p

2 − δ
p

2

))
(x).

(7.2.17)
Now, we observe that the same arguments as in Remark 6.1.5 show that Dγϕn

converges to DγT (t− ·)f uniformly in [ε, t− ε]×B(k), as n tends to +∞, for
any ε ∈ (0, t/2), any k ∈ N and any |γ| ≤ 3. Therefore, applying Lemma 7.2.1
we get

lim
n→∞

(
Tn(s)

(
ϑ4

n(|Dϕn(s)|2 + |D2ϕn(s)|2 + |D3ϕn(s)|2)

×
(
α|Dϕn(s)|2 +βϑ2

n|Dϕn(s)|2 +ϑ4
n|D

2ϕn(s)|2 + δ
) p

2
−1))

(x)

=
(
T (s)

(
(|DT (t− s)f |2 + |D2T (t− s)f |2 + |D3T (t− s)f |2)

×
(
α|DT (t− s)f |2 + β|DT (t− s)f |2

+|D2T (t− s)f |2 + δ
) p

2
−1))

(x),

the convergence being uniform in [ε, t− ε] ×B(k) for any k > 0, and

lim
n→+∞

(Tn(t− ε)((α|Tn(ε)f |2 + βϑ2
n|DTn(ε)f |2 + ϑ4

n|D
2Tn(ε)f |2)

p

2 ))(x)

= (T (t− ε)((α|T (ε)f |2 + β|DT (ε)f |2 + |D2T (ε)f |2)
p

2 ))(x),

uniformly for s ∈ [ε, t− ε]. Then, from (7.2.17) we get

cp

∫ t−ε

ε

(
T (s)

(
(|DT (t− s)f |2 + |D2T (t− s)f |2 + |D3T (t− s)f |2)

×
(
α|T (t− s)f |2 +β|DT (t− s)f |2 + |D2T (t− s)f |2 + δ)

p

2
−1
))

(x) ds

≤
(
T (t− ε)

(
α|T (ε)f |2 + β|DT (ε)f |2 + |D2T (ε)f |2)

p

2

))
(x),

(7.2.18)
for any x ∈ RN . Now, from Proposition 7.1.1 it follows that

lim
ε→0+

DjT (ε)f = Djf, j = 0, 1, 2,
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uniformly in B(k) for any k > 0. Therefore, from Lemma 7.2.1 we have

lim
ε→0+

(
T (t− ε)

(
(α|T (ε)f |2 + β|DT (ε)f |2 + |D2T (ε)f |2)

p

2

))
(x)

=
(
T (t)

(
(α|f |2 + β|Df |2 + |D2f |2)

p

2

))
(x),

(7.2.19)

for any x ∈ RN .
As far as the first integral term in (7.2.18) is concerned, we observe that,

by virtue of Theorem 7.1.2, for any x ∈ RN the function

s 7→
(
T (s)

( (
|DT (t− s)f |2 + |D2T (t− s)f |2 + |D3T (t− s)f |2

) p

2

))
(x)

behaves as Ĉ(t−s)−p/2 for some positive constant Ĉ, independent of x. There-
fore, the dominated convergence theorem and (7.2.19) imply that we can take
the limit as ε tends to 0+ in (7.2.18), getting

cp

∫ t

0

(
T (s)

( (
|DT (t− s)f |2 + |D2T (t− s)f |2 + |D3T (t− s)f |2

)

×
(
α|T (t− s)f |2 + β|DT (t− s)f |2 + |D2T (t− s)f |2 + δ

) p

2
−1
))

(x)ds

≤
(
T (t)

(
(αf2 + β|Df |2 + |D2f |2)

p

2

))
(x),

(7.2.20)
for any x ∈ RN .

For notational convenience we now set ϕ = T (t− s)f . Let us observe that,
from (7.1.1) or (7.1.12) (with k = 3), from the Young inequality and the
inequality

T (t)(fg) ≤ (T (t)(f q))
1

q (T (t)(gr))
1

r ,

holding for any positive f, g ∈ Cb(R
N ) and any r, q > 0 such that 1/r+1/q = 1

(see Theorem 2.2.5), we deduce that, for any γ ∈ R,

(
|DT (t)f |2 + |D2T (t)f |2 + |D3T (t)f |2

) p

2

=
(
|DT (s)(T (t− s)f)|2 + |D2T (s)(T (t− s)f)|2 + |D3T (s)(T (t− s)f)|2

) p

2

≤ M3e
ω̂3sT (s)

[(
a− σ

1 − σ
|ϕ|2 + |Dϕ|2 + |D2ϕ|2 + |D3ϕ|2

) p

2

]

≤ M3e
ω̂3sT (s)

[(
a− σ

1 − σ
|ϕ|2 + |Dϕ|2 + |D2ϕ|2 + |D3ϕ|2

) p

2

×
(
α|ϕ|2 +β|Dϕ|2 + |D2ϕ|2 + δ

)−γ

×
(
α|ϕ|2 + β|Dϕ|2 + |D2ϕ|2 + δ

)γ
]
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≤ M3e
ω̂3s

{
T (s)

((
α|ϕ|2 + β|Dϕ|2 + |D2ϕ|2 + δ

) 2γ

2−p

)}1− p
2

×

{
T (s)

[(
a− σ

1 − σ
|ϕ|2 + |Dϕ|2 + |D2ϕ|2 + |D3ϕ|2

)

×
(
α|ϕ|2 + β|Dϕ|2 + |D2ϕ|2 + δ

)− 2γ

p

]} p
2

.

Choosing γ = p(2 − p)/4, using the Jensen and Young inequalities, we get

(
|DT (t)f |2 + |D2T (t)f |2 + |D3T (t)f |2

) p

2

≤ M3e
ω̂3s
{
T (s)

((
α|ϕ|2 + β|Dϕ|2 + |D2ϕ|2 + δ

) p

2

)}1− p

2

×

{
T (s)

[(
a− σ

1 − σ
|ϕ|2 + |Dϕ|2 + |D2ϕ|2 + |D3ϕ|2

)

×
(
α|ϕ|2 + β|Dϕ|2 + |D2ϕ|2 + δ

) p
2
−1
]} p

2

≤ M3e
ω̂3s

{
p

2
ε

2

pT (s)

[(
a− σ

1 − σ
|ϕ|2 + |Dϕ|2 + |D2ϕ|2 + |D3ϕ|2

)

×
(
αϕ2 + β|Dϕ|2 + |D2ϕ|2 + δ

) p

2
−1
]

+
(
1 −

p

2

)
ε

2

p−2T (s)
[(
α|ϕ|2 + β|Dϕ|2 + |D2ϕ|2 + δ

) p

2

]}

≤ M3e
ω̂3s

{
p

2
ε

2

pT (s)

[ (
|Dϕ|2 + |D2ϕ|2 + |D3ϕ|2

)

×
(
α|ϕ|2 + β|Dϕ|2 + |D2ϕ|2 + δ

) p

2
−1
]

+
(
1 −

p

2

)
ε

2

p−2T (s)

[ (
α|ϕ|2 + β|Dϕ|2 + |D2ϕ|2 + δ

) p

2

]

+
p

2
ε

2

p
a− σ

1 − σ

1

α
T (s)

[ (
α|ϕ|2 + β|Dϕ|2 + |D3ϕ|2 + δ

) p
2

]}
.

(7.2.21)
Hence, recalling that

(|ϕ|2 + |Dϕ|2 + |D2ϕ|2 + δ)
p

2

≤ M2e
ω̂2(t−s)T (t− s)

(
(f2 + |Df |2 + |D2f |2 + δ)

p

2

)
+ δ

p

2

+
1 − a

1 − σ
T (t− s)(|f |p),

(see (7.1.8) and (7.1.17)), from (7.2.21) we get, for any ε > 0,
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(
|DT (t)f |2 + |D2T (t)f |2 + |D3T (t)f |2

) p
2

≤ M3e
ω̂3s

{
p

2
ε

2

pT (s)

[ (
|Dϕ|2 + |D2ϕ|2 + |D3ϕ|2

)

×
(
α|ϕ|2 + β|Dϕ|2 + |D2ϕ|2 + δ

) p

2
−1
]

+
(
1 −

p

2

)
max(1, α, β)

p

2M2ε
2

p−2 eω̂2(t−s)

×T (t)
[(
|f |2 + |Df |2 + |D2f |2 + δ

) p

2

]

+
(
1 −

p

2

)
max(1, α, β)

p
2 ε

2

p−2 δ
p
2

+
(
1 −

p

2

)
max(1, α, β)

p

2

1 − a

1 − σ
ε

2

p−2T (t)(|f |p)

+
p

2
ε

2

p
a− σ

1 − σ

1

α
max(1, α, β)

p

2M2e
ω̂2(t−s)

×T (t)
[(
f2 + |Df |2 + |D2f |2 + δ

) p

2

]

+
p

2
ε

2

p
a− σ

1 − σ

1

α
δ

p

2 max(1, α, β)
p

2

}
(7.2.22)

Now, we multiply the first and the last side of (7.2.22) by e−ω̂3s, integrate
in (0, t), pointwise with respect to x ∈ RN , taking (7.2.20) into account and
taking α ≥ 1. Finally, we let δ tend to 0+. We get

1 − e−ω̂3t

ω̂3

(
|DT (t)f |2 + |D2T (t)f |2 + |D3T (t)f |2

) p

2

≤ M3 max(α, β)
p

2

{
p

2

(
1

cp
+
a− σ

1 − σ
M2

eω̂2t − 1

ω̂2

)
ε

2

p

+
(
1 −

p

2

)(
M2

eω̂2t − 1

ω̂2
+

1 − a

1 − σ
t

)
ε

2

p−2

}

×T (t)
(
(f2 + |Df |2 + |D2f |2)

p

2

)

Minimizing with respect to ε > 0 gives

1 − e−ω̂3t

ω̂3

(
|DT (t)f |2 + |D2T (t)f |2 + |D3T (t)f |2

) p

2

≤ M3 max{α, β}
p

2

(
1

cp
+
a− σ

1 − σ
M2

eω̂2t − 1

ω̂2

) p
2
(
M2

eω̂2t − 1

ω̂2
+

1 − a

1 − σ
t

)1− p
2

×T (t)
(
(f2 + |Df |2 + |D2f |2)

p

2

)
.
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Now, (7.2.5) with p ∈ (1, 2) follows taking

b3,p = M3 max

{
M2,

1 − a

1 − σ

}1− p
2

×min

{
max(α, β)

p

2 max

(
1

cp(α, β)
,
a− σ

1 − σ
M2

) p

2

:

α ≥ 1, H1(α, β, p), H2(β, p) > 0

}
, (7.2.23)

where H1(α, β, p) and H2(β, p) are given by (7.2.13) and (7.2.14). Note that
the previous minimum exists since the function

(α, β) 7→ max{α, β}(cp(α, β))−
p

2

with domain D = {(α, β) ∈ R2 : Hj(α, β) > 0, j = 1, 2} tends to +∞ both
as ||(α, β)|| tends to +∞ and as (α, β) tends to any point on ∂D.

The case when p = 2 is similar and even simpler. It suffices to apply the
previous arguments to the function g0 defined by (7.2.6) (with δ = 0 and
p = 2).

In the case when p > 2, (7.2.5) (with k = 3) can be obtained from the case
when p = 2 observing that

|(D3T (t)f)(x)|p =
(
|(D3T (t)f)(x)|2

) p
2

≤

(
ω̂3,2

1 − e−ω̂3,2t
ψ3,2(t)

) p

2

×
((
T (t)

(
f2 + |Df |2 + |D2f |2

))
(x)
) p

2

and, then, applying the Hölder inequality.
The proof of (7.2.5) in the case when k = 1, 2 is completely similar. In the

case when k = 2 one can apply the previous arguments to the function gδ

in (7.2.6), obtained disregarding the terms whose coefficients do not depend
on α and β and setting β = 1. After some computations one finds that g′δ is
still given by (7.2.7) with the obvious changes induced by the changes in the
definition of the function gδ. Therefore, taking ε = (p − 1)κ1−a

0 /(8CN) and
ε1 = (p− 1)/(16C3), one gets

g′δ(s) ≥ pTn(s)

{(
H3(α, p)κ|Dϕ|

2 +
p− 1

8
κ1−a

0 κaϑ2|D2ϕ|2
)

×(α|ϕ|2 + ϑ2|Dϕ|2 + δ)
p

2
−1

}
,

where

H3(α, p) =
p− 1

2
α−

C2

2
−

16C2
3N

p− 1
+ (p− 2)C1

3 − p

p− 1
−

2C2N3

p− 1
κ2a−2

0 −A,



148 Chapter 7. Pointwise estimates for the derivatives of T (t)f

where, again, A = (L3)
+, under Hypotheses 6.1.1, and A = 0 otherwise.

Repeating the same arguments as above, one can now prove that

( 2∑

j=1

|(DjT (t)f)(x)|2
) p

2

≤

(
ω2,p∧2

1 − e−ω2,p∧2t
ψ2,p∧2(t)

)max{1, p
2
}
(
T (t)

(
1∑

j=0

|Djf |2
) p

2

)
(x),

(7.2.24)

for any t > 0, any x ∈ RN and any p ∈ (1,+∞), where ψ2,p∧2 is as in the
statement of the theorem with

b2,p = M2 max

(
M1,

1 − a

1 − σ

)1− p

2

×min

{
αp/2,max

(
1

c′p(α)
,
a− σ

1 − σ
M1

) p

2

: α ≥ 1, H3(α, p) > 0

}
.

(7.2.25)

Here,

c′p(α) = c′p(α, p) := pκ0 min

{
H3(α, p),

p− 1

8

}
.

In the case when k = 1, the previous arguments actually show that

b1,p = M1 max

(
1

p(p− 1)
,
a− σ

1 − σ

) p

2

and

|(DT (t)f)(x)|p ≤

(
ω1,p∧2

1 − e−ω1,p∧2t
ψ1,p∧2(t)

)max{1, p
2
}

(T (t)(|f |p))(x), (7.2.26)

for any t > 0 and any x ∈ R
N .

Corollary 7.2.3 Let k = 2, 3. Moreover, let Hypotheses 6.1.1(i)–6.1.1(iii)
and 6.1.1(iv-k), or Hypotheses 7.1.3(i) and 7.1.3(ii-k) hold. Then, for any

f ∈ Cb(R
N ) and any p ∈ (p̂,+∞) (see Theorem 7.2.2), we have

|(DkT (t)f)(x)|p ≤

( k−1∑

j=0

kj

j∏

h=0

ω̃k−h,p∧2

1 − e−eωk−h,p∧2t
ψk−h,p∧2(t/k)

)max{1, p

2
}

×(T (t)(|f |p))(x), (7.2.27)

for any t > 0 and any x ∈ RN , where ω̃k,r = 1
k ω̂j,r, and ψj,r and ω̂j,r are as

in Theorem 7.2.2.
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Proof. We begin by proving (7.2.27) in the case when k = 3 and p ≤ 2. We
fix f ∈ Cb(R

N ) and t > 0. Applying (7.2.5) to the function T (2t/3)f we get

|(D3T (t)f)(x)|p

≤
ω̂3,p

1 − e−ω̂3,pt/3
ψ3,p(t/3)

×T (t/3)
{(

|T (2t/3)f |2 + |DT (2t/3)f |2 + |D2T (2t/3)f |2
) p

2

}
(x),

(7.2.28)
for any x ∈ R

N . Now, taking (7.2.24) into account, with T (t)f replaced with
T (2t/3)f , we get

(
|T (2t/3)f |2 + |DT (2t/3)f |2 + |D2T (2t/3)f |2

) p

2

≤
ω̂2,p

1 − e−ω̂2,pt/3
ψ2,p(t/3)T (t/3)

{(
|T (t/3)f |2 + |DT (t/3)f |2

) p

2

}

+T (2t/3)(|f |p)

≤
ω̂2,p

1 − e−ω̂2,pt/3
ψ2,p(t/3)

[
ω̂1,p

1 − e−ω̂1,pt/3
ψ1,p(t/3) + 1

]
T (2t/3)(|f |p)

+T (2t/3)(|f |p). (7.2.29)

Combining (7.2.28) and (7.2.29) gives (7.2.27) for p ≤ 2. If p > 2 and k = 3,
(7.2.27) follows from the case when p = 2 applying the Hölder inequality. The
proof of (7.2.27) (with k = 2) is similar: we write

|(D2T (t)f)(x)|2 = |(D2T (t/2)T (t/2)f)(x)|2

and apply (7.2.5) to T (t/2)f with, respectively, k = 1 and k = 2. We omit
the details.

Remark 7.2.4 The estimates in (7.2.5) (with k = 1) and in Corollary 7.2.3
allow us to improve the uniform estimates for the derivatives of T (t) in The-
orem 6.1.7. Indeed, they show that under Hypotheses 6.1.1(i)–6.1.1(iii) and
6.1.1(ii-k) (k = 1, 2, 3), the sup-norm of DkT (t)f stays bounded as t tends to
+∞, whereas it decreases exponentially to 0 as t tends to +∞ if Hypotheses
7.1.3(i) and 7.1.3(ii-k) are satisfied.

The estimate (7.2.5) (with k = 1) can also be used to prove a Liouville type
theorem. Namely, under Hypotheses 7.1.3(i) and 7.1.3(ii-1) such an estimate
allows us to prove that, if u ∈ Cb(R

N ) satisfies the equation Au = 0, then it
is constant. As it has already been stressed in the introduction, such a result
fails in general. We refer the reader to [128] for further details.

Theorem 7.2.5 Suppose that Hypotheses 7.1.3(i) and 7.1.3(ii-1) hold. If f ∈
Cb(R

N ) satisfies Af = 0, then u is constant.
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Proof. We observe that if f ∈ Cb(R
N ) is such that Af = 0, then, by local

elliptic regularity, u ∈ Dmax(A) (see (2.0.1)). Moreover, for any g ∈ Dmax(A)
and any x ∈ R

N , the function t 7→ (T (t)g)(x) is continuously differentiable in
[0,+∞) and (DtT (t)g)(x) = (AT (t)g)(x) = (T (t)Ag)(x) (see Lemma 2.3.3,
Propositions 2.3.5, 2.3.6 and 4.1.10). Hence DtT (t)f = 0 for any t > 0, so
that T (t)f ≡ f for any t > 0. From (7.2.5) we deduce that

|(DT (t)f)(x)| ≤
C̃e−ωt

√
t

(
(T (t)f2)(x)

) 1

2 ≤
C̃e−ωt

√
t

||f ||∞, t > 0, x ∈ R
N ,

(7.2.30)

for some C̃, ω > 0. Letting t go to +∞ in (7.2.30), we get

Df(x) = lim
t→+∞

(DT (t)f)(x) = 0, x ∈ R
N ,

so that f is constant.

7.3 Further estimates for A = ∆ +
∑

N

j=1
bj(x)Dj

Now, we consider the particular case when qij ≡ δij (i, j = 1, . . . , N). In this
case we show that, under Hypotheses 7.1.3, the gradient estimate (7.1.1) can
be proved also for p = 1.

Theorem 7.3.1 Fix k = 1, 2, 3 and suppose that qij ≡ δij (i, j = 1, . . . , N).
Moreover, let Hypotheses 7.1.3(i), 7.1.3(ii-k) hold with the conditions (7.1.10)
and (7.1.11) being replaced with the following one:

d(x) + Lkr(x) ≤ K, x ∈ R
N , (7.3.1)

to be satisfied for some constants Lk > 0 and K ∈ R. Then,

|(DkT (t)f)(x)| ≤Mke
ωkt

(
T (t)

(
k∑

j=1

|Djf |2
) 1

2

)
(x), t > 0, x ∈ R

N ,

(7.3.2)
where Mk > 0 and ωk are constants which can be explicitly determined (see
the proof ). In particular, ωk < 0 (k = 2, 3) if K < 0.

Finally, if k = 1, assume that the coefficient bj belongs to C1+δ
loc (RN ) for

some δ ∈ (0, 1) and any j = 1, . . . , N , and (7.1.9) is satisfied with the function

d being replaced with a real constant d0. Then,

|(DT (t)f)(x)| ≤ ed0t(T (t)|Df |)(x), t > 0, x ∈ R
N . (7.3.3)
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Proof. We limit ourselves to sketching the proof of (7.3.2) in the case when
k = 3, since the proof of (7.3.2) (with k = 2) and (7.3.3) are similar and even
simpler. The proof that we provide is similar to that of Theorem 7.1.2. For
the reader’s convenience we go into details.

Let δ > 0, f ∈ C1
b (RN ) and consider the function wδ : (0,+∞) × RN → R

defined by

wδ(t, x) =
(
α|Du(t, x)|2 + β|D2u(t, x)|2 + |D3u(t, x)|2 + δ

) 1

2 ,

where, as usual, u = T (·)f , and α, β are positive constants to be fixed later
on. Arguing as in the proof of Theorem 7.1.2 and taking the Cauchy-Schwarz
inequality into account, we can easily show that wδ turns out to solve the
Cauchy problem





Dtwδ(t, x) = Awδ(t, x) + gδ(t, x), t > 0, x ∈ RN ,

wδ(0, x) =
(
α|Df(x)|2 + β|D2f(x)|2 + |D3f(x)|2 + δ

) 1

2 , x ∈ RN ,

where (see (7.1.6))

gδ ≤ w−1
δ

(
α

N∑

j,h=1

DhbjDjuDhu+ 2β

N∑

j,h,k=1

DhbjDjkuDhku

+3

N∑

j,h,k,l=1

DhbjDjkluDhklu+ β

N∑

j,h,k=1

DhkbjDjuDhku

+3

N∑

j,h,k,l=1

DhkbjDjluDhklu+

N∑

j,h,k,l=1

DhklbjDjuDhklu

)
.

From Hypotheses 7.1.3(ii-3) and (7.3.1), and arguing as in the proof of (7.1.13),
we get for any ε > 0

gδ ≤ w−1
δ

{(
αd+

N2

4ε
βr +

N3

4ε1
r

)
|Du|2 +

(
β(2d+ εNr) +

3N2

4ε1
r

)
|D2u|2

+(3d+ 4ε1rN)|D3u|2
}
.

We choose ε = 4ε1/3 = L3/N and, then, α and β such that

β >
N3

L2
3

, α >
N3

24L2
3

(3β + 8N).

With these choices of ε, ε1, α, β we get

gδ ≤
(
α|Du|2 + β|D2u|2 + |D3u|2 + δ

)− 1

2

×(αK|Du|2 + 2K|D2u|2 +K|D3u|2)

≤ max{K, 2K/β}wδ −K−δ
1

2 .
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Repeating the same arguments in the last part of the proofs of Theorems 7.1.2
and 7.1.5, we can easily get (7.3.2) with ω3 = max{K, 2K/β}.

In the case when k = 2, arguing likewise, we get ω2 = max{K, 2K}.

Remark 7.3.2 Using the Jensen inequality as in the proof of Theorem 7.1.2,
from (7.3.3) we get

|(DT (t)f)(x)|p ≤ ed0pt(T (t)(|Df |p))(x), t > 0, x ∈ R
N , (7.3.4)

for any p ∈ [1,+∞).
Moreover, adapting the proof of Theorem 7.2.2 to this case, we can show

that, for any f ∈ Cb(R
N ), any t > 0 and any x ∈ RN , it holds:

|(DT (t)f)(x)|p ≤
2pp1−p/2d0

p− 1)p/2(1 − e−pd0t)
t1−

p
2 (T (t)(|f |p))(x), (7.3.5)

for any p ∈ (1, 2] and

|(DT (t)f)(x)|p ≤

(
d0

1 − e−2d0t

) p

2

(T (t)(|f |p))(x), (7.3.6)

for any p ∈ (2,+∞).
We will use this estimate in Section 8.3.

In general, the estimates (7.2.5) and (7.2.27) fail for p = 1 also in the case
when the coefficients of the operator A are bounded. Here, we provide a simple
situation in which this happens, taking A = ∆.

Example 7.3.3 Let {T (t)} be the heat semigroup in R, i.e.,

(T (t)f)(x) =
1

√
4πt

∫

R

e−
(x−y)

2

4t f(y)dy, t > 0, x ∈ R.

The space derivative of T (t)f is given by

(DT (t)f)(x) =
1

2t
√

4πt

∫

R

(y − x)e−
(x−y)

2

4t f(y)dy, t > 0, x ∈ R.

Fix R > 0 and let f ∈ Cb(R) be such that 0 ≤ f ≤ 1, f(x) = 0 for any
x < R −R−1 and f(x) = 1 for any x > R. Then,

(T (t)f)(0) ≤
1

√
4πt

∫ +∞

R−R−1

e−
|y|2

4t dy,

(DT (t)f)(0) ≥
1

2t
√

4πt

∫ +∞

R

ye−
|y|2

4t dy.
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Therefore, (DT (t)f)(0) ≥ cR(T (t)f)(0), where

cR =
1

2t

∫ +∞

R

ye−
|y|2

4t dy

(∫ +∞

R−R−1

e−
|y|2

4t dy

)−1

.

Using De L’Hôspital rule, it is readily seen that cR tends to +∞ as R goes to
+∞. This means that no pointwise estimates similar to (7.2.5) can hold for
p = 1.





Chapter 8

Invariant measures µ and the

semigroup in Lp(RN , µ)

8.0 Introduction

In this chapter we deal with the invariant measures of the semigroup {T (t)}
associated with the operator A defined on smooth functions by

Au(x) =
N∑

i,j=1

qij(x)Diju(x) +
N∑

j=1

bj(x)Dju(x), x ∈ R
N . (8.0.1)

We recall that, according to Remark 2.2.10, {T (t)} is a semigroup of contrac-
tions in Bb(R

N ).
Throughout the chapter, for any measure µ, we write Lp

µ for Lp(RN , µ) and

we denote by || · ||p the norm of Lp
µ. Moreover, we write W k,p

µ for W k,p(RN , µ)
for any k ∈ N and any p ∈ [1,+∞].

By definition, a probability measure µ is an invariant measure for {T (t)} if

∫

RN

T (t)f dµ =

∫

RN

f dµ, (8.0.2)

for any f ∈ Bb(R
N ) or, equivalently, for any f ∈ C∞

c (RN ) (see Lemma 8.1.3).
In Section 8.1 we show that if there exists an invariant measure of {T (t)},

then the semigroup can be extended to a semigroup of bounded operators in
the space Lp

µ for any p ∈ [1,+∞). Such an extension, which we still denote by
{T (t)}, enjoys many interesting properties. First of all, it defines a strongly
continuous semigroup for any p ∈ [1,+∞). Moreover, it is possible to describe
the behaviour of the function T (t)f in Lp

µ when t approaches +∞. More
precisely, for any f ∈ Lp

µ we have

lim
t→+∞

||T (t)f − f ||p = 0, where f =

∫

RN

f dµ.

Such a result implies a Liouville type theorem, i.e., it implies that if u ∈ D(Lp)
satisfies Lpu = 0 for some p ∈ (1,+∞), then u is constant. Here, and in all
the chapter, by Lp we denote the infinitesimal generator of the semigroup in
Lp

µ.
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The invariant measure µ of {T (t)}, whenever existing, is unique and it is
equivalent to the Lebesgue measure on the σ-algebra of the Borel sets of RN ,
in the sense that a Borel set A is negligible with respect to µ if and only if
it is negligible with respect to the Lebesgue measure. Moreover, the density
ρ = dµ/dx satisfies

ess inf
x∈B(r)

ρ(x) > 0, r > 0.

We will prove the existence of an invariant measure of {T (t)} in three dif-
ferent ways and situations. First we show a classical result by Khas’minskii,
which guarantees the existence of the invariant measure in terms of a Lya-
punov function related to the operator A. Next, we show that an invariant
measure exists whenever T (t) is compact in Cb(R

N ) for any t > 0. Finally, we
consider the case when the operator A is given, on smooth functions, by

Au(x) = ∆u(x) − 〈DU(x) +G(x), Du(x)〉, x ∈ R
N (8.0.3)

and the functions U andG belong, respectively, to C1+α
loc (RN ) andC1(RN ,RN )

for some α ∈ (0, 1). We prove that if e−U ∈ L1(RN ) and divG = 〈G,DU〉,
then the measure

µ(dx) = K−1e−U(x)dx, K =

∫

RN

e−U(x)dx,

is the invariant measure of {T (t)}. Moreover, the semigroup {T (t)} and its
infinitesimal generator L2 are symmetric in L2

µ and the following formula
holds:

∫

RN

〈Df,Dg〉dµ = −

∫

RN

gL2f dµ, f ∈ D(L2), g ∈W 1,2
µ .

Notice that, when f ∈ C∞
c (RN ), such a formula follows immediately from an

integration by parts. The proof that µ is an invariant measure of {T (t)} is
obtained using variational methods in Lp

µ.
In Section 8.2 we show some regularity properties of the invariant measure

µ. We first show that if the diffusion coefficients qij (i, j = 1, . . . , N) are
continuously differentiable in RN , then µ has a density ρ which belongs to
W 1,p

loc (RN ). In particular, according to the Sobolev embedding theorems, ρ is
a continuous function in RN . Next, we specialize to the case when

Au =

N∑

i,j=1

Di(qijDju) +

N∑

i=1

biDiu,

on smooth functions. Allowing both the diffusion and the drift coefficients to
be unbounded in RN , we show some global Lp- and W 1,p-regularity properties
of ρ. In particular, we show that if bi ∈ Lp

µ for any i = 1, . . . , N , then ρ ∈

Cb(R
N ). Further, in the particular case when the diffusion coefficients belong
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to C1
b (RN ), we prove some global W 1,q- and W 2,q-regularity properties of ρ.

Finally, under some additional assumptions on the coefficients of the operator
A, we show some pointwise bounds for the function ρ.

In Section 8.3 we prove some estimates for the derivatives of T (t)f (up to
the third-order) and for the gradient of the resolvent operator in the Lp

µ-norm.
Such estimates follow integrating the pointwise estimates proved in Chapter
7.

In Section 8.4 we consider the operator A in (8.0.3) when U is a convex
function. In this case we can characterize the domain D(L2) and we obtain
further estimates for the derivatives of the resolvent R(λ, L2)f .

In Section 8.5 we study the compactness of the embedding W 1,p
µ ⊂ Lp

µ in
the symmetric case. We show that the embedding is compact whenever

lim
|x|→+∞

|DU(x)| = +∞

and
|∆U(x)| ≤ δ|DU(x)|2 +M, x ∈ R

N ,

in the case when p ≥ 2, or

〈D2U(x)DU(x), DU(x)〉 ≥ (δ|DU(x)|2 +M)|DU(x)|2, x ∈ R
N ,

if p ∈ (1, 2). Here δ ∈ (0, 1) and M > 0 are suitable constants.
A consequence of the compactness of the embedding of W 1,p

µ in Lp
µ is the

Poincaré inequality in Lp
µ, that is the inequality

∫

RN

|f − f |pdµ ≤ C

∫

RN

|Df |pdµ, f ∈W 1,p
µ .

In the case when p = 2, the Poincaré inequality can be proved even in the non-
symmetric case, using the pointwise estimates of Chapter 7. Such an inequality
has the following consequences: first it allows us to show that T (t)f converges
exponentially to f in L2

µ as t tends to +∞; secondly, it implies that L2 has
the spectral gap property in L2

µ, that is

σ(L2) \ {0} ⊂ {λ ∈ C,Re λ ≤ −1/C} .

The Poincaré inequality and the spectral gap property are discussed in Section
8.6.

Finally, in Section 8.7 we consider the logarithmic Sobolev inequality, i.e.,
the inequality

∫

RN

fp log fdµ ≤ ||f ||pp log ||f ||p +
p

λ

∫

RN

fp−2|Df |2dµ,

for positive and regular functions f . Such an inequality was first studied by
Leonard Gross in [69]. For p = 2, it implies that f2 log f is integrable for any
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positive f ∈ W 1,2
µ . This is a very sharp result, as it can be seen in the case

when the invariant measure µ is a Gaussian measure (see Example 8.7.6). In
particular, such an example shows that the Sobolev embedding theorems, in
general, fail to hold when µ is an invariant measure.

We prove the logarithmic Sobolev inequality using the pointwise estimates
of Chapter 7. Then, adapting a proof by Gross, we see that in the symmet-
ric case the logarithmic Sobolev inequality implies the hypercontractivity of

{T (t)}. This means that the operator T (t) is a contraction from L2
µ to L

q(t)
µ

for any t > 0, where q(t) = 1 + eλt. This is a sharp result too, since in general
T (t) is not bounded from L2

µ to Lq
µ for any q > q(t). The hypercontractivity

was first proved by Edward Nelson in [121] for the Ornstein-Uhlenbeck semi-
group, and, in fact, it was the reason for which Gross studied the logarithmic
Sobolev inequalities.

8.1 Existence, uniqueness and general properties

In this section, we deal with the problem of the existence and uniqueness
of the invariant measure of {T (t)} and we prove some general properties of
the invariant measures. If not otherwise specified, we always assume that the
coefficients of the operator A satisfy the same assumptions as in Chapter 2
that we rewrite here for the reader’s convenience.

Hypotheses 8.1.1 (i) qij ≡ qji for any i, j = 1, . . . , N and

N∑

i,j=1

qij(x)ξiξj ≥ κ(x)|ξ|2, κ(x) > 0, ξ, x ∈ R
N ;

(ii) qij and bi (i, j = 1, . . . , N) belong to Cα
loc(R

N ) for some α ∈ (0, 1).

8.1.1 General properties and uniqueness of the invariant mea-
sure of {T (t)}

To begin with we give a characterization of the invariant measures of {T (t)}

in terms of the weak generator Â of the semigroup (see Section 2.3).

Proposition 8.1.2 A Borel probability measure µ is an invariant measure of

{T (t)} if and only if

∫

RN

Âfdµ = 0, f ∈ D(Â). (8.1.1)
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To prove the proposition, we first need the following lemma.

Lemma 8.1.3 A Borel probability measure µ such that
∫

RN

T (t)fdµ =

∫

RN

fdµ, t > 0, (8.1.2)

for any f ∈ C∞
c (RN ) is an invariant measure of {T (t)}.

Proof. Fix f ∈ Bb(R
N ). We claim that we can approximate f with a se-

quence {fn} ⊂ C∞
c (RN ) which is bounded with respect to the sup-norm and

such that fn tends to f almost everywhere in RN as n tends to +∞. Observe
that a convolution argument with standard mollifiers proves the claim when
f ∈ Cb(R

N ). For a general f ∈ Bb(R
N ) it suffices to observe that, according

to [53, Proposition 3.4.2]), we can determine a sequence {fn} ⊂ Cb(R
N ) such

that ||fn||∞ ≤ C for any n ∈ N and limn→+∞ fn(x) = f(x) for almost any
x ∈ R

N .
Now, the assertion easily follows from the dominated convergence theorem,

writing (8.1.2) with fn instead of f and letting n go to +∞. Indeed, by Remark
2.2.10, (T (t)fn)(x) converges to (T (t)f)(x) as n tends to +∞, for any t > 0
and any x ∈ RN , and supn∈N

||T (t)fn||∞ < +∞.

Proof of Proposition 8.1.2. First we recall that, according to (2.3.12), for

any f ∈ D(Â), any t > 0 and any x ∈ RN , we have

(T (t)f)(x) − f(x) =

∫ t

0

(T (s)Âf)(x)ds. (8.1.3)

Now, let µ be an invariant measure of {T (t)} and fix f ∈ D(Â). Then
∫

RN

T (t)f − f

t
dµ = 0, t > 0. (8.1.4)

By (8.1.3), recalling that {T (t)} is a semigroup of contractions since c ≡ 0

(see Theorem 2.2.5), it follows that t−1|(T (t)f)(x) − f(x)| ≤ ||Âf ||∞ for any
t > 0 and any x ∈ RN . Thus (8.1.1) follows letting t tend to 0 in (8.1.4), using
the dominated convergence theorem.

Conversely, assume that µ is a Borel probability measure satisfying (8.1.1),
and let f ∈ C∞

c (RN ). By Lemma 2.3.3 and Proposition 2.3.6, f and T (s)f

belong to D(Â) and T (s)Âf = ÂT (s)f for any s > 0. Integrating (8.1.3) in
RN and using the Fubini theorem, we get

∫

RN

(T (t)f − f)dµ =

∫ t

0

ds

∫

RN

ÂT (s)fdµ = 0, t > 0

and, then, the conclusion follows from Lemma 8.1.3.
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Remark 8.1.4 A probability measure µ which solves the equation (8.1.1) for
any ϕ ∈ C∞

c (RN ) is usually called infinitesimally invariant. In general an in-
finitesimally invariant measure µ is not an invariant measure of the semigroup
{T (t)}. Indeed, in [136, Example 1.12], W. Stannat shows that the measure

dµ = e−x2

dx is infinitesimally invariant for the one-dimensional elliptic oper-
ator defined by

Au(x) = u′′(x) − (2x+ 6ex2

)u′(x), x ∈ R,

on smooth functions, but it is not invariant for the semigroup associated with
the operator A.

Checking that the measure µ is infinitesimally invariant for the operator
A is an easy task. According to the forthcoming Proposition 8.1.10, to prove
that it is not invariant for the associated semigroup {T (t)} it suffices to show
that {T (t)} is not conservative. According to Theorem 3.2.2, this is the case
if +∞ or −∞ are accessible. In fact, we are going to prove that +∞ is an
entrance and −∞ is an exit point. For this purpose, we show that the functions
Q,R : R → R defined by

Q(x) =
1

W (x)

∫ x

0

W (t)dt, R(x) = W (x)

∫ x

0

1

W (t)
dt, x ∈ R,

where

W (x) = exp

(
x2 + 6

∫ x

0

et2dt

)
, x ∈ R

(see (3.1.3)-(3.1.5)), are such that Q ∈ L1(0,+∞), Q /∈ L1(−∞, 0), R ∈
L1(−∞, 0), R /∈ L1(0,+∞). But this can be easily shown, observing that

lim
x→+∞

x4Q(x) = lim
x→−∞

x4R(x) = 0, lim
x→−∞

Q(x) = lim
x→+∞

R(x) = +∞.

Let us now exploit some properties of the invariant measures.

Proposition 8.1.5 Let µ be an invariant measure of {T (t)}. Then, µ is

equivalent to the Lebesgue measure m on the σ-algebra of the Borel sets of

RN (in the sense that µ and the Lebesgue measure have the same sets of zero

measure). Besides, for any fixed r > 0 the density ρ of µ with respect to the

Lebesgue measure satisfies

ess inf
x∈B(r)

ρ(x) > 0.

Proof. For any Borel set B ⊂ RN , any t > 0 and any x ∈ RN we have

(T (t)χB)(x) =

∫

B

G(t, x, y)dy
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(see Theorem 2.2.5), and, by (8.0.2),

µ(B) =

∫

RN

χBdµ =

∫

RN

T (t)χBdµ.

Therefore, if m(B) = 0, then (T (t)χB)(x) = 0 for any t > 0 and any x ∈ RN ,
since G is strictly positive in (0,+∞)×RN ×RN . Thus, µ(B) = 0. Conversely,
if m(B) > 0, then (T (t)χB)(x) > 0 for any x ∈ R

N and, therefore, µ(B) > 0.
Thus µ and m are equivalent.

Now, let r > 0 and fix R > r. Moreover, let GR be the Green’s func-
tion in B(R) associated with the realization of the operator A with homo-
geneous Dirichlet boundary conditions in C(B(R)) (see Proposition C.3.2).
Since GR(t, x, y) ≤ G(t, x, y) for any R > 0, any t > 0 and any x, y ∈ B(R)
(see the proof of Theorem 2.2.5), then, for any positive function f ∈ Bb(R

N ),
we have

∫

RN

f(x)ρ(x)dx =

∫

RN

(T (1)f)(x)ρ(x)dx

=

∫

RN

∫

RN

G(1, x, y)f(y)ρ(x)dy dx

≥

∫

RN

f(y)

∫

B(R)

GR(1, x, y)ρ(x)dx dy.

Since f is arbitrary, we have

ρ(y) ≥ F (y) =

∫

B(R)

GR(1, x, y)ρ(x)dx,

for almost any y ∈ B(R). Now, since GR(1, ·, ·) is positive, bounded and
continuous in B(R)×B(R), it follows that the function F is positive, bounded
and continuous in B(R). Therefore, ρ(y) ≥ infB(r) F > 0 for almost any
y ∈ B(r).

As an immediate consequence of the results in Proposition 8.1.5, we get the
following corollary.

Corollary 8.1.6 Any invariant measure µ of {T (t)} can be extended to a

complete probability measure defined on the σ-algebra of all the Lebesgue mea-

surable sets.

Moreover, since the Lebesgue measure is regular, Proposition 8.1.5 imme-
diately implies that µ is regular as well. Hence, applying [135, Theorem 3.14],
we get the following useful result.

Corollary 8.1.7 If µ is an invariant measure of {T (t)}, then C∞
c (RN ) is

dense in Lp
µ for any p ∈ [1,+∞).
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We can now prove the following result.

Proposition 8.1.8 Let µ be an invariant measure of {T (t)}. For any p ∈
[1,+∞), {T (t)} extends to a strongly continuous semigroup of contractions in

Lp
µ.

Proof. We begin the proof recalling that

(T (t)f)(x) =

∫

RN

f(y)p(t, x; dy), t > 0, x ∈ R
N , f ∈ Cb(R

N ),

where p(t, x; dy) are positive measures satisfying p(t, x; RN ) ≤ 1 for any t > 0
and any x ∈ RN .

Using the Hölder inequality, we easily deduce that

|(T (t)f)(x)|p =

∣∣∣∣

∫

RN

f(y)p(t, x; dy)

∣∣∣∣
p

≤

∫

RN

|f(y)|pp(t, x; dy) = (T (t)(|f |p))(x),

for any f ∈ Cb(R
N ), any t > 0 and any x ∈ R

N . Therefore,

∫

RN

|T (t)f |pdµ ≤

∫

RN

T (t)(|f |p)dµ =

∫

RN

|f |pdµ, t > 0.

Thus, since Cb(R
N ) is dense in Lp

µ (due to Corollary 8.1.7), then, for any
t > 0, the operator T (t) can be uniquely extended to a contraction in Lp

µ.
The strong continuity of {T (t)} in Lp

µ now is an immediate consequence of
Propositions 2.2.7 and A.1.2.

As it has been pointed out in the introduction to this chapter, for any
p ∈ [1,+∞), we denote by Lp the generator of {T (t)} in Lp

µ. We simply write
L for L2. From (8.0.2) it readily follows that

∫

RN

Lpfdµ = 0, f ∈ D(Lp), p ∈ [1,+∞). (8.1.5)

Besides, for any p ∈ [1,+∞) the resolvent R(λ, Lp) is an extension of R(λ)
(see Theorem 2.1.3) to Lp

µ and

||R(λ, Lp)f ||p ≤ λ−1||f ||p, f ∈ D(Lp), λ > 0, p ∈ [1,+∞). (8.1.6)

As the following proposition shows, D(Â) is a core of Lp.

Proposition 8.1.9 Let {T (t)} admit an invariant measure µ. Then, D(Â)
is a core of Lp, for any p ∈ [1,+∞).
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Proof. Let us begin by observing that D(Â) ⊂ D(Lp). This follows easily

recalling that R(λ, Lp)∣∣Cb(RN )
= R(λ) and R(λ)(Cb(R

N )) = D(Â).

Now, since C∞
c (RN ) ⊂ D(Â) and C∞

c (RN ) is dense in Lp
µ (see Proposi-

tion 2.3.6 and Corollary 8.1.7), then D(Â) is dense in Lp
µ as well. Besides,

T (t)(D(Â)) ⊂ D(Â) for any t > 0 (see Lemma 2.3.3). Thus, the conclusion
follows from Proposition B.1.10.

As the following proposition shows, if {T (t)} admits an invariant measure,
then the semigroup is conservative.

Proposition 8.1.10 Assume Hypotheses 8.1.1. If there exists an invariant

measure µ of {T (t)}, then {T (t)} is conservative.

Proof. Fix t > 0. According to Theorem 2.2.5, 0 < T (t)1l ≤ 1l for any t > 0.
Besides, by (8.0.2) with f ≡ 1l, we have

∫

RN

T (t)1ldµ =

∫

RN

1ldµ = 1, t > 0,

and, therefore, T (t)1l ≡ 1l µ-almost everywhere in RN . Since T (t)1l is a contin-
uous function and µ is equivalent to the Lebesgue measure, then T (t)1l ≡ 1l
everywhere in RN , for any t > 0.

Now, we show that an invariant measure of {T (t)} is always ergodic, i.e.,
that

lim
t→+∞

1

t

∫ t

0

T (s)fds =

∫

RN

fdµ, f ∈ L2
µ,

where the limit is meant in L2
µ.

Proposition 8.1.11 Let µ be an invariant measure of {T (t)}. Then µ is

ergodic.

To prove the proposition, we need some preliminary results.

Lemma 8.1.12 Let H be a Hilbert space and let T ∈ L(H) be a bounded

operator such that ||T k||L(H) ≤ M for any k ∈ N, some constant M > 0 and

any k ∈ N. Then, the sequence of bounded operators {Tn}, defined by

Pnx =
1

n

n−1∑

k=0

T kx, x ∈ H,

converges pointwise to a bounded operator P∞ which is a projection on the

kernel of the operator I − T .
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Proof. We begin the proof by observing that a straightforward computation
shows that Pnx converges to x in H , as n tends to +∞, for any x ∈ Ker(I−T ).
Similarly, Pnx converges in H for any x ∈ (I −T )(H). Since the norms of the
operators Tn are equibounded by M , by Proposition A.1.2, Pnx converges in
H for any x ∈ (I − T )(H).

We now prove that the sequence {Pnx} converges for any x ∈ H . Since the
previous sequence is bounded, up to a subsequence, we can assume that there
exists y ∈ H such that Pnx converges weakly to y as n tends to +∞. As a
consequence, T (Pn)x converges weakly to Ty in H . Since

T (Pnx) = Pnx+
1

n
(T nx− x), n ∈ N, (8.1.7)

we immediately deduce that y ∈ Ker (I−T ). We now split x = y+(x−y) and
we claim that x− y ∈ (I − T )(X). Once the claim is proved, we will conclude
that Pnx converges in the strong topology ofH . To prove the claim, we observe
that x−y is the weak limit of the sequence x−Pnx, and x−Pnx ∈ (I−T )(X)
for any n ∈ N. Indeed,

x− Pnx =
1

n

n−1∑

k=0

(I − T k)(x) = (I − T )

(
1

n

n−1∑

k=0

k−1∑

j=0

T j

)
(x).

Since (I − T )(H) is convex, its weak and strong closures coincide. The claim
follows.

Now, let us set P∞x = limn→+∞ Pnx for any x ∈ H . To conclude the proof,
we show that P∞ is a projection on Ker (I−T ). Letting n go to +∞ in (8.1.7)
we get TP∞x = P∞x. This implies that

T kP∞x = P∞x, x ∈ H, k ∈ N, (8.1.8)

and, consequently, P 2
∞ = P∞, so that P∞ is a projection. Since we already

know that Ker (I −T ) ⊂ P∞(H), we just need to show that if P∞x = x, then
Tx = x. But this is a straightforward consequence of (8.1.8).

Proposition 8.1.13 (Von Neumann) For any f ∈ L2
µ the limit

lim
t→+∞

1

t

∫ t

0

T (s)fds

is well defined. Here, the integral is meant in the L2
µ-norm. Moreover, if we

denote by P∞f the previous limit, the operator P∞ is a projection on the

subspace C := {f ∈ L2
µ : T (t)f = f µ− a.e. for any t > 0}.

The set C enjoys the following properties:

(i) if f ∈ C, then |f | ∈ C;
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(ii) if f, g ∈ C, then f ∧ g and f ∨ g belong to C. In particular, f+ and f−

belong to C;

(iii) if f ∈ C, then, for any λ ∈ R, the function χ{x: f(x)>λ} belongs to C.

Finally, ∫

RN

P∞fdµ =

∫

RN

fdµ, f ∈ L2
µ. (8.1.9)

Proof. Let us introduce the operator Pt ∈ L(L2
µ) defined by

Ptf =
1

t

∫ t

0

T (s)fds, f ∈ L2
µ, t > 0.

Denoting, respectively, by [t] and {t} the integer and the fractional part of
t > 0, we can write

Ptf =
1

t

[t]−1∑

k=0

∫ 1

0

T (s+ k)fds+
1

t

∫ {t}

0

T (s+ [t])fds

=
[t]

t

1

[t]

[t]−1∑

k=0

T k(1)(P1f) +
{t}

t
T [t](1)(P{t}f). (8.1.10)

Since the L2
µ-norm of T k(1) is bounded by 1 for any k ∈ N, Lemma 8.1.12

implies that there exists a projection P∗ such that 1
n

∑n−1
k=0 T

k(1)f converges
to P∗f , as n tends to +∞, for any fixed f ∈ L2

µ. Therefore, letting t go to +∞
in (8.1.10), we easily deduce that Pt converges pointwise to P∞ = P∗ ◦ P1 as
t tends to +∞.

To prove that P∞ is a projection, it suffices to show that

T (r) ◦ P∞ = P∞, r > 0. (8.1.11)

Indeed, this will imply that P1 ◦ P∞ = P∞ and P∗ ◦ P∞ = P∞, which, of
course, gives P 2

∞ = P∞. To prove (8.1.11), we observe that

T (r)Ptf =
1

t
T (r)

∫ t

0

T (s)fds =
1

t

∫ t

0

T (r + s)fds =
1

t

∫ r+t

r

T (s)fds

= Ptf +
1

t

∫ r

0

(T (t) − 1)T (s)fds. (8.1.12)

Hence, letting t go to +∞ in (8.1.12) gives (8.1.11).
Now, showing that P∞ is a projection on C is immediate. The inclusion

C ⊂ P∞(L2
µ) is straightforward, whereas the other inclusion follows from

(8.1.11). Indeed, since P∞f = f for any f ∈ C, we have C ⊂ P∞(L2
µ). Hence,

the first part of the assertion follows.
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To prove the second part of the proposition, we begin by observing that
since |T (t)g| ≤ T (t)|g| for any t > 0 and any function g ∈ Cb(R

N ), then, by
density, such an inequality can be extended to any g ∈ L2

µ. Fix now f ∈ C.
Then, |f | = |T (t)f | ≤ T (t)|f | for any t > 0. Since µ is an invariant measure
of {T (t)} then ||T (t)|f |− |f |||1 = 0, so that T (t)|f | = |f | µ-almost everywhere
for any t > 0. Therefore, |f | ∈ C. Now, since f+ = (f + |f |)/2 and f− =
(f − |f |)/2, we easily deduce that f+ and f− belong to C if f does. Finally,
since f ∨ g = g + (f − g)+ and f ∧ g = g + (f − g)−, we easily deduce that
f ∨ g and f ∧ g belong to C if f and g do.

To prove the property (iii), we fix λ ∈ R, f ∈ C and we set

fn = (n(f − λ)+) ∧ 1, n ∈ N.

As it is immediately seen, fn converges pointwise to χ{x: f(x)>λ} as n tends
to +∞. By Remark 2.2.10 it follows that T (·)fn tends to T (·)χ{x: f(x)>λ}

pointwise in (0,+∞)×RN . Since each function fn belongs to C, the function
χ{x: f(x)>λ} is in C as well.

Finally, since

∫

RN

Ptfdµ =
1

t

∫

RN

dµ

∫ t

0

T (s)fds =
1

t

∫ t

0

ds

∫

RN

T (s)fdµ =

∫

RN

fdµ,

for any t > 0, letting t go to +∞, the dominated convergence theorem yields
(8.1.9).

Proof of Proposition 8.1.11. We begin the proof observing that, if A is a
Borel set, then χA belongs to C if and only if µ(A) = 0 or µ(A) = 1. Indeed,
suppose that χA ∈ C and µ(A) > 0. Then, since {T (t)} is irreducible and
strong Feller (see Proposition 2.2.12) the function T (t)χA is continuous in
RN and it is strictly positive for any t > 0 (see Remark 2.2.13). Therefore,
T (t)χA 6= χA on RN \ A. But since χA ∈ C, then T (t)χA = χA µ-almost
everywhere in RN , which implies that µ(RN \A) = 0 or, equivalently, µ(A) =
1.

We can now show that C contains only the constant functions. For this
purpose, let f ∈ C be a nonconstant function. Then, by Proposition 8.1.13(iii)
the characteristic function of the set Aλ = {x : f(x) > λ} is in C, for any
λ ∈ R. Therefore, µ(Aλ) = 0 or µ(Aλ) = 1. Observe that there should exist
λ ∈ R such that µ(Aλ) = 1. Otherwise, since

R
N = {x ∈ R

N : f(x) = ±∞} ∪
⋃

n∈N∪{+∞}

A−n,

it should follow that µ(RN ) = 0. Similarly, if µ(Aλ) = 1 for any λ ∈ R,
then f(x) = +∞ for µ-almost any x ∈ RN , which cannot be the case. Set
λ0 = sup{λ : µ(Aλ) = 1}. We infer that f = λ0 µ-almost everywhere in RN .
Indeed, by definition of λ0, f ≥ λ0 µ-almost everywhere in RN . Moreover,
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since for any λ > λ0, µ(Aλ) = 0 it follows that µ(Aλ0
) = 0, so that f is

µ-almost everywhere constant in RN .
Since C contains only the constant functions, its dimension is 1. Therefore,

we can find out a linear operator S ∈ (L2
µ)′ such that P∞f = S(f)1l for any

f ∈ L2
µ. According to the Riesz-Fisher representation theorem, there exists

g ∈ L2
µ such that

Sf =

∫

RN

fgdµ, f ∈ L2
µ.

To complete the proof we just need to show that g = 1 µ-almost everywhere.
For this purpose we observe that from (8.1.9) we get

∫

RN

fdµ =

∫

RN

P∞fdµ =

∫

RN

fgdµ, f ∈ L2
µ.

By the arbitrariness of f , it follows that g = 1 µ-almost everywhere, and we
are done.

Remark 8.1.14 The results of Proposition 8.1.13 imply, in particular, that
there exists a subsequence {tn} diverging to +∞ such that Ptn

f converges
pointwise, as n tends to +∞, to f . As the Chacon-Ornstein theorem show
(see [124, Chapter 3, Section 8]), the pointwise limit is f , for any f ∈ L1

µ, and
we can take tn = n for any n ∈ N.

Now we can prove that {T (t)} admits at most one invariant measure. The
uniqueness of the invariant measure has been proved in a more general context
by Doob. We refer the reader to [42] for further details.

Theorem 8.1.15 There exists at most one invariant measure of {T (t)}.

Proof. Let µ1 and µ2 be two invariant measures of {T (t)}. Let us prove that
µ1 = µ2. According to Proposition 8.1.11, µ1 and µ2 are ergodic measures.
Therefore, for any Borel set A, we can find out two Borel sets M1 and M2

such that µj(Mj) = 1 for j = 1, 2 and

lim
n→+∞

1

n

∫ n

0

(T (s)χA)(x)ds =

∫

RN

χAdµj = µj(A), x ∈Mj , j = 1, 2

(see Remark 8.1.14). Since the measures µ1 and µ2 are equivalent (see Propo-
sition 8.1.5), then M1 ∩M2 6= ∅. Therefore, µ1(A) = µ2(A) and we are done.

To conclude this subsection we deal with the behaviour of T (t) as t tends
to +∞ and we prove a Liouville type theorem. The following result is due to
Doob. For a proof, see, e.g., [42, Theorems 3.4.2 & 4.2.1].
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Theorem 8.1.16 For any f ∈ Lp
µ we have

lim
t→+∞

||T (t)f − f ||p = 0, (8.1.13)

where f =
∫

RN fdµ.

As a straightforward consequence of Theorem 8.1.16 we get the following
Liouville type theorem.

Theorem 8.1.17 Suppose that the semigroup {T (t)} admits an invariant

measure µ. Moreover, let p ∈ [1,+∞) and let u ∈ D(Lp) be such that Lpu = 0.
Then, u is constant.

Proof. Let u be as in the statement of the theorem. Since {T (t)} is a strongly
continuous semigroup, then the function t 7→ T (t)u is continuously Fréchet
differentiable in [0,+∞) with values in Lp

µ andDtT (t)u = T (t)Lpu = 0 for any
t > 0 and any p ∈ [1,+∞) (see Section B.1). This implies that the function
t 7→ T (t)u is constant and, consequently, T (t)u = u for any t > 0. Letting t
tend to +∞, from (8.1.13), we immediately deduce that u =

∫
RN udµ, so that

u is constant.

8.1.2 Existence by Khas’minskii theorem

The main result concerning the existence of an invariant measure of a Markov
semigroup is the Khas’minskii theorem. To prove it, we need some prelimi-
naries.

Theorem 8.1.18 (Prokhorov) A family F of Borel probability measures on

RN is tight (see Definition 5.1.2) if and only if, for any sequence {µn} ⊂ F ,

there exists a subsequence weakly∗ convergent in the dual space Cb(R
N )′ to a

probability measure.

Proof. To begin the proof, we assume that the family F is tight and we fix
a sequence {µn} ⊂ F . For any n ∈ N, let us consider the restriction µn,1 of
the measure µk to B(1). Since C(B(1)) is separable the weak∗ topology of
(C(B(1))′ is metrizable. Therefore, up to a subsequence, µn,1 weakly∗ con-
verges to some measure µ1. Applying the same argument to the restrictions of
the sequence {µn} to the ball B(k) (k ∈ N) and using a diagonal procedure,
we can determine a subsequence {µkn

} ⊂ {µn} such that for any m ∈ N, µkn

converges weakly∗ to a Borel measure µ(m) on C(B(m)).
Let us now observe that, for any positive function f ∈ Cb(R

N ) and any
m ∈ N, one has

∫

B(m)

fdµ(m) = lim
n→+∞

∫

B(m)

fdµkn
≤ lim

n→+∞

∫

B(m+1)

fdµkn
. (8.1.14)
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Now, fix a Borel set B and a bounded sequence {fj} ⊂ Cb(R
N ) of positive

functions converging pointwise to χB as j tends to +∞. Taking (8.1.14) into
account, we can write

µ(m)(B ∩B(m)) =

∫

B(m)

χBdµ
(m) = lim

j→+∞

∫

B(m)

fjdµ
(m)

≤ lim
j→+∞

∫

B(m+1)

fjdµ
(m+1) =

∫

B(m+1)

χBdµ
(m+1)

= µ(m+1)(B ∩B(m)).

Since the sequence {µ(m)(B ∩B(m))} is positive, increasing and bounded by
1, we can define a function µ on the σ algebra of the Borel sets of RN by
setting

µ(B) := lim
m→+∞

µ(m)(B ∩B(m)),

for any Borel set B. As it is immediately seen, µ is a Borel measure.
Let us now prove that µ is a probability measure and µkn

converges weakly∗

to µ. For this purpose, we fix ε > 0 and take h ∈ N such that

µkn
(RN \B(h)) ≤ ε, n ∈ N.

Moreover, for any m > h, we denote by gm any continuous function such that
χB(m)\B(h+1) ≤ gm ≤ χB(m+1)\B(h). Then,

µ(B(m) \B(h+ 1)) ≤

∫

B(m)

gmdµ

= lim
n→+∞

∫

B(m)

gmdµkn

≤ lim sup
n→+∞

µkn
(R

N
\B(h))

≤ ε.

Letting m tend to +∞ gives µ(RN \ B(h + 1)) ≤ ε and we are almost done.
Indeed, if f ∈ Cb(R

N ),

∣∣∣∣
∫

RN

fdµ−

∫

RN

fdµkn

∣∣∣∣ ≤
∣∣∣∣
∫

B(h+1)

fdµ−

∫

B(h+1)

fdµkn

∣∣∣∣

+

∣∣∣∣
∫

RN\B(h+1)

fdµ−

∫

RN\B(h+1)

fdµkn

∣∣∣∣

≤

∣∣∣∣
∫

B(h+1)

fdµ−

∫

B(h+1)

fdµkn

∣∣∣∣+ 2ε||f ||∞.

(8.1.15)
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Now, observing that µ(B(h + 1)) = µ(m)(B(h + 1)) for any m > h + 1 and
letting n go to +∞, (8.1.14) and (8.1.15) give

lim sup
n→+∞

∣∣∣∣
∫

RN

fdµ−

∫

RN

fdµkn

∣∣∣∣ ≤ 2ε||f ||∞, (8.1.16)

and the arbitrariness of ε > 0 and f ∈ Cb(R
N ) allow us to conclude that µkn

weakly∗ converges to µ. Moreover, taking f ≡ 1l in (8.1.16), we obtain that µ
is a probability measure.

Conversely, let us assume that F is relatively weak∗ compact and let us
prove that it is also tight. By contradiction, assume that there exist ε > 0 and
a sequence {µn} ⊂ F such that

µn(B(n)) < 1 − ε, n ∈ N.

Since F is relatively weak∗ compact we can assume, up to a subsequence, that
µn converges to some probability measure µ. Let us prove that

µ(B(k)) ≤ lim inf
n→+∞

µn(B(k)) ≤ lim inf
n→+∞

µn(B(n)) ≤ 1 − ε, (8.1.17)

for any k sufficiently large. Of course, (8.1.17) will lead us to a contradiction,
since µ(B(k)) converges to µ(RN ) = 1 as k tends to +∞.

So, let us prove the claim. As it is easily seen, it suffices to show that

lim sup
n→+∞

µn(RN \B(k)) ≤ µ(RN \B(k)). (8.1.18)

For this purpose, we fix ε > 0 and m ∈ N sufficiently large such that

µ(RN \B(k − 1/m)) ≤ µ(RN \B(k)) + ε.

Further, we introduce the function f : RN → R defined by

f(x) =






0, |x| ≤ k − 1
m ,

m|x| + 1 −mk, k − 1
m < |x| < k,

1, |x| ≥ k,

and we observe that

µn(RN \B(k)) =

∫

RN\B(k)

fdµn ≤

∫

RN\B(k−1/m)

fdµn.

Letting n go to +∞, we deduce that

lim sup
n→+∞

µn(RN \B(k)) ≤

∫

RN\B(k−1/m)

fdµ ≤ µ(RN \B(k − 1/m))

≤ µ(RN \B(k)) + ε.



8.1. Existence, uniqueness and general properties 171

The arbitrariness of ε > 0 yields the inequality (8.1.18), and we are done.

Let {p(t, x; dy) : t > 0, x ∈ RN} be the same transition family as in
Theorem 2.2.5, and define the family of probability measures {r(t, x; dy), t >
0, x ∈ RN} by setting

r(t, x;B) =
1

t

∫ t

0

p(s, x;B)ds, B ∈ B(RN).

We recall that p(s, x;B) = (T (s)χB)(x).
Let us prove the following preliminary theorem ([83, Theorem 3.2.1]). In

the sequel we will use only the first part of it.

Theorem 8.1.19 (Krylov-Bogoliubov) If for some t0 > 0 and some x0 ∈
RN the family of measures {r(t, x0; dy), t > t0} is tight, then the semigroup

{T (t)} admits an invariant measure µ.
Conversely, if there exists an invariant measure µ, then

lim
R→+∞

lim inf
t→+∞

r(t, x; RN \B(R)) = 0,

for any x ∈ RN \ E, where E is a negligible set with respect to the Lebesgue

measure.

Proof. Suppose that the family of measures {r(t, x0; dy), t > t0} is tight. By
Prokhorov theorem, there exists a sequence {tn} diverging to +∞ as n tends
to +∞ such that r(tn, x0; dy) converges weakly∗ to a probability measure µ.
We claim that µ is an invariant measure of {T (t)}. Indeed, for any f ∈ Bb(R

N )
and any t > 0, we have

∫

RN

(T (t)f)(y)r(tn, x0; dy) =
1

tn

∫ tn

0

(T (t+ s)f)(x0)ds

=
1

tn

∫ t+tn

t

(T (s)f)(x0)ds

=

∫

RN

f(y)r(tn, x0; dy) +
1

tn

∫ tn+t

tn

(T (s)f)(x0)ds

−
1

tn

∫ t

0

(T (s)f)(x0)ds.

Since ||T (t)||L(Bb(RN )) ≤ 1 for any t ≥ 0, letting n tend to +∞ we get

∫

RN

T (t)f dµ =

∫

RN

f dµ,

that is µ is an invariant measure of {T (t)}.
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Conversely, assume that µ is an invariant measure of {T (t)}. For any fixed
x ∈ RN the function

R 7→ lim inf
t→+∞

r(t, x; RN \B(R))

is decreasing. Therefore, we can define

r(x) = lim
R→+∞

lim inf
t→+∞

r(t, x; RN \B(R)), x ∈ R
N .

Now, we observe that

µ(RN \B(R)) =
1

t

∫ t

0

µ(RN \B(R))ds

=
1

t

∫ t

0

ds

∫

RN

T (s)χRN\B(R)dµ

=
1

t

∫ t

0

ds

∫

RN

p(s, x; RN \B(R))dµ

=

∫

RN

r(t, x; RN \B(R))dµ,

for any t > 0, and then, by Fatou’s lemma, we get

µ(RN \B(R)) = lim inf
t→+∞

∫

RN

r(t, x; RN \B(R))dµ

≥

∫

RN

lim inf
t→+∞

r(t, x; RN \B(R))dµ.

Letting R tend to +∞, by the monotone convergence theorem we get

0 ≥ lim
R→+∞

∫

RN

lim inf
t→+∞

r(t, x; RN \B(R))dµ =

∫

RN

rdµ,

which implies that r = 0, µ-almost everywhere. Since µ is equivalent to the
Lebesgue measure, the conclusion follows.

We can now prove the main result of this section, that is the Khas’minskii
theorem, which gives a sufficient condition for the tightness of the measures
{r(t, x0; dy), t > 1} and, hence, for the existence of an invariant measure for
the semigroup {T (t)}.

Theorem 8.1.20 (Khas’minskii) Suppose that there exists a function ϕ ∈
C2(RN ) such that

ϕ ≥ 0, lim
|x|→+∞

Aϕ(x) = −∞.

Then, for any fixed x0 ∈ RN , the measures {r(t, x0; dy), t > 1} are tight. As

a consequence, the semigroup {T (t)} admits an invariant measure.
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Proof. Let X be the Markov process associated with {T (t)} (see Section
2.4), and let τn = τB(n) be the first exit time of X from the ball B(n), as
defined in (2.4.6). Fix t > 0 and x ∈ R

N ; from the formula (2.4.7) with
τ ′ = t ∧ τn we have

E xϕ(Xt∧τn
) = ϕ(x) + E x

∫ t∧τn

0

Aϕ(Xs)ds, (8.1.19)

for any n ∈ N. Now, for any R > 0, let

−MR = sup
|x|>R

Aϕ(x),

and let K ≥ 0 be such that Aϕ(x) ≤ K for any x ∈ RN . Then, clearly

Aϕ(x) ≤ K − χ{|x|>R}MR, x ∈ R
N ,

and, by (8.1.19), we get

E xϕ(Xt∧τn
) − ϕ(x) ≤ Kt−MRE x

∫ t∧τn

0

χ{|Xs|>R}ds, t > 0, x ∈ R
N .

Hence,

MRE x

∫ t∧τn

0

χ{|Xs|>R}ds ≤ Kt+ϕ(x)−E xϕ(Xt∧τn
) ≤ Kt+ϕ(x), (8.1.20)

for any t > 0 and any x ∈ R
N . Now, since {T (t)} is conservative, τn tends to

+∞ almost surely, and then

lim
n→+∞

E x

∫ t∧τn

0

χ{|Xs|>R}ds = E x

∫ t

0

χ{|Xs|>R}ds

=

∫ t

0

E xχ{|Xs|>R}ds

= t r(t, x; RN \B(R)).

Thus, letting n tend to +∞ in (8.1.20), we obtain

r(t, x; RN \B(R)) ≤
K + ϕ(x)

MR
,

for any t > 1. Since limR→+∞MR = +∞, it follows that the measures
{r(t, x; dy), t > 1} are tight, for any x ∈ RN .

In [116] Khas’minskii theorem is proved in a similar way, taking advantage
of the Krylov-Bogoliubov theorem, but without using the formula (2.4.7). For
the sake of completeness we give this proof. In Chapters 12 and 13 we will
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adapt such a proof, to prove the existence of an invariant measure for the
semigroups therein considered.

A second proof of Theorem 8.1.20. We are going to prove that for any t0 > 0
and any x0 ∈ RN the family of measures {r(t, x0; dy) : t > t0} is tight.

Let {ψn} ∈ C∞([0,+∞)) be a sequence of smooth functions with the fol-
lowing properties:

(i) ψn(t) = t for any t ∈ [0, n];

(ii) ψn(t) = n+ 1
2 for any t ≥ n+ 1;

(iii) ψ′
n(t) ∈ [0, 1] and ψ′′

n(t) ≤ 0 for any t ≥ 0.

As it is immediately seen the function ϕn = ψn ◦ ϕ belongs to Dmax(A)
for any n ∈ N (see (2.0.1)). Since the semigroup {T (t)} is conservative (see
Remark 4.0.3 and Theorem 4.1.3), Propositions 2.3.5 and 2.3.6 imply that the
function (t, x) 7→ un(t, x) := (T (t)ϕn)(x) is differentiable with respect to t in
[0,+∞) × R

N and

Dtun(t, x) = (T (t)Aϕn)(x)

=

∫

RN

(Aϕn)p(t, x; dy)

=

∫

RN

(
ψ′

n(ϕ)Aϕ + ψ′′
n(ϕ)

N∑

i,j=1

qijDiϕDjϕ

)
p(t, x; dy), (8.1.21)

for any t ∈ [0,+∞), any x ∈ RN and any n ∈ N. We now fix t > 0 and
x ∈ RN , and integrate (8.1.21) with respect to s ∈ [0, t]. Recalling that un ≥ 0
in [0,+∞) × RN and ψ′′

n ≤ 0 in [0,+∞), we get

−ϕn(x) ≤

∫ t

0

ds

∫

RN

ψ′
n(ϕ)(Aϕ)p(s, x; dy)

=

∫ t

0

ds

∫

E

ψ′
n(ϕ)(Aϕ)p(s, x; dy)

+

∫ t

0

ds

∫

RN\E

ψ′
n(ϕ)(Aϕ)p(s, x; dy), (8.1.22)

where E = {y ∈ RN : Aϕ(y) ≥ 0}. Since E is a bounded set, the dominated
convergence theorem implies that the first integral term in the last side of
(8.1.22) converges to ∫ t

0

ds

∫

E

(Aϕ)p(s, x; dy),

as n tends to +∞. Further, since the sequence {ψ′
n(s)} is increasing to 1 for

any s ∈ [0,+∞), and Aϕ ≤ 0 in RN \ E, using the monotone convergence



8.1. Existence, uniqueness and general properties 175

theorem, it is immediate to check that the second integral term converges to

∫ t

0

ds

∫

RN\E

(Aϕ)p(s, x; dy),

which is finite due to (8.1.22). Therefore, again from (8.1.22), we get

−ϕ(x) ≤

∫ t

0

ds

∫

RN

(Aϕ)p(s, x; dy). (8.1.23)

Now, fix ε and let ρ > 0 be such that Aϕ < −ε−1 outside the ball B(ρ). From
(8.1.23) we obtain that

−ϕ(x) ≤

∫ t

0

ds

∫

B(ρ)

(Aϕ)p(s, x; dy) +

∫ t

0

ds

∫

RN\B(ρ)

(Aϕ)p(s, x; dy)

≤ Mt−
1

ε

∫ t

0

p(s, x; RN \B(ρ))ds

= Mt−
t

ε
r(t, x; RN \B(ρ)),

for any x ∈ RN , where M = sup
RN Aϕ. Consequently,

r(t, x,RN \B(ρ)) ≤ ε
Mt+ ϕ(x)

t
,

which, of course, implies that for any t0 > 0 and any x ∈ R the family of
measures {r(t, x; dy) : t > t0} is tight.

8.1.3 Existence by compactness in Cb(R
N)

The compactness of {T (t)} in Cb(R
N ), which we studied in Section 5.1, implies

the existence of an invariant measure as well as other remarkable properties.
To begin with, we consider the following lemma.

Lemma 8.1.21 If for some t0 > 0 and some x0 ∈ RN the family of measures

{p(t, x0; dy), t > t0} is tight, then the family of measures {r(t, x0; dy), t > t0}
is tight, as well.

Proof. For any t > t0 we have

r(t, x0;B) =
1

t

∫ t0

0

p(s, x0;B)ds+
1

t

∫ t

t0

p(s, x0;B)ds

≤ sup
0≤s≤t0

p(s, x0;B) + sup
s>t0

p(s, x0;B).
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Therefore, it is sufficient to prove that the family of measures {p(t, x0; dy), t ∈
[0, t0]} is tight. This follows from the Prokhorov theorem 8.1.18. Indeed, con-
sider a sequence {p(tn, x0; dy)} where tn ∈ [0, t0] for any n ∈ N. Up to a
subsequence, {tn} converges to some t∗ ∈ [0, t0]. Taking Theorem 2.2.5 into
account, we get

lim
n→+∞

∫

RN

f(y)p(tn, x0; dy) = lim
n→+∞

(T (tn)f)(x0)

= (T (t∗)f)(x0)

=

∫

RN

f(y)p(t∗, x0; dy),

for any f ∈ Cb(R
N ). Therefore, the sequence {p(tn, x0; dy)} is weakly∗ con-

vergent to the measure p(t∗, x0; dy) in the dual space Cb(R
N )′.

Theorem 8.1.22 If T (t) is compact in Cb(R
N ) for any t > 0, then there

exists an invariant measure of {T (t)}. Moreover, for any p ∈ (1,+∞), T (t)
and R(λ, Lp) are compact operators in Lp

µ for any t > 0 and any λ > 0, and

the spectrum of Lp consists of isolated eigenvalues.

Proof. Fix t0 > 0, x0 ∈ RN and ε > 0. Since {T (t)} is conservative, by
Proposition 5.1.3 there exists R > 0 such that

p(t0, y; R
N \B(R)) ≤ ε, y ∈ R

N .

Recalling that p(t, x; dy) is a probability measure for any t > 0 and any
x ∈ R

N , it follows that, for any t > t0,

p(t, x0; R
N \B(R)) =

∫

RN

p(t0, y; R
N \B(R))p(t− t0, x0; dy) ≤ ε,

namely, the family of measures {p(t, x0; dy), t > t0} is tight. Then, the ex-
istence of an invariant measure of {T (t)} follows from Theorem 8.1.19 and
Lemma 8.1.21.

We now fix an arbitrary t > 0 and we prove that T (t) is compact in Lp
µ. For

this purpose, we observe that, since µ is equivalent to the Lebesgue measure
on the σ-algebra of the Borel sets of R

N (see Proposition 8.1.5), then L∞
µ ⊂

L∞(RN , dx). Moreover, since {T (t)} is strong Feller (see Proposition 2.2.12),
then it maps L∞

µ into Cb(R
N ). Therefore, writing T (t) = T (t/2) ◦ T (t/2) and

taking Proposition A.1.1(ii) into account, it is immediate to check that T (t) is
compact from L∞

µ into Cb(R
N ) and, since Cb(R

N ) is continuously embedded
in L∞

µ , T (t) is compact from L∞
µ into itself.

Let now B(1) be the closed ball in L∞
µ with centre at 0 and radius 1 and

fix t ∈ (0,+∞). Since T (t)(B(1)) is compact in L∞
µ and the set of all the
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bounded simple functions is dense in L∞
µ then, for any ε > 0, there exists a

finite number of simple functions f1, . . . , fm ∈ L∞
µ (m ∈ N) such that

T (t)(B(1)) ⊂
m⋃

j=1

{f ∈ L∞
µ : ||f − fj||L∞

µ
≤ ε}.

Without loss of generality, we can assume that fj =
∑k

i=1 α
(j)
i χFi

where Fi

are disjoint measurable sets with positive measures such that
∑k

i=1 Fi = RN

and α
(j)
i ∈ R for any i = 1, . . . , k and any j = 1, . . . ,M . We now consider the

operator Pε defined on measurable functions by

Pεf =

k∑

i=1

(
1

µ(Fj)

∫

Fj

fdµ

)
χFj

.

As it is easily seen,

||Pε||L(L∞
µ ) = ||Pε||L(L1

µ) = 1,

and Pεfj ≡ fj for any j = 1, . . . , N . Fix f ∈ L∞
µ such that ||f ||L∞

µ
= 1 and let

j ∈ {1, . . . ,m} be such that ||T (t)f − fj ||L∞
µ

≤ ε. Then,

||PεT (t)f − T (t)f ||L∞
µ

≤ ||Pε(T (t)f − fj)||L∞
µ

+ ||fj − T (t)f ||L∞
µ

≤ 2ε.

Therefore,

||PεT (t) − T (t)||L(L∞
µ ) ≤ 2ε. (8.1.24)

Similarly,

||PεT (t)−T (t)||L(L1
µ) ≤ ||PεT (t)||L(L1

µ) + ||T (t)||L(L1
µ) ≤ 2||T (t)||L(L1

µ). (8.1.25)

Hence, by (8.1.24), (8.1.25) and the Riesz-Thorin interpolation theorem (see
Theorem A.4.9), we get

||PεT (t) − T (t)||L(Lp
µ) ≤ ||PεT (t) − T (t)||

1− 1

p

L(L∞
µ )||PεT (t) − T (t)||

1

p

L(L1
µ)

≤ 2||T (t)||
1

p

L(L1
µ)ε

1− 1

p ,

for any p ∈ (1,+∞). Since the operator PεT (t) has finite rank for any ε > 0,
then it is compact in Lp

µ and, consequently, T (t) is compact in Lp
µ as well.

Now, we show that R(λ, Lp) is compact for any λ ∈ ρ(Lp). For this purpose,
we prove that the semigroup {T (t)} is norm continuous in (0,+∞). Indeed,
once this property is checked, taking (B.1.3) into account, we will get

R(λ, Lp) =

∫ +∞

0

e−λtT (t)dt,
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for any λ with positive real part, where the integral is meant in Lp
µ. Proposition

A.1.1(i) then will allow us to conclude that R(λ, Lp) is compact for any λ as
above. Then the resolvent identity (see the formula (A.3.2)), together with
Proposition A.1.1(ii), will yield the compactness of R(λ, Lp) for any λ ∈ ρ(Lp).

So, let us prove that {T (t)} is norm-continuous in (0,+∞). Let us fix t0 > 0
and let us set K = T (t0)(B(1)), where now B(1) denotes the open unit ball in
Lp

µ with centre at 0. Since T (t0) is a compact operator, then K is compact in
Lp

µ. According to Remark B.1.2, T (t)f tends to f as t tends to 0+, uniformly
with respect to f on compact subsets of Lp

µ. Therefore,

lim
t→0+

T (t+ t0)f = T (t0)f,

uniformly with respect to f ∈ B(1), and this implies that T (t) tends to T (t0)
in L(Lp

µ) from the right. Similarly, if t < 0, we can fix δ ∈ (0, t0) and write

||T (t0 + t)f − T (t0)f ||Lp
µ
≤ ||T (t0 + t− δ)(T (δ)f − T (δ − t)f)||Lp

µ

≤ ||T (δ)f − T (δ − t)f ||Lp
µ
. (8.1.26)

Letting t tend to 0−, we deduce that the last side of (8.1.26) vanishes. Hence,
T (·)f is norm continuous in (0,+∞).

Finally, we observe that, since R(1, Lp) is compact (and invertible), then
its spectrum consists of isolated eigenvalues. Therefore, the spectrum of Lp

consists of isolated eigenvalues as well.

Remark 8.1.23 Applying [7, Proposition 2.6], one can also show that, under
the assumptions of Theorem 8.1.22, the spectrum of the operator Lp is inde-
pendent of p and it coincides with the spectrum of (A,Dmax(A)) in Cb(R

N )
(see (2.0.1)).

To conclude this subsection, we show that, under the assumptions of The-
orem 8.1.22, the spectral gap for the operator Lp holds for any p ∈ (1,+∞),
i.e., there exists δ > 0 such that σ(Lp) \ {0} ⊂ {λ ∈ C : Reλ < −δ}.

Theorem 8.1.24 Under the assumptions of Theorem 8.1.22, the spectral gap

holds for the operator Lp, for any p ∈ (1,+∞). Moreover, T (t)f tends expo-

nentially to f in L2
µ, as t tends to +∞.

Proof. Fix p ∈ (1,+∞) and denote, as in Subsection 8.1.1, by P∞ the
operator defined in Lp

µ by

P∞f =

∫

RN

fdµ, f ∈ Lp
µ.

Since P∞ is a projection, then Lp
µ = H ⊕ K, where H = Ker(P∞) and

K = Ker(I − P∞). As it is immediately seen, T (t) commutes with P∞ for
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any t > 0. Therefore, H and K are both invariant under the action of the
semigroup and the restrictions of the semigroup to H and K give rise to
two strongly continuous semigroups, whose infinitesimal generators are the
restrictions of Lp to H and K, respectively. In particular, for any t > 0, T (t)
coincides with the identity operator on K. As a consequence, for any f ∈ Lp

µ

such that f = f1 + f2 with f1 ∈ H and f2 ∈ K, we have

T (t)f = T (t)∣∣Hf1 + f2.

Now, we are going to prove that T (t)∣∣H decreases exponentially as t tends

to +∞. As a first step, we claim that σ(T (1)∣∣H) ⊂ B(1). Since {T (t)} is a

semigroup of contractions, then σ(T (1)) ⊂ B(1). Let us show that, if λ ∈
∂B(1), then λ ∈ ρ(T (1)∣∣H). On the contrary, we assume that there exists

λ ∈ σ(T (1)∣∣H) ∩ ∂B(1). Since T (1) is a compact operator, λ belongs to the

point spectrum of T (1). Therefore, there exists f ∈ H , with f 6= 0, such that
T (1)f = λf . Using the semigroup rule, we obtain that T (n)f = λnf for any
n ∈ N. From Theorem 8.1.16 it follows that T (n)f tends to P∞f = 0 in Lp

µ.
Therefore, λnf should tend to 0 as n tends to +∞, but, of course, this cannot
be the case. The claim follows and, in particular, we deduce that there exists
δ < 1 such that

lim
n→+∞

||T (1)n||
1

n

L(H) = lim
n→+∞

||T (n)||
1

n

L(H) = δ.

Using the semigroup law it is now immediate to check that there exists ω < 0
such that

||T (t)||L(H) ≤ Ceωt, t > 0.

Since {T (t)∣∣H} is a strongly continuous semigroup in H , then inf{Reλ : λ ∈

σ((Lp)∣∣H)} ≤ ω (see Section B.1).

To conclude the proof of the first part of the theorem, it suffices to show
that

σ(Lp) = σ((Lp)∣∣H) ∪ σ((Lp)∣∣K) = σ((Lp)∣∣H) ∪ {0}. (8.1.27)

Note that the second equality in (8.1.27) is immediately checked since T (t)∣∣K =

I for any t > 0.
As a first step to prove (8.1.27), we observe that 0 ∈ σ(L) and 0 /∈

σ((Lp)∣∣H). Indeed, Theorem 8.1.17 implies that Lu = 0 if and only if u is

constant. Therefore, 0 ∈ σ(Lp). But, since 0 is the only constant in H , then
0 /∈ σ((Lp)∣∣H).

Now, let λ ∈ ρ(L), λ 6= 0, and let f ∈ H . Set u = R(λ, Lp)f , so that
λu − Lpu = f . Since f = 0 and Lpu = 0, by (8.1.5), then u = 0 as well, so
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that u ∈ H . This implies that λ ∈ ρ((Lp)∣∣H) and R(λ, (Lp)∣∣H) = R(λ, Lp)∣∣H .

Therefore, σ((Lp)∣∣H) ∪ {0} ⊂ σ(Lp).

To prove the other inclusion in (8.1.27), we fix λ ∈ ρ((Lp)∣∣H), λ 6= 0, and

we show that λ ∈ ρ(Lp). For this purpose, we observe that, for any f ∈ Lp
µ,

the function u = R(λ, (Lp)∣∣H)(f − f) + λ−1f is a solution to the equation

λu− Lpu = f . Note that f ∈ D(Lp), since the constants belong to Dmax(A),
which is a core of Lp (see Propositions 2.3.6, 4.1.10 and 8.1.9). Hence, the
operator λI − Lp is surjective in Lp

µ.
To prove that λI−Lp is also one to one, we observe that, since P∞ commutes

with T (t) for any t > 0, then it commutes with Lp on D(Lp). Therefore, if
λu = Lpu for some u ∈ D(Lp), then both u1 = P∞u and u2 = (I−P∞)u solve
the equation λv = Lpv. Since λ /∈ σ((Lp)∣∣H) ∪ σ((Lp)∣∣K), then u1 ≡ u2 ≡ 0

and, consequently, u ≡ 0.
To conclude the proof of the theorem, we observe that the function f − f

belongs to H for any f ∈ L2
µ. Therefore,

||T (t)f − f ||2 = ||T (t)f − T (t)f ||2 ≤ 2Ceωt||f ||2, t > 0,

and we are done.

8.1.4 Existence by symmetry

In this subsection we study the case when the operator A is given by

Au(x) = ∆u(x) − 〈DU(x) +G(x), Du(x)〉, x ∈ R
N , (8.1.28)

on smooth functions, under the following hypotheses on U and G.

Hypotheses 8.1.25 (i) U : RN → R belongs to C1+α
loc (RN ), for some α ∈

(0, 1), and e−U ∈ L1(RN );

(ii) G ∈ C1(RN ,RN ), divG = 〈G,DU〉 and
∫

RN

|G(x)|e−U(x)dx < +∞.

Under Hypotheses 8.1.25 we can define the probability measure

µ(dx) = K−1e−U(x)dx, K =

∫

RN

e−U(x)dx.

By means of an integration by parts, we get
∫

RN

Af g dµ = −

∫

RN

〈Df,Dg〉dµ, f ∈ C∞
c (RN ), g ∈W 1,p

loc (RN ),

(8.1.29)
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for any p ∈ [1,+∞). In particular,

∫

RN

Afdµ = 0, f ∈ C∞
c (RN ). (8.1.30)

The main result of the section is the following theorem.

Theorem 8.1.26 Assume Hypotheses 8.1.25. Then, the semigroup {T (t)} as-

sociated with the operator A in Cb(R
N ) is conservative, µ is the invariant

measure of {T (t)}, and C∞
c (RN ) is a core of the infinitesimal generator Lp

in Lp
µ for any p ∈ [1,+∞).

Proof. For any p ∈ [1,+∞) consider the operator Ap : C∞
c (RN ) → Lp

µ

defined by Apu = Au for any u ∈ C∞
c (RN ). As a first step we prove that Ap

is dissipative, that is

λ||u||Lp
µ
≤ ||λu−Apu||Lp

µ
, λ > 0, u ∈ D(Ap). (8.1.31)

For this purpose, let u ∈ D(Ap) and set f = λu −Apu. Multiplying both the
sides of the previous equality by sign(u)|u|p−1, and integrating in RN , we get

λ

∫

RN

|u|pdµ−

∫

RN

Apu sign(u)|u|p−1dµ =

∫

RN

f sign(u)|u|p−1dµ

≤

∫

RN

|f ||u|p−1dµ. (8.1.32)

Now, if p ≥ 2 integrating by parts we get

∫

RN

Apu sign(u)|u|p−1dµ = −

∫

RN

〈Du,D(sign(u)|u|p−1)〉dµ

= −(p− 1)

∫

RN

|Du|2|u|p−2dµ ≤ 0. (8.1.33)

Hence, from (8.1.32) and (8.1.33) we easily get (8.1.31).
In the case when p ∈ [1, 2) we consider the sequence {ϕn} ⊂ C∞(R) defined

by ϕn(x) = x(x2 + n−1)(p−2)/2 for any x ∈ RN . Since any ϕn is an increasing
function in RN , converging pointwise to sign(x)|x|p−1 as n tends to +∞, by
dominated convergence and by (8.1.29) we have

∫

RN

Apu sign(u)|u|p−1dµ = lim
n→+∞

∫

RN

Apuϕn(u)dµ

= − lim
n→+∞

∫

RN

ϕ′
n(u)|Du|2dµ ≤ 0,

and, then, (8.1.31) follows from (8.1.32).
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As a second step we show that the range of λI −Ap is dense in Lp
µ for some

λ > 0. To prove this, let g ∈ Lq
µ(RN ) (where 1/p + 1/q = 1, or q = +∞ if

p = 1) be such that ∫

RN

(λu −Apu)gdµ = 0,

for any u ∈ D(Ap). First we assume that p ∈ (1,+∞). By classical regularity
results for weak solutions of elliptic equations (see Theorem C.1.3(ii)), g be-
longs to W 1,q

loc (RN ). If p = 1, then g ∈ L2
loc(R

N ). Therefore, still from Theorem

C.1.3(ii), we deduce that g ∈ W 1,2
loc (RN ). Now, from the formula (8.1.29) we

get

λ

∫

RN

ug dµ+

∫

RN

〈Du,Dg〉dµ = 0, u ∈ C∞
c (RN ). (8.1.34)

By density, (8.1.34) can be extended to any compactly supported function
u ∈ W 1,p(RN ), if p ∈ (1,+∞) and to any compactly supported function
u ∈ W 1,2(RN ), if p = 1. Now, for any n ∈ N, let ηn ∈ C∞

c (RN ) be a smooth
function such that ηn ≡ 1 in B(n), 0 ≤ ηn ≤ ηn+1, and |Dηn| ≤ 1/n. If
1 < p ≤ 2, taking u = η2

nsign(g)|g|q−1 in (8.1.34), we get

λ

∫

RN

η2
n|g|

qdµ+ (q − 1)

∫

RN

η2
n|g|

q−2|Dg|2dµ

= −2

∫

RN

ηnsign(g)|g|q−1〈Dηn, Dg〉dµ

≤
1

n

∫

RN

η2
n|Dg|

2|g|q−2dµ+
1

n
||g||qq.

Hence,

λ

∫

RN

η2
n|g|

qdµ ≤
1

n
||g||q

Lq
µ
,

for any n ≥ 2. Letting n tend to +∞, by monotone convergence we get g = 0.
The case when p = 1 can be treated as the case when p = 2. Suppose now

that p > 2 and, for any n,m ∈ N, let un,m = η2
nϕm(g), where the sequence

{ϕn} is as above with p being replaced by q. Then, un,m ∈W 1,p(RN ) and has
compact support for any n,m ∈ N. Writing (8.1.34) with un,m instead of u,
we get

λ

∫

RN

η2
ng

2

(
g2 +

1

m

) q−2

2

dµ

+(q − 1)

∫

RN

η2
ng

2

(
g2 +

1

m

) q−4

2

|Dg|2dµ

≤
2

n

∫

RN

ηn|g|

(
g2 +

1

m

) q−2

2

|Dg|dµ. (8.1.35)
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Letting m tend to +∞ in (8.1.35), we get

λ

∫

RN

η2
n|g|

qdµ+ (q − 1)

∫

RN

η2
n|g|

q−2|Dg|2dµ

≤
2

n

∫

RN

ηn|g|
q−1|Dg|dµ. (8.1.36)

Since the right-hand side of (8.1.36) is finite, the second integral in the left-
hand side is finite as well. Therefore, applying the Cauchy-Schwarz inequality
gives

λ

∫

RN

η2
n|g|

qdµ+ (q − 1)

∫

RN

η2
n|g|

q−2|Dg|2dµ

≤
1

n
||g||qq +

1

n

∫

RN

η2
n|g|

q−2|Dg|2dµ.

Hence, for n(q − 1) ≥ 1, we get

λ

∫

RN

η2
n|g|

qdµ ≤
1

n
||g||qq

and, letting n go to +∞, we obtain g = 0 also in this case.
Now, according to Proposition B.1.8, the closure Ap of the operator Ap in

Lp
µ is the generator of a strongly continuous semigroup {S(t)}. By density,

(8.1.30) implies that
∫

RN

Apfdµ = 0, f ∈ D(Ap).

Thus, for any f ∈ D(Ap) we have

d

dt

∫

RN

S(t)fdµ =

∫

RN

ApS(t)fdµ = 0, t > 0,

so that ∫

RN

S(t)fdµ =

∫

RN

fdµ, t > 0. (8.1.37)

Since D(Ap) is dense in Lp
µ, the equality (8.1.37) holds for any f ∈ Lp

µ.
Next, we prove that the semigroup {T (t)} can be extended to Lp

µ with a
strongly continuous semigroup of contractions and, then, that the so extended
semigroup coincides with {S(t)}. Note that {T (t)} is well defined since the co-
efficients of the operator A satisfy Hypotheses 8.1.1. For this purpose, for any
R > 0 we denote by {TR(t)} the semigroup associated with the realization of
the operator A with homogeneous Dirichlet boundary conditions in C(B(R)).
Let us observe that the measure µ is a subinvariant measure of {TR(t)} for
any R > 0, that is

∫

B(R)

TR(t)fdµ ≤

∫

B(R)

fdµ, t > 0, (8.1.38)
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for any positive function f ∈ C0(B(R)). Indeed, differentiating the left-hand
side of (8.1.38) with respect to t and integrating by parts we get

∫

B(R)

d

dt
TR(t)fdµ =

∫

B(R)

ATR(t)fdµ

= K−1

∫

∂B(R)

(
∂

∂ν
TR(t)f

)
e−U(y) σ(dy),

where ν is the unit outward normal vector to ∂B(R) and σ(dy) is the surface
measure on ∂B(R). Since TR(t)f is nonnegative in B(R) and it vanishes on
∂B(R) (see Proposition C.3.2), we have ∂TR(t)f/∂ν ≤ 0, and then (8.1.38)
follows.

Since TR(t)f converges to T (t)f in a dominated way, then, letting R tend
to infinity, the inequality (8.1.38) holds also when TR(t)f is replaced with
T (t)f , for any nonnegative function f ∈ Cc(R

N ) and B(R) is replaced by
RN . Using an approximation argument we can show that (8.1.38) holds for
any nonnegative function f ∈ Cb(R

N ). Arguing as in the proof of Proposition
8.1.8, we can extend {T (t)} to a strongly continuous semigroup in Lp

µ for any
p ∈ [1,+∞).

Now, let Lp be the generator of {T (t)} in Lp
µ. Since Ap and Lp coincide

with A on C∞
c (RN ), which is a core of Ap, then Lp is an extension of Ap.

But since Ap and Lp are both generators of strongly continuous semigroups
of contractions, then for any λ > 0 we have

Lp
µ = (λ−Ap)(D(Ap)) = (λ− Lp)(D(Ap)) ⊂ (λ− Lp)(D(Lp)) = Lp

µ,

which implies that (λ−Lp)(D(Ap)) = (λ−Lp)(D(Lp)) or, equivalently, that
D(Ap) = D(Lp), so that Ap and Lp coincide. Therefore, S(t) ≡ T (t) in Lp

µ for
any t > 0 (see Proposition B.1.4). Thus, by (8.1.37), µ is the invariant measure
of {T (t)}. Hence, by Proposition 8.1.10, it follows that {T (t)} is conservative.

Proposition 8.1.27 D(L) is continuously and densely embedded in W 1,2
µ .

Further,

∫

RN

〈Dg,Dh〉dµ = −

∫

RN

Lg h dµ, g ∈ D(L), h ∈W 1,2
µ . (8.1.39)

Finally, for any λ > 0,

||DR(λ, L)f ||2 ≤

√
2

λ
||f ||2, f ∈ L2

µ. (8.1.40)
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Proof. The proof of the first part of the assertion is a straightforward con-
sequence of the formula (8.1.29) and Theorem 8.1.26. Indeed, fix ψ ∈ D(L).
Since C∞

c (RN ) is a core of D(L), there exists a sequence {ψn} ⊂ C∞
c (RN )

such that ψn and Lψn tend, respectively, to ψ and Lψ as n tends to +∞.
Writing (8.1.29) with f = g = ψn − ψm (n,m ∈ N) we get

||Dψn −Dψm||22 ≤ ||ψn − ψm||2||Lψn − Lψm||2.

Therefore, {ψn} is a Cauchy sequence in W 1,2
µ . Since it converges to ψ in L2

µ,
we deduce that ψ ∈ W 1,2

µ and, then, writing (8.1.29) with f = g = ψ, we
obtain that D(L) is continuously embedded in W 1,2

µ .
To conclude the proof of the first part of the proposition, we have to show

thatD(L) is dense inW 1,2
µ . But this follows immediately from the forthcoming

Proposition 8.7.3.
Now, the formula (8.1.39) can be easily proved by a density argument,

recalling that Lϕ = Aϕ for any ϕ ∈ C∞
c (RN ).

Finally, to prove the formula (8.1.40) it suffices to apply the formula (8.1.39)
with g = h = R(λ, L)f , recalling that

||R(λ, L)f ||2 ≤ |λ|−1||f ||2 and ||LR(λ, L)||2 ≤ 2||f ||2.

Remark 8.1.28 In Section 8.4, we will improve the results in Proposition
8.1.27 in the case when the drift term is the gradient of a convex function.

To conclude this section, let us recall the following result.

Proposition 8.1.29 Under Hypotheses 8.1.25, T (t)f belongs to W 1,2
µ for any

f ∈ L2
µ and any t > 0. Moreover,

||DT (t)f ||22 ≤
1

2t

(
||f ||22 − ||T (t)f ||22

)
, t > 0.

Proof. See [62, Lemma 1.3.3].

8.2 Regularity properties of invariant measures

In this section we give some conditions on the coefficients of the operator A
implying global regularity properties of the invariant measure µ.

In Proposition 8.1.5 we have seen that, if the semigroup {T (t)} admits
an invariant measure µ, then µ is absolutely continuous with respect to the
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Lebesgue measure and its density is positive. Now, we specialize to the case
when A is given on smooth functions u by

Au =

N∑

i,j=1

Di(qijDj)u +

N∑

i=1

biDiu := A0u+

N∑

i=1

biDiu. (8.2.1)

Let us state the main hypotheses on the coefficients qij and bi (i, j = 1, . . . , N)
which will be assumed throughout this section.

Hypotheses 8.2.1 (i) qij = qji ∈ C1+α
loc (RN ) for any i, j = 1, . . . , N (N ≥

2) and some α ∈ (0, 1) and there exists a positive constant κ0 such that

N∑

i,j=1

qij(x)ξiξj ≥ κ0|ξ|
2, x, ξ ∈ R

N ; (8.2.2)

(ii) the functions x 7→ (1+ |x|2)−1qij(x) and x 7→ (1+ |x|)−1Diqij(x) belong
to L1

µ for any i, j = 1, . . . , N ;

(iii) bi ∈ Cα
loc(R

N ) for any i = 1, . . . , N .

Remark 8.2.2 Hypothesis 8.2.1(ii) is satisfied for instance in the case when
the function x 7→ (1 + |x|2)−1qij(x) and x 7→ (1 + |x|)−1Diqij(x) (i, j =
1, . . . , N) are bounded in RN . Another sufficient condition for the integrabil-
ity of the previous functions (with respect to the measure µ) can be easily
given under the assumptions of the forthcoming Proposition 8.2.14, which
guarantees the integrability of the function x 7→ exp(δ|x|β) for some positive
constants β and δ.

In order to present the main results of this section (proved very recently
by G. Metafune, D. Pallara and A. Rhandi in [114]) we recall the following
theorem, which has been proved in [20, 21] and gives a local regularity property
of the function ρ.

Theorem 8.2.3 Under Hypotheses 8.2.1(i) and 8.2.1(iii), the function ρ be-

longs to W 1,p
loc (RN ) for any p ∈ [1,+∞). As a consequence, ρ is continuous in

R
N .

Proof. We split the proof into three steps.

Step 1. Here, we show that ρ ∈ Lp
loc(R

N ) for any p < N/(N − 1). For this
purpose, we begin by observing that, according to Proposition 8.1.2,

∫

RN

N∑

i,j=1

qijDijϕdµ = −

∫

RN

N∑

i=1

biDiϕdµ, ϕ ∈ C∞
c (RN ), (8.2.3)
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where

bi := bi +

N∑

j=1

Diqij , i = 1, . . . , N.

By density, it is immediate to extend (8.2.3) to any function ϕ ∈ C2
c (RN ).

Now, we fix R > 0 and a function ϑ ∈ C∞
c (B(R)) such that χB(R/2) ≤ ϑ ≤

χB(R). For any ψ ∈ C2(B(R)) we write (8.2.3) with ϕ = ψϑ. We get

∣∣∣∣
∫

B(R)

N∑

i,j=1

qijDijψ ϑdµ

∣∣∣∣ ≤
∣∣∣∣2
∫

B(R)

N∑

i,j=1

qijDiϑDjψdµ

+

∫

B(R)

ψ
N∑

i,j=1

qijDijϑdµ+

∫

RN

ϑ
N∑

i=1

biDiψdµ

+

∫

RN

ψ

N∑

i=1

biDiϑdµ

∣∣∣∣

≤ C1||ψ||C1(B(R)), (8.2.4)

where C1 is a positive constant, depending on R, but being independent of ψ.
Let f ∈ C∞

c (B(R)) be a smooth function. By [66, Theorem 6.14 and Lemma
9.17], the equation






N∑

i,j=1

qij(x)Diju(x) = f(x), x ∈ B(R),

u(x) = 0, x ∈ ∂B(R),

(8.2.5)

admits a unique solution u ∈ C2(B(R)) satisfying

||u||W 2,q(B(R)) ≤ C2||f ||Lq(B(R)),

for any q > N and some positive constant C2 = C2(q,R), independent of f .
Using the Sobolev embedding theorems (see [2, Theorem 5.4]) we deduce that

||u||C1(B(R)) ≤ C3||f ||Lq(B(R)),

with C3 being independent of f . Therefore, plugging ψ = u into (8.2.4), we
deduce that ∣∣∣∣

∫

B(R)

f ϑρdx

∣∣∣∣ ≤ C1C3||f ||Lq(B(R)).

By the arbitrariness of f ∈ C∞
c (B(R)) and q > N the function ρϑ belongs

to Lp(B(R)) for any p ∈ [1, N/(N − 1)). Since ρϑ = ρ in B(R/2) and R is
arbitrary, the assertion easily follows.
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Step 2. We now show that ρ ∈W 1,p
loc (RN ) for any p ∈ [1, N/(N−1)). So, let

us fix p ∈ (1, N/(N − 1)) and M ∈ N. For any x0 ∈ B(M) and any R > 0 we
fix two functions η, ψ ∈ C2(x0 +B(R)) such that χx0+B(R/2) ≤ η ≤ χx0+B(R)

and ψ vanishes on x0 + ∂B(R). We are going to prove that we can fix R
sufficiently small (depending only on M) such that ρ ∈ W 1,p(x0 + B(R/2))
for any x0 ∈ B(M). The arbitrariness of x0 ∈ B(M) and M > 0, then, will
imply that ρ ∈ W 1,p

loc (RN ). Without loss of generality, we can assume that
R < 1.

Writing (8.2.3) with ϕ = ψη and using the Poincaré inequality, we get

∣∣∣∣
∫

x0+B(R)

η

N∑

i,j=1

qijDijψdµ

∣∣∣∣

≤ 2

∣∣∣∣
∫

x0+B(R)

N∑

i,j=1

qijDiηDjψdµ

∣∣∣∣+
∣∣∣∣
∫

x0+B(R)

ψ

N∑

i,j=1

qijDijηdµ

∣∣∣∣

+

∣∣∣∣
∫

x0+B(R)

η

N∑

i=1

biDiψdµ

∣∣∣∣+
∣∣∣∣
∫

x0+B(R0)

ψ

N∑

i=1

biDiηdµ

∣∣∣∣

≤ C4

∫

x0+B(R)

(|ψ| + |Dψ|)dµ

≤ C5||Dψ||Lp/(p−1)(x0+B(R)), (8.2.6)

for some positive constants C4 and C5, depending on R, M and the sup-norm
of the coefficients of A in B(M + 1), but independent of ψ and x0.

For any set of functions fi ∈ C∞
c (x0 + B(R)) (i = 1, . . . , N), let us denote

by u ∈ C2(x0 + B(R)) the solution to the elliptic boundary problem (8.2.5)

with
∑N

i=1Difi instead of f . Plugging ψ = u into (8.2.6), we get

∣∣∣∣
∫

x0+B(R)

η

N∑

i=1

Difidµ

∣∣∣∣ ≤ C5||Du||Lp/(p−1)(x0+B(R)). (8.2.7)

Let us show that

||Du||Lp/(p−1)(x0+B(R)) ≤ C6

N∑

i=1

||Difi||W−1,p/(p−1)(x0+B(R)), (8.2.8)

for some positive constant C6, independent of R, x0 and f , provided that
R is sufficiently small. Here, W−1,p/(p−1)(x0 + B(R)) denotes the dual of
the space W 1,p

0 (x0 + B(R)). From the estimates (8.2.7) and (8.2.8) we will
then immediately deduce that ηρ ∈ W 1,p

0 (x0 + B(R)) and, since η = 1 in
x0 +B(R/2), that ρ ∈ W 1,p(x0 +B(R/2)).

From now on, we denote by Cj positive constants, depending on M , but
independent of x0, R and f .
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To prove (8.2.8) we begin by observing that, since

N∑

i,j=1

Di(qijDju) =

N∑

i=1

Difi +

N∑

i,j=1

Diqij Dju := g1 + g2,

then

||Du||Lp/(p−1)(x0+B(R))

≤ C7

(
||g1||W−1,p/(p−1)(x0+B(R)) + ||g2||W−1,p/(p−1)(x0+B(R))

)
; (8.2.9)

see, e.g., [64, Section 4.3] or [80, Section 5.5].
To estimate the norm of the function g2 we observe that, since p < N , then

LpN/(N(p−1)+p)(x0 +B(R)) ⊂W−1,p/(p−1)(x0 +B(R)) and

||k||W−1,p/(p−1)(x0+B(R)) ≤ C8||k||LpN/(N(p−1)+p)(x0+B(R)).

for any k ∈W−1,p/(p−1)(x0 +B(R)). Therefore,

||g2||W−1,p/(p−1)(x0+B(R)) ≤ C9||g2||LpN/(N(p−1)+p)(x0+B(R))

≤ C10||h||LN (x0+B(R))||Du||Lp/(p−1)(x0+B(R))

≤ C11R||h||L∞(B(M+1))||Du||Lp/(p−1)(x0+B(R)).

(8.2.10)

Here, h2 =
∑N

i,j=1 |Diqij |2. From (8.2.9) and (8.2.10) we deduce that

||Du||Lp/(p−1)(x0+B(R))

≤ C12

(
R||Du||Lp/(p−1)(x0+B(R)) + ||g1||W−1,p/(p−1)(x0+B(R))

)
. (8.2.11)

Taking R sufficiently small, we get the estimate (8.2.8).

Step 3. In this step we conclude the proof, using a bootstrap argument. Since
ρ ∈ W 1,p

loc (RN ) for any p ∈ [1, N/(N − 1)), the Sobolev embedding theorems
imply that ρ ∈ Lp

loc(R
N ) for any p ∈ [1, N/(N − 2)). Now, repeating the

argument in Step 2, we deduce that ρ ∈ W 1,p
loc (RN ) for any p ∈ [1, N/(N−2)).

Iterating this argument, we can show that ρ ∈ Lp
loc(R

N ) for any p ∈ [1,+∞).
Now, we observe that we can adapt the arguments in Step 2 to prove that

ρ ∈ W 1,p
loc (RN ) also in the case when p > N . As it is immediately seen, we just

need to modify the estimate (8.2.10). For this purpose, we observe that, if p >
N , then L1(x0 +B(R)) is continuously embedded in W−1,p/(p−1)(x0 +B(R))
and

||k||W−1,p/(p−1)(x0+B(R)) ≤ C13R
p−N

p ||k||L1(x0+B(R)),

for any k ∈W−1,p/(p−1)(x0 +B(R)). Hence, in this case we have

||g2||W−1,p/(p−1)(x0+B(R)) ≤ C14R
p−N

p ||g2||L1(x0+B(R))

≤ C15R
p−N

p ||h||Lp(x0+B(R))||Du||Lp/(p−1)(x0+B(R))

≤ C16R||h||L∞(B(M+1))||Du||Lp/(p−1)(x0+B(R)).
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Taking R sufficiently small, we get (8.2.8) and, consequently, we obtain that
u ∈W 1,p

loc (RN ) also in this case.

Remark 8.2.4 (i) The previous theorem applies also to the case when µ
is just an infinitesimally invariant measure. See Remark 8.1.4 for the
definition of infinitesimally invariant measures.

(ii) The result in Theorem 8.2.3 holds also in the case when N = 1. To see
it, we denote by x the variables in R and we introduce the operator B
defined on smooth functions of two variables (x, y) by

Bu(x, y) = Au(x, y) +Dyyu(x, y) − yDyu(x, y), (x, y) ∈ R
2.

Moreover, we denote by µ̃ the measure in R2 whose density with respect
to the Lebesgue measure is given by

ρ̃(x, y) =
1

√
2π
ρ(x)e−

1

2
y2

, (x, y) ∈ R
2.

Of course, the coefficients of the operator B satisfy the assumptions of
Theorem 8.2.3. Moreover, for any ϕ ∈ C∞

c (R2), we have
∫

R2

Bϕdµ̃ =
1

√
2π

∫

R

e−
1

2
y2

dy

×

∫

R

(Aϕ(x, y) + ϕyy(x, y) − yϕy(x, y))ρ(x)dx

=
1

√
2π

∫

R

e−
1

2
y2

(∫

R

(ϕyy(x, y) − yϕy(x, y))ρ(x)dx

)
dy

=
1

√
2π

∫

R

e−
1

2
y2

(Dyy − yDy)

(∫

R

ϕ(x, y)ρ(x)dx

)
dy

=
1

√
2π

∫

R

(Dyye
− 1

2
y2

+Dy(ye
− 1

2
y2

)

(∫

R2

ϕ(x, y)ρ(x)dx

)
dy

= 0.

Therefore, from the results in Theorem 8.2.3, the function ρ̃ belongs to
W 1,p

loc (R2) and, hence, ρ ∈W 1,p
loc (R) for any p ∈ [1,+∞).

(iii) The reason why, throughout this section, we decide to deal only with
the case when N ≥ 2, is based on the fact that, when N = 1, an explicit
representation formula for the density of the infinitesimally invariant
measure µ is available. Indeed, in such a case, a straightforward integra-
tion by parts shows that

∫

R

{q(x)ρ′(x) − b(x)ρ(x)}ϕ′(x)dx = 0,
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for any ϕ ∈ C∞
c (R). Hence,

q(x)ρ′(x) − b(x)ρ(x) = C, x ∈ R,

for some real constant C.

8.2.1 Global L
q-regularity of the density ρ

In this subsection we are devoted to prove some Lq-regularity results for the
function ρ. By virtue of Remark 8.2.4(iii), we limit ourselves to dealing with
the case when N ≥ 2.

Theorem 8.2.5 Assume Hypothesis 8.2.1. Further, suppose that bi ∈ Lp
µ for

any i = 1, . . . , N and some p ∈ [2,+∞). Then, the following properties are

met:

(i) if N ≥ 3 and p ∈ [2, N), then ρ ∈ Lq(RN ) for any q ≤ N
N−p ;

(ii) if p = N , then ρ ∈ Lq(RN ) for any q ∈ [1,+∞);

(iii) if p > N , then ρ ∈ Cb(R
N ).

Remark 8.2.6 As it has been already noticed in Remark 8.2.2, one can take
advantage of the forthcoming Proposition 8.2.14 for a sufficient condition en-
suring that the integrability assumptions on the coefficients bi (i = 1, . . . , N)
are satisfied.

Proof of Theorem 8.2.5. To prove the assertion we use a bootstrap argument.
Since the proof is rather long we divide it into three steps. First, in Step 1 we
assume that p = 2 and we prove that ρ belongs to LN/(N−2)(RN ), if N > 2,
and to Lq(RN ) for any q ∈ [1,+∞), if N = 2. For this purpose, according to
the Sobolev embedding theorems (see [2, Theorem 5.4]), it suffices to show
that

√
ρ ∈W 1,2(RN ). Next in Step 2, where we assume that N > 2, we prove

that, if ρ ∈ Lr(RN ) for some r ∈ (1,+∞), then actually it belongs to Lq(RN ),
where q = N(r(p−2)+2)/(p(N−2)). Finally, in Step 3 we conclude the proof.
Throughout the proof, for notational convenience, we set

q(ξ, η) =

N∑

i,j=1

qijξiηj , ξ, η ∈ R
N .

We also stress that, throughout the proof, actually we do not require µ to
be the invariant measure of {T (t)}. We just need that µ is infinitesimally
invariant, i.e., ∫

RN

Aϕdµ = 0, ϕ ∈ C∞
c (RN ). (8.2.12)
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Of course, according to Proposition 8.1.2, if µ is the invariant measure of
{T (t)}, then the previous condition is always satisfied.

Step 1. Integrating by parts (taking Theorem 8.2.3 into account), from the
formula (8.2.12) we easily see that

∫

RN

q(Dρ,Dϕ)dx =

∫

RN

N∑

j=1

bjDjϕdµ, (8.2.13)

for any ϕ ∈ C∞
c (RN ). Since ρ is continuous (see again Theorem 8.2.3), then

bρ ∈ L2
loc(R

N ). Therefore, by density, we can extend (8.2.13) to any ϕ ∈
W 1,2(RN ) with compact support.

Now, for any ε, k such that 0 < ε < 1 < k, we introduce the function
ρε,k : RN → R defined by

ρε,k(x) = (ρ(x) ∨ ε) ∧ k, x ∈ R
N . (8.2.14)

Moreover, let {ϑn} be the sequence of smooth functions defined by ϑn(x) =
ϑ(x/n) for any x ∈ RN and any n ∈ N, where ϑ ∈ C∞

c (RN ) is such that
χB(1/2) ≤ ϑ ≤ χB(1). A straightforward computation shows that there exists
a positive constant C such that

|Dϑn(x)| ≤
C

1 + |x|
, |D2ϑn(x)| ≤

C

1 + |x|2
, x ∈ R

N . (8.2.15)

As it is easily seen, the function log(ρε,k) belongs to W 1,p
loc (RN ) ∩ L∞(RN )

for any n ∈ N. Plugging ϕ = ϑ2
n log(ρε,k) in (8.2.13), we get

∫

RN

ϑ2
nχ{ε<ρ<k}

q(Dρ,Dρ)

ρ
dx = −2

∫

RN

ϑn log(ρε,k)q(Dρ,Dϑn)dx

+

∫

RN

ϑ2
n

N∑

j=1

bjDjρχ{ε<ρ<k}dx

+2

∫

RN

ϑnρ log(ρε,k)

N∑

j=1

bjDjϑndx

:= In + Jn +Kn.

Let us estimate the term In. An integration by parts shows that

In = 2

∫

RN

log(ρε,k)q(Dϑn, Dϑn)dµ+ 2

∫

RN

ϑn log(ρε,k)

N∑

i,j=1

qijDijϑndµ

+2

∫

RN

ϑn log(ρε,k)

N∑

i,j=1

DiqijDjϑndµ

+2

∫

RN

ϑnχ{ε<ρ<k}
q(Dρ,Dϑn)

ρ
dµ.
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Using the Young inequality, we get

|In| ≤ Cε,k

∫

RN

(
q(Dϑn, Dϑn) + Tr(QD2ϑn) +

N∑

i,j=1

|DiqijDjϑn|

)
dµ

+2

(∫

RN

ϑ2
nχ{ε<ρ<k}

q(Dρ,Dρ)

ρ
dx

) 1

2

(∫

RN

q(Dϑn, Dϑn)ρdx

) 1

2

≤ Cε,k

∫

RN

(
q(Dϑn, Dϑn) + Tr(QD2ϑn) +

N∑

i,j=1

|DiqijDjϑn|

)
dµ

+
1

δ2

∫

RN

q(Dϑn, Dϑn)dµ+ δ

∫

RN

ϑ2
nχ{ε<ρ<k}

q(Dρ,Dρ)

ρ
dx, (8.2.16)

where Cε,k = | log(ε)| ∨ log(k). Similarly, we have

Jn +Kn ≤ δ

∫

RN

ϑ2
nχ{ε<ρ<k}

|Dρ|2

ρ
dx+

1

4δ2

∫

RN

|b|2ρdx+
CCε,k

n

∫

RN

|b|dµ,

(8.2.17)
for any δ > 0. From (8.2.16) and (8.2.17) and Hypothesis 8.2.1(i) it follows
that

(
1 − δ −

δ

κ0

)∫

RN

ϑ2
nχ{ε<ρ<k}

q(Dρ,Dρ)

ρ
dx

≤ Cε,k

∫

RN

(
q(Dϑn, Dϑn) + Tr(QD2ϑn) +

N∑

i,j=1

|DiqijDjϑn|

)
dµ

+
1

δ2

∫

RN

q(Dϑn, Dϑn)dµ+
CCε,k

n

∫

RN

|b|dµ+
1

4δ2

∫

RN

|b|2dµ.

Letting n go to +∞ and taking Hypothesis 8.2.1(ii) and the condition (8.2.15)
into account, from the dominated convergence theorem we deduce that

(
1 − δ −

δ

κ0

)∫

RN

χ{ε<ρ<k}
q(Dρ,Dρ)

ρ
dx ≤

1

4δ2

∫

RN

|b|2ρdx,

for any δ > 0 and any 0 < ε < 1 < k. Now, taking δ small enough and
letting ε go to 0+ and k go to +∞, we deduce that ρ−1q(Dρ,Dρ) (and,
hence, ρ−1|Dρ|2) belongs to L1(RN ) and

κ0

∫

RN

|Dρ|2

ρ
dx ≤

∫

RN

q(Dρ,Dρ)

ρ
dx ≤ C̃

∫

RN

|b|2dµ, (8.2.18)

for a suitable positive constant C̃. Hence,
√
ρ ∈ W 1,2(RN ). Note that ρ ∈

L1(RN ) according to Proposition 8.1.5.
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Step 2. Now, we assume that N > 2 and that bi ∈ Lp
µ for any i = 1, . . . , N ,

and we prove that, if ρ ∈ Lr(RN ) for some r ∈ (1,+∞), then, actually, it
belongs to Lq(RN ), where q = N(r(p− 2) + 2)/(p(N − 2)). For this purpose,
we prove that ρ(β−1)/2|Dρ| ∈ L2(RN ), where β = (r − 1)(1 − 2/p), and

κ2
0

∫

RN

ρβ−1|Dρ|2dx ≤

∫

RN

|b|2ρβ+1dx. (8.2.19)

The estimate (8.2.19) will imply that the function ρ(β+1)/2 is an element of
W 1,2(RN ) (note that, since β + 1 < 2r and ρ ∈ L1(R), then ρ ∈ Ls(RN ) for
any s ∈ [1, r]). Again, the Sobolev embedding theorems will yield ρ ∈ Lq(RN ).

So, let us prove (8.2.19). We observe that the integral in the right-hand side
of (8.2.19) converges since, by the Hölder inequality, we have

∫

RN

|b|2ρβ+1dx ≤

(∫

RN

|b|pdµ

) 2

p
(∫

RN

ρrdx

)1− 2

p

, (8.2.20)

and the right-hand side of (8.2.20) is finite. The estimate (8.2.19) can be
proved by applying the same arguments as in Step 1. Indeed, plugging ϕn =
ϑ2

nρ
β
ε,k into (8.2.13) we get

β

∫

RN

ϑ2
nρ

β−1χ{ε<ρ<k}q(Dρ,Dρ)dx = −2

∫

RN

ϑnρ
β
ε,kq(Dρ,Dϑn)dx

+β

∫

RN

ϑ2
nρ

βχ{ε<ρ<k}

N∑

i=1

biDiρdx

+2

∫

RN

ϑnρρ
β
ε,k

N∑

i=1

biDiθndx

= In + Jn +Kn. (8.2.21)

With the same computations as in Step 1, we can easily show that

(
β

(
1 −

δ

κ0

)
− δ

)∫

RN

η2
nρ

β−1χ{ε<ρ<k}q(Dρ,Dρ)dx

≤
1

4δ2

∫

RN

|b|2ρβ+1dx+ C(ε, k, δ, n), (8.2.22)

where C(ε, k, δ, n) is a positive constant which tends to 0 as n tends to +∞,
for any fixed ε, k, δ. Therefore, letting first n go to +∞ and, then, ε and k,
respectively, to 0 and +∞, we deduce that the function ρβ−1q(Dρ,Dρ) (and,
consequently, the function ρβ−1|Dρ|2) belongs to L1(RN ). Now, from (8.2.21)
the formula (8.2.19) easily follows.

Step 3. Here we make the bootstrap argument work to prove the assertions
(i)-(iii). We first assume that N > 2. In such a situation the results of Steps 1
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and 2 allow us to show that ρ ∈ Lqn(RN ) for any n ∈ N, where qn is defined
recursively by the following relation






qn+1 =
N(p− 2)

p(N − 2)
qn +

2N

p(N − 2)
, n ≥ 1,

q1 =
N

N − 2
.

Therefore,

qn =
Nn(p− 2)n

pn−1(N − 2)n(p−N)
+

N

N − p
, n ≥ 2,

if p 6= N , whereas

qn =
2n+N − 2

N − 2
, n ≥ 2,

if p = N . In the case when p ∈ (2, N) it is immediate to check that qn
converges to N/(N − p) as n tends to +∞. Hence, to complete the proof of
the assertion (i) it suffices to show that the sequence {||ρ||Lqn (RN )} is bounded.
Indeed, once this is proved, we will easily deduce that

||ρ||LN/(N−p)(B(k)) = lim
n→+∞

||ρ||Lqn (B(k)) ≤ lim sup
n→+∞

||ρ||Lqn (RN ) ≤ sup
n∈N

||ρ||Lqn (RN ),

for any k ∈ N, and the Fatou lemma will imply that ||ρ||LN/(N−p)(RN ) is finite.
Let us observe that according to the formulas (8.2.19) and (8.2.20) and the

Sobolev embedding theorems, we have

||ρ||Lqn+1(RN ) ≤ C
2N

qn+1(N−2)

1 ||ρ||
N

N−2

p−2

p

qn
qn+1

Lqn (RN )
,

where C1 = C||b||p, C being the constant appearing in the Sobolev embedding
theorems. Equivalently, setting αn = log(||ρ||Lqn (RN )), we have

αn+1 ≤
2N

qn+1(N − 2)
| log(C1)| +

N

N − 2

p− 2

p

qn
qn+1

αn. (8.2.23)

Since N(p− 2)/(p(N − 2)) < 1 and {qn} is increasing, from (8.2.23) it follows
that there sequence {αn} satisfies

αn+1 ≤ β + γαn, n ∈ N,

for some β > 0 and some γ ∈ (0, 1), and this implies that {αn} and, con-
sequently, {||ρ||Lqn (RN )} are bounded. On the other hand, in the case when
p ≥ N the sequence {qn} is increasing and it diverges to +∞. Hence, the
assertion (ii) easily follows. To prove that ρ belongs to L∞(RN ) when p > N ,
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we will show that the Lqn -norms of ρ are bounded by a constant C, indepen-
dent of n. This will be enough for our purposes. Indeed, since ρ is continuous
then, for any k ∈ N,

||ρ||C(B(k)) = lim
n→+∞

||ρ||Lqn (B(k)) ≤ lim sup
n→+∞

||ρ||Lqn (RN ) < C.

The arbitrariness of k then will imply that ρ ∈ L∞(RN ).
To prove the boundedness of ||ρ||Lqn (RN ) we argue as in the case when p < N .

From (8.2.23) we easily deduce that

αn ≤ βn−1 +

n−2∑

k=1

βn−1−k

n−1∏

l=n−k

γl + α1

n−1∏

k=1

γk, n ≥ 2,

where

βj =
2N

qj+1(N − 2)
| log(C1)|, γj =

N

N − 2

p− 2

p

qj
qj+1

= 1 −
2N

p(N − 2)

1

qj+1
,

(8.2.24)
for any j. Observing that γl ≤ 1 for any l, we get

αn ≤ βn−1 +

n−2∑

k=1

βk + α1.

Since,
∑+∞

k=1 βk < +∞, we immediately deduce that

αn ≤ α1 +

+∞∑

k=1

βk,

for any n ∈ N and we are done.
To conclude the proof, let us consider the case when N = 2. The property

(ii) easily follows from the Sobolev embedding theorems since, as we have
shown in Step 1, the function

√
ρ belongs to W 1,2(RN ).

To prove the property (iii) in the case when N = 2 we observe that, since
Lp

µ(RN ) is continuously embedded in L2
µ(RN ), then ρ ∈ Lq(RN ) for any q ∈

[1,+∞). Therefore, it belongs to Lr0/(r0−2)(RN ), where r0 is such that 2 <
r0 < p.

Adapting the proof of Step 2 to this situation, we can easily show that,
if ρ ∈ Lr(RN ) for some r > 1, then, actually, it belongs to Lq(RN ), where
q = r0(r(p− 2) + 2)/(p(r0 − 2)).

Now, applying the same bootstrap argument used in the case when N ≥ 3,
we can show that ρ ∈ Lqn(RN ) for any n ∈ N, where now the sequence {qn}
is defined recursively by






qn+1 =
r0(p− 2)

p(r0 − 2)
qn +

2r0
p(r0 − 2)

, n ≥ 2,

q1 =
r0

r0 − 2
.
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Since r0(p − 2)/(p(r0 − 2)) > 1, we can conclude that ρ ∈ Cb(R
N ) repeating

step by step the same arguments used in the case when N > 2.

Remark 8.2.7 In fact, the proof of Theorem 8.2.5 shows some differentia-
bility properties of the density ρ. In particular, it shows that, if bi ∈ Lp

µ for

any i = 1, . . . , N and some p ≥ (N + 2)/2, p > 2, then ρ ∈ W 1,2(RN ). To
see it, first suppose that N ≥ 3. By Theorem 8.2.5(i), ρ ∈ Lq(RN ) for any
q ∈ [1, N/(N − p)]. Hence, in particular, it belongs to L2N/(N−2)(RN ). There-
fore, we can apply Step 2 in the proof of Theorem 8.2.5, taking β = 1. This
shows that Dρ ∈ L2(RN ), and we are done.

In the case when N = 2, Theorem 8.2.5 implies that ρ ∈ Lq(RN ) for any
q ∈ [1,+∞]. In particular, it belongs to L2(p−1)/(p−2)(RN ) and, again, we can
apply Step 2 in the proof of Theorem 8.2.5 to get the assertion.

A result similar to whose in Theorem 8.2.5(iii) can be proved, without
assuming p > N , in the case when the function b is much more regular.

We refer the reader to the forthcoming Proposition 8.2.14 for a sufficient
condition ensuring that the integrability assumptions on the coefficients bi
(i = 1, . . . , N) in the following theorem are satisfied.

Theorem 8.2.8 Suppose that bi ∈ W 1,∞
loc (RN ) and bi, div b ∈ Lp

µ for some

p > N/2, p ≥ 2 and any i = 1, . . . , N . Then ρ ∈ Cb(R
N ).

Proof. The proof is similar to that of Theorem 8.2.5. To make the same
arguments as in the proof of the quoted theorem work, we need to show that
if ρ ∈ Lr(RN ) for some r > 1, then the function ρ(β+1)/2 belongs toW 1,2(RN ),
where β = (r − 1)(1 − 1/p). For this purpose it suffices to show that

κ0(β + 1)

∫

RN

ρβ−1|Dρ|2dx ≤ −

∫

RN

ρβ+1divb dx, (8.2.25)

since integral in the right-hand side of (8.2.25) converges (compare with

(8.2.20)). Multiplying the (distributional) identity A0ρ = div (ρb) by ϑ2
nρ

β
ε,k

(where ρε,k is given by (8.2.14) and {ϑn} is the sequence of smooth functions
defined by ϑn(x) = ϑ(x/n) for any x ∈ R

N and any n ∈ N, ϑ ∈ C∞
c (RN )

being any smooth function such that χB(1/2) ≤ ϑ ≤ χB(1)), we obtain again
(8.2.21). Here, A0 is given by (8.2.1). The terms In and Kn can be estimated
as in Step 1 in the proof of Theorem 8.2.5. As far as the term Jn is concerned,
we observe that ρβχ{ε<ρ<k}Dρ = (β+1)−1Dρβ+1

ε,k . Therefore, since β+1 < r,

both the functions ρβ+1
ε,k and ρβ+1 belong to L1(RN ). Hence, integrating by

parts, we can write

Jn = −
β

β + 1

∫

RN

ρβ+1
ε,k

N∑

i=1

biDi(ϑ
2
n)dx −

β

β + 1

∫

RN

ρβ+1
ε,k ϑ2

ndivb dx.
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Now, letting n go to +∞, yields

lim
n→+∞

Jn = −
β

β + 1

∫

RN

ρβ+1
ε,k divb dx.

Therefore, arguing as in the proof of (8.2.22), we get

β(1 − δ)

∫

RN

ρβ−1χ{ε<ρ<k}

N∑

i,j=1

qijDiρDjρdx ≤ −
β

β + 1

∫

RN

ρβ+1
ε,k divb dx.

Finally, letting ε and δ go to 0+ and k go to +∞, (8.2.25) follows.

8.2.2 Global Sobolev regularity

In this subsection we prove some Sobolev regularity results for ρ under the
following more restrictive assumptions on the diffusion coefficients qij (i, j =
1, . . . , N).

Hypotheses 8.2.9 (i) Hypotheses 8.2.1(i) and 8.2.1(iii) are satisfied;

(ii) the functions qij belong to C1
b (RN ) for any i, j = 1, . . . , N .

Theorem 8.2.10 Under Hypotheses 8.2.9 the following properties are met:

(i) if bi ∈ L1
µ (i = 1, . . . , N), then ρ ∈ Lq(RN ) for any q ∈

[
1, N

N−1

)
;

(ii) if bi ∈ Lp
µ (i = 1, . . . , N) for some p ∈ (1, 2), then ρ ∈ W 1,q(RN ) for

any q ∈
(
1, N

N−p+1

)
;

(iii) if bi ∈ Lp
µ (i = 1, . . . , N) for some p ∈ [2, N), then ρ ∈ W 1,q(RN ) for

any q ∈
[
1, N

N−p+1

]
;

(iv) if bi ∈ LN
µ (i = 1, . . . , N), then ρ ∈W 1,q(RN ) for any q ∈ [1, N);

(v) if bi ∈ Lp
µ (i = 1, . . . , N) for some p > N , then ρ ∈ W 1,q(RN ) for any

q ∈ [1, p].

Proof. We begin the proof checking the property (i). For this purpose, we
observe that, according to (8.2.12), we can write

∫

RN

(ϕ−A0ϕ) dµ =

∫

RN

(
ϕ+

N∑

i=1

biDiϕ

)
dµ,
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for any ϕ ∈ C∞
c (RN ). Here A0 is defined by (8.2.1). Then, using the Hölder

inequality we get ∣∣∣∣
∫

RN

(ϕ−A0ϕ) dµ

∣∣∣∣ ≤ C||ϕ||1,∞, (8.2.26)

for some positive constant C, independent of ϕ. Let us now show that (8.2.26)
implies that ∣∣∣∣

∫

RN

fdµ

∣∣∣∣ ≤ C||f ||Lq(RN ), (8.2.27)

for any f ∈ Lq(RN ) and any q > N . This, of course, will lead us to the
assertion thanks to the Riesz-Fisher representation theorem. Without loss of
generality we assume that f ∈ C∞

c (RN ). According to [66, Theorems 9.15],
the equation w−A0w = f admits a unique solution w ∈W 2,q(RN ). Moreover,
there exists a positive constant C, independent of f , such that ||w||W 2,q(RN ) ≤
C||f ||Lq(RN ) (see [66, Lemma 9.17]). Since q > N , the Sobolev embedding

theorems imply that w ∈ C1
b (RN ) and ||w||C1

b
(RN ) ≤ C̃||f ||Lq(RN ) for some

constant C̃, independent of w.
To get (8.2.27) we just need to show that we can plug w into (8.2.26). For
this purpose, we use an approximation argument. Let {ϑn} be the sequence of
smooth functions defined by ϑn(x) = ϑ(x/n) for any x ∈ RN and any n ∈ N,
where ϑ ∈ C∞

c (RN ) is such that χB(1/2) ≤ ϑ ≤ χB(1). As it is easily seen, the
function ϑnw tends to w in W 2,q(RN ) and, consequently, A0(ϑnw) tends to
A0w in Cb(R

N ). We now regularize the sequence {ϑnw} by convolution in a
standard way, introducing the sequence {wε,n} defined by

wε,n =

∫

RN

ϑn(y)w(y)ξε(x− y)dy, x ∈ R
N ,

for any ε > 0 and any n ∈ N, where ξε(x) = ε−Nξ(ε−1x) and ξ ∈ C∞
c (RN )

is a smooth function with ||ξ||L1(RN ) = 1. Of course, wε,n ∈ C∞
c (RN ) and it

tends to ϑnw in W 2,q(RN ) as ε tends to 0. Moreover,

(A0wε,n)(x) =

∫

RN

(A0(ϑnw))(y)ξε(x− y)dy

+

N∑

i,j=1

∫

RN

(qij(x) − qij(x− y))(Dij(ϑnw))(x − y)ξε(y)dy

+

N∑

i=1

∫

RN

(ci(x) − ci(x − y))(Di(ϑnw))(x − y)ξε(y)dy,

(8.2.28)

for any x ∈ RN , where ci =
∑N

j=1Djqij for any i = 1, . . . , N . Since A0w ∈

BUC(RN ), then A0(ϑnw) ∈ BUC(RN ) as well. Therefore, the first term in
the right-hand side of (8.2.28) tends to A(ϑnw) uniformly in RN , as ε tends to
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0. Since qij ∈ Lip(RN ) for any i, j = 1, . . . , N , a similar argument shows that
the second term in the right-hand side of (8.2.28) converges to zero uniformly
in R

N as ε tends to 0. Finally, the third term converges to 0 locally uniformly
in RN . It follows that A0wε,n tends to A0(ϑnw) locally uniformly in RN .
Moreover, there exists a positive constant C, independent of ε and n, such
that ||A0wε,n||∞ ≤ C for any ε > 0 and any n ∈ N. We have so proved
that there exists a sequence {wn} ⊂ C∞

c (RN ) converging to w in W 2,q(RN )
and such that A0wn tends to A0w locally uniformly in RN and the sequence
{A0wn} is bounded in Cb(R

N ). As a consequence, writing (8.2.26) with wn

instead of ϕ and letting n go to +∞ easily yields (8.2.27).
Now we can prove the property (ii). We argue as in Step 2 of the proof of

Theorem 8.2.5. Suppose that ρ ∈ Lq(RN ) for some q > 1. Then, using (8.2.12)
and the Hölder inequality, we can show that

∣∣∣∣
∫

RN

A0ϕdµ

∣∣∣∣ ≤ C||ϕ||1,r′ ,

where 1/r + 1/r′ = 1 and

1

r
=

1

p
+

(
1 −

1

p

)
1

q
. (8.2.29)

According to Theorem C.1.3(i), ρ belongs toW 1,r(RN ) and since r < N (recall
that N ≥ 2) the Sobolev embedding theorems then imply that ρ ∈ Leq(RN )
where

1

q̃
=

1

p
−

1

N
+

(
1 −

1

p

)
1

q
.

Therefore, using a bootstrap argument, we can now easily show that ρ ∈
Lqn(RN ) for any n ∈ N, where sn := 1/qn (n ∈ N) is defined recursively by





sn+1 =

N − p

pN
+
p− 1

p
sn,

s1 = α,

α being any real number belonging to the interval ((N − 1)/N, 1). Since the
sequence {sn} converges to (N−p)/N , then qn tends to N/(N−p) as n tends
to +∞. Using (8.2.29) the assertion follows.

Let us now prove the property (iii). The arguments that we are going to
use can be also adapted to prove the properties (iv) and (v). According to
Theorem 8.2.5(i) we know that ρ ∈ LN/(N−p)(RN ). Therefore, by the Hölder
inequality and our assumptions, it is immediate to check that the functions
biρ belong to L(N/(N−p+1)(RN ) for any i = 1, . . . , N . Therefore, from (8.2.12)
we deduce that ∣∣∣∣

∫

RN

A0ϕdµ

∣∣∣∣ ≤ C||ϕ||
W

1, N
p−1 (RN )

, (8.2.30)
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for any ϕ ∈ C∞
c (RN ). Theorem C.1.3(i) now implies that the function ρ

belongs to W 1,N/(N−p+1)(RN ). Since ρ−1|Dρ|2 belongs to L1(RN ) (see Step
1 in the proof of Theorem 8.2.5), using the Hölder inequality we deduce that
|Dρ| ∈ L1(RN ). Therefore, ρ ∈W 1,1(RN ), and, hence, it belongs to W 1,q(RN )
for any q ∈ [1, N/(N − p+ 1)].

Remark 8.2.11 For a sufficient condition ensuring that the integrability as-
sumptions on the coefficients bi (i = 1, . . . , N) are satisfied, we refer the reader
to the forthcoming Proposition 8.2.14.

We now deal with the regularity of the second-order derivatives of ρ.

Theorem 8.2.12 In addition to Hypotheses 8.2.9, let bi ∈ W 1,∞
loc (RN ) ∩Lp

µ

for any i = 1, . . . , N and div b ∈ Lp
µ, for some p ≥ 2. Then, the following

properties are met:

(i) if p ∈ (N/2, N), then ρ ∈ W 2,q(RN ) for any q ∈
(
1, pN

pN−p2+3p−2

]
;

(ii) if p = N , then ρ ∈ W 2,q(RN ) for any q ∈
(
1, N2

3N−2

)
;

(iii) if p ∈ (N, 2N), then ρ ∈ W 2,q(RN ) for any q ∈
(
1, p2

3p−2

]
;

(iv) if p = 2N , then ρ ∈W 2,q(RN ) for any q ∈
(
1, p

2

)
;

(v) if p > 2N , then ρ ∈W 2,q(RN ) for any q ∈
(
1, p

2

]
.

Proof. To prove the first three properties it suffices to show that, if p > N/2
and p ≥ 2, and Dρ ∈ Lr(RN ) for some r ∈ (1,+∞), then ρ ∈ W 2,q(RN ) for
any q ∈ (1, s], where

1

s
=
(
1 −

2

p

)1

r
+

2

p
. (8.2.31)

Indeed, once this property is checked, the conditions (i)-(iii) will immediately
follow from Theorem 8.2.10.

Let us observe that, using (8.2.12) and integrating by parts, we can write

∫

RN

(A0ϕ)ρdx =

∫

RN

(
ρdiv b+

N∑

i=1

biDiρ

)
ϕdx,

for any ϕ ∈ C∞
c (RN ), where A0 is defined by (8.2.1). Since the function

f := ρdiv b +
∑N

i=1 biDiρ belongs to Lm
loc(R

N ) for any m ∈ [1,+∞) (see

Theorem 8.2.3), according to Theorem C.1.3(iv), ρ ∈ W 2,m
loc (RN ) for any m ∈



202 Chapter 8. Invariant measures µ and the semigroup in Lp(RN , µ)

[1,+∞). Moreover, ρ div b ∈ Lm(RN ) for any m ∈ [1, p], since ρ ∈ Cb(R
N )

(see Theorem 8.2.8). Now, using the Hölder inequality, we can write

∫

RN

|b|α|Dρ|αdx =

∫

RN

|b|α|Dρ|α− 2

β |Dρ|
2

β ρ−
1

β ρ
1

β dx

≤

(∫

RN

|Dρ|2

ρ
dx

) 1

β
(∫

RN

|b|αβdµ

) 1

β

×

(∫

RN

|Dρ|
αβ−2

β−2 dx

) β−2

β

, (8.2.32)

for any α ≥ 1 and any β ≥ 2 and, taking (8.2.18) into account, we easily see
that α = s is the largest exponent such that the right-hand side of (8.2.32) is

finite. Summing up, we have proved that g :=
∑N

i=1 biDiρ+ ρdiv b ∈ Ls(RN ).
Since A0ρ = g, the Calderón-Zygmund estimates imply that ρ ∈ W 2,s(RN ).
Hence, the statement follows with q = s.

To prove that ρ ∈ W 2,q(RN ) for any q ∈ (1, s), we now observe that since
ρ ∈ W 2,s(RN ), then Dρ ∈ Ls(RN ). Moreover, it belongs to L1(RN ) by virtue
of Theorem 8.2.10(iii) (recall that p ≥ 2). Therefore, ρ belongs to Lr∗(RN ),
where r∗ ∈ (1, s) is chosen so that q−1 = (1 − 2/p)r−1

∗ + 2/p. Now, from the
first part of the proof, we get ρ ∈W 2,q(RN ).

To conclude the proof, let us check the properties (iv) and (v). To begin
with, we show that Dρ ∈ Lq(RN ) for any q < +∞ if p = 2N and that
Dρ ∈ L∞(RN ) if p > 2N . Iterating the results in the first part of the proof,
it is easy to check that ρ ∈ W 2,qn+1(RN ) for any n ∈ N such that qn < N .
Here, τn := 1/qn is defined recursively by

τn+1 =

(
1 −

2

p

)
τn +

2N − p+ 2

pN
, n ≥ 2.

We claim that, if p > 2N , there exists n0 ∈ N such that qn0
> N . The Sobolev

embedding theorems then will imply that Dρ ∈ Cb(R
N ). To prove the claim,

we observe that if qn < N for any n ≤ m and some m ∈ N, then

τn =

(
1 −

2

p

)n(
τ1 − 1 +

p− 2

2N

)
+ 1 +

2 − p

2N
,

for any n ≤ m+ 1. Since the sequence {τn} converges to 1 + (2− p)(2N)−1 <
N−1 as n tends to +∞, there should exist n ∈ N such that qn > N . In the case
when p = 2N , the sequence τn converges to N−1. Therefore, ρ ∈ W 2,α(RN )
for any α < N , and, consequently, Dρ ∈ Lr(RN ) for any r ∈ (1,+∞).

Now we are almost done. Indeed, to prove the properties (iv) and (v) it

suffices to prove that the function g =
∑N

i=1 biDiρ+ρdiv b belongs to Lq(RN )
for any q ∈ (1, p/2), if p = 2N , and it belongs also to Lp/2(RN ), if p >
2N . Once these properties are checked, the Calderón-Zygmund estimates will
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imply that u ∈ W 2,q(RN ). Of course, without loss of generality we can limit
ourselves to dealing with the function |bDρ|. Indeed, since ρ ∈ Cb(R

N ), it is
immediate to check that all the other terms in the definition of g belong to
Lq(RN ) for any q ∈ (1, p/2), if p = 2N , and for any q ∈ (1, p/2], if p > 2N .
From the Hölder inequality we get

∫

RN

|b|q|Dρ|qdx =

∫

RN

|b|q|Dρ|q−
2q

p |Dρ|
2q

p ρ−
q

p ρ
q

p dx

≤

(∫

RN

|Dρ|
q(p−2)

p−2q dx

) p−2q

p
(∫

RN

|Dρ|2

ρ
dx

) q

p

×

(∫

RN

|b|pdµ

) q

p

, (8.2.33)

for any q ∈ (1, p/2), if p = N/2, and

∫

RN

|b|
p

2 |Dρ|
p

2 dx =

∫

RN

|b|
p

2 |Dρ|
p

2
−1|Dρ|ρ−

1

2 ρ
1

2 dx

≤ ||Dρ||
p

2
−1

∞

(∫

RN

|Dρ|2

ρ
dx

) 1

2
(∫

RN

|b|pdµ

) 1

2

, (8.2.34)

if p > 2N . Since the last sides of (8.2.33) and (8.2.34) are finite, the assertion
follows.

To conclude this subsection we prove some pointwise bounds for the func-
tion ρ. For this purpose we need to assume some additional assumptions
on the measure µ and on the drift coefficients bi (i = 1, . . . , N). For nota-
tional convenience, for any δ, β > 0 we denote by Vδ,β the function defined by
Vδ,β(x) = exp(δ|x|β) for any x ∈ RN .

Theorem 8.2.13 In addition to Hypotheses 8.2.9 assume that Vδ,β ∈ L1
µ for

some β, δ > 0. Then, the following properties are met:

(i) if |b(x)| ≤ C exp(|x|γ) for some C > 0, γ < β and any x ∈ RN , then

there exist c1, c2 > 0 such that

ρ(x) ≤ c1 exp(−c2|x|
β), x ∈ R

N ;

(ii) if in addition to the previous set of hypotheses, bi ∈ W 1,∞
loc (RN ) (i =

1, . . . , N) and |b(x)| + |div b(x)| ≤ C exp(|x|γ) for some C > 0, some

γ < β and any x ∈ RN , then there exist c1, c2 > 0 such that

|Dρ(x)| ≤ c1 exp(−c2|x|
β), x ∈ R

N .

Proof. We begin the proof by checking the property (i). Let w : RN → R be
the function defined by w(x) = exp(c2|x|β) for any x ∈ RN , where the positive
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constant c2 will be chosen in the sequel. Moreover, set ϕ = wψ, where ψ is any
function belonging to C∞

c (RN ). Since µ is the invariant measure of {T (t)},
then ∫

RN

A0ϕdµ = −

∫

RN

N∑

i=1

biDiϕdµ, (8.2.35)

or, equivalently, by differentiation,
∫

RN

wρA0ψdx

= −

∫

RN

(
ψA0w + 2

N∑

i,j=1

qijDiψDjw + w
N∑

i=1

biDiψ + ψ
N∑

i=1

biDiw

)
dµ.

(8.2.36)

Here A0 is defined by (8.2.1). Now, we fix p > N and we prove that the
right-hand side of (8.2.36) can be estimated by C||ψ||W 1,p′ (RN ) for a suitable

positive constant C, independent of ψ. Here 1/p+1/p′ = 1. Theorem C.1.3(i)
then will imply that ρw ∈ W 1,p(RN ) and the Sobolev embedding theorems
will yield ρw ∈ Cb(R

N ). The assertion will follow.
So, let us fix q > p and choose c2 < δ/q. According to our assumptions,
it is immediate to check that the functions w, Dw and A0w belong to Lq

µ

and ρ ∈ Cb(R
N ) (see Theorem 8.2.5(iii)). Therefore, the first two terms in the

right-hand side of (8.2.36) can be estimated as wished. Indeed, let us consider,
for instance, the first one. We have

∣∣∣∣
∫

RN

ψA0wdµ

∣∣∣∣ =

∣∣∣∣
∫

RN

ψ(A0w)ρdx

∣∣∣∣

≤ ||ρ||
1− 1

p
∞

∣∣∣∣
∫

RN

ψ(A0w)ρ
1

p dx

∣∣∣∣

≤ ||ρ||
1− 1

p
∞

(∫

RN

|A0w|
pdµ

) 1

p
(∫

RN

|ψ|p
′

dx

) 1

p′

. (8.2.37)

As far as the last two terms in the right-hand side of (8.2.36) are concerned,
we observe that the functions wbi and biDiw belong to Lp

µ(RN ) for any i =
1, . . . , N . Indeed, according to our assumptions, the functions bi (i = 1, . . . , N)
belong to Lr

µ(RN ) for any r ∈ [1,+∞). Hence, in particular, they belong to

L
pq/(q−p)
µ (RN ). The Hölder inequality now implies that wbi and biDiw belong

to Lp
µ(RN ) for any i = 1, . . . , N , and, repeating the same arguments as in the

proof of (8.2.37), we are done.
To conclude the proof, let us check the property (ii). For this purpose, we

begin by observing that, according to Theorem 8.2.12(v), ρ ∈ W 2,p(RN ) for
any p ∈ (1,+∞). Therefore, integrating by parts the identity (8.2.35), we
easily see that

∫

RN

(A0ρ)ϕdx =

∫

RN

{ρ(div b) + 〈b,Dρ〉}ϕdx,
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for any ϕ ∈ C∞
c (RN ) or, equivalently, A0ρ = ρ(div b)+ 〈b,Dρ〉. It follows that

A0(ρw) = wρ div b+ w

N∑

i=1

biDiρ+ ρ(A0w) + 2

N∑

i,j=1

qijDiwDjρ. (8.2.38)

Now, we replace the constant c2 with a smaller constant to make ρDw bounded
in RN . Our purpose consists in showing that the right-hand side of (8.2.38)
belongs to Lp(RN ) for some p > N . This will imply that ρw belongs to
W 2,p(RN ) and the Sobolev embedding theorems then will yield D(ρw) ∈
Cb(R

N ) and, consequently, wDρ ∈ Cb(R
N ).

As in the proof of the property (i), one sees that wρ (div b), ρ(A0w) ∈ Lp(RN ).
As far as the terms containing Dρ are concerned, we observe that

∫

RN

∣∣∣∣∣w
N∑

i=1

biDiρ

∣∣∣∣∣

p

dx ≤

∫

RN

wp|b|p|Dρ|p−1|Dρ|ρ−
1

2 ρ
1

2 dx

≤ ||Dρ||p−1
∞

(∫

RN

|Dρ|2

ρ
dx

) 1

2
(∫

RN

w2p|b|2pdµ

) 1

2

,

and the last side of the previous chain of inequalities is finite due to our
assumptions and to (8.2.18). In a similar way one can estimate the term
|Dw||Dρ|.

A situation in which Vδ,β ∈ L1
µ, for suitable values of β and δ, is provided

by the next proposition. We stress that it holds under Hypotheses 8.2.1.

Proposition 8.2.14 Assume that

lim sup
|x|→+∞

{
cλmax(x) + |x|−β

( N∑

i=1

bi(x)xi +

N∑

i,j=1

Djqij(x)xi

)}
< 0, (8.2.39)

for some c, β > 0, where, for any x ∈ RN , λmax(x) denotes the maximum

eigenvalue of the matrix (qij(x)). Then, the operator A admits a (unique)
invariant measure µ. Moreover, the function Vδ,β is integrable with respect to

µ for any δ < β−1c.

Proof. As it is easily seen,

AVδ,β(x) = δβ|x|β−1eδ|x|β

×

(
Tr(Q(x))

|x|
+
β − 2

|x|3

N∑

i,j=1

qijxixj + δβ|x|β−3
N∑

i,j=1

qij(x)xixj

+
1

|x|

N∑

i=1

bixi +
1

|x|

N∑

i,j=1

Djqij(x)xi

)
,
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≤ δβ|x|β−2eδ|x|β

(
(N + |β − 2| + δβ|x|β)λmax(x)

+

N∑

i=1

bixi +

N∑

i,j=1

Djqijxi

)
, (8.2.40)

for any x ∈ RN , and due to (8.2.39) and the choice of δ and β, the last side of
(8.2.40) is negative for large |x|, and this implies that AVδ,β(x) tends to −∞
as |x| tends to +∞. Therefore, according to Khas’minskii theorem 8.1.20,
the semigroup associated with the operator A admits a (unique) invariant
measure µ.

Let us now prove that the function Vδ,β ∈ L1
µ. From (8.2.40) we easily

deduce that, if β ≥ 1, then Vδ,β(x) ≤ |AVδ,β(x)| for |x| sufficiently large,
whereas, if β ∈ (0, 1), then, for any ε > 0, |V(1−ε)δ,β(x)| ≤ |AVδ,β(x)| still
for sufficiently large |x|. Therefore, in both the cases it suffices to show that
AVδ,β ∈ L1

µ for any δ < β−1c to deduce that Vδ,β ∈ L1
µ.

To prove that AVδ,β ∈ L1
µ we observe that, by a simple approximation

argument, we can show that

∫

RN

Aϕdµ = 0, (8.2.41)

for any ϕ ∈ C2
b (RN ) with compact support. Since A1l = 0, we can extend

(8.2.41) to any ϕ ∈ C2
b (RN ) which is constant outside a ball. Now, let {ψn} ∈

C2
b ([0,+∞)) be a sequence of increasing functions such that ψn(t) = t for any

t ∈ [0, n], ψ(t) = n+1/2 for any t ≥ n+1, and ψ′′
n(t) ≤ 0 for any t ≥ 0. Then,

the function Vn = ψn ◦ Vδ,β belongs to C2
b (RN ) and it is constant outside a

ball. Therefore, ∫

RN

AVndµ = 0, n ∈ N. (8.2.42)

Fix now M sufficiently large such that AVδ,β(x) < 0 for any x /∈ B(M) and,
then, fix a large enough n so that Vn = Vδ,β in B(M). Taking (8.2.42) into
account, we can write

∫

RN\B(M)

|AVn|dµ = −

∫

RN\B(M)

|AVn|dµ =

∫

B(M)

AVndµ =

∫

B(M)

AVδ,βdµ.

Now, according to Fatou’s lemma, we deduce that the function AVδ,β is inte-
grable in RN \B(M) (and, hence, in RN ) with respect to the measure µ.

Assuming some more regularity on the diffusion coefficients and some bounds
on the growth at infinity of the drift term, one can show also lower bounds
for ρ.
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Theorem 8.2.15 ([114], Theorem 6.3) Assume that

qij ∈ C3
b (RN ) and that bi ∈ C2(RN ) (i, j = 1, . . . , N) satisfy

|bi(x)| + |Dbi(x)| + |D2bi(x)| ≤ C(1 + |x|β−1), x ∈ R
N , i = 1, . . . , N,

for some β > 0 and C > 0. Then

ρ(x) ≥ exp(−M(1 + |x|β)), x ∈ R
N ,

where M > 0 is a positive constant depending only on C, κ0 and ||qij ||C3

b
(RN )

(i, j = 1, . . . , N).

8.3 Some consequences of the estimates of Chapter 7

In this section we show some interesting consequences of the estimates proved
in Chapter 7, when the semigroup {T (t)} admits an invariant measure.

Remark 8.3.1 Note that if there exists a function ϕ such that

lim
|x|→+∞

ϕ(x) = +∞, lim
|x|→+∞

Aϕ(x) = −∞,

then both the assumptions of Khas’minskii theorem and Hypothesis 6.1.1(ii)
are satisfied.

The following proposition is a consequence of the results in Theorem 7.2.2
and Corollary 7.2.3.

Proposition 8.3.2 Suppose that Hypotheses 6.1.1(i)–6.1.1(iii), and Hypoth-

esis 6.1.1(iv-k) or 7.1.3(ii-k) (k = 1, 2, 3) are satisfied, and let p ∈ (1,+∞).
Then, for any t > 0, T (t) maps Lp

µ into W k,p
µ and

||DkT (t)f ||p ≤

(
k2

k∏

j=1

ω̃k,p∧2

1 − e−eωk,p∧2t
ψj,r(t/k)

)max{ 1

p
, 1
2
}

||f ||p, t > 0,

(8.3.1)
for any f ∈ Lp

µ. Here, ω̃k,p = 0 under Hypothesis 6.1.1(iv-k) and ω̃k,p < 0
is given by Theorem 7.1.5 if Hypothesis 7.1.3(ii-k) is satisfied. Moreover, ψk,p

is given in Theorem 7.2.2. In particular, the Lp
µ-norm of DkT (t)f behaves

as t−1/2 as t tends to 0, whereas, at infinity, it stays bounded, if Hypothesis

6.1.1(iv-k) is satisfied, and it decreases exponentially if Hypothesis 7.1.3(ii-k)
is satisfied.
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Proof. The proof is a straightforward consequence of Theorem 7.2.2 and
Corollary 7.2.3. Indeed, let first f ∈ Cb(R

N ); integrating (7.2.5) (if k = 1)
or (7.2.27) (if k = 2, 3) in R

N , we deduce that T (t)f belongs to W l,p
µ and it

satisfies (8.3.1) for any t > 0. In the general case when f ∈ Lp
µ, consider a

sequence {fn} ⊂ Cb(R
N ) converging to f in Lp

µ. Writing (8.3.1) for fn− fm it

follows that {T (t)fn} is a Cauchy sequence in W l,p
µ . Therefore, T (t)f belongs

to W k,p
µ and satisfies (8.3.1).

Proposition 8.3.3 Let Hypotheses 6.1.1(i)–6.1.1(iii) and 6.1.1(iv-1) be sat-

isfied and let p > 1. Then, D(Lp) ⊂ W 1,p
µ and, for any ω > 0, there exists a

positive constant Mω such that

||Df ||p ≤Mω,p||f ||
1

2

p ||(Lp − ω)f ||
1

2

p , f ∈ D(Lp). (8.3.2)

Under Hypotheses 6.1.1(i)-6.1.1(iii) and 7.1.3(i), the estimate (8.3.2) holds

true with ω = 0.

Proof. The proof is similar to that of Theorem 6.2.2. Indeed, fix f ∈ D(Lp),
λ > 0 and let ω be as in the statement of the proposition. Moreover, let us
set u = (λ+ ω)f − Lpf . Then, we have

f =

∫ +∞

0

e−(λ+ω)tT (t)u dt. (8.3.3)

Now, from Proposition 8.3.2 we deduce that in correspondence of ω we can
find out a positive constant C = Cω such that

||DT (t)f ||p ≤
Ceωt

√
t
||f ||p, t > 0. (8.3.4)

Using (8.3.3) and (8.3.4) it is immediate to check that Df ∈ Lp
µ and

||Df ||p ≤

∫ +∞

0

e−(λ+ω)t||DT (t)u||p dt

≤ Cω,p

(∫ +∞

0

t−
1

2 e−λtdt

)
||λf − (Lp − ω)f ||p

≤
√
πCω,p

(√
λ||f ||p +

1
√
λ
||(Lp − ω)f ||p

)
. (8.3.5)

Minimizing with respect to λ ∈ (0,+∞) the last side of (8.3.5), we get the
assertion with Mω,p = 2

√
2Cω,p.

In the remainder of this section, we consider the particular case when

Au(x) = ∆u(x) + 〈b(x), Du(x)〉, x ∈ R
N ,

under the following assumptions on the function b.
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Hypotheses 8.3.4 (i) the drift coefficient b belongs to C1+δ
loc (RN ,RN ) for

some δ > 0. Moreover, there exists d0 ∈ R such that

〈b(x) − b(y), x− y〉 ≤ d0|x− y|2, x, ξ ∈ R
N ; (8.3.6)

(ii) Hypothesis 6.1.1(ii) is satisfied and the semigroup associated with the
operator A admits an invariant measure.

Remark 8.3.5 (i) If the drift term b satisfies Hypotheses 8.3.4, then it
satisfies the condition (7.1.9). To check this latter condition, it suffices
to write (8.3.6) with y = x+ tξ, dividing, then, both the members by t2

and letting t go to 0. Therefore, the assumptions of Theorem 7.3.1 are
satisfied. Therefore, the estimates (7.3.4) and (7.3.5) apply. In particular,
these latter two estimates imply that for any f ∈ Lp

µ(RN ) and any t > 0,
it holds that

||DT (t)f ||p ≤
2p1/p−1/2d

1/p
0

(p− 1)1/2(1 − e−pd0t)1/p
t

1

p
− 1

2 ||f ||p,

for any p ∈ (1, 2] and

||DT (t)f ||p ≤

(
d0

1 − e−2d0t

) 1

2

||f ||p,

for any p ∈ (2,+∞).

Finally, Proposition 8.3.3 holds true.

(ii) Hypothesis 8.3.4(ii) is satisfied, for instance, under the assumptions of
Remark 8.3.1.

(iii) In the particular case when d0 < 0, Hypothesis 8.3.4(ii) is a consequence
of (8.3.4)(i) and the previous point (ii). Indeed, it suffices to take ϕ(x) =
|x|2 for any x ∈ RN .

Further, in this situation we can also prove the following formulas.

Proposition 8.3.6 Assume that Hypotheses 8.3.4 hold and let p, q > 1 be

such that p−1 + q−1 = 1. For any f ∈ D(Lp) and any g ∈ D(Lq), the function

fg belongs to D(L1) and

L1(fg) = fLqg + gLpf + 2〈Df,Dg〉. (8.3.7)

In particular,
∫

RN

gLpfdµ = −

∫

RN

fLqgdµ− 2

∫

RN

〈Df,Dg〉dµ, (8.3.8)

and, for any f ∈ D(L), we have
∫

RN

fLf dµ = −

∫

RN

|Df |2dµ. (8.3.9)
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Proof. Assume first f, g ∈ D(Â). Since D(Â) = Dmax(A) (see Propositions

2.3.6 and 4.1.10), then fg ∈ D(Â) and

A(fg) = fÂg + gÂf + 2〈Df,Dg〉. (8.3.10)

Now, let f ∈ D(Lp) and g ∈ D(Lq). Since D(Â) is a core of Lp and Lq (see

Proposition 8.1.9), then there exist two sequences {fn}, {gn} ⊂ D(Â) such
that fn, Lpfn converge, respectively, to f and Lpf in Lp

µ, whereas gn, Lqgn

converge, respectively, to g and Lqg in Lq
µ, as n tends to +∞. Then, fngn con-

verges to fg in L1
µ; besides by (8.3.2), for any j = 1, . . . , N , Djfn converges to

Djf in Lp
µ and Djgn converges to Djg in Lq

µ, so that 〈Dfn, Dgn〉 converges to

〈Df,Dg〉 in L1
µ. By (8.3.10) we conclude that Â(fngn) = L1(fngn) converges

to the right-hand side of (8.3.7). The closedness of L1 implies that fg ∈ D(L1)
and that (8.3.7) holds.

Formula (8.3.8) now easily follows integrating (8.3.7) in RN and taking
(8.1.5) into account. Formula (8.3.9) then follows from (8.3.8) taking f = g.

In the symmetric case we can prove the following improvement of the for-
mula (8.3.8), which generalizes the formula 8.1.39.

Proposition 8.3.7 Assume that Hypotheses 8.1.25 hold with U ∈ C2+α
loc (RN )

and G ∈ C1+α
loc (RN ). Further, assume that the function U therein defined

satisfies

〈DU(x) +G(x) −DU(y) −G(y), y − x〉 ≤ d0|x− y|2, x, y ∈ R
N ,

for some constant d0 ∈ R. Finally, let p, q > 1 be such that p−1 + q−1 = 1.
Then, for any f ∈ D(Lp) and any g ∈ W 1,q

µ we have

∫

RN

gLpfdµ = −

∫

RN

〈Df,Dg〉dµ. (8.3.11)

Proof. If f, g ∈ D(Â), then (8.3.11) follows from (8.1.39). Indeed, it suffices

to observe that since D(Â) ⊂ D(L2), then

∫

RN

gLpfdµ =

∫

RN

gL2fdµ = −

∫

RN

〈Df,Dg〉dµ.

Consider now the general case when f ∈ D(Lp) and g ∈ W 1,q
µ . Let {fn} ⊂

D(Â) be a sequence such that fn and Âfn converge in Lp
µ, respectively, to f

and Lpf , and let {gn} ⊂ D(Â) converge to g in W 1,q
µ . Then, by the estimate

(8.3.2), fn converges to f in W 1,q
µ . Thus (8.3.11) follows letting n tend to +∞.
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8.4 The convex case

In this section we consider the particular case when the operator A is given
by

Au(x) = ∆u(x) − 〈DU(x), Du(x)〉, x ∈ R
N , (8.4.1)

under the following hypothesis on the function U .

Hypothesis 8.4.1 U belongs to C2(RN ), e−U ∈ L1(RN ) and

N∑

i,j=1

DijU(x)ξiξj ≥ 0, x, ξ ∈ R
N . (8.4.2)

Note that since Hypothesis 8.4.1 is stronger than Hypotheses 8.1.25, then all
the results of Section 8.1.4 hold and, in particular, the measure

µ(dx) = K−1e−U(x)dx, K =

∫

RN

e−U(x)dx, (8.4.3)

is the invariant measure of {T (t)}.
The results of this section have been proved in [40], in a more general

context.

Theorem 8.4.2 Assume Hypothesis 8.4.1. Then

D(L) = {u ∈W 2,2
µ : 〈DU,Du〉 ∈ L2

µ} (8.4.4)

and

||D2u||2 ≤ ||Lu||2, u ∈ D(L), (8.4.5)

||u||W 2,2
µ

≤
3

2

(
||u||2 + ||Lu||2

)
, u ∈ D(L). (8.4.6)

Proof. We consider first the case when u ∈ C∞
c (RN ). Fix i ∈ {1, . . . , N};

by (8.1.39) we have

∫

RN

|D(Diu)|2dµ = −

∫

RN

L(Diu)Diudµ.

Writing L(Diu) = DiLu+ 〈D(DiU), Du〉 and summing as i runs from 1 to N
we obtain

∫

RN

N∑

i,j=1

|Diju|
2dµ = −

∫

RN

{ N∑

i=1

(DiLu)Diu+

N∑

i,j=1

DijUDiuDju

}
dµ.
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Now, by (8.1.39) and (8.4.2) it follows that

∫

RN

N∑

i,j=1

|Diju|
2dµ ≤ −

∫

RN

N∑

i=1

(DiLu)Diudµ =

∫

RN

|Lu|2dµ,

that is (8.4.5).
The estimate (8.4.6) with u ∈ C∞

c (RN ) now follows from (8.1.39) and
(8.4.5).

Let us now prove the set equality (8.4.4). For this purpose, we fix u ∈ D(L).
By Theorem 8.1.26, C∞

c (RN ) is a core of L; therefore, there exists a sequence
{un} ⊂ C∞

c (RN ) such that un and Lun converge in L2
µ, respectively, to u

and Lu. By (8.4.6) applied to un − um it follows that u ∈ W 2,2
µ and that un

converges to u in W 2,2
µ . As a straightforward consequence, u satisfies (8.4.5)

and (8.4.6). Moreover, since 〈DU,Dun〉 = Lun −∆un, letting n go to +∞ we
get 〈DU,Du〉 ∈ L2

µ. This proves the inclusion “⊂” in (8.4.4).
Conversely, let u ∈ W 2,2

µ be such that 〈DU,Du〉 ∈ L2
µ, and let f ∈ W 1,2

µ ;
we prove that ∫

RN

〈Du,Df〉dµ = −

∫

RN

(Au)fdµ, (8.4.7)

from which it follows that u ∈ D(L). Indeed, if L̃ denotes the realization of the
operator A with domain given by the right-hand side of (8.4.4), the formula

(8.4.7) implies that the operator I − L̃ is injective. Since (L̃,D(L̃)) is an

extension of (L,D(L)), then I−L̃ is also surjective. Therefore, 1 ∈ ρ(L̃)∩ρ(L)
from which we get

L2
µ = (I − L̃)(D(L̃)) ⊃ (I − L̃)(D(L)) = (I − L)(D(L)) = L2

µ

and, consequently, D(L) = D(L̃).
So, let us prove the formula (8.4.7). For this purpose, we consider a sequence

{fn} ∈ C∞
c (RN ) converging to f in W 1,2

µ (see the last part of the proof of
Proposition 8.1.27). An integration by parts shows that

∫

RN

〈Du,Dfn〉dµ = −

∫

RN

fn

(
∆u − 〈DU,Du〉

)
dµ, n ∈ N.

Letting n tend to +∞, we get (8.4.7).

As a consequence of the results in Theorem 8.4.2, we get the following
corollary.

Corollary 8.4.3 Assume Hypothesis 8.4.1. Then, for any λ > 0

||D2R(λ, L)f ||2 ≤ 2||f ||2, (8.4.8)

for any f ∈ L2
µ.
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Proof. By (8.4.4), the function R(λ, L)f belongs to W 2,2
µ for any f ∈ L2

µ.
Setting u = R(λ, L)f , by (8.4.5) we deduce that

∫

RN

|D2u|2dµ ≤ ||Lu||22 = ||λu− f ||22 ≤ 4||f ||22,

that is (8.4.8).

Remark 8.4.4 In [40] the authors prove some more refined results. Indeed,
they consider the operator A in (8.4.1) assuming that U is a convex function
which goes to +∞ as |x| tends to +∞. No regularity assumptions on U are
made. When U is not differentiable at x ∈ RN , DU(x) is meant as the element
with minimal norm in the subdifferential ∂U(x) of U at x, where ∂U(x) =
{y ∈ R

N : U(ξ) ≥ U(x) + 〈y, ξ − x〉, ∀ξ ∈ R
N}. Under these rather weak

assumptions on U , they prove that the realization A in L2
µ of the operator A

with domain D(A) = {u ∈ W 2,2
µ : 〈DU,Du〉 ∈ L2

µ} is a dissipative self-adjoint
operator. Therefore, it generates a strongly continuous analytic semigroup in
L2

µ. Moreover, they prove that all the results in Theorem 8.4.2 and Corollary
8.4.3 hold also in this situation.

To prove their results, the authors use an approximation argument. In the
case when U is not smooth, they approximate U with a sequence of smooth
functions by means of the Moreau-Yosida approximations of U (say {Uα : α >
0}), which are defined as follows:

Uα(x) = inf
y∈RN

(
U(y) +

1

2α
|x− y|2

)
, x ∈ R

N , α > 0.

Each function Uα is convex differentiable and

Uα(x) ≤ U(x), |DUα(x)| ≤ |DU(x)|,

lim
α→0+

Uα(x) = U(x), lim
α→0+

DUα(x) = DU(x),

for any x ∈ RN . Moreover, any Uα is Lipschitz continuous in RN and its
Lipschitz constant is 1/α.

To the approximated operators Aα := ∆u−〈DUα, Du〉 (α > 0), the results
in Theorem 8.4.2 and Corollary 8.4.3 apply with the same constants appearing
in (8.4.4)-(8.4.6) and (8.4.8). Taking advantage of this fact, the authors show
that, if f ∈ C∞

c (RN ), then (up to a subsequence) R(λ,Aα)f converges weakly
in W 2,2

µ (RN ) to a function u ∈ {u ∈W 2,2
µ : 〈DU,Du〉 ∈ L2

µ}, which turns out
to be the (unique) solution of the equation λu−Au = f in such a space, and
it satisfies the estimates in Theorem 8.4.2 and Corollary 8.4.3. Here Aα is the
realization of the operator Aα in L2

µα
, with domain given by (8.4.4) with µα

instead of µ, where µα is defined accordingly to (8.4.3) with U being replaced
by Uα.
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Finally, using a density argument, they conclude that the operator A, with
domain D(A), generates a strongly continuous analytic semigroup in L2

µ and
it satisfies the estimates in Theorem 8.4.2 and Corollary 8.4.3.

8.5 Compactness of T (t) and of the embedding W
1,p

µ
⊂

L
p

µ

In this section we prove some compactness result in the symmetric case, i.e., in
the case when the operator A is given by (8.4.1) under the following hypothesis
on U .

Hypothesis 8.5.1 The function U belongs to C2(RN ) and the function e−U

is integrable in RN .

We recall that in this case the invariant measure of the associated semigroup
is given by dµ = K−1e−U(x)dx (see Theorem 8.1.26). The results of this
section are due to G. Metafune.

Lemma 8.5.2 Assume that the function U satisfies Hypothesis 8.5.1 as well

as the following condition

∆U(x) ≤ δ1|DU(x)|2 +M1, x ∈ R
N , (8.5.1)

for some δ1 ∈ (0, 1) and M1 > 0. Then, for any p ∈ [2,+∞) there exists a

positive constant C such that

∫

RN

|f |p|DU |2dµ ≤ C||f ||p
W 1,p

µ

, f ∈ W 1,p
µ . (8.5.2)

If, moreover,

〈D2U(x)DU(x), DU(x)〉 ≥ (δ2|DU(x)|2 +M2)|DU(x)|2, x ∈ R
N ,

(8.5.3)

for some δ2 > δ1 − 1 and some M2 ∈ R, then, for any p ∈ [1, 2), there exists

a positive constant C such that

∫

RN

|f |p|DU |pdµ ≤ C||f ||p
W 1,p

µ

, f ∈W 1,p
µ . (8.5.4)

Proof. First we prove the assertion in the case when f has compact support.
Fix g ∈ W 1,p

µ with compact support and α ∈ (1, p]. Since Lq
µ ⊂ Lr

µ for any
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q > r, and g is compactly supported, the function |g|α(1 + |DU |2) belongs to
L1

µ. Now, integrating by parts we get

∫

RN

|g|α(1 + |DU |2)dµ =

∫

RN

|g|αdµ−K−1

∫

RN

|g|α〈DU,De−U 〉dx

=

∫

RN

|g|α(1 + ∆U)dµ+ α

∫

RN

|g|α−2g〈Dg,DU〉dµ.

(8.5.5)

Assume now that p ∈ [1, 2). Letting α tend to 1 in (8.5.5), we get

∫

RN

|g|(1 + |DU |2)dµ =

∫

RN

{|g|(1 + ∆U) + sign(g)〈Dg,DU〉}dµ, (8.5.6)

where we have set sign(0) = 0. Choosing g = |f |p(1 + |DU |2)(p−2)/2 and
observing that

Dg = p|f |p−2fDf(1 + |DU |2)
p−2

2 + (p− 2)|f |p(1 + |DU |2)
p−4

2 D2UDU,

from (8.5.6) we obtain that

∫

RN

|f |p(1 + |DU |2)
p

2 dµ =

∫

RN

|f |p(1 + |DU |2)
p−2

2 (1 + ∆U)dµ

+p

∫

RN

|f |p−2f(1 + |DU |2)
p−2

2 〈Df,DU〉dµ

+(p− 2)

∫

RN

|f |p(1 + |DU |2)
p−4

2 〈D2UDU,DU〉dµ

:= I1 + I2 + I3.

Using (8.5.1), the Hölder inequality and (8.5.3), we get

I1 ≤ δ1

∫

RN

|f |p(1 + |DU |2)
p

2 dµ+ (M1 + 1 − δ1)

∫

RN

|f |p(1 + |DU |2)
p−2

2 dµ

≤ δ1

∫

RN

|f |p(1 + |DU |2)
p
2 dµ+ (M1 + 1 − δ1)

∫

RN

|f |pdµ,

I2 ≤ p

(∫

RN

|f |p(1 + |DU |2)
p

2 dµ

) p−1

p
(∫

RN

|Df |pdµ

) 1

p

≤ ε

∫

RN

|f |p(1 + |DU |2)
p

2 dµ+ Cε,p

∫

RN

|Df |pdµ,
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for any ε > 0 and some positive constant Cε,p. Finally,

I3 ≤ (p− 2)

∫

RN

|f |p(1 + |DU |2)
p−4

2 (δ−2 |DU |2 +M−
2 )|DU |2dµ

≤ (p− 2)

∫

RN

|f |p(1 + |DU |2)
p−2

2 (δ−2 |DU |2 +M−
2 )dµ

≤ (p− 2)δ−2

∫

RN

|f |p(1 + |DU |2)
p

2 dµ+ |(p− 2)(M−
2 − δ−2 )|

∫

RN

|f |pdµ.

Since δ1 − δ−2 < 1, choosing ε > 0 small enough, (8.5.4) follows.
In the case when p ≥ 2, the estimate (8.5.2) follows for any compactly

supported function f ∈ W 1,p
µ by (8.5.5) with α = p and g = f , using (8.5.1)

to obtain the inequalities

∫

RN

|f |p(1 + ∆U)dµ ≤ δ1

∫

RN

|f |p(1 + |DU |2)dµ+ (M1 + 1 − δ1)

∫

RN

|f |pdµ,

∫

RN

|f |p−1|Df |(1 + |DU |2)
1

2 dµ

≤

(∫

RN

|f |p(1 + |DU |2)
p

2p−2 dµ

) p−1

p
(∫

RN

|Df |pdµ

) 1

p

≤

(∫

RN

|f |p(1 + |DU |2)dµ

) p−1

p
(∫

RN

|Df |pdµ

) 1

p

≤ ε

∫

RN

|f |p(1 + |DU |2)dµ+ Cε

∫

RN

|Df |pdµ, ε > 0,

and then choosing ε > 0 small enough.
The general case when f ∈ W 1,p

µ follows by approximation: consider a se-

quence of cut-off functions {ϑn} ⊂ C∞
c (RN ) such that ϑn ≡ 1 in B(n) and

ϑn ≡ 0 outside B(n+ 1); the function ηnf satisfies (8.5.2), if p ∈ [2,+∞), or
(8.5.4) if p ∈ [1, 2). Then, the conclusion follows from the monotone conver-
gence theorem.

Theorem 8.5.3 Suppose that the assumptions in Lemma 8.5.2 hold and as-

sume that

lim
|x|→+∞

|DU(x)| = +∞. (8.5.7)

Then, the embedding W 1,p
µ ⊂ Lp

µ is compact for any p ∈ [1,+∞). In particular

T (t) is compact in L2
µ for any t > 0.
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Proof. We have to prove that the set

E =

{
f ∈ W 1,p

µ : ||f ||W 1,p
µ

≤ 1

}

is totally bounded in Lp
µ. For this purpose, fix r > 0 and let

Er =

{
f∣∣B(r)

: f ∈ E

}
, r > 0.

Since U is continuous, the norms of Lp(B(r), dx) and Lp(B(r), µ) are equiv-
alent on the σ-algebra of the Borel sets of RN (in the sense that there exists
a positive constant C such that C−1µ(A) ≤ m(A) ≤ Cµ(A) for any Borel set
A, where by m we denote the Lebegue measure). Therefore, Er is bounded
in W 1,p(B(r), dx) and then, by Rellich-Kondrachov theorem (see [2, Theorem
6.2]), it is totally bounded in Lp(B(r), dx) and in Lp(B(r), µ) as well. Thus,
for any ε > 0 there exists a finite number of functions g1, . . . , gn in Lp(B(r), µ)
such that

Er ⊂
n⋃

i=1

{f : ||f − gi||Lp(B(r),µ) < ε}.

Moreover, by (8.5.2) and (8.5.4) it follows that

∫

RN\B(r)

|f |pdµ ≤
1

inf
RN\B(r)

|DU |p∧2

∫

RN

|f |p|DU |p∧2dµ ≤
C

inf
RN\B(r)

|DU |p∧2 ,

for any f ∈ E. Choosing r large enough, from (8.5.7) we get

(∫

RN\B(r)

|f |pdµ

) 1

p

≤ ε, f ∈ E.

Therefore, extending the functions gj (j = 1, . . . , n) by zero to the whole RN

we obtain

E ⊂
n⋃

i=1

{f : ||f − gi||p < 2ε},

that is, E is totally bounded in Lp
µ.

The compactness of T (t) in L2
µ, for any t > 0, now follows from Proposition

8.1.29.

The following corollary is an immediate consequence of Proposition 8.3.2
and Theorem 8.5.3.

Corollary 8.5.4 Assume that the operator A in (8.4.1) satisfies both Hy-

potheses 8.3.4 and the assumptions of Theorem 8.5.3 for some p > 1. Then,

T (t) is compact in Lp
µ for any t > 0.
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However, in general the embedding W 1,p
µ ⊂ Lp

µ is not compact. Here, we
see a counterexample.

Example 8.5.5 Let N = 1 and let U ∈ C2(R) be any function such that
U(x) = x for any x > 0 and U(x) = 0 for any x ≤ −1. Moreover, let
µ(dx) = e−U(x)dx. Consider the sequence of functions

fn(x) = χ(0,+∞)x
n, x ∈ R, n ∈ N.

Then, we have

||fn||1 =

∫ +∞

0

xne−xdx = n!

and

||Dfn||1 = n

∫ +∞

0

xn−1e−xdx = n!.

Thus the sequence of functions gn = (n!)−1fn (n ∈ N) is bounded in W 1,1
µ ,

but it is not relatively compact in L1
µ because limn→+∞ gn(x) = 0 for any

x ∈ R, whereas ||gn||L1
µ

= 1 for any n ∈ N.

In this example Hypotheses 8.1.25 and the conditions (8.5.1) and (8.5.3)
are satisfied, so that the estimates (8.5.2) and (8.5.4) hold, but the condition
(8.5.7) fails.

To conclude this section, we observe that, taking Lemma 8.5.2 into account,
we can improve the results in Theorem 8.4.2.

Proposition 8.5.6 Let the function U satisfy Hypothesis 8.4.1 and the con-

dition (8.5.1). Then, D(L) = W 2,2
µ and the graph-norm of D(L) is equivalent

to the W 2,2
µ -norm.

8.6 The Poincaré inequality and the spectral gap

In this section we study the Poincaré inequality in Lp
µ. We say that the

Poincaré inequality holds if there exists C > 0 such that

∫

RN

|f − f |pdµ ≤ C

∫

RN

|Df |pdµ, f ∈W 1,p
µ , (8.6.1)

where f =
∫

RN fdµ. The following proposition gives a first sufficient condition
for the Poincaré inequality to hold.

Proposition 8.6.1 Let p ∈ [1,+∞). If the embedding W 1,p
µ ⊂ Lp

µ is compact,

then the Poincaré inequality (8.6.1) holds.
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Proof. Fix p ∈ [1,+∞) and suppose, by contradiction, that (8.6.1) does not
hold. Then, there exists a sequence {fn} ⊂W 1,p

µ such that

fn = 0, ||fn||p = 1, ||Dfn||p ≤
1

n
, (8.6.2)

for any n ∈ N. Since W 1,p
µ is compactly embedded in Lp

µ, then there exists a
subsequence {fnk

} converging in Lp
µ to a function f∗, which satisfies

f∗ = 0, ||f∗||p = 1. (8.6.3)

Now fix r > 0; according to Proposition 8.1.5, Lp(B(r), µ) ⊂ Lp(B(r)) :=
Lp(B(r), dx). Therefore,

lim
k→+∞

||fnk
− f∗||L1(B(r)) = 0 (8.6.4)

and, moreover, from (8.6.2) it follows that

||Dfnk
||L1(B(r)) ≤

C

nk
, k ∈ N, (8.6.5)

for some C > 0. Now, from the Poincaré inequality in W 1,1(B(r)) (see e.g.,
[54, Theorem 4.5.2]) we have

||fnk
− (fnk

)r||L1(B(r)) ≤ C′||Dfnk
||L1(B(r)), (8.6.6)

where

(fnk
)r =

1

ωNrN

∫

B(r)

fnk
dx,

and ωN is the Lebesgue measure of the ball B(1) ⊂ R
N . Letting k tend to

+∞ in (8.6.6), taking (8.6.4) and (8.6.5) into account, it follows that

||f∗ − (f∗)r||L1(B(r)) = 0.

Therefore, f∗ is almost everywhere constant in B(r). Since r > 0 is arbitrary,
f∗ is almost everywhere constant in RN . But this is in contradiction with
(8.6.3).

As an immediate consequence of the previous proposition and the results
of Section 8.5, we get the following result.

Theorem 8.6.2 Under the assumptions of Theorem 8.5.3 the Poincaré in-

equality (8.6.1) holds for any p ∈ [1,+∞).

Now, we provide another proof of the Poincaré inequality, based on the
pointwise gradient estimate (7.3.4).
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Theorem 8.6.3 Assume that Hypotheses 8.3.4 hold for some d0 < 0. Then,

the Poincaré inequality (8.6.1) holds for p = 2 and with C = −1/d0.

Proof. Observe that (8.3.2) implies that D(L) is dense in W 1,2
µ . Indeed, it

contains C∞
c (RN ) which is dense in W 1,p

µ ; see the last part of the proof of
Proposition 8.1.27. Hence, it is sufficient to consider the case when f ∈ D(L).
Then, by (8.3.9) we have

d

dt

∫

RN

|T (t)f |2dµ = 2

∫

RN

T (t)f LT (t)f dµ = −2

∫

RN

|DT (t)f |2dµ,

for any t > 0. Using the pointwise estimate (7.3.4), with p = 2, we obtain

d

dt

∫

RN

|T (t)f |2dµ ≥ −2e2d0t

∫

RN

T (t)
(
|Df |2

)
dµ = −2e2d0t

∫

RN

|Df |2dµ.

Now, integrating with respect to t in (0,+∞) and using Theorem 8.1.16, we
get

f
2
−

∫

RN

f2dµ ≥
1

d0

∫

RN

|Df |2dµ,

that is (8.6.1) for p = 2 and with C = −1/d0.

We now show that the Poincaré inequality implies that T (t)f converges
exponentially to f in L2

µ, as t tends to +∞. This improves Theorem 8.1.16
and should be compared with Theorem 8.1.24. In the proof of Proposition
8.6.4 we will need that D(L) ⊂W 1,2

µ and that

∫

RN

fLf dµ = −

∫

RN

|Df |2dµ, f ∈ D(L). (8.6.7)

Both the two previous properties hold. Actually we have already proved them
twice: first in the symmetric case, that is under Hypotheses 8.1.25, see Propo-
sition 8.1.27. Secondly we have proved them in the nonsymmetric case in
Propositions 8.3.3 and 8.3.6, under Hypotheses 8.3.4.

Proposition 8.6.4 Assume Hypotheses 8.1.25 or Hypotheses 8.3.4. More-

over, assume that the Poincaré inequality (8.6.1) holds with p = 2. Then,

||T (t)f − f ||2 ≤ e−
t
C ||f − f ||2, t > 0, (8.6.8)

for any f ∈ L2
µ, where C > 0 is the same constant as in (8.6.1). Further, we

have a spectral gap for L, namely

σ(L) \ {0} ⊂ {λ ∈ C : Re λ ≤ −1/C} .
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Proof. First we prove (8.6.8). By density, it is sufficient to consider the case
when f ∈ D(L). Moreover, we can assume that f = 0, since the general case
then follows by considering the function f − f . Note that f = 0 implies that
T (t)f = 0 for any t > 0.

Let us observe that the function t 7→ ||T (t)f ||22 is differentiable in [0,+∞),
and, by the relation (8.6.7), we have

d

dt
||T (t)f ||22 = 2

∫

RN

T (t)f LT (t)f dµ = −2

∫

RN

|DT (t)f |2dµ.

Now, the Poincaré inequality (8.6.1) yields

d

dt
||T (t)f ||22 ≤ −

2

C

∫

RN

|T (t)f − T (t)f |2dµ = −
2

C

∫

RN

|T (t)f |2dµ.

Then, the estimate (8.6.8) follows from the Gronwall Lemma.
To prove the spectral gap property, it suffices to argue as in the proof of

Theorem 8.1.24, observing that the estimate (8.6.8) implies that

||T (t)||L(H) ≤ e−
t
C , t > 0, (8.6.9)

where, as in the proof of the quoted theorem, we have set H = {f ∈ L2
µ : f =

0}. In particular, (8.6.9) implies that

σ(L∣∣H) ⊂

{
λ ∈ C : Reλ ≤ −

1

2

}
.

See the beginning of Section B.1.

8.7 The logarithmic Sobolev inequality and hypercon-

tractivity

In this section we deal with the logarithmic Sobolev inequality (in short LSI).
Fix p ∈ [1,+∞); the logarithmic Sobolev inequality reads as follows:

∫

RN

fp log fdµ ≤ ||f ||pp log ||f ||p +
p

λ

∫

RN

fp−2|Df |2dµ, (8.7.1)

where λ > 0 and f ∈ Lp
µ is a regular positive function. In this subsection we

see some conditions under which the LSI holds and its main consequences.
Roughly speaking the LSI is, for invariant measures, the counterpart of

the Sobolev embedding theorems which hold when the underlining measure
is the Lebesgue one. Indeed, it is well known that, if both f and its gradient
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belong to some Lp-space related to the Lebesgue measure, then |f |q belongs
to L1(RN ) for some q > p. In general, this is no more the case for a general
measure (hence, in particular, for invariant measure). We can see it by a simple
counterexample.

Example 8.7.1 Let µ be the Gaussian measure, i.e., µ(dx) = π−N/2e−|x|2.
Moreover, for any p > 1 and any ε > 0, let u : RN → R be defined by

u(x) = exp

(
2

2p+ ε
|x|2
)
, x ∈ R

N .

Then, u belongs to Lp
µ, is continuously differentiable in RN and

Dαu(x) = P|α|(x)u(x), x ∈ R
N ,

where P|α| is a real polynomial with degree |α|. Since

∫

RN

|Dαu(x)|pdµ =
1

πN/2

∫

RN

|P|α|(x)|
p exp

(
−

ε

2p+ ε
|x|2
)
dx < +∞,

then u ∈W k,p
µ for any k ∈ N.

However, u does not belong to Lp+ε
µ . Indeed,

∫

RN

|u(x)|p+εdµ =
1

πN/2

∫

RN

exp

(
ε

2p+ ε
|x|2
)
dx = +∞.

In the case when p ≥ 2, what one can only expect is that fp log(f) ∈ L1
µ, if

f is positive. Indeed, by the Hölder inequality we have

∫

RN

|f |p−2|Df |2dµ ≤

(∫

RN

|f |pdµ

) p−2

p
(∫

RN

|Df |pdµ

) 2

p

.

This result is very sharp, as Example 8.7.6 shows.

Theorem 8.7.2 Assume that Hypotheses 8.3.4 hold with d0 < 0. Then, the

LSI (8.7.1) holds, with λ = 2d0, for any p ∈ [1,+∞) and any nonnegative

f ∈ D(Â).

Proof. We split the proof into two steps. First in Step 1 we prove the as-
sertion for the functions f ∈ D(Â) (see Section 2.3) such that f ≥ δ for
some positive constant δ. Then, in Step 2, we extend the result to all the
nonnegative functions f ∈ D(Â),

Step 1. Let f ∈ D(Â) be strictly greater than δ for some δ > 0. We first
prove the LSI with p = 1. By Proposition 8.3.3, T (t)f ∈ W 1,2

µ for any t > 0.
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Moreover, by Remark 2.2.3 and Theorem 2.2.5, T (t)f ≥ T (t)δ ≡ δ for any
t ≥ 0. Therefore, we can define the function

ψ(t) = e−2d0t

∫

RN

1

T (t)f
|DT (t)f |2dµ, t ≥ 0.

The pointwise estimate (7.3.4) with p = 2 implies that

ψ(t) ≤

∫

RN

1

T (t)f
|T (t)(|Df |)|2dµ, t > 0.

Moreover, applying the Hölder inequality to the representation formula (2.2.8)
we get

|T (t)(|Df |)|2 =
(
T (t)

(√
f

1
√
f
|Df |

))2

≤ (T (t)f)T (t)
( 1

f
|Df |2

)
;

therefore,

ψ(t) ≤

∫

RN

T (t)
( 1

f
|Df |2

)
dµ =

∫

RN

1

f
|Df |2dµ = ψ(0). (8.7.2)

Consider now the function F : [0,+∞) → R defined by

F (t) =

∫

RN

T (t)f log(T (t)f) dµ, t ≥ 0.

By Theorem 8.1.16, T (t)f tends to f in L2
µ as t tends to +∞; besides, since

T (t)f ≥ δ > 0 for any t > 0, and since the function x 7→ log x is Lipschitz
continuous in [δ,+∞), it follows that logT (t)f tends to log f in L2

µ as t tends
to +∞. This implies that

lim
t→+∞

F (t) = f log f. (8.7.3)

Moreover, F ∈ C1([0,+∞)) and a straightforward computation yields

F ′(t) =

∫

RN

(AT (t)f) logT (t)f dµ, t ≥ 0, (8.7.4)

since, by (8.3.8),
∫

RN AT (t)fdµ =
∫

RN LT (t)fdµ = 0 for any t > 0. Now,
since

A(log u) =
1

u
Au−

1

u2
|Du|2, u ∈ D(Â),

for any positive function u ∈ C2(RN ), it follows that logT (t)f ∈ Dmax(A) for
any t > 0 (see (2.0.1)). Since {T (t)} is conservative (see Proposition 8.1.10),
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from Propositions 2.3.6, 4.1.10 and 8.1.9 we deduce that logT (t)f ∈ D(L) for
any t > 0. Now, (8.3.8) and (8.7.4) yield

F ′(t) = −

∫

RN

T (t)fL(logT (t)f)dµ−

∫

RN

2〈DT (t)f,D logT (t)f〉dµ

= −

∫

RN

1

T (t)f
|DT (t)f |2dµ = −e2d0tψ(t), t ≥ 0.

Integrating with respect to t in (0,+∞) and using (8.7.2) and (8.7.3), we get

f log f − F (0) = −

∫ +∞

0

e2d0tψ(t)dt ≥ −
1

2d0
ψ(0),

that is the LSI (8.7.1) with p = 1.
Finally, we consider the case when p ∈ (1,+∞). We have

A(fp) = pfp−1Af + p(p− 1)fp−2|Df |2,

for any f ∈ D(Â). According to Theorem 6.2.2, D(Â) = Dmax(A) ⊂ C1
b (RN ),

and thus fp ∈ Dmax(A). Moreover fp ≥ δp > 0, and thus, by the first part
of the proof, the function fp satisfies (8.7.1) with p = 1. This yields the
conclusion.

Step 2. We now consider the general case, first extending the validity of
the LSI to all the nonnegative functions f ∈ D(Â). For this purpose, we fix a

nonnegative f ∈ D(Â) and, for any δ > 0, we define the function fδ = f + δ.

Since Afδ = Af and Dmax(A) = D(Â), it is immediate to check that fδ ∈

D(Â). Therefore, we can apply (8.7.1), with fδ instead of f , getting

∫

RN

fp
δ log fδdµ ≤ ||fδ||

p
p log ||fδ||p +

p

2d0

∫

RN

fp−2
δ |Dfδ|

2dµ. (8.7.5)

We are going to show that we can let δ go to 0+ in the previous inequality,
obtaining (8.7.1). As a first step we apply the Fatou lemma. From (8.7.5), we
deduce that
∫

RN

fp log fdµ ≤ lim inf
δ→0+

(
||fδ||

p
p log ||fδ||p +

p

2d0

∫

RN

fp−2
δ |Df |2dµ

)
. (8.7.6)

Now, since fδ ≤ f1 ∈ Cb(R
N ) ⊂ Lp

µ for any δ ∈ (0, 1), from the dominated
convergence theorem we immediately deduce that fδ tends to f in Lp

µ as δ
tends to 0. Therefore, ||fδ||pp log ||fδ||p tends to ||f ||pp log ||f ||p as δ vanishes. So,
we just need to consider the last term in the right-hand side of (8.7.6). We
observe that, if p ≤ 2, then fp−2

δ ≤ fp−2 and, therefore, we are done. On the
other hand, in the case when p ≥ 2, by the Hölder inequality, it follows that the
function fp−2

δ |Df |2 is in L1
µ and, as above, fp−2

δ |Df |2 ≤ fp−1
1 |Df |2. Hence,

the dominated convergence theorem implies that the last integral in (8.7.5)
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converges to the corresponding one, where we replace fδ with f . Therefore,
the estimate (8.7.1) follows also in this case.

In order to extend the LSI (8.7.1) to all the positive functions f ∈ W 1,p
µ ,

we prove the following proposition.

Proposition 8.7.3 Let µ be the invariant measure of {T (t)} and denote by

ρ its density with respect to the Lebesgue measure. Suppose that ρ is locally

bounded in RN . Then, C∞
c (RN ) is dense in W 1,p

µ .

Proof. The proof is similar to the classical proof of the density of C∞
c (RN )

in the Sobolev spaceW 1,p(RN ) associated with the Lebesgue measure. For the
reader’s convenience, we go into details. Let f ∈W 1,p

µ (RN ). We approximate
f by a sequence of compactly supported functions fn ∈W 1,p

µ , by setting fn =

fξn, where ξn(x) = ξ(|x|/n), for any x ∈ RN and any n ∈ N, ξ ∈ C∞([0,+∞))
being any smooth function such that ξ = 1 in [0, 1/2] and ξ = 0 in [1,+∞).
Each function fn belongs to W 1,p

µ and the dominated convergence theorem
implies that fn converges to f in W 1,p

µ . Therefore, we can limit ourselves to
proving the assertion in the case when f is compactly supported. Let ϕ ∈
C∞

c (RN ) be a smooth function, compactly supported in B(1) such that ϕ ≡ 1
in B(1/2), 0 ≤ ϕ ≤ 1 in RN and ||ϕ||L1(RN ) = 1 . We set ϕn(x) = nNϕ(x/n)

for any x ∈ RN and any n ∈ N, and, then, for any f compactly supported in
RN , we set

fn(x) = (f ⋆ ϕn)(x) =

∫

RN

ϕn(x− y)f(y)dy, x ∈ R
N , n ∈ N.

It is immediate to check that all the functions fn belong to C∞
c (RN ) and

Supp fn ⊂ B(1) + supp f . Therefore,

∫

RN

|fn − f |pdµ =

∫

B(K)

|fn − f |pdµ

≤ sup
x∈B(K)

ρ(x)

∫

B(K)

|fn − f |pdx

≤ sup
x∈B(K)

ρ(x)

∫

RN

|fn − f |pdx,

where K is such that B(1)+ supp(f) ⊂ B(K). Since, it is well known that fn

tends to f if Lp(RN ), from the previous chain of inequalities we deduce that
fn tends to f in Lp

µ as well. The same argument can be applied to check the
convergence of Dfn to Df . Indeed, Dfn = Df ⋆ ϕn for any n ∈ N.

Remark 8.7.4 The assumptions of Proposition 8.7.3 are satisfied, for in-
stance, under Hypothesis 8.2.1(i).
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Theorem 8.7.5 Under the assumptions of Proposition 8.7.3, the logarithmic

Sobolev inequality (8.7.1) holds for any nonnegative function f ∈ W 1,p
µ and

any p ≥ 2.

Proof. Fix a nonnegative function f ∈ W 1,p
µ and let {fn} ∈ C∞

c (RN ) be a
sequence of smooth functions converging to f in W 1,p

µ as n tends to +∞. As
the proof of Proposition 8.7.3 shows, we can assume that fn is nonnegative
for any n ∈ N. Since C∞

c (RN ) ⊂ D(Â) (see Proposition 2.3.6), we can write
the estimate (8.7.1) with f replaced with fn (n ∈ N) obtaining

∫

RN

fp
n log fndµ ≤ ||fn||

p
p log ||fn||p +

p

2d0

∫

RN

fp−2
n |Dfn|

2dµ.

Without loss of generality, we can also assume that fn converges to f pointwise
µ-almost everywhere in RN . Therefore, the Fatou lemma implies that

∫

RN

fp log fdµ ≤ ||f ||pp log ||f ||p +
p

2d0
lim inf
n→+∞

∫

RN

fp−2
n |Dfn|

2dµ.

So, to conclude the proof, we just need to show that

lim inf
n→+∞

∫

RN

fp−2
n |Dfn|

2dµ =

∫

RN

fp−2|Df |2dµ. (8.7.7)

For this purpose, we observe that
∣∣∣∣
∫

RN

fp−2
n |Dfn|

2dµ−

∫

RN

fp−2|Df |2dµ

∣∣∣∣

≤

∫

RN

fp−2
n ||Dfn|

2 − |Df |2|dµ+

∫

RN

|fp−2
n − fp−2||Df |2dµ

:= I1 + I2.

As far as I1 is concerned, we observe that the Hölder inequality implies that

I1 ≤ ||fn||
p−2
p

(∫

RN

| |Dfn|
2 − |Df |2 |

p

2

) 2

p

≤ ||fn||
p−2
p (||Dfn||p + ||Df ||p)||Dfn −Df ||p,

so that it vanishes as n tends to +∞. As far as I2 is concerned, we observe
that if p ∈ [2, 3], then |fp−2

n − fp−2| ≤ |fn − f |p−2 for any n ∈ N. Therefore,
the Hölder inequality yields

I2 ≤

∫

RN

|fn − f |p−2|Df |2dµ ≤ ||fn − f ||p−2
p ||Df ||2p. (8.7.8)

On the other hand, if p > 3, then

|fp−2
n − fp−2

n | ≤ (p− 2)|fp−3
n + fp−3||fn − f |

≤ (p− 2)(24−p ∨ 1)|fn + f |p−3|fn − f |,
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for any n ∈ N. Therefore,

I2 ≤ (24−p ∨ 1)(p− 2)

∫

RN

|fn + f |p−3|fn − f ||Df |2dµ

≤ (24−p ∨ 1)(p− 2)

(∫

RN

|fn − f |
p

p−2 |fn + f |
p(p−3)

p−2 dµ

) p−2

p

||Df ||2p

≤ (24−p ∨ 1)(p− 2)||fn − f ||p(||fn||p + ||f ||p)
p−3

p ||Df ||2p. (8.7.9)

From (8.7.8) and (8.7.9) we deduce that, both in the cases when p ∈ [2, 3] and
p > 3, I2 tends to 0 as n tends to +∞. Summing up, (8.7.7) follows and this
completes the proof.

Example 8.7.6 Let µ(dx) = (2π)−1/2 exp(−x2/2)dx be the one-dimensional
Gaussian measure. Further, let f : R → R be the function defined by

f(x) =
e

x2

4

{(x2 + 2) log(x2 + 2)}
3

4

:= e
x2

4 h(x),

for any x ≥ M , where M is such that f(x) ≥ 1 for any x ∈ (−∞,M) ∪
(M,+∞). As it is immediately seen, f belongs to L2

µ, since at ±∞ h2 is

asymptotic to the function x 7→ |x|−3/2(log(|x|)−3/4 which is integrable in a
neighborhood of ±∞. Moreover, f is continuously differentiable in R and

f ′(x) =
x

2

(x2 − 1) log(x2 + 2) − 3

((x2 + 2) log(x2 + 2))
7

4

e
x2

4 ,

for any x ∈ (−∞,−M) ∪ (M,+∞). Therefore, x 7→ (f ′(x))2 exp(−x2/2) is
asymptotic to the function x 7→ |x|−1(log(|x|)−3/2 at ±∞, and this latter
function is integrable in a neighborhood of ±∞.

On the other hand, the function

x 7→ (f(x))2 log(f(x)) log(log(f(x))) exp(−x2/2)

is asymptotic to the function x 7→ (2|x|2 log(|x|))−1/2 at ±∞, and this latter
function is integrable neither in a neighborhood of +∞ nor in a neighborhood
of −∞.

This example, due to L. Gross (see [69, p. 1074]), shows that the LSI (8.7.1)
is sharp.

Remark 8.7.7 As a consequence of Proposition 8.7.3, Remark 8.7.4 and The-
orem 8.7.5, we immediately deduce that, if Au = ∆u − 〈DU,Du〉, with U
satisfying Hypotheses 8.1.25 as well as the dissipative type condition

〈DU(x) −DU(y), y − x〉 ≤ d0|x− y|2, x, y ∈ R
N , (8.7.10)
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for some d0 ∈ R, then the LSI may be written for any nonnegative f ∈
W 1,p

µ (RN ) (p ≥ 2). Since D(Lp) ⊂ W 1,p
µ (see Proposition 8.3.3), if p ≥ 2, we

can write the LSI for any f ∈ D(Lp).

The following proposition shows that actually the LSI can be written for
any nonnegative f ∈ D(Lp) also in the case when p ∈ (1, 2). For this purpose,
we show that integrating by parts we can write the second integral term in
the right-hand side of (8.7.1) in a more suitable form.

Proposition 8.7.8 Assume Hypotheses 8.1.25 with the function U wherein

defined satisfying (8.7.10). Then, for any p ∈ (1,+∞) and any positive func-

tion f ∈ D(Lp), we have

∫

RN

fp−2|Df |2dµ = −
1

(p− 1)

∫

RN

fp−1Lpf dµ. (8.7.11)

In particular the LSI (8.7.1) holds true for any nonnegative f ∈ D(Lp) (p ∈
(1,+∞)).

Proof. Let us prove (8.7.11). First, we suppose that p ≥ 2 and fix f ∈ D(Lp).

Then, by Proposition 8.3.3, f ∈ W 1,p
µ and, therefore, fp−1 ∈ W

1,p/(p−1)
µ ;

besides D(fp−1) = (p − 1)fp−2Df . Thus, (8.7.11) follows from the formula
(8.3.11).

Now let p ∈ (1, 2) and let us fix f ∈ D(Lp). For any ε > 0 we consider the

function gε = (f2 + ε)(p−1)/2. As it is easily seen, gε belongs to W
1,p/(p−1)
µ .

Applying the previous argument with gε instead of f , we get

∫

RN

f(f2 + ε)
p−3

2 |Df |2dµ = −
1

p− 1

∫

RN

(f2 + ε)
p−1

2 Lpf dµ.

Letting ε go to 0+, by monotone and dominated convergence, we get (8.7.11).
To conclude the proof, let us show that the LSI (8.7.1) can be extended to

all the positive functions f ∈ D(Lp) for any p ∈ (1,+∞). Thanks to Remark
8.7.7, we can limit ourselves to considering the case when p ∈ (1, 2). For this

purpose, we fix f ∈ D(Lp) for some p ∈ (1, 2). Since D(Â) is a core of Lp (see

Proposition 8.1.9), we can determine a sequence {fn} ⊂ D(Â) converging to
f , in Lp

µ, as n tends to +∞, and such that Lpfn tends to Lpf in Lp
µ, as well.

Arguing as in the proof of Theorem 8.7.5, we can easily show that

lim
n→+∞

∫

RN

fp−1
n Lpfndµ =

∫

RN

fp−1Lpfdµ.
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Now, using twice (8.7.11) gives

lim
n→+∞

∫

RN

fp−2
n |Dfn|

2dµ = −
1

p− 1
lim

n→+∞

∫

RN

fp−1
n Lpfndµ

= −
1

p− 1

∫

RN

fp−1Lpfdµ

=

∫

RN

fp−2|Df |2dµ.

Therefore, writing the LSI with fn instead of f and, then, letting n go to +∞,
we can show the assertion. We refer the reader to the proof of Theorem 8.7.2
for further details.

The following result, due to L. Gross (see [69, 70]), states that the LSI
implies that the semigroup {T (t)} is hypercontractive, that is for any t > 0 the

operator T (t) is a contraction from L2
µ to L

q(t)
µ , where q(t) = 1+eλt. Actually,

the hypercontractivity is equivalent to the logarithmic Sobolev inequality (see
again [69, 70]). As the LSI, also the hypercontractivity is a very sharp result:
in general T (t) is not bounded from L2

µ to Lp
µ when p > q(t).

Theorem 8.7.9 Assume Hypotheses 8.1.25 and (8.7.10) with d0 < 0. Then,

||T (t)f ||q(t) ≤ ||f ||2, q(t) = 1 + eλt, (8.7.12)

for any t > 0 and any f ∈ L2
µ, where λ is the constant appearing in (8.7.1).

Proof. First, we assume that f ∈ D(Â) and f ≥ δ > 0. Consider the function

g(t, x) = ((T (t)f)(x))q(t), t ≥ 0, x ∈ R
N .

Since f ∈ D(Â), then, for any fixed x ∈ RN , g(·, x) ∈ C1([0,+∞)) (see
Proposition 2.3.5) and

∂g

∂t
(t, x) = q(t)((T (t)f)(x))q(t)−1(ÂT (t)f)(x)

+((T (t)f)(x))q(t)q′(t) log((T (t)f)(x)),

for any t ≥ 0. Since ÂT (t)f = T (t)Âf and 0 < δ ≤ T (t)f ≤ ||f ||∞ for any
t > 0 (see Lemma 2.3.3), then, for any fixed T > 0, there exists a constant
CT > 0 such that

∣∣∣∣
∂g

∂t
(t, x)

∣∣∣∣ ≤ CT , t ≥ 0, x ∈ R
N .

It follows that the function G : [0,+∞) → R defined by

G(t) =

∫

RN

g(t, ·)dµ, t ≥ 0,
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belongs to C1([0,+∞)) and

G′(t) =

∫

RN

∂g

∂t
(t, ·)dµ, t ≥ 0.

Now, consider the function z : [0 + ∞) → R defined by

z(t) = log ||T (t)f ||q(t) =
1

q(t)
logG(t), t ≥ 0.

It belongs to C1([0,+∞)) and

z′(t) = −
q′(t)

(q(t))2
logG(t) +

G′(t)

q(t)G(t)

= −
q′(t)

q(t)
log ||T (t)f ||q(t) +

1

||T (t)f ||q(t)q(t)

∫

RN

(T (t)f)q(t)−1ÂT (t)fdµ

+
q′(t)

q(t)||T (t)f ||q(t)q(t)

∫

RN

(T (t)f)q(t) logT (t)fdµ, (8.7.13)

for any t ≥ 0. Observing that q′(t) = λ(q(t) − 1) and that Â = L on D(Â)
(see Proposition 8.1.9), and using the formula (8.7.11), we get

∫

RN

(T (t)f)q(t)−1ÂT (t)fdµ = −
q′(t)

λ

∫

RN

(T (t)f)q(t)−2|DT (t)f |2dµ. (8.7.14)

Replacing (8.7.14) into (8.7.13) we get

q(t)

q′(t)
||T (t)f ||q(t)q(t) z

′(t) = −||T (t)f ||q(t)q(t) log ||T (t)f ||q(t)

−
q(t)

λ

∫

RN

(T (t)f)q(t)−2|DT (t)f |2dµ

+

∫

RN

(T (t)f)q(t) logT (t)fdµ. (8.7.15)

Now, according to Theorem 8.7.2, the function T (t)f satisfies the LSI (8.7.1)
for any p ∈ [1,+∞) and hence, in particular, for p = q(t). This implies that
the right-hand side of (8.7.15) is negative. Consequently, z(t) ≤ z(0), which
yields (8.7.12).

Next, we consider the case when f ∈ D(Â) is nonnegative. In this situation
(8.7.12) follows from the previous step, by approximating f with f+ε (ε > 0).
In particular, (8.7.12) holds for any nonnegative f ∈ C∞

c (RN ).
Finally, let f ∈ L2

µ. Consider a sequence of functions {fn} ⊂ C∞
c (RN )

converging to |f | in L2
µ. Then T (t)fn converges to T (t)|f | in L2

µ as n tends to
+∞. By (8.7.12), applied to T (t)(fn − fm), we see that T (t)fn converges to
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T (t)|f | in L
q(t)
µ as well, and that |f | satisfies (8.7.12). Since |T (t)f | ≤ T (t)|f |

(recall that {T (t)} is a positive semigroup, see Remark 2.2.3 and Theorem
2.2.5), f satisfies (8.7.12) as well.

The assumptions under which we proved the LSI in Theorem 8.7.2 imply
also the Poincaré inequality (by Theorem 8.6.3). But one can also prove
directly that the LSI implies the Poincaré inequality. We show here the proof
in [134].

Proposition 8.7.10 If the LSI (8.7.1) holds for any f ∈ D(Â) such that

f ≥ δ > 0, then the Poincaré inequality (8.6.1) holds with p = 2 and C = 2/λ.

Proof. Without loss of generality, we can assume that f = 0, since the
general case then follows by considering the function f − f . Moreover, to fix
ideas, we assume that δ = 1/2. Let ε > 0 be such that

ε||f ||∞ <
1

2
(8.7.16)

and define the function
g = 1 + εf ∈ D(Â).

Then g ≥ 1/2, and from the LSI (8.7.1) with p = 2, it follows that

∫

RN

(1 + εf)2 log(1 + εf)dµ ≤ ||g||22 log ||g||2 +
2ε2

λ

∫

RN

|Df |2dµ. (8.7.17)

Now, we use the Taylor expansion of the function

ϕ(s) = (1 + s)2 log(1 + s), s > −1,

at s = 0. We have

ϕ(s) = s+
3

2
s2 + r(s), r(s) =

ϕ′′′(ξs)

6
s3, s > −1, (8.7.18)

where ξs is a suitable point in the interval joining 0 and s. Substituting the
expansion (8.7.18) in (8.7.17), and dividing by ε2, we get

3

2
||f ||22 +

1

ε2

∫

RN

r(εf)dµ ≤
1

2ε2
(1 + ε2||f ||22) log(1 + ε2||f ||22) +

2

λ

∫

RN

|Df |2dµ.

(8.7.19)
Since ϕ′′′(s) = 2/(1 + s), we have

|r(s)| ≤
2

3
|s|3, s > −

1

2
. (8.7.20)

Now, from (8.7.16) and (8.7.20) it follows that

lim
ε→0+

1

ε2

∫

RN

r(εf)dµ = 0.
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Moreover,

lim
ε→0+

1

2ε2
(1 + ε2||f ||22) log(1 + ε2||f ||22) =

1

2
||f ||22.

Therefore, letting ε tend to 0+ in (8.7.19), we obtain the Poincaré inequality
(8.6.1) with C = 2/λ.

Remark 8.7.11 For higher order logarithmic Sobolev inequalities we refer
the reader to the papers [55, 56], where the author proves that, if µ is a
Gaussian measure and f ∈W 2,2

µ , then f2(log(f))2 is in L1
µ.



Chapter 9

The Ornstein-Uhlenbeck operator

9.0 Introduction

In this chapter we present some results concerned with the Ornstein-Uhlenbeck
operator, which is the prototype of an elliptic operator with unbounded coef-
ficients. Such an operator is defined on smooth functions ϕ by

(Aϕ)(x) =
1

2
Tr (QD2ϕ(x)) + 〈Bx,Dϕ(x)〉, x ∈ R

N , (9.0.1)

where Q and B are N×N constant matrices, with Q (strictly) positive definite
and B 6= 0. Here, if not otherwise specified, we consider only the case when Q
is strictly positive. In any case, some of the results that we present hold also
when Q is a degenerate positive definite matrix and the operator A in (9.0.1)
is hypoelliptic, i.e., when the matrix

∫ t

0

esBQesB∗

ds

is strictly positive definite for any t > 0. Such a condition can be expressed
also by saying that the kernel of Q does not contain any invariant subspace
of B∗ (see, e.g., [98]).

Firstly, in Section 9.1, we show that an explicit formula for the Ornstein-
Uhlenbeck semigroup is available both in the nondegenerate and in the degen-
erate case. Having such a formula simplifies the study of the main properties
of the semigroup. For instance, one can prove uniform estimates for the space
derivatives of any order of the function T (t)f when f ∈ Cb(R

N ) just differen-
tiating under the integral sign. We do this in Section 9.2 in the nondegenerate
case. The case of the degenerate Ornstein-Uhlenbeck operator is much more
involved. It has been studied by A. Lunardi in [107]. Here, we limit ourselves
to state the main results of [107].

As it has been claimed several times, the Ornstein-Uhlenbeck semigroup is
neither analytic nor strong continuous in Cb(R

N ). In particular, T (t)f tends
to f in Cb(R

N ) as t tends to 0+, if and only if f ∈ BUC(RN ) and f(etB·)
tends to f uniformly in RN .

In Section 9.3, we deal with the invariant measure of {T (t)}. We show that
when the spectrum of the matrix B is contained in the left halfplane, the
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Ornstein-Uhlenbeck semigroup admits the Gaussian measure

µ(dx) =
1√

(2π)NdetQ∞

e−
1

2
〈Q−1

∞ x,x〉dx

as the (unique) invariant measure, both in the nondegenerate and in the de-
generate case. Here,

Q∞ =

∫ +∞

0

esBQesB∗

ds. (9.0.2)

The assumptions on the location of the spectrum of the matrix B turns out
to be also necessary to guarantee the existence of the invariant measure of
{T (t)}.

From the results in Chapter 8, we know that the extension of the Ornstein-
Uhlenbeck semigroup to the Lp-spaces associated with the invariant measure µ
(in short Lp

µ) gives rise to a strongly continuous semigroup for any p ∈ [1,+∞).
Moreover, for any f ∈ Lp

µ, T (t)f is still given by the same formula as in the

case when f ∈ Cb(R
N ).

Actually, in the nondegenerate case, {T (t)} is also analytic for any p ∈
(1,+∞). Also in this situation, having an explicit representation formula for
T (t)f is of much help. Indeed, we can quite easily show that T (t) maps Lp

µ into

W k,p
µ (for any k ∈ N) and we can also give precise estimates on the behaviour

of the space derivatives of T (t)f in Lp
µ when t approaches 0+.

An important feature of the Ornstein-Uhlenbeck semigroup in Lp
µ is that a

complete characterization of its infinitesimal generator Lp is available. More
precisely, we show that

D(Lp) = W 2,p
µ , p ∈ (1,+∞)

and that the graph norm is equivalent to the Euclidean norm of W 2,p
µ . Such a

result was firstly proved by A. Lunardi and G. Da Prato in the Hilbert case,
and then it has been proved by G. Metafune, D. Pallara, A. Rhandi and R.
Schnaubelt for a general p.

Since the Ornstein-Uhlenbeck semigroup in Lp
µ is compact for any p ∈

(1,+∞), the spectrum of Lp is a discrete set. It has been completely charac-
terized by G. Metafune, D. Pallara and E. Priola in terms of the eigenvalues
λ1, . . . , λN of the matrix B. More precisely, they show that

σ(Lp) =

{
λ =

r∑

i=1

niλi : ni ∈ N ∪ {0}, i = 1, . . . , r

}
.

In particular, σ(Lp) is independent of p and the eigenfunctions of Lp are
polynomials with degree at most (Reλ)/s(B). Moreover, the eigenvalues of
Lp are all semisimple if and only if B is diagonalizable in C.

The picture changes drastically in the case when p = 1. Indeed, in such
a situation σ(L1) is the set of all the λ ∈ C with nonpositive real part. In
particular, any λ with negative real part is an eigenvalue of L1.
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Since the Ornstein-Uhlenbeck semigroup is analytic in Lp
µ, the function

z 7→ T (z) is analytic in a sector centered at the origin. A recent result by R.
Chill, E. Fasangova, G. Metafune and D. Pallara explicitly characterizes the
amplitude of such a sector.

Next, we exploit some relations between the Ornstein-Uhlenbeck semigroup
and the Hermite polynomials.

Finally, in Section 9.4, we consider the Ornstein-Uhlenbeck semigroup in
the Lp-spaces associated with the Lebesgue measure, for any p ∈ [1,+∞). In
such a setting {T (t)} is strongly continuous but it is not analytic. The domain
of its infinitesimal generator Ap is the set of all the functions u ∈ W 2,p(RN )
such that Au ∈ Lp(RN ). Moreover, the spectrum of Ap consists of all the
complex numbers with real parts not greater than −(Tr(B))/p. In particular,
differently from what happens when the underlining measure is the invariant
measure, the spectrum depends explicitly on p.

9.1 The formula for T (t)f

One of the best features of the Ornstein-Uhlenbeck operator is that an explicit
formula for the associated semigroup is available both in the nondegenerate
and in the degenerate case. Such a formula is due to Kolmogorov (see [85]).

Let us introduce some notation. For any t > 0, we denote by Qt ∈ L(RN )
the matrix defined by

Qt =

∫ t

0

esBQesB∗

ds. (9.1.1)

It is readily seen that Qt (t > 0) is a positive definite matrix, and it is strictly
positive definite whenever Q is.
Moreover, for any strictly positive definite matrix K and any a ∈ RN , we
denote by N (a,K) the Gaussian measure defined by

N (a,K)(dx) =
1√

(2π)NdetK
e−

1

2
〈K−1(x−a),x−a〉dx. (9.1.2)

We can now prove the following theorem.

Theorem 9.1.1 For any f ∈ Cb(R
N ), the Cauchy problem

{
Dtu(t, x) = Au(t, x), t > 0, x ∈ RN ,

u(0, x) = f(x), x ∈ RN ,
(9.1.3)

admits a unique classical solution u which is bounded in [0, T ] × RN for any

T > 0. In fact, such a solution is bounded in [0,+∞) × RN and

sup
t>0

||u(t, ·)||Cb(RN ) ≤ ||f ||∞. (9.1.4)
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Moreover, u is given by

u(t, x) = (T (t)f)(x) :=
1√

(2π)NdetQt

∫

RN

e−
1

2
〈Q−1

t (etBx−y),etBx−y〉f(y)dy,

(9.1.5)
for any t > 0 and any x ∈ R

N . The semigroup {T (t)} is called the Ornstein-

Uhlenbeck semigroup associated with the operator A in Cb(R
N ).

Proof. First of all, we observe that the existence of the classical solution to
the problem (9.1.3) as well as the estimate (9.1.4) are guaranteed by Theorem
2.2.1, whereas its uniqueness is an immediate consequence of Theorem 4.1.3,
where we can choose as a Lyapunov function, the function ϕ : RN → R defined
by ϕ(x) = |x|2 for any x ∈ RN . Indeed, an explicit computation shows that

(Aϕ)(x) = TrQ+ 2〈Bx, x〉 ≤ TrQ+ 2||B||∞|x|2, x ∈ R
N .

Hence, it suffices to take λ = 2||B||∞ to get sup
RN (Aϕ − λϕ) < +∞ and, by

Remark 4.0.3, this is enough to apply Theorem 4.1.3.
So, to complete the proof we just need to check the formula (9.1.5). For

this purpose, we use stochastic calculus. Indeed, the stochastic differential
equation associated with the operator A is the following one:

dξx
t = Bξx

t dt+ σdWt, ξx
0 ≡ x,

where σ = Q1/2, Wt is a standard N -dimensional Brownian motion and x ∈
RN . It is easily verified that the solution of this equation is the process

ξx
t = etBx+

∫ t

0

σe(t−s)BdWs, t > 0.

This is a Gaussian process. For any fixed t > 0 and any x ∈ RN the mean value
of ξx

t is etBx and the covariance matrix is the matrix Qt defined in (9.1.1).
Therefore, the distribution of ξx

t is the normal distribution N (etBx,Qt)(dx).
This implies that the semigroup {T (t)} is given by the formula

(T (t)f)(x) = E f(ξx
t ) =

∫

RN

f(y)N (etBx,Qt)(dy), x ∈ R
N ,

for any f ∈ Bb(R
N ), and (9.1.5) follows.

Let us give also an analytical proof of the formula (9.1.5). For this purpose,
we look for a solution u of (9.1.3) in the form

u(t, x) = v(t,M(t)x), t > 0, x ∈ R
N , (9.1.6)

where the matrix-valued function M : (0,+∞) → L(RN ), defined by t 7→
M(t), is to be properly chosen.
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A straightforward computation shows that the function v solves the Cauchy
problem

{
Dtv(t, x) = A(t)v(t, x), t > 0, x ∈ RN ,

v(0, x) = f(M(0)x), x ∈ RN ,
(9.1.7)

where A(t) is given by

A(t) =
1

2
Tr(Λ(t)D2v(t, x))+ 〈(M(t)B−M ′(t))(M(t))−1x,Dv(t, x)〉, (9.1.8)

with Λ(t) = M(t)Q(M(t))∗, for any t > 0.
Now, we choose M(t) in order to eliminate the drift term in (9.1.8). This is

possible if we choose M(·) satisfying the differential equation M ′(·) = M(·)B.
For instance, we can take M(t) = etB for any t > 0. With this choice of M(·)
the elliptic equation in (9.1.7) reduces to





Dtv(t, x) =

1

2
Tr(etBQetB∗

D2v(t, x)), t > 0, x ∈ RN ,

u(0, x) = f(x), x ∈ RN .

(9.1.9)

Taking the Fourier transform of both the sides of the differential equation
in (9.1.9) gives the ordinary differential equation

Dtv̂(t, ξ) = −
1

2
〈Λ(t)ξ, ξ〉 v̂(t, ξ), t > 0, ξ ∈ R

N .

Hence,

v̂(t, ξ) = exp

(
−

1

2
〈Qtξ, ξ〉

)
f̂(ξ), t > 0, ξ ∈ R

N , (9.1.10)

where Qt is given by (9.1.1). Taking the inverse Fourier transform gives

v(t, x) =
1√

(2π)NdetQt

∫

RN

e−
1

2
〈Q−1

t (x−y),x−y〉f(y)dy. (9.1.11)

Now, the formulas (9.1.6) and (9.1.11) lead us to (9.1.5).

Remark 9.1.2 The same results as in Theorem 9.1.1 hold true also in the
case when Q is singular (but still positive definite) provided that the matrix
Qt in (9.1.1) is nonsingular for any t > 0. The semigroup defined by the
formula (9.1.5) is still called the (degenerate) Ornstein-Uhlenbeck semigroup
associated with the operator A in (9.0.1). As it has been stressed in the
introduction to this chapter, the condition detQt > 0, for any t > 0, is
equivalent to the hypoellipticity of the operator A in the sense of Hörmander
(see [73]).
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9.2 Properties of {T (t)} in Cb(R
N)

In this section we study some properties of {T (t)} in the space Cb(R
N ). To

begin with, let us consider the following proposition.

Proposition 9.2.1 The following properties are met:

(i) {T (t)} is conservative in Cb(R
N );

(ii) C0(R
N ) is invariant for {T (t)};

(iii) for any t > 0, T (t) is not compact in Cb(R
N ).

Proof. The property (i) follows immediately from Proposition 4.1.10 since
T (t)1l = 1l for any t > 0.

The property (ii) follows immediately from Example 5.3.3.
Finally, the property (iii) is now a straightforward consequence of the prop-

erties (i) and (ii) and Proposition 5.3.4.

The estimates for the derivatives of {T (t)f} can be easily obtained as a
consequence of the results in Chapters 6 and 7. They can also be deduced
differentiating under the integral sign the representation formula (9.1.5). This
is the approach used in [39] that allows the authors to prove uniform (and
pointwise) estimates for the space derivatives of T (t)f of any order.

Proposition 9.2.2 For any t > 0 and any f ∈ Cb(R
N ), the function T (t)f

belongs to Ck
b (RN ) for any k ∈ N. In particular, if f ∈ C1

b (RN ),

DiT (t)f =

N∑

j=1

(etB∗

)ijT (t)Djf, t > 0, i, j = 1, . . . , N. (9.2.1)

Moreover, for any ε > 0 and any h ∈ N with h ≤ k, there exists a positive

constant C = Cε such that

||T (t)f ||Ck
b
(RN ) ≤ C

ek(s(B)+ε)t

1 ∧ t
k−h

2

||f ||Ch
b
(RN ), t > 0, (9.2.2)

for any f ∈ Ch
b (RN ), where s(B) is the spectral bound of the matrix B.

Proof. The estimate (9.2.2) can be proved by induction on k. Let us begin
by proving it in the case when h = 0. For k = 1 the estimate (9.2.2), as well
as the formula (9.2.1), follows easily differentiating the formula (9.1.5) under
the integral sign and observing that, for any δ > 0, there exists a constant
C̃1 = C̃1(δ) such that

||etB||∞ ≤ C̃1e
(s(B)+δ)t, t > 0. (9.2.3)
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Let us suppose that T (t)f belongs to Cm−1
b (RN ) for any t > 0 and (9.2.2)

holds for all the (m−1)-th order derivatives of T (t)f . We are going to prove
that the m-th order derivative Di1,...,im

T (t)f exists in Cb(R
N ) and it satisfies

(9.2.2). For this purpose, we observe that, using (9.2.1), we get

Di2,...,im
T (t)f

= Di2,...,im
T (t/n) · . . . · T (t/n)f

= Di2,...,im−1

{
T ((1 − 1/n)t)

N∑

jm=1

(e
n−1

n
B∗t)imjm

Djm
T (t/n)f

}

= T ((1 − (m− 1)/n)t)

N∑

j2,...,jm=1

(e
n−m+1

n
tB∗

)i2j2 · . . . · (e
n−1

n
tB∗

)imjm

×Dj2T (t/n) ◦ . . . ◦Djm
T (t/n)f,

(9.2.4)

for any n > m and any t > 0. Similarly,

Dj2T (t/n) ◦ . . . ◦Djm
T (t/n)f

= T ((m/n− 2/n)t)

N∑

l2,...,lm−1=1

(e
1

n
tB∗

)jm−1lm−1
· . . . · (e

m−2

n
tB∗

)j2l2

×Dl2,...,lm−1,jm
T (t/n)f, (9.2.5)

for any t > 0. From (9.2.4), (9.2.5) and (9.2.2) (with k = 1) we easily deduce
that Di2,...,im

T (t) ∈ C1
b (RN ). Moreover,

Di1,...,im
T (t)f

=

N∑

j2,...,jm=1

(e
n−m+1

n
tB∗

)i2j2 · . . . · (e
n−1

n
tB∗

)imjm

×
N∑

l1,...,lm−1=1

(e
1

n
tB∗

)jm−1lm−1
· . . . · (e

m−2

n
tB∗

)j2l2(e
n−2

n
tB∗

)i1l1

×T ((1 − 2/n)t)Dl1T (t/n)Dl2,...,lm−1,jm
T (t/n)f.

(9.2.6)

Therefore, taking δ = 1/n in (9.2.3) and using (9.2.2) with k = 1, k = m− 1
and ε = 1/n, we get

||Di1,...,im
T (t)f ||∞ ≤ Cn exp

{(
m−

1

n

)(
s(B) +

1

n

)}
1

1 ∧ tm/2
||f ||∞,

for any t > 0 and some positive constant Cn. The estimate (9.2.2) with k = m
follows, taking n sufficiently large.
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The estimate (9.2.2) with h = k follows immediately from (9.2.3). Indeed,
a straightforward computation shows that

Di1,...,ik
T (t)f =

N∑

j1,...,jk=1

(etB∗

)i1j1 · . . . · (e
tB∗

)ikjk
T (t)Dj1,...,jk

f, (9.2.7)

for any i1, . . . , ik ∈ {1, . . . , N}, any k ∈ N and any t > 0.
Finally, in the case when 0 < h < k, the estimate (9.2.2) follows from (9.2.6)

(with m = k) observing that, thanks to (9.2.7), we have

Dl1T (t/n)Dl2,··· ,lk−1,jk
T (t/n)f

=

N∑

r1,...,rh+1=1

(e
1

n
tB∗

)l1r1
(e

1

n
tB∗

)lk−h+1r2
· . . . · (e

1

n
tB∗

)lk−1rh
(e

1

n
tB∗

)jkrh+1

×T (t/n)(Dr1,l2,...,lk−h
T (t/n)Dr2,...,rh+1

f),

for any t > 0.

Remark 9.2.3 (i) From the proof of Proposition 9.2.2, it is clear that if
(9.2.3) holds with δ = 0, then the estimate (9.2.2) can be written also with
ε = 0.

(ii) In view of Remark 7.2.4, when k = 1, 2, 3, the uniform estimate (9.2.2)
is useful only in the particular case when s(B) < 0.

Remark 9.2.4 In the case when the matrix Q is singular and the operator
A is hypoelliptic, uniform estimates of the Ornstein-Uhlenbeck semigroup are
still available, but they differ from those in Proposition 9.2.2 since, as we will
see in Chapter 14, the behaviour of the space derivatives of T (t)f near t = 0
is anisotropic. Such estimates, which have been proved in [107, Proposition
3.2], can be written in an elegant way if the Ornstein-Uhlenbeck is written
not in the usual Euclidean basis of RN but in a suitable orthonormal basis
{e′i : i = 1, . . . , N} associated with the matrix Q.

To determine such a basis, we begin by observing that the operator A is hy-
poelliptic if and only if there exists m ≤ N−1 such that rankHm = N , where
the matrix Hm ∈ L(RmN ,RN ) is given by Hm = [Q1/2, BQ1/2, . . . , BmQ1/2].
Such a condition is usually called the Kalman rank condition and its equiv-
alence with the hypoellipticity condition is proved in [149, Chapter 1]. We
denote by r the smallest integer such that rankHr = N , and by Vi (i =
0, . . . , r − 1) the image of RN through the matrix Hi (0 = 1, . . . , r). It is now
easy to check that RN =

⊕r
k=0 Ek(RN ) where E0 is the orthogonal projection

of RN in V0 and Ei (j = i, . . . , r) is the orthogonal projection of RN on V ⊥
i−1 in

Vi, i = 1, . . . , r. Then, we define the orthonormal basis {e′i : i = 1, . . . , N} of
RN choosing e′j in Ei(R

N ) for any j ∈ {ai + 1, . . . , ai+1} := Ii (i = 0, . . . , r),
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where a0 = 0, ar+1 = N . In such a basis it can be shown that, for any
h ∈ N, any multi-index α with |α| = h, and any ε > 0, there exists a constant
Ch = Ch(ε) such that

||DαT (t)f ||∞ ≤ Che
(s(B)+ε)tt−

h
2
−mα ||f ||∞, t > 0, (9.2.8)

where, mα =
∑r

i=0

∑ai+1

j=ai+1 τ(αj). Here, τ(αj) = k, where k is such that
j ∈ Ik.

As we have already several times recalled, both the Ornstein-Uhlenbeck
semigroup and the degenerate Ornstein-Uhlenbeck semigroup are neither an-
alytic nor strongly continuous in Cb(R

N ) and in BUC(RN ). Now we provide
a proof of these properties. To begin with we show that {T (t)} is not analytic,
adapting the proof of [39, Lemma 3.3]. This result holds also in the case when
Q is singular.

Proposition 9.2.5 The Ornstein-Uhlenbeck semigroup is analytic neither in

Cb(R
N ) nor in BUC(RN ).

Proof. We begin the proof considering the case when Q is not singular.
Of course, we can limit ourselves to proving that {T (t)} is not analytic in
BUC(RN ). For this purpose, we prove that there exists h ∈ RN such that

sup
h∈N

||AT (1)fh||∞ = +∞, (9.2.9)

where fh(x) = sin(〈h, x〉) for any x ∈ RN . Indeed, we have

(T (1)fh)(x) = e−
1

2
〈Q1h,h〉 sin(〈eBx, h〉), x, h ∈ R

N (9.2.10)

(see also (9.3.6)). From (9.2.10) it follows that the function Tr (QD2T (1)fh) is
bounded in RN for any h ∈ RN . Therefore, to prove (9.2.9) we need to show
that the function x 7→ 〈Bx, (DT (1)fh)(x)〉 is unbounded in R

N for some
h ∈ RN . As it is easily seen

(B∗(DT (1)fh)(x))i = (B∗eB∗

h)ie
− 1

2
〈Q1h,h〉 cos(〈eBx, h〉),

for any x ∈ RN and any i = 1, . . . , N . Since B 6= 0, there exist h0 ∈ RN and
j ∈ {1, . . . , N} such that (B∗eB∗

h0)j 6= 0. As a consequence, the function

r 7→ 〈rBej , (DT (1)fh0
)(rej)〉 = r(B∗eB∗

h0)je
− 1

2
〈Q1h0,h0〉 cos(r(eB∗

h0)j)

is unbounded in R and, therefore, 〈B·, DT (1)fh0
〉 is unbounded in RN . This

completes the proof in this case.
Now we assume that Q is nonnegative definite and singular, and we denote

by Ã the operator A in the orthonormal basis {e′i : i = 1, . . . , N} defined
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in Remark 9.2.4. Observe that A = MÃM∗ for some orthogonal matrix M ,
where

Ãϕ =

a1∑

i,j=1

q′ijDijϕ+ 〈B·, Dϕ〉,

for any smooth function ϕ, Q′ = (q′ij) and B′ being suitable matrices, with
Q′ strictly positive definite, and a1 being as in Remark 9.2.4. Then, T (t) =
MT̃ (t)M∗ for any t > 0, where {T̃ (t)} denotes the Ornstein-Uhlenbeck semi-
group associated with the operator Ã. Therefore, we can limit ourselves to
showing that {T̃ (t)} is not analytic in BUC(RN ). For this purpose, we can
repeat step by step the proof given in the nondegenerate case.

The next proposition describes the set of strong continuity of {T (t)}. It
holds for both nondegenerate and degenerate Ornstein-Uhlenbeck semigroups.

Proposition 9.2.6 Let f ∈ Cb(R
N ). Then, ||T (t)f − f ||∞ tends to 0 as t

tends to 0 if and only if f ∈ BUC(RN ) and

lim
t→0+

(f(etBx) − f(x)) = 0,

uniformly with respect to x ∈ RN .

Proof. First of all let us notice that, if T (t)f tends to f uniformly in RN , then
f ∈ BUC(RN ). Indeed, Proposition 9.2.2 ensures that, for any f ∈ Cb(R

N ),
the function T (t)f belongs to BUC(RN ). Therefore, in the rest of the proof
we assume that f ∈ BUC(RN ).

For any t > 0, let Gt be the linear operator in BUC(RN ) defined by

(Gtf)(x) =
1√

(2π)NdetQt

∫

RN

f(x− y)e−
1

2
〈Q−1

t y,y〉dy, x ∈ R
N .

Then, we have (T (t)f)(x) = (Gtf)(etBx) for any t > 0 and any x ∈ RN . Let
us observe that Gtf tends to f uniformly in RN as n tends to +∞. Indeed,
for any n ∈ N,

|(Gtf)(x) − f(x)| =

∣∣∣∣∣
1√

(2π)N

∫

RN

e−
1

2
|y|2
(
f(x+

√
Qty) − f(x)

)
dy

∣∣∣∣∣

≤
1√

(2π)N

∫

B(n)

e−
1

2
|y|2 |f(x+

√
Qty) − f(x)|dy

+
2√

(2π)N
||f ||∞

∫

RN\B(n)

e−
1

2
|y|2dy, t > 0, x ∈ R

N .

(9.2.11)

From (9.2.11) it is now clear that for any ε > 0 we can find first n sufficiently
large and, then, t sufficiently close to 0 such that both the two last integrals
are less then ε/2, uniformly with respect to x ∈ RN .
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Now, the conclusion follows writing

(T (t)f)(x) − f(x) = (Gtf)(etBx) − f(etBx) + f(etBx) − f(x),

for any t > 0 and any x ∈ RN .

To conclude this section we characterize the spectrum of the weak generator
Â of the Ornstein-Uhlenbeck operator in Cb(R

N ; C) when Q is not singular.
For the proof we refer the reader to [112, Corollary 6.3], where the character-

ization of the spectrum of the restriction of Â to BUC(RN ; C) is given. But

the spectra of Â and its restriction to BUC(RN ; C) actually coincide. Indeed,

of course, σ(Â∣∣BUC(RN ;C)
) ⊂ σ(Â). Moreover, since D(Â) ⊂ BUC(RN ; C)

the point spectra of Â and Â∣∣BUC(RN ;C)
coincide. Further, if Reλ > 0, then

λ ∈ ρ(Â). Indeed, fix f ∈ Cb(R
N ; C) and consider a bounded sequence

{fn} ⊂ C∞
c (RN ; C) converging locally uniformly in RN to f . Taking the

estimates in Proposition 9.2.2 into account it is easy to check that

(R(λ, Â∣∣BUC(RN ;C)
)fn)(x) =

∫ +∞

0

e−λt(T (t)fn)(x)dt, (9.2.12)

for any x ∈ RN and any n ∈ N, where we still denote by {T (t)} the exten-
sion of the Ornstein-Uhlenbeck semigroup to complex-valued functions. From
formula (9.2.12) and Proposition 2.2.9, it is immediate to check that un =

R(λ, Â∣∣BUC(RN ;C)
)fn converges locally uniformly to a function u ∈ Cb(R

N ; C).

Since Âun = λun − fn and

||R(λ, Â∣∣BUC(RN ;C)
)fn||∞ ≤ K||fn||∞, n ∈ N, (9.2.13)

for some positive constant K, independent of n, it follows that {Âun} is
bounded in Cb(R

N ; C) and it converges locally uniformly in R
N . Therefore,

according to Proposition 2.3.5, u ∈ D(Â) and λu − Âu = f . Moreover, by
(9.2.13) we get ||u||∞ ≤ K||f ||∞ since we can assume that ||fn||∞ ≤ ||f ||∞ for
any n ∈ N.

Theorem 9.2.7 If σ(B) ∩ iR = ∅ then σ(Â) = {λ ∈ C : Reλ ≤ 0}.

9.3 The invariant measure µ and the semigroup in L
p

µ

In this section we assume that

σ(B) ⊂ {λ ∈ C : Reλ < 0}. (9.3.1)
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As a straightforward consequence, the matrix Qt (see (9.1.1)) can be defined
also for t = +∞. Q∞ is a positive definite matrix and it is strictly positive
definite if Qt is strictly positive definite for some t > 0.

We set

µ(dx) := N (0, Q∞)(dx) =
1√

(2π)NdetQ∞

e−
1

2
〈Q−1

∞ x,x〉dx := ρ(x)dx. (9.3.2)

As the following theorem shows, µ is the invariant measure of both the
nondegenerate and the degenerate Ornstein-Uhlenbeck semigroups.

Proposition 9.3.1 If (9.3.1) holds, then the Gaussian measure µ is the

unique invariant measure of the semigroup {T (t)}.

Proof. In the case of the nondegenerate Ornstein-Uhlenbeck semigroup, the
uniqueness of the invariant measure of {T (t)} follows immediately from The-
orem 8.1.15.

Actually, Theorem 8.1.15 holds also in the case when the diffusion matrix
Q is singular. Indeed, to make the proof of that proposition work, one needs
to be able to extend the semigroup with continuity to a strong Feller and irre-
ducible semigroup in to Bb(R

N ) and to prove the convergence of the sequence
(T (t)fn)(x) to (T (t)f)(x), as n tends to +∞, for any t > 0 and any x ∈ RN ,
whenever the sequence {fn} ⊂ Bb(R

N ) converges in a dominated way to f .
Of course, these two properties are satisfied also by the degenerate Ornstein-
Uhlenbeck semigroup, as it can be easily checked using the representation
formula (9.1.5).

So, let us prove that, in both the nondegenerate and the degenerate case
{T (t)}, the Gaussian measure µ is the invariant measure of {T (t)}. Through-
out the proof, we extend {T (t)} to the space of bounded and continuous
complex-valued functions in the natural way, and we still denote by {T (t)}
the so extended semigroup.

Denote by E the linear span of the set {fh : h ∈ RN} where fh : RN → C

is defined by fh(x) = ei〈x,h〉 for any x, h ∈ R
N . We observe that E is dense in

L1
µ. To check this property, it suffices to show that, if T ∈ (L1

µ)′ vanishes on E ,

then T = 0. For this purpose, we recall that (L1
µ)′ = L∞

µ ⊂ L∞(RN , dx) (see

[135, Theorem 6.16]). Fix T ∈ (L1
µ)′ vanishing on E and let g ∈ L∞(RN , dx)

be such that Tf =
∫

RN fgdµ for any f ∈ L1
µ. Then

∫

RN

g(x)ei〈x,h〉e−
1

2
〈Q∞x,x〉dx = 0,

for any h ∈ RN . It follows that the Fourier transform of the function x 7→
g(x)e−〈Q∞x,x〉/2 identically vanishes in RN . By the uniqueness of the Fourier
transform, we deduce that g ≡ 0.
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Hence, to prove that µ is the invariant measure of the Ornstein-Uhlenbeck
semigroup, it suffices to show that

∫

RN

T (t)fhdµ =

∫

RN

fhdµ, t > 0, h ∈ R
N . (9.3.3)

For this purpose, fix a ∈ R
N and a strictly positive definite matrix K, and

let us compute the Fourier transform of the probability measure N (a,K)(dx)
(see (9.1.2)).
Let M be an orthogonal matrix such that MKM∗ = diag (λ1, . . . , λN ). Then

∫

RN

fhN (a,K)(dy) =
ei〈a,h〉

√
(2π)NdetK

∫

RN

ei〈M∗y,h〉 exp

(
−

N∑

i=1

y2
i

2λi

)
dy

=
ei〈a,h〉

√
(2π)Nλ1 · . . . · λN

N∏

k=1

∫

R

eiyk(Mh)ke
−

y2

k
2λk dyk

= ei〈a,h〉
N∏

k=1

e−
1

2
λk(Mh)2k

= ei〈a,h〉− 1

2
〈Kh,h〉, (9.3.4)

for any h ∈ RN . Therefore,
∫

RN

fhdµ =

∫

RN

ei〈h,y〉N (0, Q∞)(dy) = e−
1

2
〈Q∞h,h〉, h ∈ R

N . (9.3.5)

On the other hand, we have

(T (t)fh)(x) =

∫

RN

ei〈h,y〉N (etBx,Qt)(dy) = ei〈etBx,h〉− 1

2
〈Qth,h〉, (9.3.6)

for any t > 0, any x, h ∈ RN , and then
∫

RN

T (t)fhdµ = e−
1

2
〈Qth,h〉

∫

RN

ei〈etB∗
h,x〉N (0, Q∞)(dx)

= e−
1

2
〈(Qt+etBQ∞etB∗

)h,h〉. (9.3.7)

Now, observing that

Qt + etBQ∞e
tB∗

=

∫ t

0

esBQesB∗

ds+

∫ +∞

0

e(t+s)BQe(t+s)B∗

ds

=

∫ t

0

esBQesB∗

ds+

∫ +∞

t

esBQesB∗

ds = Q∞, (9.3.8)

for any t > 0, from (9.3.5) and (9.3.7) we get (9.3.3).
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Remark 9.3.2 As it is shown in [43, Section 11.2.3], (9.3.1) is also a necessary
condition to guarantee the existence of an invariant measure of {T (t)}.

In view of Remark 9.3.2, throughout the rest of this section we assume that
the condition (9.3.1) is satisfied.

According to Proposition 8.1.8, the semigroup {T (t)} can be extended to a
strongly continuous semigroup in Lp

µ(RN ). As in Chapter 8, we simply write

Lp
µ for Lp(RN , µ) and denote by || · ||p its norm. Moreover, we denote W k,p

µ

the Sobolev space of the functions in Lp
µ with weak derivatives up to k-th-

order in Lp
µ. Finally we denote by Lp : D(Lp) ⊂ Lp

µ → Lp
µ (p ∈ [1,+∞)) the

infinitesimal generator of {T (t)} in Lp
µ and we simply write L for L2.

To prove the main result of this first part of the section (i.e., the analyticity
of {T (t)} in Lp

µ for any p ∈ (1,+∞)), we need some preliminary results.

Lemma 9.3.3 For any p ∈ [1,+∞), C∞
c (RN ) is dense in Lp

µ and in W k,p
µ

for any k ∈ N.

Proof. The proof can be obtained using the same truncation argument as
in the proof of Proposition 8.7.3.

Lemma 9.3.4 Let p ∈ [1,+∞). Then, for any u ∈ W 1,p
µ and any j =

1, . . . , N , the function x 7→ xju(x) belongs to Lp
µ. Moreover, there exists a

positive constant Cj such that

(∫

RN

|xj |
p|u(x)|pdµ

) 1

p

≤ Cj

(∫

RN

(|u(x)|p + |Du(x)|p)dµ

) 1

p

.

Proof. Without loss of generality we can limit ourselves to proving the
assertion in the case when j = 1. Moreover, we can assume that Q∞ =
diag(λ1, . . . , λn). Indeed, we can always reduce to this situation by means of
a suitable linear change of variables as in the proof of Proposition 9.3.1. From
the formula (9.1.5) we immediately deduce that

ρ(x) =
1√

(2π)Nλ1 · . . . · λn

exp

(
−

N∑

i=1

x2
j

2λj

)
, x ∈ R

N .

Therefore,
x1ρ(x) = −λ1D1ρ(x), x ∈ R

N . (9.3.9)

Let us now fix u ∈ C∞
c (RN ) and assume that p > 1 (the case p = 1 is similar

and much easier). Taking (9.3.9) into account and integrating by parts, we
deduce the following chain of inequalities

∫

RN

|x1u(x)|pdµ

≤ −λ1

∫

RN

x1|x1|
p−2|u(x)|pD1ρ(x)dx
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= λ1p

∫

RN

x1u(x)|x1u(x)|p−2D1u(x)dµ+ λ1(p− 1)

∫

RN

|x1|
p−2|u(x)|pdµ

= I1 + I2. (9.3.10)

Using the Hölder and Young inequalities we immediately see that

I1 ≤ λ1p

(∫

RN

|x1u(x)|pdµ

) p−1

p
(∫

RN

|D1u|
pdµ

) 1

p

≤
1

4

∫

RN

|x1u(x)|pdµ+K1

∫

RN

|D1u|
pdµ, (9.3.11)

for any ε > 0 and some positive constant K1 = K1(ε).
As far as I2 is concerned, we observe that, if p ≥ 2, by the Young inequality,

we can determine a positive constant K2 such that

|x1|
p−2 ≤

1

4λ1(p− 1)
|x1|

p +K2, x1 ∈ R.

Therefore,

I2 ≤
1

4

∫

RN

|x1|
p|u(x)|pdµ+K3

∫

RN

|u(x)|pdµ, (9.3.12)

for some positive constant K3.
If p < 2 we have to apply a different argument to estimate the term I2. For
notational convenience we split x ∈ RN as x = (x1, z). Moreover, we denote
by dµ1 and dµ2 the measures in R and RN−1 whose densities with respect to
the Lebesgue measure are

ρ1(x1) =
1√

(2π)λ1

exp

(
−
x2

1

2λ1

)
, x1 ∈ R

and

ρ2(z) =
1√

(2π)N−1λ2 · . . . · λN

exp

(
−

N−1∑

j=1

z2
j

2λj+1

)
, z ∈ R

N−1,

respectively. Applying the Fubini-Tonelli theorem we deduce that

I2 ≤ 2λ1

∫

RN−1

dµ2

∫

R

|x1|
p−2|u(x1, z)|

pdµ1

= 2λ1

∫

RN−1

dµ2

∫

|x1|≥
√

8λ1

|x1|
p−2|u(x1, z)|

pdµ1

+2λ1

∫

RN−1

dµ2

∫ √
8λ1

−
√

8λ1

|x1|
p−2|u(x1, z)|

pdµ1
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≤
1

4

∫

RN−1

dµ2

∫

R

|x1|
p|u(x1, z)|

pdµ1

+

∫

RN−1

dµ2

∫ √
8λ1

−
√

8λ1

|x1|
p−2|u(x1, z)|

pdµ1. (9.3.13)

Let us estimate the second integral in the last side of (9.3.13). For this pur-
pose we observe that since W 1,p(−

√
8λ1,

√
8λ1) is continuously embedded in

L∞(−
√

8λ1,
√

8λ1) (see [2, Theorem 5.4]), then

∫ √
8λ1

−
√

8λ1

|x1|
p−2|u(x1, z)|

pdµ1

≤

(
sup

|x1|≤
√

8λ1

|u(x1, z)|

)p ∫ √
8λ1

−
√

8λ1

|x1|
p−2dx

≤ K4

∫ √
8λ1

−
√

8λ1

(|u(x1, z)|
p + |D1u(x1, z)|

p)dx1

≤ K4 sup
|x1|≤

√
8λ1

|ρ1(x1)|
−1

∫ √
8λ1

−
√

8λ1

(|u(x1, z)|
p + |D1u(x1, z)|

p)dµ1,

for some positive constant K4. Integrating in RN−1 with respect to the mea-
sure µ2 gives

∫

RN−1

dµ2

∫ √
8λ1

−
√

8λ1

|x1|
p−2|u(x1, z)|

pdµ1 ≤ K5||u||
p
1,p,

for some constant K5 > 0. Therefore,

I2 ≤
1

4

∫

RN−1

dµ2

∫

R

|x1|
p|u(x1, z)|

pdµ1 +K5||u||
p
1,p. (9.3.14)

Summing up, from (9.3.10)-(9.3.12) and (9.3.14), we deduce that there exists
a positive constant K6, independent of u, such that

∫

RN

|x1u(x)|pdµ ≤ K6||u||
p
1,p. (9.3.15)

Since by Lemma 9.3.3 C∞
c (RN ) is dense in W 1,p

µ , the estimate (9.3.15) yields
the assertion.

The following corollary is now a straightforward consequence of Lemma
9.3.4.

Corollary 9.3.5 The realization of the Ornstein-Uhlenbeck operator A in Lp
µ

with domain W 2,p
µ is a bounded linear operator.
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Lemma 9.3.6 For any f ∈ Lp
µ (p ∈ [1,+∞)) and any t > 0, T (t)f is given

by the formula (9.1.5).

Proof. In order to avoid misunderstanding, throughout the proof we denote
by {T (t)} the Ornstein-Uhlenbeck semigroup in Cb(R

N ) and by {Tp(t)} its
extension to Lp

µ.
To begin with, let us observe that since, for any t > 0, Qt and Q∞ differ

in a (strictly) positive definite matrix, then Qt < Q∞ in the sense of the
positive matrices (i.e., 〈Qth, h〉 < 〈Q∞h, h〉 for any h ∈ RN ). Hence, QtQ

−1
∞ <

Q∞Q
−1
∞ = I or, equivalently, Q−1

∞ = Q−1
t QtQ

−1
∞ < Q−1

t . As a consequence,

ρt(x) :=
1√

(2π)NdetQt

e−
1

2
〈Q−1

t x,x〉 ≤ Ctρ(x), x ∈ R
N ,

for some positive constant Ct, and this implies that L1
µ ⊂ L1

µt
where µt(dx) =

ρt(x)dx. Therefore, if {fn} is a sequence of smooth functions converging to f
in Lp

µ as n tends to +∞, then, for any t > 0 and any x ∈ RN , fn(etBx + ·)

converges to f(etBx+ ·) in L1
µ and, hence,

lim
n→+∞

(T (t)fn)(x) = lim
n→+∞

∫

RN

fn(etBx+ y)µt(dy) =

∫

RN

f(etBx+ y)µt(dy).

Now, the assertion follows if we recall that, by definition, T (t)fn converges to
Tp(t)f in Lp

µ (see Proposition 8.1.8).

Remark 9.3.7 Note that the results in Corollary 9.3.5 and Lemma 9.3.6 hold
true also in the case when the matrix Q is singular.

Arguing as in the proof of Proposition 9.2.2, we can prove the following
estimates for the derivatives of the function T (t)f in the Lp

µ-norm.

Proposition 9.3.8 For any p ∈ (1,+∞), any k ∈ N, any t > 0 and any

f ∈ Lp
µ the function T (t)f belongs to W k,p

µ . Moreover, for any multi-index α
and any ε > 0, there exists a positive constant C = C(ε, |α|, p) such that

||DαT (t)f ||p ≤ Ce|α|(s(B)+ε)tt−
|α|
2 ||f ||p, t > 0, (9.3.16)

for any p ∈ (1,+∞), and

||DαT (t)f ||p ≤ Ce|α|(s(B)+ε)t
∑

|β|=|α|

||Dβf ||p, t > 0, (9.3.17)

for any p ∈ [1,+∞). Further, the function t 7→ DαT (t)f is continuous in

(0,+∞) with values in Lp
µ for any f ∈ Lp

µ (p ∈ (1,+∞)).
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Proof. Since C∞
c (RN ) is dense in W k,p

µ (see Lemma 9.3.3), it suffices to

prove the assertion in the case when f ∈ C∞
c (RN ).

To prove the estimate (9.3.16) it suffices to argue by induction on the length
of |α| as in the proof of Proposition 9.2.2. So, we can limit ourselves to checking
(9.3.16) in the case when |α| = 1. For this purpose, we fix f ∈ C∞

c (RN ),
i ∈ {1, . . . , N}, p ∈ (1,+∞) and observe that

(DiT (t)f)(x) = −
1√

(2π)NdetQt

∫

RN

(etB∗

Q−1
t y)ie

− 1

2
〈Q−1

t y,y〉f(etBx− y)dy,

for any t > 0 and any x ∈ RN . Since

|(etB∗

Q−1
t y)i| = |〈Q−1/2

t y,Q
−1/2
t etBei〉| ≤ |Q−1/2

t y||(Q−1/2
t etB)i|,

for any t > 0, any y ∈ R
N and any i = 1, . . . , N , using the Hölder inequality

and taking (9.2.3) into account, we easily see that

|(DiT (t)f)(x)|p ≤

(∫

RN

|(etB∗

Q−1
t y)i|

p
p−1 e−

1

2
〈Q−1

t y,y〉dy

)p−1

(T (t)(|f |p))(x)

≤ ||(Q−1/2
t etB)i||

p

p−1 (T (t)(|f |p))(x)

×

(
1√

(2π)NdetQt

∫

RN

|Q−1/2
t y|

p
p−1 e−

1

2
〈Q−1

t y,y〉dy

)p−1

≤ Cpt
− 1

2 e(s(B)+ε)t(T (t)(|f |p))(x), (9.3.18)

for any t > 0, any x ∈ RN and some positive constant Cp. Hence integrating
the first and the last term in (9.3.18) in RN , with respect to the measure µ,
we get (9.3.16).

The estimate (9.3.17) is easier to be proved: indeed, it suffices to iterate the
formula (9.2.1).

Finally, let us prove that for any multi-index α, the functionDαT (·)f is con-
tinuous in (0,+∞) with values in Lp

µ. To see it, we observe that the estimate
(9.3.16) implies that

||DαT (t)f −DαT (s)f ||p ≤ Ce|α|(s(B)+ε)ts−
|α|
2 ||T (t− s)f − f ||p,

for any 0 < s < t and any p ∈ (1,+∞). Now, the strong continuity of {T (t)}
in Lp

µ yields the assertion.

Now, we can show that the Ornstein-Uhlenbeck semigroup is analytic in
Lp

µ for any p ∈ (1,+∞). Such a result has been proved in [39] and in [61, 67]
also in infinite dimensional settings. Here, we present a simplified proof taken
from [106].

Theorem 9.3.9 For any p ∈ (1,+∞), the Ornstein-Uhlenbeck semigroup is

analytic in Lp
µ.
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Proof. Fix p ∈ (1,+∞). According to Theorem B.2.8 to prove the assertion
we can limit ourselves to showing that the function T (·)f is differentiable in
(0,+∞), for any f ∈ Lp

µ, and there exists a positive constant C, independent
of f , such that

||tDtT (t)f ||p ≤ C||f ||p, t ∈ (0, 1). (9.3.19)

Suppose first that f ∈ C∞
c (RN ). In such a case, taking Propositions 2.3.5,

2.3.6 and 4.1.10 into account, it is easy to check that the function T (·)f
is differentiable in [0,+∞) with values in Lp

µ and DtT (t)f = AT (t)f for any
t ≥ 0. Moreover, taking Corollary 9.3.5 and the estimate (9.3.16) into account,
it is immediate to check that

t||AT (t)f ||p ≤ C1||f ||p, t > 0, (9.3.20)

for some positive constant C1, independent of f , and (9.3.19) follows.
Now, suppose that f ∈ Lp

µ and let {fn} ∈ C∞
c (RN ) be a sequence of smooth

functions converging to f in Lp
µ (see Lemma 9.3.3). Since

T (t)fn − T (t0)fn

t− t0
−AT (t0)fn =

1

t− t0

∫ t

t0

(AT (s)fn−AT (t0)fn)ds, (9.3.21)

for any t0, t ∈ (0,+∞) and any n ∈ N (where the integral is meant in Lp
µ),

letting n go to +∞, and observing that (9.3.20) is satisfied by fn (n ∈ N)
and f , with the same constant C1, we easily see that (9.3.21) holds true also
with f instead of fn. Now using the continuity of the function t 7→ AT (t)f
in (0,+∞) with values in Lp

µ (see Corollary 9.3.5 and Proposition 9.3.8), we
can conclude that T (·)f is differentiable in (0,+∞) with values in Lp

µ and
DtT (t)f = AT (t)f for any t > 0. Hence, the estimate (9.3.19) follows and we
are done.

The next proposition characterizes the symmetric Ornstein-Uhlenbeck semi-
groups, i.e., the case when T (t) coincides with its adjoint operator for any
t > 0. The characterization of the symmetric Ornstein-Uhlenbeck semigroups
has been studied in [32] and [33] also in the infinite dimensional setting.

Proposition 9.3.10 The Ornstein-Uhlenbeck semigroup is symmetric in L2
µ

if and only if BQ = QB∗. In such a case L is self-adjoint. Further, if B =
−Q−1

∞ , then ∫

RN

Lf gdµ = −

∫

RN

〈QDf,Dg〉dµ, (9.3.22)

for any f, g ∈ D(L).

Proof. As a first step we show that, for any t > 0, the adjoint operator of
T (t) is given by

(T (t)∗f)(x) =

∫

RN

f(Q1/2
∞ etB∗

∞Q−1/2
∞ x+Q1/2

∞ (I − etB∗
∞etB∞)1/2Q−1/2

∞ y)dµ,

(9.3.23)
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for any t > 0 and any f ∈ D := {g(j)
h : h ∈ RN , j = 1, 2}, where g

(1)
h (x) =

cos(〈h, x〉) and g
(2)
h (x) = sin(〈h, x〉) for any x and any h in RN . Here, B∞ =

Q
−1/2
∞ BQ

1/2
∞ . Note that the matrix (I − etB∗

∞etB∞)1/2 is well defined. Indeed,
using the formula (9.3.8), it is easy to check that

Qt = Q1/2
∞ (I − etB∞etB∗

∞)Q1/2
∞ , t > 0. (9.3.24)

As a consequence, the matrix I − etB∞etB∗
∞ is strictly definite positive and

this implies that ||etB∞ ||L(L2
µ) = ||etB∗

∞ ||L(L2
µ) < 1 for any t > 0. Therefore,

I − etB∗
∞etB∞ is a strictly positive definite matrix.

Let us fix t > 0 and g ∈ D, and denote by R(t) the operator defined by the
right-hand side of (9.3.23). Since D is dense in L2

µ (see the proof of Proposition
(9.3.1)), to prove that T (t)∗g = R(t)g it suffices to show that

∫

RN

gT (t)fdµ =

∫

RN

fR(t)gdµ, (9.3.25)

for any f ∈ D. For this purpose, we begin by observing that, from the formula
(9.3.6), we get

T (t)g
(j)
h = e−

1

2
〈Qth,h〉g

(j)

etB∗h
, j = 1, 2. (9.3.26)

Similarly, setting P1,t = Q
1/2
∞ (I−etB∗

∞etB∞)1/2Q
−1/2
∞ , P2,t = Q

1/2
∞ etB∗

∞Q
−1/2
∞ ,

we obtain that

(R(t)g
(j)
h )(x) =

∫

RN

g
(j)
h (P2,tx+ P1,ty)N (0, Q∞)(dy)

=

∫

RN

g
(j)
h (P1,ty)N (P−1

1,t P2,tx,Q∞)(dy)

=

∫

RN

g
(j)
h (y)N (P2,tx, P1,tQ∞P

∗
1,t)(dy)

= e−
1

2
〈Q1/2

∞ (I−etB∗
∞ etB∞ )Q1/2

∞ h,h〉g
(j)

Q
−1/2

∞ etB∞Q
1/2

∞ h
, (9.3.27)

for any x ∈ RN and j = 1, 2, where we took advantage of (9.3.4) in the last
side of (9.3.27), and N (a,K) is defined in (9.1.2) for any a ∈ RN and any
positive definite matrix K.

Since the density of µ (with respect to the Lebesgue measure) is even with
respect to each variable, from (9.3.26) and (9.3.27) we easily deduce that we

can limit ourselves to checking (9.3.25) in the case when (f, g) = (g
(j)
h , g

(j)
k ),

for j = 1, 2. This can easily be done, observing that 2g
(j)
h g

(j)
k = g

(j)
h−k +

(−1)j−1g
(j)
h+k for any h, k ∈ RN and j = 1, 2. Indeed, we get

∫

RN

g
(j)
k T (t)g

(j)
h dµ =

1

2
e−

1

2
〈Qth,h〉

(
e−

1

2
〈Q∞(etB∗

h−k),etB∗
h−k〉

+(−1)j−1e−
1

2
〈Q∞(etB∗

h+k),etB∗
h+k〉

)
,
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whereas∫

RN

g
(j)
h R(t)g

(j)
k dµ

=
1

2
e−

1

2
〈Q1/2

∞ (I−etB∗
∞etB∞ )Q1/2

∞ k,k〉

×
(
e

1

2
〈Q∞(h−Q−1/2

∞ etB∞Q1/2

∞ k),h−Q−1/2

∞ etB∞Q1/2

∞ k〉

+(−1)j−1e
1

2
〈Q∞(h+Q−1/2

∞ etB∞Q1/2

∞ k),h+Q−1/2

∞ etB∞Q1/2

∞ k〉
)
,

from which the equality (9.3.26) immediately follows observing that

etBQ∞e
tB∗

+Qt = Q∞, t > 0.

Now, the formulas (9.3.26) and (9.3.27) imply that T (t) is symmetric for any
t > 0 if and only

(i) Q−1/2
∞ etB∞Q1/2

∞ = etB∗

, (ii) Q1/2
∞ (I − etB∗

∞etB∞)Q1/2
∞ = Qt. (9.3.28)

Differentiating both the members of (9.3.28)(i) at t = 0, we see that such a

condition holds if and only if B∞Q
1/2
∞ = Q

1/2
∞ B∗ or, equivalently, if and only

if B∞ is symmetric. Taking (9.3.24) into account, the condition (9.3.28)(ii) is
now an immediate consequence of (9.3.28)(i). Summing up, we have shown
that T (t) is symmetric in L2

µ for any t > 0 if and only if the matrix B∞

is symmetric or, equivalently, if and only if BQ∞ = Q∞B
∗. In such a case,

according to [123, Chapter 1, Corollary 10.6], the operator L is self-adjoint in
L2

µ.
To conclude the first part of the proof, let us show that BQ∞ = Q∞B

∗ if
and only if BQ = QB∗. Showing that BQ = QB∗ implies that BQ∞ = Q∞B

∗

follows immediately from (9.0.2). Conversely, let us assume that BQ∞ =
Q∞B

∗. Using the formula (9.3.8) it is immediate to check that

QtB
∗ = BQt, t > 0. (9.3.29)

Differentiating (9.3.29) at t = 0 gives immediately BQ = QB∗.
We now assume that B = −Q−1

∞ and we prove the formula (9.3.22). For
this purpose, since

Diρ(x) = −
1

2
ρ(x)Di(〈Q

−1
∞ x, x〉) = −ρ(x)(Q−1

∞ x)i, i = 1, . . . , N,

an integration by parts gives
∫

RN

〈QDf(x), Dg(x)〉dµ

=
N∑

i,j=1

∫

RN

qijDif(x)Djg(x) ρ(x)dx

= −
N∑

i,j=1

∫

RN

qijg(x) (Dijf(x)ρ(x) +Dif(x)Djρ(x)) dx
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= −
N∑

i,j=1

∫

RN

qijg(x)
(
Dijf(x) −Dif(x)(Q−1

∞ x)j

)
ρ(x)dx

= −

∫

RN

g(x)(Tr (QD2f(x)) − 〈QDf(x), Q−1
∞ x〉)dµ,

for any f, g ∈ C∞
c (RN ), that is (9.3.22). Since C∞

c (RN ) is a core of L (see the
forthcoming Lemma 9.3.13), the formula (9.3.22) follows for any f, g ∈ D(L).

To conclude the first part of this section, let us show that the Ornstein-
Uhlenbeck semigroup satisfies the Poincaré inequality.

Theorem 9.3.11 The Ornstein-Uhlenbeck semigroup satisfies the Poincaré

inequality (8.6.1) with p = 2 and Cε = −(s(B) + ε)−1 for any ε < −s(B).

Proof. It can be obtained repeating step by step the proof of Theorem 8.6.3,
replacing everywhere the constant d0 defined in (8.3.6) with s(B) + ε, where
ε is as in the assertion of the theorem.

Remark 9.3.12 Note that our assumptions on the matrix B do not imply,
in general, that the constant d0 in (8.3.6) is negative. This is the reason why
we cannot apply immediately Theorem 8.6.3.

Suppose, for instance, that

B =

(
−1 1

−6 −4

)
.

Then, B has two eigenvalues with negative real parts. Moreover,

〈Bξ, ξ〉 = −ξ21 − 5ξ1ξ2 − 4ξ22 , ξ = (ξ1, ξ2) ∈ R
2,

which is not strictly less than 0 in R2.

9.3.1 The domain of the realization of {T (t)} in L
p

µ
(RN)

In this subsection we give a complete characterization of the domain of Lp for
any p ∈ [1,+∞). The results that we present are taken from [118]. We notice
that in the case when p = 2 the characterization of the domain of L2 has been
proved in [106] and in [36] (also in the infinite dimensional case) and, then, it
has been generalized to a more general context first in [41] and, then, in [40].
Here, we consider the case when Q is not singular.

The following lemma will be very useful to characterize the domain of Lp.

Lemma 9.3.13 For any p ∈ [1,+∞), C∞
c (RN ) is a core of Lp.
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Proof. We first prove that the Schwarz space S, of all the smooth functions
f : RN → R such that lim|x|→+∞ |x|kDαf(x) = 0 for any k ∈ N and any
α ∈ N

N , is a core of Lp. For this purpose, let us notice that the same arguments
as in the first part of the proof of Theorem 9.3.9 show that S is contained in
D(Lp) for any p ∈ [1,+∞). Moreover, a straightforward computation shows
that T (t) maps S into itself for any t > 0. Therefore, according to Lemma
9.3.3 and Proposition B.1.10, S is a core of {T (t)}.

Now to prove that C∞
c (RN ) is a core of Lp, it suffices to show that, for

any f ∈ S, there exists a sequence {fn} ⊂ C∞
c (RN ) such that fn and Afn

converge, respectively, to f and Af in Lp
µ, as n tends to +∞. So, let f ∈

S and, for any x ∈ RN and any n ∈ N, let ϑn(x) = ϑ(x/n) where ϑ ∈
C∞

c (RN ) satisfies χB(1/2) ≤ ϑ ≤ χB(1). Then, the function fn = fϑn belongs
to C∞

c (RN ) for any n ∈ N and it converges to f in W 2,p
µ as n tends to +∞.

Moreover, since

〈x,Dfn(x)〉 = ϑn(x)〈x,Df(x)〉 +
1

n
f(x)〈x,Dϑ(n−1x)〉, x ∈ R

N ,

Afn converges to Af in Lp
µ.

Now, we characterize the domain of Lp for any p ∈ (1,+∞), when the
Ornstein-Uhlenbeck operator A is given by

(Au)(x) =
1

2
∆u(x) −

N∑

i=1

xi

2λi
Diu(x), x ∈ R

N , (9.3.30)

where λi (i = 1, . . . , N) are suitable positive constants. This a crucial step
in order to characterize the domain of the more general Ornstein-Uhlenbeck
operator. In the case when A is given by (9.3.30), {T (t)} is symmetric (see
Proposition 9.3.10) and it is given by

(T (t)f)(x) =
1√

(2π)N
∏N

i=1 λi(1 − e
− t

λi )

×

∫

RN

exp

(
−

N∑

i=1

(e
− t

2λi xi − yi)
2

2λi(1 − e
− t

λi )

)
f(y)dy, (9.3.31)

for any t > 0, any x ∈ RN and any f ∈ Lp
µ. Moreover, the density ρ of

the invariant measure of the semigroup {T (t)}, with respect to the Lebesgue
measure, is given by

ρ(x) =
1√

(2π)Nλ1 · . . . · λN

exp

(
−

N∑

i=1

x2
i

2λi

)
, x ∈ R

N .

Proposition 9.3.14 Suppose that the operator A is given by (9.3.30). Then,

for any p ∈ (1,+∞), D(Lp) = W 2,p
µ .
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Proof. Since the proof is rather long, we divide it into three steps.

Step 1. Let us introduce the semigroup {Ti(t)} (i = 1, . . . , N) defined in
Lp

µ(RN ) (p ∈ (1,+∞) by

(Ti(t)f)(x) =
1√

2πλi(1 − e
− t

λi )

∫

R

exp

(
−

y2

2λi(1 − e
− t

λi )

)
f(Ei(t, x, y))dy,

(9.3.32)
for any t > 0 and any x ∈ RN , where Ei(t, x, y) ∈ RN is defined by

〈Ei(t, x, y), ej〉 =

{
xj , if i 6= j;

e−t/(2λi)xi − y, if i = j.

Arguing as in the proof of Proposition 8.1.8 and Theorem 9.3.9, it can be
shown that {Ti(t)} is an analytic strongly continuous semigroup of positive
contractions in Lp

µ. We denote by Lp,i its infinitesimal generator and we prove

that it coincides with the operator Ap,i defined by Ap,iu(x) = 1
2Diiu(x) −

(2λi)
−1xiDiu(x) for any u ∈ D(Ap,i) = {u ∈ Lp

µ : Diu, Diiu ∈ Lp
µ}. For this

purpose, we observe that, arguing as in the proof of Lemma 9.3.13, we can
easily show that C∞

c (RN ) is a core of Lp,i and that Lp,i = Ap,i on C∞
c (RN ).

Since, as the proof of Lemma 9.3.4 shows, Ap,i is a bounded operator in
D(Ap,i) endowed with the norm ||u||i,p = ||u||p + ||Diu||p + ||Diiu||p, then Lp,i is
the closure of the operator Ap,i. Therefore, to prove the assertion it suffices
to show that Ap,i is closed in Lp

µ. This will follow immediately if we prove
that there exists a positive constant C1 such that

||Diu||p + ||Diiu||p ≤ C1 (||u||p + ||Ai,pu||p) , u ∈ C∞
c (RN ), (9.3.33)

for any i = 1, . . . , N . Equivalently, we can prove that

∫

R

|u′|pdµi +

∫

R

|u′′|pdµi ≤ C2

∫

R

(|u|p + |L̃iu|
p)dµi, i = 1, . . . , N,

(9.3.34)
for any u ∈ C∞

c (R) and some positive constant C2, where

(L̃iu)(x) =
1

2
u′′(x) −

1

2λi
xu′(x), x ∈ R,

and dµi(x) = (
√

2πλi)
−1 exp(−x2/(2λi))dx.

Let us observe that we can limit ourselves to showing that there exists
C3 > 0 such that

∫

R

|xu′(x)|pdµi ≤ C3

∫

R

(|u|p + |L̃iu|
p)dµi, u ∈ C∞

c (R). (9.3.35)
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Indeed, once (9.3.35) is checked, it will be immediate to show that the Lp
µi

-
norm of u′′ satisfies (9.3.34). Concerning the Lp

µi
-norm of u′, we observe that

1
√

2πλi

|u′(x)|pe−
x2

2λi =
1

√
2πλi

∫ x

−∞

d

dt

(
|u′(t)|pe−

t2

2λi

)
dt

≤ p

∫

R

|u′(x)|p−1|u′′(x)|dµi +
1

λi

∫

R

|x||u′(x)|pdµi

≤ p

(∫

R

|u′(x)|pdµi

) p−1

p
(∫

R

|u′′(x)|pdµi

) 1

p

+
1

4

∫

R

|u′(x)|pdµi + C4

∫

R

|x|p|u′(x)|pdµi

≤
1

2

∫

R

|u′(x)|pdµi + C4

∫

R

|x|p|u′(x)|pdµi

+C5

∫

R

|u′′(x)|pdµi, (9.3.36)

for any x ∈ R and some positive constants C4 and C5. Here, in the last two
inequalities we took advantage of the Young inequality. Integrating (9.3.36)
in R with respect to the Lebesgue measure gives

∫

R

|u′(x)|pdµi ≤ 2C4

∫

R

|x|p|u′(x)|pdµi + 2C5

∫

R

|u′′(x)|pdµi

and the estimate for u′ in (9.3.34) follows.
So, let us prove (9.3.35). For this purpose, we fix u ∈ C∞

c (R), we multiply

both the sides of the equation u−L̃1u =: f by e−x2/2λi and, then, we integrate
in (−∞, x) and in (x,+∞), with respect to the measure dµi. We get

u′(x) = 2

∫ ±∞

x

(f(y) − u(y))e
x2−y2

2λi dy, x ∈ R
N .

Therefore,

u′(x)e
− x2

2pλi = 2

∫ ±∞

x

h(y)e
x2−y2

2p′λi dy, x ∈ R
N ,

where 1/p+ 1/p′ = 1 and we have set h(y) = e−y2/(2pλi)(f(y)− u(y)) for any
y ∈ R. Consequently,

∫

R

|xu′(x)|pdµi

= 2

∫ +∞

0

∣∣∣∣x
∫ +∞

x

h(y)e
x2−y2

2p′λi dy

∣∣∣∣
p

dµi + 2

∫ 0

−∞

∣∣∣∣x
∫ x

−∞

h(y)e
x2−y2

2p′λi dy

∣∣∣∣
p

dµi

≤ 4

∫ +∞

0

∣∣∣∣x
∫ +∞

x

(|h(y)| + |h(−y)|)e
x2−y2

2p′λi dy

∣∣∣∣
p

dµi.
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Now, observing that e(x
2−y2)/(2p′λi) ≤ ex(x−y)/(p′λi) for any 0 ≤ x ≤ y, and

using the Hölder inequality and then the Fubini-Tonelli theorem, we deduce
that
∫

R

|xu′(x)|pdµi ≤ 4

∫ +∞

0

dx

(
x

∫ +∞

x

(|h(y)| + |h(−y)|)pe
x(x−y)

p′λi dy

)

×

(∫ +∞

x

xe
x(x−y)

p′λi dy

)p−1

= 4(p′λi)
p−1

∫ +∞

0

(|h(y)| + |h(−y)|)pdy

∫ y

0

xe
x(x−y)

p′λi dx.

(9.3.37)

Since

∫ y

0

xe
x(x−y)

p′λi dx ≤ y2

∫ 1

0

e
− y2t(1−t)

p′λi dt

= y2

∫ 1

2

0

e
−y2t(1−t)

p′λi dt+ y2

∫ 1

1

2

e
−y2t(1−t)

p′λi dt

= 2y2

∫ 1

2

0

e
− y2t(1−t)

p′λi dt

≤ 2y2

∫ 1

2

0

e
− y2t

2p′λi dt ≤ 4p′λi,

from (9.3.37) we easily deduce that

∫

R

|xu′(x)|pdµi ≤ 2p+3(p′λi)
p||h||Lp(R)

≤ 2p+3(p′λi)
p(||u||p + ||L̃iu||p),

and (9.3.35) follows.

Step 2. We now prove that

D(Lp) = {u ∈ Lp
µ : Diu, Diiu ∈ Lp

µ, i = 1, . . . , N}. (9.3.38)

By virtue of Step 1, we can assume thatN > 1. A straightforward computation
shows that

(T (t)f = (T1(t) ◦ . . . ◦ TN(t)) f, t > 0, f ∈ Lp
µ.

Since for any i, j ∈ {1, . . . , N} the operators Lp,i and Lp,j commute in the
resolvent sense, then a general theorem for commuting analytic semigroups
implies that Lp is the closure of the operator

∑N
i=1 Lp,i with domain given by
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the right-hand side of (9.3.38) (see [38, Theorem 3.3]). Hence, to prove (9.3.38)

it suffices to show that the operator
∑N

i=1 Lp,i is closed. For this purpose,
we use Theorem B.1.15. According to Proposition B.1.13(iii), the operators
I − Li,p (i = 1, . . . , N) admit bounded imaginary powers in Lp

µ with power
angles θi,p := θI−Li,p

less or equal to π/2. Now, since I−Li,2 is self-adjoint in
L2

µ (see Proposition 9.3.10), from Proposition B.1.13(v) we deduce that θi,2 =
0, and the Riesz-Thorin interpolation theorem (see Theorem A.4.9) implies
that θi,p < π/2 for any p ∈ (1,+∞). Hence, Theorem B.1.15 applies and

yields the closedness of the sum
∑N

i=1(I − Li,p) (equivalently, the closedness

of the operator
∑N

i=1 Li,p) in {u ∈ Lp
µ : Diu, Diiu ∈ Lp

µ, i = 1, . . . , N}.

Step 3. To conclude the proof, we need to show that W 2,p
µ = {u ∈ Lp

µ :
Diu, Diiu ∈ Lp

µ, i = 1, . . . , N}. For this purpose, we fix u ∈ Lp
µ such that

Diu,Diiu ∈ Lp
µ, for any i = 1, . . . , N , and introduce the function v ∈ Lp(RN )

defined by

v(x) = u(x) exp

(
−

N∑

i=1

x2
i

2pλi

)
, x ∈ R

N ,

and we prove that ∆v ∈ Lp(RN ). Since

Diiv(x) =

(
Diiu(x) −

xi

pλi
Dju(x) −

1

pλi
u(x) +

x2
i

(pλi)2
u(x)

)

× exp

(
−

N∑

i=1

x2
i

2pλi

)
,

for any x ∈ RN and any i = 1, . . . , N , according to the proof of Lemma
9.3.4, the function x 7→ xiDiu belongs to Lp

µ(RN ). Repeating the same ar-
guments as in the proof of the quoted lemma, we can easily show that the
function x 7→ x2

iu(x) belongs to Lp
µ as well. Therefore, Diiv ∈ Lp(RN ) and,

consequently, ∆v ∈ Lp(RN ). By classical results for elliptic equations (see
Theorem C.1.3(iii)), v ∈ W 2,p(RN ).

As a consequence of the previous results, we also deduce that the functions
x 7→ xixjv(x) and x 7→ xiDiv(x) belong to Lp(RN ) for any i, j ∈ {1, . . . , N}.
Since

Diju(x) =

(
Dijv(x) +

xi

pλi
Djv(x) +

xj

pλj
Div(x) +

xixj

p2λiλj
v(x)

)

× exp

(
N∑

i=1

x2
i

2pλi

)
,

for any x ∈ R
N and any i, j ∈ {1, . . . , N}, it follows that Diju ∈ Lp

µ.

In order to characterize the domain of the more general Ornstein-Uhlenbeck
operator A, let us prove the following proposition which allows us to transform
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the operator A in a perturbation of the operator defined in (9.3.30). For this
purpose, with any nonsingular matrixM we associate the operator ΦM defined
by (ΦMu)(x) = u(Mx), for any x ∈ R

N and any uR
N → R. It is clearly seen

that ΦM is an isometry between Lp
µ̃ and Lp

µ (p ∈ [1,+∞)), where

µ̃(dx) =
1

|detM |
√

(2π)NdetQ∞

e−
1

2
〈(M∗)−1Q−1

∞ M−1x,x〉dx := ρ̃(x)dx.

(9.3.39)

Lemma 9.3.15 There exists a nonsingular matrix M ∈ L(RN) such that

the operator Ã = ΦM−1AΦM is the Ornstein-Uhlenbeck operator defined, on

smooth functions, by

(Ãu)(x) = A0u(x) + 〈B0x,Du(x)〉, x ∈ R
N , (9.3.40)

where

(A0u)(x) =
1

2
∆u(x) −

N∑

i=1

xi

2λi
Diu(x), x ∈ R

N (9.3.41)

and

B0 = MBM−1 +
1

2
diag (λ−1

1 , . . . , λ−1
N ). (9.3.42)

The measure

µ̃(dx) =
1√

(2π)Nλ1 · . . . · λN

exp

(
−

N∑

i=1

x2
i

2λi

)
dx (9.3.43)

is the invariant measure of both the semigroup {T̃ (t)} associated with the op-

erator Ã and the semigroup {T 0(t)} associated with the operator A0. Finally,

denoting by L̃p the generator of {T̃ (t)} in Lp
µ̃ (p ∈ (1,+∞)), it holds that

D(Lp) = ΦM (D(L̃p)) and L̃p := ΦM−1LpΦM .

Proof. Since Q is strictly positive definite, then the matrix Q−1/2 is well
defined. Now, let M1 be an orthogonal matrix such that

M1Q
−1/2Q∞(Q−1/2)M∗

1 = diag (λ1, . . . , λN ).

A straightforward computation shows that, setting M = M1Q
−1/2, we have

(Ãu)(x) =
1

2
∆u(x) + 〈MBM−1x,Du(x)〉, x ∈ R

N . (9.3.44)

Therefore, Ã is still an Ornstein-Uhlenbeck operator. The decomposition in
(9.3.40)-(9.3.42) now easily follows.
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The associated Ornstein-Uhlenbeck semigroup is given by (9.1.5) where now
the matrix Qt is replaced with the matrix

Q̃t =

∫ t

0

esMBM−1

es(M−1)∗B∗M∗

ds

=

∫ t

0

MesBM−1(M−1)∗esB∗

M∗ds

=

∫ t

0

MesBQesB∗

M∗ds = MQtM
∗, t > 0. (9.3.45)

In particular, Q̃∞ = MQ∞M
∗ = diag(λ1, . . . , λN ). Therefore, according to

Proposition 9.3.1, the measure µ̃ in (9.3.43) is the invariant measure of both
the semigroups {T̃ (t)} and {T 0(t)}.

Let us now denote by L̃p the infinitesimal generator of {T̃ (t)} in Lp
µ̃ (p ∈

(1,+∞)). Since by Lemma 9.3.13, C∞
c (RN ) is a core of both Lp and L̃p, and

L̃p = Ã = ΦM−1AΦM = ΦM−1LpΦM in C∞
c (RN ), we easily deduce that

D(L̃p) = ΦM−1(D(Lp)) and L̃p = ΦM−1LpΦM . This completes the proof.

Lemma 9.3.16 Let µ̃ and B0 be the measure and the matrix defined, re-

spectively, in (9.3.39) and (9.3.42). Then, for any p ∈ [1,+∞), the family of

bounded operators {S(t) : t ≥ 0} in Lp
µ̃, defined by (S(t)f)(x) = f(etB0

x) for

any t ∈ [0,+∞), any x ∈ R
N and any f ∈ Lp

µ, is a semigroup of isome-

tries. Moreover, C∞
c (RN ) is a core of the infinitesimal generator B0

p and

(B0
pu)(x) = 〈B0x,Du(x)〉 for any u ∈ C∞

c (RN ) and any x ∈ RN .

Proof. To begin with, let us observe that a straightforward computation
shows that

∫

RN

|S(t)f |pdµ̃

=
e−tTr B0

√
(2π)N (λ1 · . . . · λN )

∫

RN

|f(y)|p exp

(
−

1

2
〈Q̃−1

∞ e−tB0

y, e−tB0

y〉

)
dy,

for any t > 0, where Q̃∞ = diag (λ1, . . . , λN ). To prove that ||S(t)f ||p = ||f ||p,
it suffices to show that TrB0 = 0 and

〈Q̃−1
∞ e−tB0

h, e−tB0

h〉 = 〈Q̃−1
∞ h, h〉, t > 0, h ∈ R

N . (9.3.46)

Applying (9.3.8) to the Ornstein-Uhlenbeck operator Ã (see (9.3.44)), we get

Q̃te
−t(MBM−1)∗ + etMBM−1

Q̃∞ = Q̃∞e
−t(MBM−1)∗ , (9.3.47)

for any t > 0, where Q̃t is given by (9.3.45). Differentiating both the sides of
(9.3.47) at t = 0 gives

I +MBM−1Q̃∞ = −Q̃∞(MBM−1)∗
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or, equivalently,
Q̃−1

∞ B0Q̃∞ = −(B0)∗. (9.3.48)

From (9.3.48) we get TrB0 = 0 and

Q̃−1
∞ e−tB0

= et(B0)∗Q̃−1
∞ , t > 0,

which implies (9.3.46).
Let us now observe that {S(t)} is a strongly continuous group. Indeed,

for any f ∈ C∞
c (RN ), f(etB0

·) converges uniformly to f as t tends to 0.
Therefore, S(t)f tends to f as t tends to 0 in Lp

µ̃. Since C∞
c (RN ) is dense in

Lp
µ̃ (see Lemma 9.3.3) and {S(t)} is a semigroup of isometries in Lp

µ̃, using

Proposition A.1.2, it is immediate to check that, for any f ∈ Lp
µ̃, S(t)f tends

to f as t tends to 0.
Denote now by B0

p the infinitesimal generator of the semigroup {S(t)} in

Lp
µ. To prove that C∞

c (RN ) is a core of B0
p, one can argue as in the proof of

Lemma 9.3.13. Indeed, it is easy to verify that the Schwarz space S is contained
in D(B0

p) and (B0
pf)(x) = 〈B0x,Df(x)〉 for any x ∈ RN and any f ∈ S.

Moreover, S(t) maps S into itself for any t > 0. Therefore, by Proposition
B.1.10, S is a core of B0

p. Then, the same approximation argument as in the

proof of Lemma 9.3.13 shows that C∞
c (RN ) is a core of B0

p and (B0
pf)(x) =

〈Bx,Du(x)〉 for any x ∈ RN and any u ∈W 2,p
µ̃ .

Theorem 9.3.17 For any p ∈ (1,+∞), D(Lp) = W 2,p
µ and Lpu = Au for

any u ∈W 2,p
µ .

Proof. By virtue of the Lemma 9.3.15, to characterize D(Lp), it suffices to

characterize D(L̃p). In particular, since ΦM is an isometry between W 2,p
µ̃ and

W 2,p
µ , if we show that D(L̃p) = W 2,p

µ̃ (p ∈ (1,+∞)), we will immediately

deduce that D(Lp) = W 2,p
µ .

We fix now, and for the rest of the proof, an arbitrary p ∈ (1,+∞). More-
over, we denote by Lp

0 the infinitesimal generator of the Ornstein-Uhlenbeck
semigroup {T 0(t)} in Lp

µ, associated with the operator A0 in (9.3.41), and,

by B0
p , the operator in Lemma 9.3.16. By Proposition 9.3.14, D(L0

p) = W 2,p
µ̃

and L0
pu = A0u for any u ∈W 2,p

µ̃ . Since C∞
c (RN ) is a core of L̃p (see Lemma

9.3.13) and the operator L0
p+B

0
p with domainW 2,p

µ̃ coincides with the bounded

operator Ã (see Corollary 9.3.5), then L̃p is the closure of the sum of the op-
erators L0

p and B0
p . To complete the proof it suffices to show that the operator

L0
p +B0

p, with domain W 2,p
µ , is closed. For this purpose, we prove that all the

assumptions of Theorem B.1.16 are satisfied.
As a first step we observe that, repeating the same arguments as in the proof

of Proposition 9.3.14 and observing that the operator L0
2 is self-adjoint in L2

µ̃

(see Proposition 9.3.10), one can easily check that, for any λ > 0, both the
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operators I − L0
p and λI − B0

p admit bounded imaginary powers. Moreover,
by Proposition B.1.13(iii) it follows that the power angle θλI−B0

p
≤ π/2 of

λI −B0
p is not greater than π/2. On the other hand, since L0

2 is self-adjoint,
then, by Proposition B.1.13(v), θI−L0

2

= 0. Therefore, θI−L0

2

< π/2 for any
p ∈ (1,+∞).

We now show that if λ is sufficiently large, then the operators I − L0
p and

λI − B0
p satisfy the condition (B.1.6). For this purpose, for any λ > 0, any

µ ∈ ρ(B0
p) and any ν ∈ L0

p, we define the bounded operator E(λ, µ, ν) :

C4
b (RN ) → Lp

µ̃ by setting

E(λ, µ, ν)u = (I − L0
p)R(ν + 1, L0

p)[R(1, L0
p), R(λ+ µ,B0

p)]u, u ∈W 2,p
µ̃ .

An explicit computation and Proposition 9.2.2 show that both {S(t)} and
{T 0(t)} map C4

b (RN ) into itself for any t > 0 and there exist two constants
M ≥ 1 and ω0 ≥ 0 such that

e−ω0t||S(t)||L(C4

b
(RN )) + ||T 0(t)||L(C4

b
(RN )) ≤M, t > 0.

This implies that both the resolvent operators R(ξ + ω0, B
0
p) and R(ξ, L0

p)

map C4
b (RN ) into itself for any ξ ∈ C with Re ξ > 0. Therefore, if λ > ω0,

[R(1, L0
p), R(λ+ µ,B0

p)]

= −R(λ+ µ,B0
p)R(1, L0

p)[B
0
p, L

0
p]R(1, L0

p)R(λ+ µ,B0
p).

Observing that

(I − L0
p)R(ν + 1, L0

p)R(λ+ µ,B0
p)R(1, L0

p)u

= −(I − L0
p)R(ν + 1, L0

p)[R(1, L0
p), R(λ+ µ,B0

p)]u

+(I − L0
p)R(ν + 1, L0

p)R(1, L0
p)R(λ+ µ,B0

p)u

= −E(λ, µ, ν)u + (I − L0
p)R(1, L0

p)R(ν + 1, L0
p)R(λ+ µ,B0

p)u

= −E(λ, µ, ν)u +R(ν + 1, L0
p)R(λ+ µ,B0

p)u,

for any u ∈ C4
b (RN ), we finally get

E(λ, µ, ν)u

= {E(λ, µ, ν) −R(ν + 1, L0
p)R(λ+ µ,B0

p)}[Bp, L
0
p]R(1, L0

p)R(λ+ µ,B0
p)u,

(9.3.49)

for any u ∈ C4
b (RN ) and any λ sufficiently large.

Observe that the equality in (9.3.49) can be extended to all the functions
u ∈ Lp

µ. To see it, it suffices to show that the operator [B0
p, L

0
p]R(1, Lp) :

C4
b (RN ) → Lp

µ extends to a bounded operators in Lp
µ, but this is immediate

since an explicit computation and (9.3.48) show that

([Bp, L
0
p]u)(x) = −Tr (B0D2u(x)) +

1

2
〈(B0 + (B0)∗)Q̃−1

∞ x,Du(x)〉,
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for any x ∈ RN and any u ∈ C4
b (RN ). Lemma 9.3.4 and Proposition 9.3.14

then allow us to conclude.
Now, we observe that, according to Proposition B.1.13(ii), we can determine

two angles ϕ1 and ϕ2 with ϕ1 > max{θB0
p
, π/2}, ϕ2 ∈ (θL0

p
, π/2) and ϕ1+ϕ2 <

π, such that

||R(µ+ λ,B0
p)||L(Lp

µ̃
) ≤

C

|µ+ λ|
, ||R(ν + 1, L0

p)||L(Lp

µ̃
) ≤

C

1 + |ν|
, (9.3.50)

for any |argµ| < π − ϕ1, any |arg ν| < π − ϕ2 and some positive constant
C, independent of µ, ν. Note that we can take |ν| + 1 instead of |ν| in the
second estimate in (9.3.50) since the operator ν 7→ R(ν+1, L0

p) is bounded in
a neighborhood of 0.

Now, from (9.3.49) and (9.3.50) we get

||E(λ, µ, ν)||L(Lp

µ̃
) ≤

C1

|µ+ λ|
||E(λ, µ, ν)||L(Lp

µ̃
) +

C2

(1 + |ν|)|µ+ λ|2
, (9.3.51)

for some positive constants C1 and C2, independent of λ, µ, ν. Taking λ >
max{ω0, 2C1}, we easily deduce that

||E(λ, µ, ν)||L(Lp

µ̃
) ≤

2C2

(1 + |ν|)|µ+ λ|2
≤

2C2

(1 + |ν|)|µ|2
,

for any µ, ν ∈ C \ {0} such that |argµ| < π − ϕ1 and |arg ν| < π − ϕ2.
Theorem B.1.16 allows us to conclude that the operator (λ−B0

p) + (I − L0
p)

(or, equivalently, the operator L0
p +B0

p) is closed in W 2,p
µ̃ . This concludes the

proof.

Remark 9.3.18 In the case when p = 1 the characterization of D(L1) is
still an open problem. From Lemma 9.3.13, it follows easily that D(L1) is the
closure of C∞

c (RN ) with respect to the graph norm of the operator L1.
On the other hand, the set equality D(L1) = W 2,1

µ cannot hold, since,
in particular, D(L1) is not continuously embedded in W 1,1

µ . Indeed, suppose
on the contrary that D(L1) is continuously embedded in W 1,1

µ . Then, the
operator R(1, L1) : W 1,1

µ →W 1,1
µ should be compact. Therefore the spectrum

of the part of L1 in W 1,1
µ (i.e., the restriction of the operator L1 to the set

{u ∈ D(L1) : L1u ∈ W 1,1
µ }) should be a discrete set. But this cannot be the

case, since, as it is easily seen, it coincides with σ(L1), which, according to
the forthcoming Theorem 9.3.24, is a halfplane.

9.3.2 The spectrum of the Ornstein-Uhlenbeck operator in
L

p

µ

In this subsection we explicitly characterize the spectrum of the operator Lp

for any p ∈ [1,+∞). The results that we present here are taken from [113]
and they hold also for degenerate Ornstein-Uhlenbeck operators.
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First of all, we show that the operator R(λ, Lp) is compact in Lp
µ for any

p ∈ (1,+∞).

Theorem 9.3.19 For any p ∈ (1,+∞), W 1,p
µ is compactly embedded in Lp

µ.

As a consequence, for any p as above, T (t) and R(λ, Lp) are compact operators

in Lp
µ, respectively, for any t > 0 and any λ ∈ ρ(Lp).

Proof. Of course, we can limit ourselves to showing that W 1,p
µ is compactly

embedded in Lp
µ for any p ∈ (1,+∞). Indeed, since T (t) maps Lp

µ in W 1,p
µ for

any t > 0 (see Proposition 9.3.8), the compactness of T (t) then easily follows.
Finally, since R(λ, Lp) is the Laplace transform of the semigroup, for any
λ with positive real part (see the formula (B.1.3)), then, taking Proposition
A.1.1 and the resolvent formula (A.3.2) into account, we will deduce that
R(λ, Lp) is compact as well.

To prove that W 1,p
µ is compactly embedded in Lp

µ, we adapt the technique
in the proof of Theorem 8.5.3. For this purpose, it suffices to show that

lim
r→+∞

∫

RN\B(r)

|f |pdµ = 0, (9.3.52)

uniformly with respect to f ∈ W 1,p
µ with ||f ||W 1,p

µ
≤ 1. Taking Lemma 9.3.4

into account, we can write

∫

RN\B(r)

|f |pdµ ≤
1

rp

∫

RN

|xf(x)|pdµ ≤
C

rp
||f ||W 1,p

µ
,

for any f ∈ W 1,p
µ and some positive constant C, independent of f . Now,

(9.3.52) easily follows.

As a consequence of Theorem 9.3.19, the spectrum of Lp consists of at most
a sequence of eigenvalues for any p ∈ (1,+∞). In the remainder of this subsec-
tion, we characterize explicitly the spectrum of Lp. To begin with, we observe
that 0 is an eigenvalue of the operator Lp for any p ∈ (1,+∞) and, according
to the Liouville type theorem 8.1.17 and Proposition 9.3.8, the correspond-
ing eigenspace is one-dimensional and consists of all the constant functions.
As the following proposition shows, if u is a generalized eigenfunction corre-
sponding to the eigenvalue λ ∈ C, then u is a polynomial. Of course, if u is
a polynomial it belongs to W 2,p

µ = D(Lp) for any p ∈ (1,+∞) (see Theorem
9.3.17).

Proposition 9.3.20 Fix p ∈ (1,+∞) and let u ∈ D(Lr
p) satisfy (λ−Lp)

ru =
0 for some λ ∈ C and some r ∈ N. Then, Reλ ≤ 0 and u is a polynomial with

degree at most equal to Reλ/s(B).

Proof. We prove the assertion by induction on r. Suppose that r = 1 and let
λ ∈ C and u ∈ D(Lp) be such that λu−Lpu = 0. Then, as it is easily checked,
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T (t)u = eλtu for any t ≥ 0 and, from Proposition 9.3.8, we get u ∈ W k,p
µ for

any k ∈ N. From the formula (9.3.17), we easily deduce that, for any ε > 0
and any multi-index α, there exists a positive constant C = C(ε, |α|) such
that

eReλ t||Dαu||p ≤ Ce|α|(s(B)+ε)t
∑

|β|=|α|

||Dβu||p, t > 0.

From such an inequality we obtain that if Reλ > |α|s(B), then C should be
zero. Therefore, the derivatives of u of order k > Reλ/s(B) should vanish and
the assertion follows in this particular case.

Now, suppose that the assertion is true with r = n > 1 and let us prove
it with r = n + 1. For this purpose we observe that if u ∈ D(Ln+1

p ) satisfies
(λu− Lpu)n+1 = 0, then the function v = λu− Lpu belongs to D(Ln

p ) and it
satisfies the equation (λI − Lp)

rv = 0. Therefore, v is a polynomial of degree
at most Reλ/s(B). Moreover, since (λI − Lp)

sv = 0 for any s ≥ n + 1, we
have

T (t)u = eλt
n∑

i=0

ti

i!
(λI − Lp)

iu = eλtu+ eλt
n−1∑

i=0

ti+1

(i+ 1)!
(λI − Lp)

iv, (9.3.53)

for any t > 0. From the formula (9.3.53), we obtain that

DαT (t)u = eλtDαu+ eαt
n−1∑

i=0

ti+1

(i+ 1)!
Dα(λv − Lpv)

i, t > 0,

for any multi-index α. Since v is a polynomial with degree at most Reλ/s(B),
then

DαT (t)u = eλtDαu, t > 0,

for any multi-index α with |α| > Reλ/s(B). Now the proof goes on as in the
case when r = 1.

We now show that the problem of determining the eigenvalues of the opera-
tor Lp can be stated in an equivalent (and simpler as far as computations are
concerned) way. For this purpose, we introduce the operator Bp : W 2,p

µ → Lp
µ

defined by

Bpu(x) = 〈Bx,Du(x)〉, x ∈ R
N , u ∈W 2,p

µ . (9.3.54)

According to Lemma 9.3.4, Bp is well defined and it is bounded in W 2,p
µ .

Proposition 9.3.21 Let p ∈ (1,+∞). The following statements are equiva-

lent:

(i) λ ∈ C is an eigenvalue of the operator Lp;
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(ii) λ is an eigenvalue of the operator Bp and the corresponding eigenspace

contains a nonzero homogeneous polynomial.

Proof. Let λ ∈ C be an eigenvalue of the operator Lp. Further, let u be a

corresponding eigenfunction so that λu−Bpu =
∑N

i,j=1 qijDiju. By Proposi-
tion 9.3.20, u is a polynomial. We denote by m its degree. If m = 0, 1 then
it is immediate to check that λ is an eigenvalue of Bp. So, let us assume that
m ≥ 2. Note that for any n ∈ N, both Bp and Lp map the set Pn of all
the polynomials with degree at most n into itself. Suppose that λI − Bp is
invertible in Pm−2. Then, there exists a polynomial v with degree m− 2 such
that

λv − Bpv =

N∑

i,j=1

qijDiju.

The function w = u−v, which is a nontrivial polynomial with degree m, turns
out to be an eigenfunction of the operator Lp corresponding to the eigenvalue
λ. If the operator λI−Bp is not invertible in Pm−2, of course λ is an eigenvalue
of Bp and we can take as a corresponding eigenfunction a polynomial w with
degree m− 2.

To complete the proof of the property (ii) we have to check that there
exists a homogeneous polynomial among the eigenfunctions of the operator
Bp corresponding to the eigenvalue λ. For this purpose, it suffices to notice
that, for any k ∈ N, Bp maps the space of homogeneous polynomials with
degree k into itself. Therefore, the homogeneous part with maximum degree
of the eigenfunction w is itself an eigenfunction.

Let us now assume that the property (ii) holds and let us prove that the
property (i) holds as well. For this purpose, we assume that λ ∈ C is an
eigenvalue of the operator Bp and that the homogeneous polynomial u is a
corresponding eigenfunction. Of course,

λu− Lpu = −
N∑

i,j=1

qijDiju.

Repeating the same arguments used above, now applied to the operator Lp,
we can easily show that λ is an eigenvalue of Lp. This concludes the proof.

By virtue of Proposition 9.3.21, to characterize the spectrum of the operator
Ap we can limit ourselves to characterize the spectrum of the operator Bp,
which is easier to handle.

Theorem 9.3.22 Denote by λ1, . . . , λr the r distinct eigenvalues of the ma-

trix B. Then, for any p ∈ (1,+∞),

σ(Lp) =

{
λ =

r∑

i=1

niλi : ni ∈ N ∪ {0}, i = 1, . . . , r

}
. (9.3.55)
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In particular, σ(Lp) is independent of p.

Proof. To begin with, we observe that a straightforward computation shows
that v : RN → C is an eigenfunction of the operator Bp, corresponding to the
eigenvalue λ ∈ C, if and only if

v(etBx) = eλtv(x), t > 0, x ∈ R
N . (9.3.56)

According to Proposition 9.3.21, we can assume that v is a homogeneous
polynomial. Therefore, the equality (9.3.56) can be extended to all z ∈ C.

Denote by λ1, . . . , λr the distinct eigenvalues of the matrix B. By a gen-
eral result of linear algebra (see [100, Chapter 11, Section 6]), there exists
a nonsingular N × N complex valued matrix M such that B = M−1CM ,
with C = diag(C1, . . . , Cr), where each block Ci is a Jordan block, which
can be split into the sum Ci = λiIni

+Nni
, ni being the algebraic multiplic-

ity of the eigenvalue λi and Nλi
being a nihilpotent matrix. It follows that

etB = M−1etCM and, consequently, setting w(z) = v(M−1z) for any z ∈ CN ,
we easily see that v satisfies (9.3.56) if and only if

w(etCz) = eλtw(z), t > 0, z ∈ C
N . (9.3.57)

We can now prove the inclusion “⊂” in the formula (9.3.55). For this purpose,
let λ ∈ σ(Lp) and let v be a corresponding eigenfunction. Since we have
assumed that v is a homogeneous polynomial, w is a homogeneous polynomial
as well and we can write

w(z) =
∑

|α1|+...+|αn|=n

aα1,...,αr

r∏

j=1

z
αj

j , z ∈ C
N ,

for some n ∈ N and some aα1,...,αr
∈ C (|α1| + . . . + |αn| = n), where

z = (z1, . . . , zr) and zi ∈ C
ni . Since etCz = (etC1z1, . . . , e

tCrzr) and Ni is
nihilpotent, we have

etCiy = eλt(P1,i(t, y), . . . , Pri,i(t, y)), t > 0, y ∈ C
ni , i = 1, . . . , r,

where Pk,i (i = 1, . . . , r) is a polynomial in both its entries. It follows that

eλtw(z) = w(etCz)

=
∑

|α1|+...+|αn|=n

aα1,...,αr
e(λ1|α1|+...+λn|αn|)tPα1,...,αr

(t, z),

(9.3.58)

for any t > 0 and any z ∈ CN . Here, Pα1,...,αr
is a polynomial. Fixing z∗ ∈ CN

such that w(z∗) 6= 0 and letting t tend first to +∞ and then to −∞ in (9.3.58),
we easily see that λ = λ1|α1| + . . . + λn|αn| for some α1, . . . , αn, and the
inclusion “⊂” in (9.3.55) follows.
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We now show the other inclusion in (9.3.55). For this purpose, let λ =∑r
i=1 niλi for some ni ∈ N (i = 1, . . . , r) and let v be the polynomial defined

by
w(z) = ẑn1

1 · ẑn2

2 · . . . · ẑnr

r , z ∈ C
N ,

where ẑi is the last component of the vector zi (i = 1, . . . , r) defined above.
Since the last row of the matrix Ni is 0 for any i = 1, . . . , r, then, for any
z ∈ Cni , any k ∈ N and any i = 1, . . . , r, the last entry of the vector Nk

i h is 0.
It follows that the last entry of the vector etCizi is eλtẑi for any i = 1, . . . , r
and, consequently,

w(etCz) = eλtw(z), t > 0, z ∈ C
N .

Hence, λ is an eigenvalue of Bp and the (homogeneous) polynomial v defined by
v(x) = w(Mx) for any x ∈ RN is a corresponding eigenfunction. Proposition
9.3.21 allows us to conclude that λ ∈ σ(Lp). This completes the proof.

Some more information is available on the eigenspaces corresponding to
the eigenvalues of the operator Lp. In the following theorem we give a nec-
essary and sufficient condition which guarantees that the eigenvalues of Lp

are semisimple. For notational convenience, for any linear operator S with
compact resolvent operator, we denote by iλ(S) the index of the eigenvalue
λ (i.e., the smallest integer k such that Ker (λI − S)k = Ker (λI − S)k+1).
According to Proposition A.3.7, iλ(S) is well defined for any λ ∈ σ(S) and
R(·, S) has a pole of order iλ(S) at λ.

Theorem 9.3.23 The index iλ(Lp) is one for any eigenvalue λ of Lp (equiv-

alently, all the eigenvalues of Lp are semisimple) if and only if the matrix B
is diagonalizable in C.

Proof. To show the assertion we prove that for any eigenvalue λ of the
operator Ap, it holds that

1 + max

{ r∑

i=1

ni(iλi
(B) − 1) :

r∑

i=1

niλi = λ

}
≤ iλ(Lp) ≤ 1 +

Reλ

s(B)
(i(B) − 1),

(9.3.59)
where i(B) denotes the maximum of the indices iλi

(B) (i = 1, . . . , r).
To prove (9.3.59) we proceed into some steps. As in the proof of Theorem

9.3.22, we split any z ∈ CN into blocks as z = (z1, . . . , zr), where zi ∈ Cni and
ni is the algebraic multiplicity of the eigenvalue λi of the matrix B. Moreover,
we recall (see again the proof of Theorem 9.3.22) that we can determine a
nonsingular matrix M such that B = M−1CM , where C = diag (C1, . . . , Cr)
and each block Ci is a Jordan block, which can be split into the sum Ci =
λiIni

+Nni
for some nihilpotent matrix Nλi

. By well known results of linear
algebra, iλi

(B) coincides with the algebraic multiplicity of the eigenvalue λ,
i.e., it coincides with ni. As a consequence

etCi = etλipi(t), t ∈ R, i = 1, . . . , N, (9.3.60)
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where pi are suitable matrices whose entries are polynomials with degree at
most iλi

(B) − 1. Moreover, there exists h ∈ Rni such that at least one com-
ponent of pi(t)x is a polynomial with degree iλi

(B) − 1.

Step 1. Here, we prove that iλ(Bp) ≤ iλ(Lp). For this purpose, we show
that, for any µ ∈ ρ(Lp), it holds that

R(µ,Bp)u =

+∞∑

i=1

PiR(µ,Lp)Piu, (9.3.61)

for any polynomial u. Here, Pi (i ∈ N∪{0}) is the canonical projection of the
space of polynomials into the space Hi of the homogeneous polynomials with
degree i.

Once the formula (9.3.61) is checked, we can quite easily show that R(·, Lp)
has a pole at λ, whose order is greater or equal to the order of the pole
of R(·,Bp) at λ. Indeed, using such a formula we deduce that for any poly-
nomial u the function µ 7→ (µ − λ)iλ(Lp)R(µ,Bp)u can be analytically ex-
tended to λ + B(r) ⊂ C for some r > 0, independent of u. By density,
µ 7→ (µ − λ)iλ(Lp)R(µ,Bp)u is analytic in λ + B(r) for any u ∈ Lp

µ, and
the Banach-Steinhaus theorem (see [147, Chapter 2, Section 4]) implies that
||(µ − λ)iλ(Lp)R(µ,Bp)||L(Lp

µ) ≤ C for any µ ∈ λ + B(r) and some positive
constant C, independent of λ. Of course, this implies that R(µ,Bp)u has a
pole of orderm ≤ iλ(Lp) at λ. Therefore, λ ∈ σ(Bp). According to the formula
(A.3.5), (λI − Bp)

mP = 0 and (λI − Bp)
m−1P 6= 0, where P is the spectral

projection with λ, i.e.,

P =
1

2πi

∫

γ

R(ξ,Bp)dξ,

γ being the boundary of a suitable ball centered at λ and oriented counter-
clockwise (see Proposition A.3.5). Therefore, P (Lp

µ) ⊂ Eλ, where by Eλ we
have denoted the space of generalized eigenfunction of Bp corresponding to λ.
But since the restriction of λI − Bp to (I − P )(Lp

µ) is an invertible operator
(see again Proposition A.3.5), then P (Lp

µ) = Eλ. Now, it is immediate to check
that iλ(Bp) coincides with m.

By linearity we can limit ourselves to checking (9.3.61) in the case when
u ∈ Hi (i ∈ N). Set v = R(µ,Lp)u. Since Bp maps Hn into itself, we easily
get

u = Piu = Pi(µv − Lpv) = Pi(µv − Bpv) = (µI − Bp)Piv.

The formula (9.3.61) now follows.

Step 2. We now prove that

iλ(Bp) = 1 + max

{ r∑

i=1

ni(iλi
(B) − 1) :

r∑

i=1

niλi = λ

}
. (9.3.62)
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Let v be a generalized eigenfunction of Bp corresponding to the eigenvalue λ =
m1λ1 + . . .+mrλr such that (λI−Bp)

iλ(Bp)−1v 6= 0 and (λI−Bp)
iλ(Bp)v = 0.

Let us show that v is a linear combination of polynomials pi ∈ Hmi
, i =

1, . . . , r, such that each pi depends only on the block of variables zi. For this
purpose, we observe that v(etBx) = (S(t)v)(x) for any t ≥ 0 and any x ∈ RN ,
where {S(t)} is the strongly continuous group generated by the closure of the
operator Bp in Lp

µ (the strong continuity of {S(t)} can be proved by arguing
as in the proof of Lemma 9.3.16). Since v is a generalized eigenfunction of Bp,
then v is a polynomial. This can be easily checked arguing as in the proof of
Proposition 9.3.20, observing that

||DαS(t)f ||p ≤ Ce|α|(s(B)+ε)t
∑

|β|=|α|

||Dαf ||p, t > 0,

for any multi-index α, any ε > 0, any f ∈ W k,p
µ and some positive constant

C = C(|α|, ε). Moreover, arguing as in the proof of (9.3.53), we can show that

(S(t)v)(x) = v(etBx) = etλp(t, x), t > 0, x ∈ R
N , (9.3.63)

where p is a polynomial in (t, x) whose degree in t is less or equal to iB(λ)−1.
Since v is a polynomial, we can extend (9.3.63) to any z ∈ CN . Moreover, we
can determine some constants cα1,...,αr

such that

v(z) =
∑

|α1|+...+|αr |≤n

cα1,...,αr

r∏

i=1

zαi

i , z ∈ C
N ,

and, hence,

v(etBz) =
∑

|α1|+...+|αr|≤n

cα1,...αr
et(λ1|α1|+...+λr |αr|)pα1,...,αr

(t, z), (9.3.64)

for any t > 0 and any z ∈ CN , where pα1,...,αr
are polynomials in (t, x) with

degree at most
∑r

i=1 |αi|(iλi
(B)−1) in t. Comparing (9.3.63) and (9.3.64) for

large t, we easily deduce that cα1,...,αr
= 0, if |α1|λ1 + . . .+ |αr|λr 6= λ. It also

follows that each polynomial pα1,...,αr
depends only on the block of variables

xi (i = 1, . . . , r) for which αi 6= 0.
From (9.3.63) and (9.3.64) we now get that

p(t, z) = q(t, z) :=
∑

|α1|λ1+...+|αr |λr=λ

cα1,...,αr
pα1,...,αr

(t, z), t > 0, z ∈ C
N .

Moreover, from the arguments before Step 1, we deduce that there exists z ∈
CN such that the degree of q(·, z) is max{

∑r
i=1 ni(iλi

(B)−1) :
∑r

i=1 niλi = λ}
and the degree of p(·, z) is iλ(Bp) − 1. Now, (9.3.62) easily follows.

Step 3. We now show that

iλ(Lp) ≤ 1 +
Reλ

s(B)
(i(B) − 1). (9.3.65)
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For this purpose, let u =
∑

|α|≤m cαx
α be a polynomial (with degree m ≤

Reλ/s(B), see Proposition 9.3.20) such that (λI − Lp)
iλ(Lp)−1u 6= 0 and

(λI − Lp)
iλ(Lp)u = 0. From the formula (9.3.53) with n = iλ(Lp) − 1, we

deduce that

(T (t)u)(x) = eλtp(t, x), t > 0, x ∈ R
N , (9.3.66)

and there exists x0 ∈ RN such that the degree of p(·, x) is iλ(Lp) − 1.
A long but straightforward computation shows that

(T (t)u)(x) =
∑

|α|≤m

cα
∑

h≤α

(α
h

)
(etBx)h

×
1√

(2π)NdetQt

∫

RN

yα−he−
1

2
〈Q−1

t y,y〉dy

=
∑

|α|≤m

cα
∑

h≤α

|α−h| even

dα,h

(α
h

)
(etBx)hDα−h

w ((Qtw,w)
|α−h|

2 )∣∣w=0
,

for any t > 0 and any x ∈ R
N , where d−1

α,h =
(

2
|α−h|

)
!. Taking (9.3.60) into

account, it easily follows that

(Qt)ij =

r∑

h=1

eλhtp
(h)
ij (t) + c

(h)
ij , t > 0, i, j = 1, . . . , N,

where p
(h)
ij are suitable polynomials with degree at most 2i(B)−2, and c

(h)
ij are

complex constants. Therefore, Dα−h
w ((Qtw,w)|α−h|/2)∣∣w=0

=
∑l1

i=1 e
τitqi(t)

for any t > 0 and some l1 ≥ m, where τi are integer multiples of λ1, . . . , λr

and qi are polynomials with degree at most (i(B) − 1)(|α| − |h|). Summing
up,

(T (t)u)(x) =

l2∑

i=1

eξitri(t, x), t > 0, x ∈ R
N ,

for some l2 ∈ N, where ξi (i = 1, . . . , r) are again integer multiples of λ1, . . . , λr ,
and ri, as functions of t, are polynomials with degree at most m(i(B) − 1).
Now, the estimate (9.3.65) easily follows. This completes the proof.

Now, we consider the case when p = 1. In such a situation the picture
drastically changes. Indeed, as the following theorem shows, the spectrum of
L1 is no more a discrete set but it is a halfplane. The proof of this property
is based on the results of the forthcoming Section 9.4, where the spectrum of
the Ornstein-Uhlenbeck operator in Lp-spaces associated with the Lebesgue
measure is characterized.
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Theorem 9.3.24 The spectrum of the Ornstein-Uhlenbeck operator in L1
µ is

the halfplane {λ ∈ C : Reλ ≤ 0}. Moreover, any λ ∈ C with negative real part

is an eigenvalue of L1.

Proof. Let ψ = 1/ρ, where ρ is the density of the invariant measure µ with
respect to the Lebesgue measure (see (9.3.2)). Denote by I : L1(RN ) → L1

µ

the isometry defined by If = fψ for any f ∈ L1(R), and by L̃1 the operator
defined on I−1(D(L1)) by L̃1 = I−1L1I. As it is immediately seen L̃1 is
the generator of a strongly continuous semigroup of contractions in L1(RN )
and σ(L1) = σ(L̃1). Therefore, we can limit ourselves to characterize the
spectrum of the operator L̃1 in L1(RN ). For this purpose, we observe that
since C∞

c (RN ) ⊂ D(L1) and I maps C∞
c (RN ) into itself, then C∞

c (RN ) is
contained in D(L̃1). A straightforward computation shows that L̃1 = Ã in
C∞

c (RN ), where

(Ãu)(x) = (Au)(x) + ρ(x)

N∑

i,j=1

qijDiψ(x)Dju(x) + ρ(x)u(x)(Aψ)(x)

=
1

2
Tr (QD2u(x)) + 〈(B +QQ−1

∞ )x,Du〉 + (ρAψ)(x)u(x),

for any x ∈ RN and any u ∈ C∞
c (RN ). Now, we observe that differentiating

the formula (9.3.8) at t = 0 gives

Q+BQ∞ +Q∞B
∗ = 0. (9.3.67)

Using (9.3.67) we immediately deduce that

2〈Q−1
∞ Bx, x〉 = 2〈BQ∞Q

−1
∞ x,Q−1

∞ x〉 = −〈QQ−1
∞ x,Q−1

∞ x〉, x ∈ R
N

and, therefore,

ρ(x)(Aψ)(x) =
1

2
Tr (QQ−1

∞ ) +
1

2
〈QQ−1

∞ x,Q−1
∞ x〉 + 〈B∗Q−1

∞ x, x〉

=
1

2
Tr (QQ−1

∞ ) := k.

Using again (9.3.67) to obtain

B +QQ−1
∞ = −Q∞B

∗Q−1
∞ , (9.3.68)

we finally get

(Ãu)(x) =
1

2
Tr (QD2u(x)) − 〈Q∞B

∗Q−1
∞ x,Du(x)〉 + ku(x), x ∈ R

N .

Since Â := Ã − kI is an Ornstein-Uhlenbeck, according to the forthcoming
Propositions 9.4.1 and 9.4.2, the realization L̂1 of Â in L1(RN ) is the generator
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of a strongly continuous semigroup of contractions and C∞
c (RN ) is a core of

L̂1. We claim that D(L̃1) = D(L̂1). Indeed, since (L̃1, D(L̃1)) is a closed
operator and C∞

c (RN ) is a core of L̂1, D(L̂1) ⊂ D(L̃1) and L̂ = L̃ − k in
D(L̂1). To prove the other inclusion, we observe that λ− L̃1 and λI − L̂1 are
both invertible if λ is sufficiently large. Therefore,

L1(RN ) = (I−L̃1)(D(L̃1)) ⊃ (I−L̃1)(D(L̂1)) = (λI−L̂1)(D(L̂1)) = L1(RN ),

which implies that D(L̃1) = D(L̂1), so that (L̃1, D(L̃1)) and (L̂1−kI,D(L̂1))
do coincide. It follows that σ(L̃1) = {λ ∈ C : λ+ k ∈ σ(L̂1)}.
Now, since the spectrum of the matrix −Q∞B

∗Q−1
∞ is contained in the half-

plane {λ ∈ C : Reλ < 0}, according to the forthcoming Theorem 9.4.3, the
spectrum of L̂1 is the halfplane {λ ∈ C : Reλ ≤ Tr (Q∞B

∗Q−1
∞ )}. Moreover,

any λ with Reλ < Tr (Q∞B
∗Q−1

∞ ) is an eigenvalue of L̂1.
To complete the proof it suffices to show that k = −Tr (Q∞B

∗Q−1
∞ ) and

this can be easily done taking the traces of both the sides of (9.3.68).

9.3.3 The sector of analyticity of the Ornstein-Uhlenbeck
operator in L

p

µ

In this subsection we present a recent result due to R. Chill, E. Fasangova, G.
Metafune and D. Pallara which gives a precise characterization of the sector
of analyticity of the Ornstein-Uhlenbeck operator in Lp

µ (p ∈ (1,+∞)), that is
of the largest sector Σθ = {λ ∈ C : |argλ| < θ} where the function z 7→ T (z)
is analytic with values in L(Lp

µ).

Theorem 9.3.25 For any p ∈ (1,+∞) let θp ∈ (0, π/2] be defined by

cot θp =

√
(p− 2)2 + p2||I + 2Q− 1

2Q∞B∗Q− 1

2 ||2∞

2
√
p− 1

. (9.3.69)

Then, Σθp
is the biggest sector, with centre at the origin, where the Ornstein-

Uhlenbeck semigroup can be analytically extended. Moreover, the so extended

semigroup is contractive in Lp
µ. Finally, for p = 2 the set of analyticity of the

function z 7→ T (z) is the set

{z ∈ C : ||Q
1

2

∞e
zBQ

− 1

2

∞ ||∞ ≤ 1}, (9.3.70)

and {T (z)} is contractive in it.

Proof. See [31, Theorems 1, 2 and Remark 6].

Remark 9.3.26 (i) The formula (9.3.69) gives a relation between the sector
of analyticity of the semigroup {T (t)} and the sector (with center at 0) Σθ0

of
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analyticity of the resolvent operator of the matrix R := Q−1/2Q∞B
∗Q−1/2.

Indeed,

π − θ0 = arctan(||I + 2Q− 1

2Q∞B
∗Q− 1

2 ||∞). (9.3.71)

To check (9.3.71) we begin by observing that, due to the formula (9.3.67),
1
2I +Q−1/2Q∞B

∗Q−1/2 is a skew-symmetric matrix and, consequently, R is
normal. Therefore ||I + 2R||∞ coincides with the spectral radius r(I + 2R)
of I + 2R, i.e., the radius of the smallest ball centered at the origin which
contains all the eigenvalues of the matrix I + 2R. Still using (9.3.67) it is
easy to check all the eigenvalues of the matrix R lie on the straight lines
{λ ∈ C : Reλ = −1/2}, and, therefore, arctan(r(I + 2R)) = π − θ0.

(ii) The formula (9.3.69) also shows that when the Ornstein-Uhlenbeck semi-
group is symmetric (i.e., when BQ = QB∗ or, equivalently, when Q∞B

∗ =
BQ∞, see the proof of Proposition 9.3.10), the sector of analyticity of {T (t)}
depends only on p and it equals π/2 when p = 2. Indeed, in such a case, the
formula (9.3.67) gives Q−1/2Q∞B

∗Q−1/2 = − 1
2I.

Note that the symmetry of the Ornstein-Uhlenbeck semigroup in L2
µ is

also a necessary condition for its sector of analyticity to be Σπ/2. Indeed,
if {T (t)} is analytic in Σπ/2, then cot θp = 0. But this implies that I +

2Q−1/2Q∞B
∗Q−1/2 = 0 and, by virtue of (9.3.67), it follows that Q∞B

∗ =
B∗Q∞, so that {T (t)} is symmetric in L2

µ, by Proposition 9.3.10.

(iii) In general the domain of analyticity of the functions z 7→ T (z) is
larger than the sector Σθp

. For instance this is the case of the one-dimensional
Ornstein-Uhlenbeck semigroup and p 6= 2 (see [52]). But in general also in
the multidimensional case, the domain of analyticity of {T (z)} is larger than
Σθp

. We can easily see it when p = 2. Indeed, consider the two dimensional
Ornstein-Uhlenbeck operator

(Au)(x, y) =
1

2
∆u(x, y)− (ax− by)Dxu(x, y)−ayDyu(x, y), (x, y) ∈ R

2,

where a and b are real constants, with a > 0 and b 6= 0. A straightforward
computation shows that the associated Ornstein-Uhlenbeck semigroup is not
symmetric in L2

µ. Therefore, θ2 is strictly less than π/2. Moreover, since

ezB =

(
e−az bze−az

0 e−az

)
, z ∈ C,

then

lim
|z|→+∞

||Q
1/2

∞ ezB∗
Q

−1/2

∞ ||∞≤1

= 0,

for any θ < π/2, so that there exist some points z ∈ C which satisfy (9.3.70)
and do not belong to Σθ2

.
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9.3.4 Hermite polynomials

In this subsection we show some relations connecting the Hermite polynomials
and the Ornstein-Uhlenbeck operators. For this purpose, we partially follow
the approach in [109].

For any multi-index α, the N -dimensional Hermite polynomial H
(N)
α is de-

fined by

H(N)
α (x) = (−1)|α|e

1

2
|x|2Dαe−

1

2
|x|2 , x ∈ R

N .

Equivalently,

H(N)
α (x) =

N∏

k=1

H(1)
αk

(xk), x ∈ R
N , (9.3.72)

where α = (α1, . . . , αN ).
Throughout this first part of the subsection we denote by A the Ornstein-

Uhlenbeck operator A defined in W 2,2
µ by

Au(x) = ∆u(x) − 〈x,Du(x)〉, x ∈ R
N , u ∈W 2,2

µ . (9.3.73)

Here,

µ(dx) = N (0, I)(dx) =
1√

(2π)N
e−

1

2
|x|2dx.

Let us first consider the one-dimensional case and we introduce the opera-
tors in W 1,2

µ defined by

∂f(x) = f ′(x), ∂∗f(x) = −f ′(x) + xf(x), x ∈ R, f ∈ W 1,2
µ .

The notation is justified by the identity

∫

R

∂f gdµ =

∫

R

f∂∗gdµ, f, g ∈ W 1,2
µ ,

which follows integrating by parts, if f, g ∈ C∞
c (R), and by approximation

with compactly supported function for a general pair of functions f, g ∈ W 1,2
µ

(see Lemmas 9.3.3 and 9.3.4).
With the notation now introduced, we can rewrite the Ornstein-Uhlenbeck

operator A in the more compact form

Au = −∂∗∂u, x ∈ R
N , u ∈ D(L). (9.3.74)

We summarize some basic properties of the Hermite polynomials. In par-
ticular we show that they are an orthonormal basis of L2

µ consisting of eigen-
functions of L.

Proposition 9.3.27 For any n ∈ N ∪ {0}, the following properties are met:
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(i) the Hermite polynomials {H(1)
n } can be equivalently defined by recurrence

by

H
(1)
0 = 1, H(1)

n = ∂∗H
(1)
n−1, n ≥ 1;

(ii) H
(1)
n is a polynomial with degree n with leading term xn;

(iii) ∂H
(1)
n+1 = (n+ 1)H

(1)
n ;

(iv) AH(1)
n = −nH(1)

n ;

(v) {H(1)
n /

√
n!} is an orthonormal basis of L2

µ. Here, we set 0! = 1.

Proof. The properties (i), (ii) and (iii) can be proved by induction. In par-
ticular, to prove the property (iii) one can take advantage of the fact that
[∂, ∂∗] = I in W 2,2

µ .
The property (iv) is now a straightforward consequence of (i), (iii) and

(9.3.74). Indeed, we have

AH(1)
n = −∂∗∂H(1)

n = −∂∗(nH(1)
n−1) = −nH(1)

n . (9.3.75)

Let us now prove the property (v). For this purpose we observe that each

polynomial of order m ∈ N belongs to span (H
(1)
0 , . . . , H

(1)
m ). Therefore, to

prove that {H(1)
n /

√
n!} is a basis of L2

µ, it suffices to show that the set of all
the polynomials are a dense subspace of L2

µ. So, let us fix a function f ∈ L2
µ

such that

0 =

∫

R

f(x)xndµ =
1

√
2π

∫

R

f(x)xne−
1

2
x2

dx, n ∈ N ∪ {0}.

Then, the Fourier transform of the function x 7→ f(x)e−x2/2 is an entire

function, whose derivatives at 0 vanish. Therefore, f(x)e−x2/2 = 0 for any
x ∈ R and, consequently, f = 0.

To conclude the proof, let us prove that {H(1)
n /

√
n!}n∈N is an orthonormal

system in L2
µ. Fix m,n ∈ N with m ≤ n and denote by (·, ·)2,µ the Euclidean

inner product in L2
µ. Then, we have

(H(1)
m , H(1)

n )2,µ = (H(1)
m , ∂∗H

(1)
n−1)2,µ

= (∂H(1)
m , H

(1)
n−1)2,µ = −n(H

(1)
m−1, H

(1)
n−1)2,µ

and, iterating the argument, we finally get

(H(1)
m , H(1)

n )2,µ =
n!

(n−m)!
(H

(1)
0 , H

(1)
n−m)2,µ.

Hence, if n = m, we get ||H(1)
n ||2 =

√
n!, while, if m < n, we have

(H
(1)
0 , H

(1)
n−m)2,µ = (∂H

(1)
0 , H

(1)
n−m−1)2,µ = 0
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and, consequently, (H
(1)
m , H

(1)
n )2,µ = 0. The property (v) now follows.

We now consider the multidimensional case N > 1. According to the one-
dimensional case, for any k = 1, . . . , N , we define the operators ∂k and ∂∗k in
W 1,2

µ by setting

∂kf(x) =
∂f

∂xk
(x), ∂∗kf(x) = −

∂f

∂xk
(x) + xkf(x), x ∈ R

N .

With this notation the Ornstein-Uhlenbeck operator in (9.3.73) can be rewrit-

ten in the compact form A = −
∑N

k=1 ∂
∗
k∂k.

We can now prove the N -dimensional version of Proposition 9.3.27.

Proposition 9.3.28 The following properties are met:

(i) H
(N)
α+ek

= ∂∗kH
(N)
α , for any multi-index α and any k ∈ {1, . . . , N};

(ii) for any multi-index α, H
(N)
α is a polynomial with degree |α|, whose lead-

ing term is given by xα =
∏N

i=1 x
αi , and it depends only on the variables

xj such that αj 6= 0;

(iii) ∂kH
(N)
α = αkH

(N)
α−ek

;

(iv) AH(N)
α = −|α|H(N)

α ;

(v) {H
(N)
α /

√
α!}α∈Λ is an orthonormal basis of L2

µ.

Proof. The properties (i)-(iii) are immediate consequences of the results
in Proposition 9.3.27 and formula (9.3.72), whereas the property (iv) can be
checked adapting the proof of the property (v) in the quoted proposition.

Propositions 9.3.27 and 9.3.28 can be easily extended to the more general
Ornstein-Uhlenbeck operator

Au(x) =
1

2
Tr (QD2u(x)) + 〈Bx,Du(x)〉, x ∈ R

N , (9.3.76)

with σ(B) ⊂ {λ ∈ C : Reλ < 0}.

Corollary 9.3.29 Let µ be the invariant measure of the Ornstein-Uhlenbeck

semigroup associated with the operator A in (9.3.76) and let R be a non-

singular matrix such that RQ∞R
∗ = diag (λ1, . . . , λN ). Then, the family of

polynomials {K(N)
α } defined by KN

α (x) = H̃
(N)
α (Rx), where

H̃(N)
α (x) =

N∏

k=1

H(1)
αk

(
xk√
λk

)
, x ∈ R

N ,

is a complete orthonormal set in L2
µ.
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Proof. Let D = diag (
√
λ1, . . . ,

√
λN ) and set M = D−1R. From the re-

marks before Lemma 9.3.15, it follows that the operator ΦM−1 , defined by
(ΦM−1f)(x) = f(M−1x) for any x ∈ R

N and any function f : R
N → R, is a

linear isometry between Lp
µ and Lp

µ̃, where

µ̃(dx) =
1√

(2π)N
exp

(
−

N∑

i=1

x2
i

2

)
dx.

The assertion now follows from the property (iv) in Proposition 9.3.28.

9.4 The Ornstein-Uhlenbeck operator in L
p(RN)

To conclude the analysis of the Ornstein-Uhlenbeck operator, in this section
we recall some results concerning the realization of the Ornstein-Uhlenbeck
operator A in Lp(RN ). Here, B is any nonzero matrix andQ is strictly positive
definite. The results that we present are taken from [112, 118].

Proposition 9.4.1 For any p ∈ [1,+∞) the Ornstein-Uhlenbeck semigroup

{T (t)} can be extended to a strongly continuous semigroup (which we still

denote by {T (t)}) to Lp(RN ). For any f ∈ Lp(RN ) and any t > 0, T (t)f is

given by the right-hand side of (9.1.5). Finally,

||T (t)||L(Lp(RN )) ≤ e−
t
p
Tr B, t > 0. (9.4.1)

Proof. Since C∞
c (RN ) is dense in Lp(RN ) for any p ∈ [1,+∞), it suffices to

prove that T (t)f tends to f in Lp(RN ) as t tends to 0+, and that

||T (t)f ||Lp(RN ) ≤ e−
t
p
Tr B||f ||Lp(RN ), t > 0, (9.4.2)

for any f ∈ C∞
c (RN ). Denote by {S(t)} the semigroup in Lp(RN ) defined by

(S(t)f)(x) = f(etBx) for any t > 0, any x ∈ RN and any f ∈ Lp(RN ). As it is
easily seen, for any f ∈ C∞

c (RN ) and any t > 0, we can write T (t)f = S(t)◦Gt,
where

(Gtf)(x) =
1√

(2π)NdetQt

∫

RN

e−
1

2
〈Q−1

t y,y〉f(x− y)dy, t > 0, x ∈ R
N .

Let us show that {S(t)} is a strongly continuous (semi)group in Lp(RN )
and that

||S(t)||L(Lp(RN )) ≤ e−
t
p
Tr B, t > 0. (9.4.3)

The estimate (9.4.3) easily follows by a change of variable in the integral
defining ||S(t)f ||p, recalling that det (e−tB) = e−tTr B for any t ∈ R.
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To show that {S(t)} is a strongly continuous semigroup, we observe that if
f ∈ C∞

c (RN ), then S(t)f converges to f uniformly in RN as t tends to 0+.
Since the support of S(t)f is compact in R

N and there exists R > 0 such
that supp(S(t)f) ⊂ B(R) for any t ∈ [0, 1], then S(t)f converges to f also
in Lp(RN ) as t tends to 0+. Now, using the density of C∞

c (RN ) in Lp(RN )
and taking (9.4.3) into account, from Proposition A.1.2 we deduce that S(t)f
converges to f as t tends to 0+ for any f ∈ Lp(RN ).

As far as {Gt} is concerned, we observe that the Young inequality implies
that, for any t > 0, Gt is a contraction in Lp(RN ). Moreover, standard ar-
guments show that Gtf converges to f in Lp(RN ), as t tends to 0+, for any
f ∈ Lp(RN ). Hence, the semigroup {T (t)} is strongly continuous in Lp(RN ).
Finally, (9.4.2) easily follows from (9.4.3) and the contractiveness of {Gt}.

In the rest of the section we denote by Ap : D(Ap) ⊂ Lp(RN ) → Lp(RN )
the infinitesimal generator of {T (t)} in Lp(RN ). The following proposition
gives a complete characterization of the operator Ap and of its domain.

Proposition 9.4.2 For any p ∈ (1,+∞),

D(Ap) = {u ∈ W 2,p(RN ) : Au ∈ Lp(RN )}, (9.4.4)

and Apu = Au for any u ∈ D(Ap). Moreover, there exist two positive con-

stants C1 and C2 such that

C1(||u||p + ||Au||p) ≤ ||u||W 2,p(RN ) + ||x 7→ 〈Bx,Du(x)〉||p ≤ C2(||u||p + ||Au||p),
(9.4.5)

for any u ∈ D(Ap). Finally, for any p ∈ [1,+∞), C∞
c (RN ) is a core of Ap.

Proof. First of all we observe that, using the same arguments as in Lemma
9.3.13, it can be easily checked that C∞

c (RN ) is a core of Ap for any p ∈
[1,+∞). In particular, this implies that Ap is the closure of A : C∞

c (RN ) →
Lp(RN ) for any p ∈ [1,+∞).

Now, let us prove the formulas (9.4.4) and (9.4.5) for any p ∈ (1,+∞).
For this purpose, we adapt to the present situation the proof of Theorem
9.3.17. Let us introduce the operators A0

p : W 2,p(RN ) → Lp(RN ), defined

by A0
pu = 1

2Tr(QD2u) for any u ∈ W 2,p(RN ), and B0
p : {u ∈ Lp(RN ) :

x 7→ 〈Bx,Du(x)〉 ∈ Lp(RN )} → Lp(RN ), defined by B0
pu = 〈B·, Du〉 for any

u ∈ D(B0
p), where Du is meant in the sense of distributions. Note that B0

p is
the infinitesimal generator of the strongly continuous group {S(t)} defined in
the proof of Proposition 9.4.1.

Let us observe that since C∞
c (RN ) is a core of D(Ap), and Ap = A0

p +B0
p in

C∞
c (RN ), then Ap is the closure of the operator A0

p +B0
p : D(A0

p) ∩D(B0
p) =

{u ∈ W 2,p(RN ) : Au ∈ Lp(RN )} → Lp(RN ). Therefore, to complete the
proof, it suffices to show that the operatorA0

p+B0
p : D(A0

p)∩D(B0
p) → Lp(RN )

is closed.
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According to Proposition B.1.13(iv), the operator ωI−A0
p admits bounded

imaginary powers with power angle θωI−A0
p

= 0 for any ω > 0. Similarly,

taking the estimate (9.4.3) into account and applying Proposition B.1.13(iii),
we deduce that the operator ωI − B0

p admits bounded imaginary powers for
any ω > −(TrB)/p, with power angle θωI−B0

p
≤ π/2.

To apply Theorem B.1.16, we need to show that the condition (B.1.6) is
satisfied. For this purpose, following the arguments in the proof of Theorem
9.3.17, we replace the space C4

b (RN ) with the space Gk defined by

Gk =
{
u ∈W k,2(RN ) : x 7→ (1 + |x|2)k/2Dαu ∈ L2(RN ) for any |α| ≤ k

}
,

where k = k(p) is to be properly chosen in order that Gk is contained in the
domain of the commutator [A0

p, B
0
p]. It is then easy to check that

[A0
p, B

0
p]u = Tr (QB∗D2u), u ∈ Gk.

Therefore, the operator [A0
p, B

0
p]R(1, A0

p) extends to a bounded linear operator

in Lp(RN ).
To make the arguments in the proof of Theorem 9.3.17 work, it suffices to

show that, for any k ∈ N, R(λ,A0
p) and R(λ,B0

p) leave Gk invariant, if Reλ
is sufficiently large. Showing that Gk is invariant for R(λ,A0

p) is an easy task,
taking advantage of the Fourier transform. As far as R(λ,B0

p) is concerned,
we begin by showing that the map

x 7→ (Eα(S(t)u))(x) := (1 + |x|2)k/2(DαS(t)u)(x)

belongs to L2(RN ) for any multi-index with length at most k. Since,

DS(t)f = etB∗

S(t)Df, t > 0, f ∈W 1,p(RN ), (9.4.6)

we can limit ourselves to proving that E0u ∈ L2(RN ). For this purpose, we
observe that

|x|k|(S(t)u)(x)| ≤ ||e−tB||k∞(S(t)(E0u))(x), t > 0, x ∈ R
N . (9.4.7)

From (9.4.7) we easily deduce that E0(S(t)f) ∈ L2(RN ). Now, iterating (9.4.6)
and taking (9.4.7) into account, we can easily show that, up to replacing Ck

and ωk with larger constants,

||Eα(S(t)u)||L2(RN ) ≤ Cke
ωkt||E0(|D

|α|u|)||L2(RN ), t > 0, (9.4.8)

for any multi-index α with length k. Since R(λ,B0
p) is the Laplace transform

of the semigroup {S(t)} (see the formula (B.1.3)), from (9.4.8) we deduce that
if Reλ is sufficiently large, then R(λ,B0

p) maps Gk into itself. This completes
the proof.

To conclude this section we characterize the spectrum of (Ap, D(Ap)). Since
the proof is rather technical we prefer not to go into details referring the reader
to the original paper [112] for the proof.
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Theorem 9.4.3 Suppose that either the eigenvalues of the matrix B or the

eigenvalues of the matrix −B have all negative real parts. Then, for any p ∈
[1,+∞), it holds that

σ(Ap) = {λ ∈ C : Reλ ≤ −(TrB)/p}. (9.4.9)

Proof. See [112, Theorems 4.4, 4.7, 4.11 & 4.12].

The following proposition is now a straightforward consequence of the for-
mula (9.4.9).

Proposition 9.4.4 For any p ∈ [1,+∞) the Ornstein-Uhlenbeck semigroup

is not analytic in Lp(RN ).

Remark 9.4.5 The results in Theorem 9.4.3 should be compared with the
corresponding results in Theorem 9.3.22. In particular, it should be noticed
that the spectrum of the Ornstein-Uhlenbeck operator in Lp(RN ) strictly
depends on p (unless in the case when TrB = 0), whereas the spectrum in Lp

µ

is p-invariant.



Chapter 10

A class of nonanalytic Markov

semigroups in Cb(R
N) and in Lp(RN , µ)

10.0 Introduction

In Chapter 9 we have seen that the Ornstein-Uhlenbeck semigroup is nei-
ther analytic nor strongly continuous in BUC(RN ). In this chapter we deal
with Markov semigroups associated with the operator A defined on smooth
functions by

Au(x) = ∆u(x) +

N∑

i,j=1

bj(x)Dju(x), x ∈ R
N , (10.0.1)

where bj (j = 1, . . . , N) are unbounded Lipschitz continuous functions in
RN . We provide conditions on b = (b1, . . . , bN) implying that {T (t)} is not
analytic in Cb(R

N ). Next, we consider the semigroup {T (t)} in Lp(RN , µ)
(µ being the invariant measure associated with the operator A) and we still
provide suitable growth conditions on b implying that {T (t)} is not analytic
in Lp(RN , µ). The results of this chapter are taken from [117].

10.1 Nonanalytic semigroups in Cb(R
N)

The main result of this section is Theorem 10.1.1. We recall that (Â,D(Â))
denotes the weak generator of the semigroup {T (t)}. See Section 2.3.

Theorem 10.1.1 Assume that the coefficients bj (j = 1, . . . , N) in (10.0.1)
are locally Lipschitz continuous. Further, assume that there exist three se-

quences {rn}, {λn} ⊂ (0,+∞) and {σn} ⊂ RN such that

rn ≤M, n ∈ N, (10.1.1)

for some positive constant M ;

lim
n→+∞

rn
λ2

n

= 0; (10.1.2)

283
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lim
n→+∞

rn
λn
b(λnx+ σn) = h ∈ R

N , h 6= 0, (10.1.3)

uniformly with respect to x on compact subsets of RN . Then, (Â,D(Â)) is not

sectorial in Cb(R
N ). In particular, if rn = 1 for any n ∈ N, then the spectrum

of (Â,D(Â)) contains the imaginary axis.

Proof. To prove the assertion we argue by contradiction. We show that, if
(Â,D(Â)) were sectorial, then the semigroup {S(t)} ⊂ L(C0(R

N )), defined by
(S(t)f)(x) = f(x+th) for any t > 0, any x ∈ RN and any f ∈ C0(R

N ), should
be analytic. But this cannot be the case since the infinitesimal generator of
{S(t)}, is the operator B :

{
u ∈ C0(R

N ) : ∂u
∂h ∈ C0(R

N )
}
→ C0(R

N ) defined
by Bu = 〈h,Du〉 for any u ∈ D(B), whose spectrum contains the imaginary
axis. Here, h is as in (10.1.3).

So, let us assume that (Â,D(Â)) is sectorial and let us introduce, for any
n ∈ N the isometries In : Cb(R

N ) → Cb(R
N ) defined by

(Inu)(x) = u

(
x− σn

λn

)
, x ∈ R

N , u ∈ Cb(R
N ), n ≥ 1.

For any n ∈ N we denote by An the second-order differential operator defined
on smooth functions by

(Anu)(x) =
rn
λ2

n

∆u(x) +
rn
λn

N∑

j=1

bj(λnx+ σn)Dju(x), x ∈ R
N , (10.1.4)

and we denote by {Tn(t)} the positive semigroup of contractions in Cb(R
N )

associated with the operator An. Since An = rnI
−1
n AIn, it is easy to check

that, for any n ∈ N, the weak generator Ân of the semigroup {Tn(t)} is the

operator Ân : D(Ân) := I−1
n (D(Â)) → Cb(R

N ) defined by Ân = rn(I−1
n ÂIn).

Therefore, ρ(Ân) = rnρ(Â) and

R(λ, Ân) =
1

rn
I−1
n R(r−1

n λ, Â)In, (10.1.5)

for any n ∈ N.
Since we are assuming that (Â,D(Â)) is sectorial, then there exist two

positive constants C and K such that

||R(λ, Â)||L(Cb(RN )) ≤
C

|λ|
, Reλ > K. (10.1.6)

Using (10.1.5), (10.1.6) and the assumptions on the sequence {rn}, it is now
immediate to check that

||R(λ, Ân)||L(Cb(RN )) ≤
C

|λ|
, Reλ > MK. (10.1.7)
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Now, we fix f ∈ C∞
c (RN ) and check that, for any λ ∈ C, with Reλ > MK,

and any x ∈ RN , it holds that

lim
n→+∞

(R(λ, Ân)f)(x) = (R(λ,B)f)(x). (10.1.8)

Of course, once (10.1.8) is proved, letting n tend to +∞ in (10.1.7) we will
get

||R(λ,B)f ||∞ ≤
C

|λ|
||f ||∞, Re λ > MK,

first for any f ∈ C∞
c (RN ) and then, by density, for any f ∈ C0(R

N ). Theorem
B.2.7 then will imply that B is sectorial: a contradiction.

To show (10.1.8) we modify the proof of the classical Trotter-Kato theorem
(see Theorem B.1.11).

As a first step we prove that, for any f ∈ C∞
c (RN ), the function Tn(·)f

converges to S(·)f in [0, T ] × RN as n tends to +∞, for any T > 0. For this
purpose, we begin by observing that, since S(t) maps C∞

c (RN ) into itself for

any t ≥ 0, and C∞
c (RN ) is contained in D(Ân) (see Proposition 2.3.6), by

Proposition 2.3.5,

d

dt
(Tn(t)S(s)f)(x) = (Tn(t)ÂnS(s)f)(x), s, t > 0, x ∈ R

N ,

for any f ∈ C∞
c (RN ). Moreover, since {S(t)} is a strongly continuous semi-

group of contractions and the domain of its infinitesimal generator contains
C∞

c (RN ), then the map t 7→ S(t)f is differentiable in [0,+∞) with values in
C0(R

N ) and its derivative at t is BS(t)f . Therefore, we have

(Tn(t)f)(x) − (S(t)f)(x) = −

∫ t

0

d

ds
{(Tn(t− s)S(s)f)(x)} ds

=

∫ t

0

(Tn(t− s)(Ân −B)S(s)f)(x)ds,

for any t > 0 and any x ∈ RN , which implies that

||Tn(t)f − S(t)f ||∞ ≤ T sup
s∈[0,T ]

||(Ân −B)S(s)f ||∞, (10.1.9)

for any t ∈ [0, T ] and any T > 0. Let us observe that the right-hand side of

(10.1.9) converges to 0 as n tends to +∞. Indeed, recalling that ÂnS(s)f =
AnS(s)f (see again Chapter 2), we have

|(ÂnS(s)f)(x) − (BS(s)f)(x)|

≤
rn
λ2

n

||∆S(s)f ||∞ +

∣∣∣∣
rn
λn
b(λnx+ σn) − h

∣∣∣∣ ||DS(s)f ||∞χsupp(S(s)f)(x),

for any s ∈ [0, T ] and any x ∈ RN . Since supp(S(s)f) ⊂ B(|h|T ) + supp(f)
for any s ∈ [0, T ], using the conditions (10.1.2) and (10.1.3), we easily deduce
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that ||(Ân−B)S(s)f ||∞ tends to 0 as n tends to +∞. Therefore, from (10.1.9)
it follows that Tn(·) tends to S(·)f uniformly in [0, T ]× RN .

Now, by (2.2.14) and (B.1.3) we can write

(R(λ, Ân)f)(x) − (R(λ,B)f)(x) =

∫ +∞

0

e−λt(Tn(t) − S(t)f)(x)dt,

for any x ∈ RN . Consequently,

|(R(λ, Ân)f)(x) − (R(λ0, B)f)(x)|

≤

∫ +∞

0

e−Re λt|(Tn(t)f)(x) − (S(t)f)(x)|dt, (10.1.10)

for any x ∈ RN , and the right-hand side of (10.1.10) tends to 0 as n tends to
+∞, by the dominated convergence theorem. Therefore, (10.1.8) follows.

To conclude the proof, let us prove that if rn = 1 for any n ∈ N, then
the spectrum of (Â,D(Â)) contains the imaginary axis. For this purpose, we
observe that from (10.1.5) we get

||R(λ, Â)||L(Cb(RN )) = ||R(λ, Ân)||L(Cb(RN )),

for any λ ∈ ρ(Ân) = ρ(Â). Therefore, since ρ(Â) contains the halfplane {λ ∈
C : Reλ > 0}, by (10.1.8) we have

||R(λ,B)||L(Cb(RN )) ≤ lim sup
n→+∞

||R(λ, Ân)||L(Cb(RN )) = ||R(λ, Â)||L(Cb(RN )).

But, since iR ⊂ σ(B), it follows that

lim
λ→is

Reλ>0

||R(λ,A)||L(Cb(RN )) = +∞,

for any s > 0, so that iR ⊂ σ(Â) (see Proposition A.3.4).

Now we look for sufficient conditions under which (10.1.1)-(10.1.3) are sat-
isfied.

Corollary 10.1.2 Assume that there exist two sequences {τn} ⊂ RN and

{λn} ⊂ (0,+∞) such that b(τn) 6= 0 for any n ∈ N, {λn} is bounded, λn|b(τn)|
tends to +∞ as n tends to +∞ and

lim
n→+∞

|b(τn + λnx) − b(τn)|

|b(τn)|
= 0, (10.1.11)

uniformly on compact subsets of RN . Then, (Â,D(Â)) is not sectorial.
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Proof. Let {σn} be a subsequence of {τn} such that b(σn)/|b(σn)| converges
to some h ∈ RN as n tends to +∞ Then, if we set rn = λn|b(σn)|−1 for any
n ∈ N, it is immediate to check that the three sequences {rn}, {λn} and {σn}
satisfy the conditions (10.1.1)-(10.1.3).

Corollary 10.1.3 Let bj ∈ C1(RN ) for any j = 1, . . . , N . Further, assume

that there exists a sequence {τn} ⊂ RN , diverging to +∞, such that |b(τn)| ≥
K|τn|α for some K,α > 0 and any n ∈ N. If

N∑

i,j=1

|Dibj(x)|
2 ≤ K(1 + |x|β)2, x ∈ R

N , (10.1.12)

for some β < α, then the assumptions of Corollary 10.1.2 are satisfied.

Proof. Without loss of generality, we can assume that λn = 1 for any n ∈ N.
The mean value theorem yields

|b(τn + λnx) − b(τn)| ≤ R sup
0≤θ≤1

( N∑

i,j=1

|Dibj(τn + θλnx)|
2

) 1

2

≤ KR(1 + (|τn| +MR)β), (10.1.13)

for any |x| ≤ R. Dividing both the sides of (10.1.13) by |b(τn)|, we easily see
that the condition (10.1.11) is satisfied since, by assumption, |b(τn)| tend to
+∞ faster than |τn|β .

Remark 10.1.4 The conditions in Corollary 10.1.3 are always satisfied in
the case when bj are polynomials for any j = 1, . . . , N . Indeed, let bi be the
polynomial of maximal degree and define τn = nx0 for any n ∈ N, where
x0 ∈ RN is such that the homogeneous part of bi of maximum degree does
not vanish at x0. It is immediate to check that

|b(τn)| ≥ |bi(τn)| ≥ Kndeg(bi),

for some positive constant K > 0 and any n sufficiently large. Moreover, since∑N
i,j=1 |Dibj |2 is a polynomial of degree 2(deg(bi)−1), the condition (10.1.12)

is satisfied with β = deg(bi) − 1 < α := deg(bi).
Here we see, with techniques different from those in Chapter 9, that the

nondegenerate Ornstein-Uhlenbeck semigroup is not analytic in Cb(R
N ).

Corollary 10.1.5 Let bj ∈ C1(RN ) (j = 1, . . . , N). Assume that there exist:

(i) a sequence {τn} ⊂ RN , such that |b(τn)| diverges to +∞ as n tends to

+∞, (ii) positive numbers γ, δ, C such that

(
N∑

i,j=1

|Dibj(x)|
2

) 1

2

≤ γ|b(x)|
3

2 + C,
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for any x ∈ RN with |x − τn| ≤ δ|b(τn)|−1/2. Then (Â,D(Â)) is not sectorial

in Cb(R
N ).

Proof. We begin the proof by observing that, without loss of generality, we
can assume that δ < (4γ)−1 and that b(τn) 6= 0 for any n ∈ N. Next we fix an
arbitrary n ∈ N and observe that, for any s ∈ (0, δ) and any |x| ≤ s|b(τn)|−1/2,
we have

|b(τn + x) − b(τn)

|b(τn)|
| ≤

|x|

|b(τn)|
sup

0≤θ≤1

(
N∑

i,j=1

|Dibj(τn + θx)|2
) 1

2

≤ γs sup
0≤θ≤1

|b(τn + θx)|
3

2

|b(τn)|
3

2

+ Cs|b(τn)|−
3

2 .

(10.1.14)

We set

Fn(s) = sup
|x|≤s|b(τn)|−

1

2

|b(τn + x)|

|b(τn)|
, s ∈ [0, δ).

From (10.1.14) we get

Fn(s) ≤ 1 + γs(Fn(s))
3

2 + Cs|b(τn)|−
3

2 , s ∈ [0, δ).

We claim that Fn(s) < 4 for any s ∈ [0, δ) and any n sufficiently large. To
prove the claim, we begin by noting that, for n large enough, we have

1 + Cs|b(τn)|−
3

2 ≤ 1 + Cδ|b(τn)|−
3

2 ≤ 2.

It follows that

Fn(s) ≤ 2 + γs(Fn(s))
3

2 , s ∈ [0, δ). (10.1.15)

Recalling that 4δγ < 1, we get

Fn(s) < 2 +
1

4
(Fn(S))

3

2 , s ∈ [0, δ).

Since Fn is continuous in [0,+∞) with Fn(0) = 1 for any n ∈ N, and [0, 4) is
the biggest interval containing 1 in which the inequality x < 2+x3/2/4 holds,
we easily deduce that Fn(s) ∈ [0, 4) for any s ∈ [0, δ), and the claim follows.
Thus, for n large enough, the equation (10.1.14) yields, for |x| ≤ s|b(τn)|−1/2,

|b(τn + x) − b(τn)|

|b(τn)|
≤ 8γs+ Cs|b(τn)|−

3

2 . (10.1.16)

Now, fix R > 0 and let λn = |b(τn)|−
3

4 . For any y ∈ B(R) and n sufficiently
large such that R|b(τn)|−1/4 < δ, we have |λny| ≤ s|b(τn)|−1/2 with s =
R|b(τn)|−1/4. Applying (10.1.16), we get

|b(τn + λnx) − b(τn)|

|b(τn)|
≤ 8Rγ|b(τn)|−

1

4 + CR|b(τn)|−
7

4 .
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Corollary 10.1.2 now allows us to conclude the proof.

Next corollary gives suitable conditions on the drift term of the operator A
implying that the spectrum of Â contains the imaginary axis.

Corollary 10.1.6 Assume that bj ∈ C1(R) for any j = 1, . . . , N and there

exists a sequence {τn} ⊂ RN , diverging to infinity, such that |b(τn)| tends to

+∞ as n tends to +∞. Further, assume that
∑N

i,j=1 |Dibj(x)|2 and |b(x)|/|x|

tend to 0 as |x| tends to +∞. Then, the spectrum of (Â,D(Â)) contains the

imaginary axis. As a consequence, (Â,D(Â)) is not sectorial.

Proof. Fix R > 0. By the mean value theorem we have

|b(τn + λnx) − b(τn)| ≤ Rλn sup
0≤θ≤1

(
N∑

i,j=1

|Dibj(τn + θλnx)|
2

) 1

2

,

for any |x| ≤ R and any sequence {λn} ⊂ (0,+∞).
We now take λn = |b(τn)| and rn = 1 for any n ∈ N, and we show that

lim
n→+∞

sup
0≤θ≤1

(
N∑

i,j=1

|Dibj(τn + θλnx)|
2

) 1

2

= 0,

uniformly with respect to x ∈ B(R). For this purpose it suffices to show that
|τn+θλnx| tends to +∞ as n tends to +∞, uniformly with respect to θ ∈ [0, 1]
and x ∈ B(R). Since b is sublinear, we have

|τn + θλnx| ≥ |τn|

(
1 −

R|b(τn)|

|τn|

)
≥

1

2
|τn|,

for any θ ∈ [0, 1], any x ∈ B(R) and any n sufficiently large. Therefore,

lim
n→+∞

inf
θ∈[0,1]

x∈B(R)

|τn + θλnx| = +∞.

Theorem 10.1.1 and Corollary 10.1.2 allow us to conclude.

Up to now we have shown sufficient conditions implying that (Â,D(Â)) is
not sectorial. In the next theorem we provide suitable conditions on the drift
coefficient of the operator A which guarantee that (Â,D(Â)) is sectorial in
Cb(R

N ).

Theorem 10.1.7 Let bj ∈ C1(RN ) ∩ Lp(RN ), for some p ∈ (N,+∞) and

any j = 1, . . . , N , be such that div b is bounded from below. Then, (Â,D(Â))
is sectorial in Cb(R

N ).
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Proof. As a first step we introduce the formal adjoint of A, i.e., the operator

A∗ = ∆ −
N∑

i=1

biDi − div b,

and we prove that its realization A∗ in L1(RN ) with domain D(A∗) = {u ∈
L1(RN ) : ∆u, (div b)u ∈ L1(RN )} (∆u being meant in the sense of distribu-
tions) generates an analytic semigroup in L1(RN ). Then, we use this result to

show that (Â,D(Â)) is sectorial.
Let us observe that, since div b is bounded from below and it is locally

bounded, according to [82, Theorem I, Lemmas 6 & 8] the operator

B0 = ∆ − div b+ inf
RN

(div b) := B + inf
RN

(div b),

with domain D(B0) = D(A∗), generates an analytic semigroup in L1(RN ).
Moreover,

||∆u||L1(RN ) + ||(div b)u||L1(R) ≤ C(||u||L1(RN ) + ||Bu||L1(RN )), (10.1.17)

for any u ∈ D(A∗).
We now recall that if u ∈ L1(RN ) is such that ∆u ∈ L1(RN ), then u ∈

W 1,q(RN ) for any q ∈ [1, N/(N − 1)) and there exists a positive constant
C = C(N, q), independent of u, such that

||Du||Lq(RN ) ≤ C(N, q)
(
||u||L1(RN ) + ||∆u||L1(RN )

)
, (10.1.18)

see [140, Theorem 5.8]. Applying the estimate (10.1.18), with q = p/(p−1), to
the function vλ : R

N → R (λ > 0), defined by v(x) = u(λx) for any x ∈ R
N ,

and minimizing with respect to λ > 0, we get the following inequality:

||Du||
L

p
p−1 (RN )

≤ 2C(N, p)||u||
p−N

2p

L1(RN )
||∆u||

N+p

2p

L1(RN )
.

Hölder’s inequality then gives

∣∣∣∣

∣∣∣∣
N∑

i=1

biDiu

∣∣∣∣

∣∣∣∣
L1(RN )

≤ ||b||Lp(RN )||Du||
L

p
p−1 (RN )

≤ 2C(N, p)||b||Lp(RN )||u||
p−N

2p

L1(RN )
||∆u||

p+N

2p

L1(RN )
, (10.1.19)

for any u ∈ L1(RN ) such that ∆u ∈ L1(RN ).
Now, from (10.1.17) and (10.1.19) it follows that the term u 7→ 〈b,Du〉 is

a small perturbation of (B,D(B)). Therefore, according to Theorem B.2.10,
(A∗, D(A∗)) generates an analytic semigroup in L1(RN ).

We are now in a position to prove that (Â,D(Â)) is sectorial in Cb(R
N ).

Possibly replacing A∗ with A∗ − ω, with ω sufficiently large, we can assume
that

||R(λ,A∗)||L(L1(RN )) ≤
M

|λ|
,
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for any λ ∈ C with positive real part. Let us set Dλ = (λ−A∗)(C∞
c (RN )) for

such λ’s. Since C∞
c (RN ) is a core of A∗ (see [82, Theorem IV]), then Dλ is

dense in L1(RN ) for any Reλ > 0. Therefore, if u ∈ D(Â) ⊂ Cb(R
N ) and λ is

as above, then

||u||∞ = sup

{∫

RN

uϕdx : ϕ ∈ Dλ, ||ϕ||L1(RN ) ≤ 1

}

≤ sup

{∫

RN

u(λ−A∗)v dx : v ∈ C∞
c (RN ), ||v||L1(RN ) ≤

M

|λ|

}

= sup

{∫

RN

v(λ− Â)u dx : v ∈ C∞
c (RN ), ||v||L1(RN ) ≤

M

|λ|

}

≤
M

|λ|
||(λ− Â)u||∞.

Therefore, ||R(λ, Â)||L(Cb(RN )) ≤ M/|λ| and the assertion follows from Theo-
rem B.2.7.

Example 10.1.8 Let A be the operator defined on smooth functions of two
variables by

Au(x, y) = D2
xu(x, y)+D2

yu(x, y)+b0(
√
x2 + y2)(xuy−yux), (x, y) ∈ R

2,

where b0 ∈ C1(R). Note that the drift b(x, y) = b0(
√
x2 + y2)(−y, x) has

divergence 0. The assumptions of Theorem 10.1.7 hold if
∫ +∞

0

r|b(r)|qdr < +∞,

for some q > 2. In such a case, the semigroup associated with the operator A
is analytic in Cb(R

N ).

10.2 Nonanalytic semigroups in L
p(RN

, µ)

In this section we introduce a class of Markov semigroups {T (t)}, which admit
an invariant measure µ, but which are not analytic in Lp

µ := Lp(RN , µ). Let
A be the second-order elliptic operator defined by

Aϕ = ∆ϕ−
N∑

i=1

(DiU +Gi)Diϕ, (10.2.1)

on smooth functions, where U and G satisfy the following hypotheses:
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Hypotheses 10.2.1 (i) U ∈ C2(RN ) and e−U ∈ L1(RN );

(ii) G ∈ C1(RN ,RN ) and satisfies

∫

RN

|G|e−Udx < +∞

and

divG−
N∑

i=1

GiDiU = 0. (10.2.2)

These conditions will be kept throughout this section and ensure that the
semigroup {T (t)} associated with A admits the measure

dµ = Me−U(x)dx, M =

(∫

RN

e−U(y)dy

)−1

,

as its (unique) invariant measure (see Subsection 8.1.4). As it has been shown
in Proposition 8.1.8, the semigroup {T (t)} extends to a strongly continuous
semigroup of contractions in Lp

µ for any p ∈ [1,+∞). Using the same notations
as in Chapter 8, we still denote by {T (t)} the so extended semigroup, and by
(Lp, D(Lp)) its infinitesimal generator. Moreover, we write L instead of L2.

Let us state the main result of this section.

Theorem 10.2.2 Suppose that there exist some constants k > 0, 0 < β < α
and a sequence {σn} ⊂ RN , diverging to infinity, such that

(i) |G(σn)| ≥ k|σn|α, n ≥ 1;

(ii) |∆U(x)| + |DU(x)| + |DG(x)| ≤ k(1 + |x|β), x ∈ RN .
(10.2.3)

Then, the semigroup {T (t)} is not analytic in Lp
µ for any p ∈ [1,+∞).

Proof. We first prove the assertion in the case when p = 2. For this purpose,
let us consider the isometry R : L2(RN ) → L2

µ defined by Rf = fψ for any

f ∈ L2(RN ), where

ψ(x) = M− 1

2 e
1

2
U(x), x ∈ R

N .

Further, let us define the operator L̃2 : D(L̃2) ⊂ L2(RN ) → L2(RN ), with

domain D(L̃2) = {g ∈ L2(RN ) : ψg ∈ D(L2)}, by setting

L̃2u = R−1L2Ru, u ∈ D(L̃2).

Since, as it has already been recalled, the semigroup {T (t)} is strongly con-

tinuous in L2
µ, then it is immediate to check that L̃2 is the generator of a
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strongly continuous semigroup of contractions in L2(Rn) (say {T̃ (t)}) defined
by

T̃ (t)f = R−1T (t)(Rf), t ≥ 0, f ∈ L2(RN ).

According to Propositions 2.3.6 and 8.1.9, C∞
c (RN ) ⊂ D(L2). Therefore,

C∞
c (RN ) is contained in D(L̃2) and, since L2u = Au for any u ∈ C∞

c (RN ),
then

(L̃2u)(x) = ∆u(x) −
N∑

j=1

Gj(x)Dju(x) − c(x)u(x), x ∈ R
N , (10.2.4)

for any u ∈ C∞
c (RN ), where the potential c is given by

c =
1

2

(
1

2
|DU |2 − ∆U +

N∑

i=1

GiDiU

)
.

We claim that the operator L̃2 is not sectorial in L2(RN ). Of course, this will
imply that L2 is not sectorial in L2

µ as well.
To prove the claim, we adapt the technique in the proof of Theorem 10.1.1

to this situation. For this purpose, let us set γ = 1
2 (α+ β) and introduce the

sequences {λn} and {rn} defined by

λn =
1

|σn|γ + 1
, rn =

1

|G(σn)|(|σn|γ + 1)
, n ≥ 1.

(Up to replacing {σn} with a suitable subsequence, we can assume that
G(σn) 6= 0 for any n ∈ N, so that the sequence {rn} is well defined.) Moreover,
for any n ∈ N, we introduce the operator In defined by

(Inu)(x) = u

(
x− σn

λn

)
, x ∈ R

N , u ∈ L2(RN ), n ≥ 1

and L̃2,n = rnI
−1
n L̃2In with domain D(L̃2,n) = I−1

n (D(L̃2)). As it is immedi-

ately seen, L̃2,n is the infinitesimal generator of the strongly continuous semi-

group of contractions {T̃n(t)} in L2(RN ), defined by T̃n(t) = I−1
n T̃ (rnt)In, for

any t ≥ 0.
Let us show that there exists h ∈ R

N such that, for any u ∈ C∞
c (RN ), the

function L̃2,nu converges to B−hu :=
∑N

i=1 hiDiu as n tends to +∞, locally
uniformly in RN . For this purpose, we observe that, by (10.2.4), we have

(L̃2,nu)(x) =
rn
λ2

n

∆u(x) −
rn
λn

N∑

i=1

Gi(λnx+ σn)Diu(x) − rnc(λnx+ σn)u(x),

for any x ∈ RN , any n ∈ N and any u ∈ C∞
c (RN ).
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Due to the choice of the sequences {σn} and {rn}, it is immediate to check
that rn/λ

2
n tends to 0 as n tends to +∞. Moreover, by the mean value theorem

and (10.2.3)(ii) we have

|G(λnx+ σn)| ≤ |G(σn)| + kR(1 + (R+ |σn|)
β), (10.2.5)

for any x ∈ B(R) and any R > 0. Hence,

lim
n→+∞

|G(σn + λnx) −G(σn)|

|G(σn)|
= 0,

locally uniformly in RN . Up to replacing {σn} with a suitable subsequence, we
can assume that G(σn)/|G(σn)| converges to some vector h ∈ RN . Therefore,

rn
λ2

n

∆u−
rn
λn

N∑

i=1

Gi(λn · +σn)Diu

converges to Bhu uniformly in RN as n tends to +∞ and, hence, in L2(RN ),
since the support of u is compact.

Let us now show that c(λn · +σn)u converges to 0 in L2(RN ). For this
purpose, we note that, thanks to (10.2.3)(ii),

|c(x)| ≤ C
(
(1 + |x|β)2 + (1 + |x|β)|G(x)|

)
, x ∈ R

N , (10.2.6)

for some positive constant C. Estimates (10.2.6) and (10.2.5) imply that the
sequence {rn|c(λn · +σn)|} converges to 0, locally uniformly in RN , and we
are done.

Now the proof follows immediately, arguing by contradiction. Indeed, if L̃2

were sectorial in L2(RN ), then the operators L̃2,n should be sectorial as well,

and there should exist K,C > 0, independent of n (observe that R(λ, L̃2,n) =

r−1
n I−1

n R(r−1
n λ, L̃2)In), such that

||R(λ, L̃2,n)u||L2(RN ) ≤
C

|λ|
||u||L2(RN ),

for any λ ∈ C, with Reλ > K and any u ∈ C∞
c (RN ). Since the realization Bh

of the operator Bh generates a strongly continuous semigroup in L2(RN ) and
C∞

c (RN ) is a core of Bh, using Trotter-Kato theorem (see Theorem B.1.11),
it should follow that

||R(λ,Bh)u||L2(RN ) ≤
C

|λ|
||u||L2(RN ),

for any u ∈ L2(RN ), which, of course, is a contradiction.
To prove the assertion with a general p ∈ [1,+∞) it now suffices to observe

that, if T (t) were analytic in Lp
µ for some p as above (p 6= 2), then, by Stein

interpolation theorem, it should be analytic in L2
µ as well. For more details,

we refer the reader to [45, Theorem 1.4.2].
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Example 10.2.3 We now provide two concrete examples of differential op-
erators in R2, such that the associated semigroups {T (t)} are not analytic
in L2

µ. For this purpose, let A1 and A2 be the operators defined on smooth
functions by

A1u(x, y) = ∆u(x, y) −
(
x+ y(x2 + y2)r/2

)
Dxu(x, y)

−
(
y − x(x2 + y2)r/2

)
Dyu(x, y)

and

A2u(x, y) = ∆u(x, y) − (x2 + y2)
(
x− y(x2 + y2)r/2

)
Dxu(x, y)

−(x2 + y2)
(
y − x(x2 + y2)r/2

)
Dyu(x, y),

for some r > 1 and any (x, y) ∈ R2. We can rewrite the operators A1 and A2

in the compact form (10.2.1) taking Uj(x, y) = (2j)−1(x2 + y2)j , Gj(x, y) =
(x2 + y2)r/2+(j−1)(y,−x) for any (x, y) ∈ R2 and j = 1, 2. It is immediate to
check that the condition (10.2.2) is satisfied. Moreover, if we take σn = (n, 0)
for any n ∈ N, also the assumptions of Theorem 10.2.2 are satisfied with
α = r− 1 + 2j and β = r− 2 + 2j, j = 1, 2. Therefore, the semigroup {Tj(t)}
associated with the operator Aj is not analytic in Lp

µj
(p ∈ [1,+∞)) either

for j = 1 or for j = 2, where

dµ1 =
1

2π
e−

1

2
(x2+y2)dxdy,

dµ2 =

(∫

R2

e−
1

4
(x2+y2)2 dxdy

)−1

e−
1

4
(x2+y2)2 dxdy.
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Chapter 11

The Cauchy-Dirichlet problem

11.0 Introduction

In this chapter we consider the parabolic Cauchy-Dirichlet problem





Dtu(t, x) −Au(t, x) = 0, t > 0, x ∈ Ω,

u(t, x) = 0, t > 0, x ∈ ∂Ω,

u(0, x) = f(x), x ∈ Ω,

(11.0.1)

where Ω ⊂ RN is an unbounded connected smooth open set; f is a bounded
and continuous function on Ω; A is the usual second-order uniformly elliptic
operator

A =

N∑

i,j=1

qijDij +

N∑

i=1

biDi + c, (11.0.2)

with unbounded coefficients
We show that, under rather weak assumptions of the smoothness of the

coefficients qij , bj (i, j = 1, . . . , N) and c and assuming the existence of a Lya-
punov function associated with the operator A, the Cauchy-Dirichlet problem
(11.0.1) admits a unique classical solution (i.e., a function u ∈ C1,2((0,+∞)×
Ω), bounded in (0,+∞)×Ω and continuous in [0,+∞)×Ω\ ({0}×∂Ω) which
solves (11.0.1)). This, as usually, will allow us to define a semigroup {T (t)} of
bounded linear operators on Cb(Ω).

Next, assuming somewhat heavier assumptions on the growth rate of the
coefficients at infinity, we show that such a semigroup satisfies an uniform
gradient estimate similar to that proved in Chapter 6. The results of this
chapter have been recently proved in [59].

The chapter is split into sections as follows. First, in Section 11.1, we show
two maximum principles for the solution to the problem (11.0.1). In the first
one, which is rather similar to that proved in Chapter 4, we deal with classical
solutions to the problem (11.0.1) which are continuous in [0,+∞)×Ω. In the
second one, we weaken a bit the assumptions on the continuity of u. Indeed,
we just assume that u is continuous in [0,+∞) × Ω \ ({0} × ∂Ω). This latter
maximum principle is the keystone to prove the uniform gradient estimates.

In Section 11.2, by virtue of the previous two maximum principles and some
classical Schauder estimates, we prove the existence and uniqueness of the

299
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classical bounded solution u to (11.0.1), and, then, we define the semigroup
{T (t)}.

Next, in Section 11.3, under somewhat heavier assumptions on the growth
rate of the coefficients of the operator A, we prove that the gradient estimate

||DT (t)f ||∞ ≤ C
eωt

√
t
||f ||∞, t > 0, (11.0.3)

holds for any ω > 0, some positive constant C = C(ω) and any f ∈ Cb(Ω).
First, in Subsection 11.3.1 we prove (11.0.3) for classical solutions to the
problem (11.0.1) enjoying some more regularity properties. This is done ap-
plying the Bernstein method as we did in Chapter 6. Unfortunately, it is not
immediate to adapt the procedure in the proof of Theorem 6.1.7 to our sit-
uation, due to the fact that no a priori information of the sign of Du on
(0,+∞) × ∂Ω is available. To overcome such a difficulty, we first prove the
gradient estimate (11.0.3) at the boundary of Ω by a comparison argument
with a suitable one-dimensional parabolic problem. This and the maximum
principle in Proposition 11.1.3 then allow us to prove the uniform estimate
(11.0.3).

Finally, in Subsections 11.3.2 and 11.3.3, adapting to our situation the ap-
proach introduced by P. Cannarsa and V. Vespri in [26, 27], we prove (11.0.3)
for any classical solution to the problem (11.0.1). This is done in the follow-
ing way. The operator A is approximated by a family of uniformly elliptic
operators Aε such that, for any p ≥ 2, their realizations in Lp(Ω) generate
analytic semigroups {Sε(t)}. Then, using the Sobolev embedding theorems,
it is shown that, for any f ∈ C∞

c (Ω), the function uε = Sε(·)f is the classical
solution to the problem (11.0.1), with A being replaced with the operator Aε.
Then, letting ε go to 0+ and using a compactness argument based on classical
Schauder estimates, it follows that uε converges to T (t)f , which satisfies all
the additional assumptions needed, in Proposition 11.3.7, to prove the gradi-
ent estimate (11.0.3). Hence, (11.0.3) follows in this particular case. Finally, in
the general case when f ∈ Cb(Ω), the estimate (11.0.3) is obtained by approx-
imating f with a suitable sequence of C∞

c (Ω)-smooth functions converging,
locally uniformly and in a dominated way, to f .

Unfortunately, to the best of our knowledge, estimates for the higher-order
derivatives of the function T (t)f when f ∈ Cb(Ω) seem not to be available
for a general domain Ω. As it is readily seen, differently from what happens
when Ω = R

N (see Chapters 6 and 7), the Bernstein method cannot be easily
extended to estimate second- and third-order derivatives of the function T (t)f
and this is essentially due to the boundary conditions.

This fact prevents us to make the machinery of Chapter 6 work to study the
nonhomogeneous elliptic problem and the nonhomogeneous Cauchy-Dirichlet
problem in Ω and to prove optimal Schauder estimates. To the best of our
knowledge there are only a few results in this direction (see Remark 11.3.16)

We conclude this introduction with the following remark.
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Remark 11.0.1 Differently from what happens in the whole of RN , there
never exists an invariant measure µ associated with the semigroup {T (t)}
considered in this chapter. Indeed, if this were the case, then

∫

Ω

T (t)dµ =

∫

Ω

fdµ, (11.0.4)

for any f ∈ Cb(Ω). But, according to Corollary 11.2.2, it holds that 0 ≤
T (t)1l ≤ 1l for any t > 0. Hence, from (11.0.4), it should follow that T (t)1l ≡ 1l
which is a contradiction.

11.1 Two maximum principles

Here, we prove two maximum principles for the classical solutions to the prob-
lem (11.0.1). Throughout this section we assume that the following conditions
are satisfied:

Hypotheses 11.1.1 (i) Ω is an unbounded connected open set with uni-
formly C2+α-boundary for some α ∈ (0, 1);

(ii) qij ≡ qji ∈ C1
b (Ω) for any i, j = 1, . . . , N and there exists κ0 > 0 such

that
N∑

i,j=1

qij(x)ξiξj ≥ κ0|ξ|
2, x ∈ Ω, ξ ∈ R

N ; (11.1.1)

(iii) c(x) ≤ 0 for any x ∈ Ω;

(iv) qij , bi, c ∈ C1+α(Ω ∩B(R)) for any i, j = 1, . . . , N and any R > 0;

(v) there exist a positive function ϕ ∈ C2(Ω) and a positive constant λ0

such that

lim
|x|→+∞

x∈Ω

ϕ(x) = +∞

and

sup
x∈Ω

(Aϕ(x) − λ0ϕ(x)) < +∞.

The following proposition provides us a maximum principle for classical
solutions to the Cauchy-Dirichlet problem (11.0.1), which are continuous in
[0, T ]× Ω.



302 Chapter 11. The Cauchy-Dirichlet problem

Proposition 11.1.2 Assume that Hypotheses 11.1.1 are satisfied. Fix T > 0
and let u ∈ C([0, T ] × Ω) ∩ C1,2((0, T ]× Ω) be a bounded function satisfying






Dtu(t, x) −Au(t, x) ≤ 0, t ∈ (0, T ], x ∈ Ω,

u(t, x) ≤ 0, t ∈ (0, T ], x ∈ ∂Ω,

u(0, x) ≤ 0, x ∈ Ω.

(11.1.2)

Then, u ≤ 0. In particular, if u ∈ C([0, T ]×Ω)∩C1,2((0, T ]×Ω) is a bounded

solution to the Cauchy problem





Dtu(t, x) −Au(t, x) = 0, 0 < t ≤ T, x ∈ Ω,

u(t, x) = 0, 0 < t ≤ T, x ∈ ∂Ω,

u(0, x) = 0, x ∈ Ω,

then, u = 0.

Proof. The proof is close to that of Theorem 4.1.3. Of course we can limit
ourselves to proving the first part since the second part can then be deduced
applying the first one to the functions u and −u.

We set v = e−λ0tu and we prove that v ≤ 0 in [0, T ]× Ω. For this purpose,
for any n ∈ N, we introduce the function vn : [0, T ]× Ω → R defined by

vn(t, x) = v(t, x) −
ϕ(x)

n
, t ∈ [0, T ], x ∈ Ω.

Replacing ϕ with ϕ + C for some suitable constant C > 0, we can assume
that Aϕ − λ0ϕ ≤ 0. Now, a straightforward computation shows that vn sat-
isfies (11.1.2) with the operator A being replaced with A − λ0. Due to our
assumption on ϕ, the function vn attains its maximum at some point (tn, xn).
Repeating the same arguments as in the proof of Theorem 4.1.3, we can see
that vn ≤ 0 in (0, T )×Ω. Thus, letting n go to +∞ gives v ≤ 0 in [0, T ]×Ω.

The next proposition provides us with a maximum principle for classical
solutions to the problem (11.0.1) which are not continuous in {0} × ∂Ω.

We introduce a few notation which will be used in the proof of the next
proposition and, more generally, throughout this chapter. By d : Ω → R and
Ωδ (δ > 0) we denote, respectively, the distance function

d(x) = dist(x, ∂Ω), x ∈ Ω

and the set
Ωδ = {x ∈ Ω : d(x) < δ}. (11.1.3)

In view of the assumptions on Ω, the function d is C2-smooth, with bounded
second-order derivatives in Ωδ, if δ > 0 is sufficiently small. See [66, Lemma
14.16] and also Appendix D.
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Proposition 11.1.3 Suppose that Hypotheses 11.1.1 are satisfied and let u ∈
C1,2((0, T ) × Ω) ∩ C([0, T ) × Ω \ ({0} × ∂Ω)) be bounded in (0, T ) × Ω. If

Dtu ≤ Au in (0, T )× Ω and u ≤ 0 in (0, T )× ∂Ω ∪ ({0} × Ω), then u ≤ 0 in

(0, T ) × Ω.

Finally, if Dtu ≤ Au and u is bounded in (0, T )× ∂Ω∪ ({0}×Ω) (T > 0),
then

sup
(t,x)∈(0,T )×Ω

u(t, x) ≤ ||u(0, ·)||∞ + sup
(t,ξ)∈(0,T )×∂Ω

|u(t, ξ)|.

Proof. We limit ourselves to proving the first part of the proposition, since
the last assertion then easily follows applying this part to the functions u−K,
where K = sup(t,ξ)∈(0,T )×∂Ω |u(t, ξ)| + ||u(0, ·)||∞.

To begin with, we observe that there exists a function g ∈ C2(Ω) such that

g ≥ 0 in Ω, |Dg| = 1 on ∂Ω, ∂Ω = {x ∈ Ω : g(x) = 0}.

Indeed, let η be a smooth function such that 0 ≤ η ≤ 1l in Ω, η ≡ 1l in Ωδ/2

and η ≡ 0 outside Ω3δ/4. It is easy to check that the function g = ηd+ 1l − η
satisfies the claim.

Now, we introduce the function v = e−λ0tu, where λ0 is given by Hypothesis
11.1.1(v), and we prove that v ≤ 0 in (0, T )×Ω. For this purpose, we fix R > 1
and consider the set

ΩR = Ω ∩B(R) = {g > 0} ∩ {R2 − |x|2 > 0}.

Moreover, we define the function vR : (0, T ) × ΩR → R by setting

vR(t, x) = v(t, x) −
||v||∞
CR

ϕ(x), t ∈ (0, T ), x ∈ ΩR,

where CR = inf [0,T ]×(∂B(R)∩Ω) ϕ. As in the proof of Proposition 11.1.2,we
can assume that Aπ−λ0ϕ ≤ 0. By Hypothesis 11.1.1(v), CR tends to +∞ as
R tends to +∞. Further, it is easy to see that vR satisfies






DtvR −AvR + λ0vR ≤ 0, in (0, T ) × ΩR,

vR ≤ 0, in (0, T ) × ∂ΩR,

vR ≤ 0, in {0} × ΩR.

We claim that vR ≤ 0 in (0, T ) × ΩR. Once the claim is proved, letting R
tend to +∞, we will obtain that v ≤ 0 in (0, T ) × Ω and we will be done.

To prove that vR ≤ 0 in (0, T ) × ΩR, for any ε, λ > 0 we introduce the
function ψ : (0, T )× ΩR → R defined by

ψ(t, x) =
1

tεκ0

[
exp

(
λt−

ε(g(x))2

t

)
+ exp

(
λt−

ε(h(x))2

t

)]
,
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for any t > 0 and any x ∈ ΩR, where κ0 is given by (11.1.1) and h(x) =
R2 − |x|2 for any x ∈ RN . A straightforward computation shows that

Dtψ(t, ·) −Aψ(t, ·) =
1

t2

{
(λ− c)t2 − ε [κ0 − 2〈QDg,Dg〉 − 2g(A− c)g] t

+εg2 [1 − 4ε〈QDg,Dg〉]

}
ψ(t, ·)

+
1

t2

{
(λ − c)t2 − ε [κ0 − 2〈QDh,Dh〉 − 2h(A− c)h] t

+εh2 [1 − 4ε〈QDh,Dh〉]

}
ψ(t, ·)

:=
1

t2
(Λ1(t, ·) + Λ2(t, ·)) , (11.1.4)

for any t ∈ (0,+∞). We now claim that we can fix ε > 0 sufficiently small
and λ sufficiently large such that (Dt −A)ψ ≥ 0 in (0,+∞) × ΩR. To prove
the claim, we begin by considering the first term in the last side of (11.1.4).
Since |Dg| ≥ 1 on ∂Ω, we can fix δ > 0 such that |Dg(x)| ≥ 3/4 if x ∈ ΩR

and g(x) ≤ δ. Then, we split ΩR = {x ∈ ΩR : g(x) > δ} ∪ {x ∈ ΩR : g(x) ≤
δ} := ΩR,1 ∪ ΩR,2. If x ∈ ΩR,1, we have

Λ1(t, x) ≥ λt2 − ε

(
κ0 + 2 sup

ΩR

|g(A− c)g|

)
t+ εδ2

(
1 − 4ε||Q||∞ sup

ΩR

|Dg|2
)
.

(11.1.5)

It is now clear that, if we fix ε = (8||Q||∞ supΩR
|Dg|2)−1 and, then, λ = λ(ε, δ)

large enough, we can make the right-hand side of (11.1.5) nonnegative.
Now, let x ∈ ΩR,2. Then,

κ0 − 2〈Q(x)Dg(x), Dg(x)〉 − 2g(x) ((A− c)g) (x)

≤ κ0 − 2κ0|Dg(x)|
2 + 2g(x) sup

ΩR

|(A− c)g|

≤ −
1

2
κ0 +

1

2t
(g(x))2 +

t

2
sup
ΩR

|(A− c)g|2.

Therefore,

Λ1(t, x) ≥

(
λ−

1

2
sup
ΩR

|(A− c)g|2
)
t2+

1

2
εκ0t+εg

2

(
1

2
− 4ε||Q||∞ sup

ΩR

|Dg|2
)
.

(11.1.6)
Again, we can fix ε = (16||Q||∞ supΩR

|Dg|2)−1 and, then, λ = λ(ε) large
enough such that the right-hand side of (11.1.6) is nonnegative. Similarly,
we can argue with the function Λ2. Indeed, the keystone to prove that Λ1 is
nonnegative in (0,+∞)× ΩR was the fact that |Dg| ≥ 1 when g = 0. Now, if
we consider the function h it is easy to check that, since R > 1, then |Dh| ≥ 1
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when h = 0. Summing up, we have shown that we can fix the parameters λ
and ε such that Dtψ −Aψ ≥ 0 in (0,+∞) × ΩR.

Let us now suppose by contradiction that 0 < M = sup(0,T )×ΩR
vR for some

T > 0. For any a > 0 we introduce the function va,R defined by

va,R(t, x) = vR(t, x) −Maεκ0ψ(t+ a, x),

for any (t, x) ∈ [0, T ]×ΩR \ ({0}×Ω∩∂B(R)). Clearly (Dt −A+λ0)va,R ≤ 0
in (0, T ) × ΩR. Take η > 0 such that λa− εη2a−1 > 0 and introduce the set

Iη,R = {x ∈ ΩR : min{g(x), h(x)} ≤ η}.

For any x ∈ Iη,R we have

aεκ0ψ(a, x) ≥ 2 exp

(
λa−

εη2

a

)
> 1.

By continuity, there exists δ > 0 such that, for any t ∈ [0, δ] and any x ∈ Iη,R,

aεκ0ψ(t+ a, x) > 1.

It follows that va,R < M −M = 0 in [0, δ] × Iη,R.
Since vR(0, ·) ≤ 0 in ΩR \ Iη,R, we have va,R(0, ·) < 0 in ΩR \ Iη,R. The

boundedness of ΩR and the continuity of u in [0, T ) × ΩR \ Iη,R imply that
va,R ≤ 0 in [0, δ] × (ΩR \ Iη,R) for some δ > 0. Hence, va,R is nonpositive in
[0, δ] × ΩR \ ({0} × ∂Ω ∩B(R)).
Applying the classical maximum principle in [δ, T ) × ΩR, we get that va,R ≤
0 in [δ, T ) × ΩR and, consequently, we obtain that va,R is nonpositive in
[0, T ) × ΩR \ ({0} × ∂ΩR).
Finally, letting a go to 0+, we find that vR ≤ 0 in [0, T )× ΩR \ ({0} × ∂ΩR),
and we are done, letting R tend to +∞.

Remark 11.1.4 Observe that the above theorem covers also the case of cer-
tain nonsmooth domains, whose boundaries can be described by a finite num-
ber of functions gi as in the statement. For further details, we refer the reader
to [59, Theorem A.2].

11.2 Existence and uniqueness of the classical solution

In this section we prove that, under Hypotheses 11.1.1, the Cauchy-Dirichlet
problem (11.0.1) has a unique bounded classical solution u (i.e., a function
u ∈ C1,2((0,+∞)×Ω) which is continuous in [0,+∞)×Ω\({0}×∂Ω), bounded
in (0,+∞) × Ω and solves the Cauchy problem (11.0.1)).
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Theorem 11.2.1 Suppose that Hypotheses 11.1.1 are satisfied. Then, for any

f ∈ Cb(Ω), the Cauchy-Dirichlet problem (11.0.1) admits a unique bounded

classical solution u. Moreover,

||u||∞ ≤ ||f ||∞

and u ≥ 0 if f ≥ 0.
Further, if f ∈ C2+α

c (Ω), then u belongs to C1+α/2,2+α((0, T )×(Ω∩B(R)))
for any R, T > 0. Moreover, Du belongs to C1+α/2,2+α((ε, T )×Ω′) for any 0 <
ε < T and any bounded open set Ω′ ⊂⊂ Ω. In particular, Du ∈ C1,2((0,+∞)×
Ω).

Proof. Uniqueness follows from Proposition 11.1.3. So, let us prove that the
Cauchy-Dirichlet problem (11.0.1) actually admits a solution with the claimed
regularity properties. We split the proof into two steps. First in Step 1, we
consider the case when f ∈ C2+α

c (Ω) and then, in Step 2, we deal with the
general case.

Step 1. Let f ∈ C2+α
c (Ω). To prove that the problem (11.0.1) admits a

classical solution, we use an approximation argument different from that used
in the proof of Theorem 2.2.1. Instead of approximating the domain, we rather
approximate the coefficients of the operator A. For this purpose, we consider
the sequence of uniformly elliptic operators A(n) with bounded coefficients in
Cα(Ω) defined by

A(n) =

N∑

i,j=1

qijDij +

N∑

i=1

b
(n)
i Di + c(n)u, n ∈ N,

where the coefficients b
(n)
i (i = 1, . . . , N) and c(n) coincide, respectively, with

bi and c in Ω ∩ B(n), and c(n) ≤ 0 in Ω. Let un ∈ C1+α/2,2+α((0, T ) × Ω) ∩
C([0, T ] × Ω), for any T > 0, be the classical solution of (11.0.1), with A(n)

instead of A (see Proposition C.3.2). The maximum principle in Proposition
11.1.2 yields ||un||∞ ≤ ||f ||∞ for any n ∈ N. Let us fix R > 0 and observe
that, since Ω is unbounded and connected, dist(Ω \B(R+ 1),Ω∩B(R)) > 0.
Since A(n) = A(m) = A in Ω ∩ B(R + 1) for n,m ≥ R + 1, from the local
Schauder estimates in Theorem C.1.5 (see (C.1.19)), for any T > 0, there
exists a positive constant C, independent of n and m, such that

||un − um||C1+α/2,2+α((0,T )×(Ω∩B(R))) ≤ C||un − um||C((0,T )×(Ω∩B(R+1)))

≤ 2C||f ||∞.

Now, using a compactness argument as in the proof of Theorem 2.2.1, we can
determine a subsequence {unk

} converging in C1,2(F ), for any compact set

F ⊂ [0, T ] × Ω, to a function u ∈ C
1+α/2,2+α
loc ([0, T ] × Ω), which solves the

Cauchy-Dirichlet problem (11.0.1) and satisfies ||u||∞ ≤ ||f ||∞. Moreover, by
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the maximum principle in Proposition 11.1.2, we deduce that u is nonnega-
tive, whenever f is. Note that, applying the same arguments as above to any
subsequence of {un}, one can actually show that the whole sequence {un}
converges to u in C1,2(F ), for any compact set F ⊂ (0, T )× Ω.

The further regularity properties of the function u follow from Theorem
C.1.4(ii).

Step 2. Now, we consider the general case when f ∈ Cb(Ω). Let {fn} ∈
C2+α

c (Ω) be a sequence of smooth functions converging to f uniformly on
compact subsets of Ω and such that ||fn||∞ ≤ ||f ||∞ for any n ∈ N. Moreover,
let un ∈ C1+α/2,2+α((0, T ) × (Ω ∩ B(R))), for any R, T > 0, be the solution
of (11.0.1) given by Step 1, with fn instead of f . Let us fix ε > 0. According
to Theorem C.1.5, for any ε ∈ (0, T ) we can determine a positive constant C,
independent of n and m, such that

||un − um||C1+α/2,2+α((ε,T )×(Ω∩B(R))) ≤ 2C||f ||∞, n,m ∈ N.

Now, as in Step 1, we can find out a subsequence {unk
} converging to a

function u ∈ C1+α/2,2+α((ε, T ) × (Ω ∩B(R))) for any ε,R > 0, ε < T , which
solves the equation Dtu−Au = 0 in (0, T )× Ω and vanishes in (0, T ) × ∂Ω.

To conclude the proof, it remains to show that u(t, ·) converges to f as t
tends to 0+, uniformly on compact sets of Ω.

For notational convenience, in the rest of the proof we denote by ug the
classical solution to (11.0.1) corresponding to g ∈ C2+α

c (Ω).
We fix a compact set K ⊂ Ω and a function ϑ ∈ C2+α

c (Ω) such that
0 ≤ ϑ ≤ 1l in Ω and ϑ ≡ 1l in K. Moreover, we split

unk
= uϑfnk

+ u(1−ϑ)fnk
, k ∈ N, (11.2.1)

and we claim that there exists a positive constant C, independent of k such
that

|u(1−ϑ)fnk
(t, ·)| ≤ C

(
1l − uϑ(t, ·)

)
, t > 0. (11.2.2)

To prove (11.2.2), it suffices to observe that, for any m ∈ N and any t > 0,

|Tm(t)((1l − ϑ)fnk
)| ≤ ||fnk

||∞ (1l − Tm(t)ϑ) ≤ C (1l − Tm(t)ϑ) ,

where {Tm} is the semigroup associated with the operator A(m), and let m
go to +∞, using the fact that (1 − ϑ)fnk

and ϑ are compactly supported in
Ω. Now, subtracting ϑf from both the sides of (11.2.1) and letting k go to
+∞ give

|u(t, ·) − ϑf | ≤ |uϑf − ϑf | + C(1 − uϑ),

for any t > 0. Since ϑf, ϑ ∈ Cc(Ω), then uϑf and uϑ tends, respectively, to ϑf
and ϑ as t tends to 0, uniformly in Ω. Since ϑ ≡ 1 on K, it follows that u(t, ·)
tends to f uniformly on K as t tends to 0+. This shows that actually u is the
classical solution to (11.0.1). The proof is now complete.
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Corollary 11.2.2 The family {T (t)} defined by T (t)f = u(t, ·) for any t > 0
and any f ∈ Cb(Ω), where u is the classical solution to the problem (11.0.1),
is a semigroup of positive contractions in Cb(Ω).

Proof. The semigroup law (i.e., the equality T (t + s) = T (t)T (s) for any
s, t > 0) and the positivity of the semigroup (i.e., T (t)f ≥ 0 whenever f ≥ 0)
follow immediately from the maximum principle in Proposition 11.1.3 and
Theorem 11.2.1.

11.3 Gradient estimates

This section is devoted to prove that, under Hypotheses 11.1.1 and suitable
additional growth assumptions on the coefficients of the operator A, for any
ω > 0 there exists a positive constant C = C(ω) such that

||DT (t)f ||∞ ≤ C
eωt

√
t
, t > 0, (11.3.1)

for any f ∈ Cb(Ω). Of course, it suffices to prove (11.3.1) in some time-domain
(0, T ), and then to use the semigroup rule to extend it to all the positive times
(see the proof of Theorem 6.1.7). As mentioned at the very beginning of this
chapter the arguments that we need to prove (11.3.1) differ from those used
in Chapter 6 in the case when Ω = RN .

Throughout this section we assume the following additional assumptions on
the coefficients of the operator A. We recall that Ωδ is defined in (11.1.3).

Hypothesis 11.3.1 There exist some constants k,M, β, d1, d2 ∈ R, s < 1/2
and δ > 0 such that

N∑

i,j=1

Dibj(x)ξiξj ≤ (−s c(x) + k)|ξ|2, x ∈ Ω, ξ ∈ R
N , (11.3.2)

N∑

j=1

bj(x)Djd(x) ≤M, x ∈ Ωδ, (11.3.3)

|Dc(x)| ≤ β(1 − c(x)), x ∈ Ω, (11.3.4)

|b(x)| ≤ d1e
d2|x|, x ∈ Ω. (11.3.5)
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Remark 11.3.2 Observe that if s = 0 in (11.3.2) and Ω is star-shaped with
respect to 0, then Hypothesis 11.1.1(v) is a straightforward consequence of the
positivity of −c and the boundedness of qij (i, j = 1, . . . , N). Indeed, since

〈b(x), x〉 = 〈b(0), x〉 +

∫ 1

0

d

dt
〈b(tx), x〉dt

= 〈b(0), x〉 +

∫ 1

0

N∑

i,j=1

Dibj(tx)xixjdt,

for any x ∈ Ω, from (11.3.2) we get

〈b(x), x〉 ≤ 〈b(0), x〉 + k|x|2, x ∈ Ω.

Hence, if we take ϕ(x) = 1 + |x|2 for any x ∈ Ω, we get

Aϕ(x) = 2Tr(Q(x)) + 2〈b(x), x〉 + c(x)(1 + |x|2)

≤ 2Tr(Q(x)) + 2|b(0)||x| + k|x|2 + c(x)(1 + |x|2).

Since c ≤ 0 and the qij ’s are bounded for any i, j = 1. . . . , N , we can determine
λ0 sufficiently large such that Aϕ − λ0ϕ ≤ 0 and Hypothesis 11.1.1(v) is
satisfied taking as a Lyapunov function the function ϕ : RN → R defined by
ϕ(x) = 1 + |x|2 for any x ∈ R

N .

Remark 11.3.3 As we will see in Subsection 11.3.4, the gradient estimate
(11.3.1) may fail if we do not assume Hypothesis 11.3.1.

Let us state the main result of this section. Its proof will be given in Sub-
section 11.3.3.

Theorem 11.3.4 Suppose that the coefficients of the operator A satisfy Hy-

potheses 11.1.1 and 11.3.1. Then, the classical solution u to the Cauchy-

Dirichlet problem (11.0.1) satisfies the gradient estimates (11.3.1).

11.3.1 A priori gradient estimates

In this subsection we prove the gradient estimate (11.3.1) assuming some more
regularity on the classical solution u to the problem (11.0.1). To begin with,
let us prove the following lemma which plays a crucial role in obtaining the a

priori gradient estimates.

Lemma 11.3.5 Let a, b, δ be positive constants and let g : [0,+∞)×[0, δ] → R

be the classical solution to the Cauchy-Dirichlet problem





gt(t, r) = agrr(t, r) + bgr(t, r), t > 0, r ∈ (0, δ),

g(t, 0) = 0, g(t, δ) = 1, t > 0,

g(0, r) = 1, r ∈ (0, δ),

(11.3.6)



310 Chapter 11. The Cauchy-Dirichlet problem

i.e., g ∈ C([0, T ] × [0, δ] \ ({0} × {0, δ})) ∩ C1,2((0, T ) × [0, δ]). Then gr ≥ 0,
grr ≤ 0 in (0,+∞) × (0, δ) and there exists a positive constant C such that

0 ≤ g(t, r) ≤
C
√
t
r, t > 0, r ∈ (0, δ). (11.3.7)

Proof. The existence and the uniqueness of the classical solution g to the
problem (11.3.6) follows from the results in Section 11.2, where we replace Ω
with (0, δ).

To prove that g satisfies the claimed properties, we find out an explicit
representation formula for g. For this purpose, let us consider the differential
operator (B,D(B)) defined by

Bu = au′′ + bu′ D(B) = {u ∈ C2([0, δ]) : u(0) = u(δ) = 0}.

According to Theorem C.3.6(iv), (B,D(B)) generates an analytic semigroup
{R(t)} of positive contractions in C([0, δ]). Let us introduce the function ψ :
[0, δ] → R defined by

ψ(r) = q

∫ r

0

e−b s/ads, r ∈ [0, δ],

where q = a(1 − e−bδ/a)/b. As it is immediately seen, Bψ = 0, ψ(0) = 0 and
ψ(δ) = 1. A straightforward computation shows that g(t, ·) = R(t)(1l−ψ)+ψ
for any t > 0. Since the function t 7→ R(t)(1l − ψ) is analytic in (0,+∞)
with values in D(Bn) for any n ∈ N (see Theorem B.2.2(iv)), we immediately
deduce that g is a C∞-smooth function in (0,+∞)× [0, δ]. To show that gr is
nonpositive in (0,+∞) × (0, δ) we begin by observing that, according to the
maximum principle, we have

0 ≤ g(t, ·) ≤ 1l, t > 0. (11.3.8)

Hence R(t)(1l − ψ) ≤ 1l − ψ for any t > 0. Moreover, from (11.3.8) we also
deduce that

g(t+ s, ·) = R(t+ s)(1l − ψ) + ψ

= R(t)R(s)(1l − ψ) + ψ

≤ R(t)(1l − ψ) + ψ = g(t, ·),

for any s, t > 0. Therefore, the function g(·, r) is decreasing for any r ∈ (0, δ).
This implies that gt(t, r) ≤ 0 for any t ∈ (0,+∞) and any r ∈ (0, δ). From
the differential equation solved by g, we now deduce that

agrr(t, r) + bgr(t, r) ≤ 0, t > 0, r ∈ (0, δ),

or, equivalently, that
d

dr

(
ebr/agr

)
≤ 0.
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Hence, the function r 7→ ebr/agr(t, r) is decreasing in (0, δ) for any t > 0. Since
g(t, δ) = 1 and 0 ≤ g ≤ 1l, we deduce that gr(t, δ) ≥ 0 and, consequently,
gr(t, ·) ≥ 0 for any t > 0.

Now, since

grr =
1

a
(gt − bgr),

by difference, we immediately deduce that grr ≤ 0 in (0,+∞) × (0, δ).
To conclude the proof, let us check (11.3.7). For this purpose, we observe

that since {R(t)} is an analytic semigroup, for any T > 0 there exists a

positive constant C̃ = C̃(T ) such that

||agrr(t, ·) + bgr(t, ·)||∞ ≤
C̃

t
, t ∈ (0, T ). (11.3.9)

Now, since C1([0, δ]) belongs to the class J1/2 between C([0, δ]) and C2([0, δ])
(see Proposition A.4.4), then there exists a positive constant C such that

||v||C1([0,δ]) ≤ C||v||
1

2

∞

(
||v||

1

2

C1([0,δ]) + ||v′′||
1

2

∞

)

≤
C

2ε
||v||∞ + Cε||v||C1([0,δ]) + Cε||v′′||∞, (11.3.10)

for any v ∈ C2([0, δ]) and any ε > 0. Now, choosing Cε < 1 we deduce that

||v||C1([0,δ]) ≤ C(ε)||v||∞ +
Cε

1 − Cε
||v′′||∞, (11.3.11)

for some positive constant C(ε), blowing up as ε tends to 0+. Hence, from
(11.3.9) and (11.3.11), we deduce that

||grr(t, ·)||∞ ≤ C1

(
1

t
+ ||gr(t, ·)||∞

)
≤
C2(ε)

t
+

Cε

1 − Cε
||grr(t, ·)||∞,

for any t ∈ (0, T ), any T > 0 and some positive constants C1 and C2, inde-
pendent of t ∈ (0, T ). Hence, up to replacing ε with a smaller constant, we

finally obtain that, for any T > 0, there exists a positive constant C̃ = C̃(T )
such that

||grr(t, ·)||∞ ≤
C2

t
, t ∈ (0, T ).

Now, from the first part of (11.3.10) and (11.3.11), we get

||gr(t, ·)||∞ ≤ C||g(t, ·)||
1

2

∞||grr(t, ·)||
1

2

∞ ≤ C||grr(t, ·)||
1

2

∞, t > 0,

where C is independent of t > 0, and we immediately get (11.3.7). This finishes
the proof.

Taking advantage of Lemma 11.3.5, we can prove the following a priori

gradient estimates on the boundary of Ω.
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Proposition 11.3.6 Assume that Hypotheses 11.1.1 and the estimate (11.3.3)
are satisfied. Then, there exists a positive constant C0 depending on κ0,M, δ, T
and the sup-norm of the diffusion coefficients qij (i, j = 1, . . . , N) such that

any bounded classical solution u of (11.0.1), differentiable with respect to the

space variables in (0, T ) × Ω, satisfies the estimate

|Du(t, ξ)| ≤
C0√
t
||f ||∞, t ∈ (0, T ), ξ ∈ ∂Ω. (11.3.12)

Proof. For any x ∈ Ωδ (see (11.1.3)) let ξ(x) be the unique point on ∂Ω
satisfying |x− ξ(x)| = d(x). Then, we can write

x = ξ(x) − d(x)ν(ξ(x)),

where ν(ξ) is the outer unit normal to ∂Ω at ξ. Moreover, Dd(x) = −ν(ξ(x))
for any x ∈ Ωδ. To proceed, we observe that, since u = 0 on ∂Ω,

|Du(t, ξ)| =

∣∣∣∣
∂u

∂ν
(t, ξ)

∣∣∣∣ , t > 0, ξ ∈ ∂Ω.

Hence, in order to prove the claim it is enough to show that

(T (t)1l)(x) ≤
C0√
t
d(x), t ∈ (0, T ), x ∈ Ωδ, (11.3.13)

for some C0 as in the statement of the proposition, where {T (t)} is the semi-
group defined in Corollary 11.2.2. Indeed, once (11.3.13) is proved, using the
fact that the semigroup is order preserving, for any f ∈ Cb(Ω), any ξ ∈ ∂Ω
and x = ξ + d(x)ν(ξ), we can write

|(T (t)f)(x) − (T (t)f)(ξ)| = |(T (t)f)(x)| ≤ ||f ||∞(T (t)1l)(x) ≤
C0√
t
d(x)||f ||∞,

(11.3.14)

and (11.3.12) easily follows dividing both the first and the last side of (11.3.14)
by d and letting x go to ξ.

To prove (11.3.13) we use a comparison argument. For this purpose, let
z : (0, T )× Ωδ → R be the function defined by

z(t, x) = g(t, d(x)), t > 0, x ∈ Ωδ,

g : [0,+∞) × [0, δ] → R being the solution to the problem (11.3.6), where we
take a = κ0 and b = M0 := supx∈Ω(A−c)d (which is finite, since the diffusion
coefficients are bounded and the drift b satisfies (11.3.3)). By (11.3.7) we know
that

|z(t, x)| = g(t, d(x)) ≤
C
√
t
d(x), t > 0, x ∈ Ωδ,
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for some constant C depending on the same quantities as in the statement of
the proposition. Thus, to prove (11.3.13) we have only to show that

(T (t)1l)(x) ≤ z(t, x), t > 0, x ∈ Ωδ. (11.3.15)

Let us consider the function v = z − T (·)1l in (0,+∞) × Ωδ. In view of
the assumptions on Ω, the function d is in C2(Ωδ) and, consequently, v ∈
C1,2((0,+∞) × Ωδ), it is continuous in [0,+∞)× Ωδ \ ({0} × ∂Ωδ), bounded
in (0,+∞) × Ωδ, and nonnegative in (0,+∞) × ∂Ωδ ∪ ({0} × Ωδ). Moreover,

Dtv −Av =

(
κ0 −

N∑

i,j=1

qijDidDjd

)
grr(·, d(·))

+(M0 −Ad+ c d)gr(·, d(·)) − c g(·, d(·)) ≥ 0,

since g, gr,−grr are nonnegative. The maximum principle in Proposition 11.1.3
now yields (11.3.15) and it concludes the proof.

The following proposition provides us an a priori estimate of Du.

Proposition 11.3.7 Let Hypotheses 11.1.1 and 11.3.1, but estimate (11.3.5),
be satisfied. Then, for any T > 0, there exists a positive constant C, depending

on κ0, k, s, β, T and ||DQ||∞, such that

||Du(t, ·)||∞ ≤
C
√
t
||f ||∞, t ∈ (0, T ), (11.3.16)

for any bounded classical solution u of (11.0.1) such that

(i) Du belongs to C1,2((0,+∞) × Ω);

(ii)
√
t |Du| is continuous in [0,+∞)×Ω\ ({0}×∂Ω), bounded in (0, T )×Ω

for any T > 0 and it satisfies

lim
t→0+

√
t|Du(t, x)| = 0, x ∈ Ω,

as well as the gradient estimate (11.3.12).

Proof. Changing c to c − 1 (hence u to e−tu) we may assume that |Dc| ≤
−βc (see (11.3.4)). To get (11.3.16) we apply the Bernstein method. For this
purpose, we define the function

v(t, x) = |u(t, x)|2 + a t |Du(t, x)|2, t > 0, x ∈ Ω,

where the constant a > 0 will be chosen later. Due to assumptions (i) and (ii),
v belongs to C1,2((0,+∞)×Ω), it is continuous in [0,+∞)×Ω \ ({0}× ∂Ω),
bounded in (0,+∞) × Ω and v(0, ·) = f2. We claim that we can fix a > 0,
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depending only on κ0, h, k, s, β, T and ||DQ||∞ (which is finite, since qij ∈
C1

b (Ω) for any i, j = 1, . . . , N), such that

Dtv(t, x) −Av(t, x) ≤ 0, t ∈ (0, T ), x ∈ Ω. (11.3.17)

Proposition 11.1.3 and estimate (11.3.12) will imply that

v(t, x) ≤ ||f ||∞ + sup
(t,ξ)∈(0,T )×∂Ω

at |Du(t, ξ)|2 ≤ (1 + aC2
0 )||f ||2∞,

for any t ∈ (0, T ) and any x ∈ Ω. Therefore, the estimate (11.3.16) will follow
with C = (C2

0 + a−1)1/2.
To prove (11.3.17) we observe that v satisfies the equation

Dtv −Av = a|Du|2 − 2

N∑

i,j=1

qij DiuDju+ g1 + g2,

where

g1 = a t

(
2

N∑

i,j=1

Dibj DiuDju+ 2u

N∑

j=1

DjcDju+ c|Du|2
)

+ cu2,

g2 = 2 a t

(
N∑

i,j,h=1

DhqijDhuDiju−
N∑

i,j,h=1

qijDihuDjhu

)
.

Using Hypothesis 11.3.1 and the inequality 2ab ≤ εa2 + ε−1b2, which holds
for any a, b, ε > 0, and recalling that c ≤ 0, we can easily show that, for any
ε > 0,

Dtv −Av ≤ c

(
1 −

aβ

ε
t

)
u2

+

{
a− 2κ0 + at

[
2k − (2s− 1)c+

||DQ||∞
ε

− βεc

]}
|Du|2

+(ε||DQ||∞ − 2κ0)at |D
2u|2. (11.3.18)

Recalling that 2s < 1 and choosing ε < min{2κ0||DQ||∞, (1 − 2s)β−1}, from
(11.3.18) we get

Dtv −Av ≤ c

(
1 −

aβ

ε
T

)
u2 +

{
a− 2κ0 + aT

[
2k +

||DQ||∞
ε

]}
|Du|2.

Now, taking a small enough, we get immediately (11.3.17).
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11.3.2 An auxiliary problem

As a second step, in order to prove Theorem 11.3.4, in this subsection we
introduce an auxiliary problem set in Lp-spaces. We still consider an elliptic
operator A of the type (11.0.2), but we assume that its coefficients satisfy the
following set of hypotheses.

Hypotheses 11.3.8 (i) the coefficients qij , bj (i, j = 1, . . . , N) and c sat-
isfy Hypotheses 11.1.1(ii) and 11.1.1(iv);

(ii) there exist 0 < σ <
√

2κ0 and β > 0 such that

c(x) ≤ −1, |Dc(x)| ≤ β|c(x)|, |b(x)| ≤ σ|c(x)|
1

2 , x ∈ Ω.

We are going to show that, under the previous hypotheses, the operator A
generates an analytic semigroup in Lp(Ω), for any p ≥ 2. For this purpose we
adapt the ideas of [26, 27, 119], where the case Ω = RN is considered.

We introduce the space Dp defined by

Dp = {u ∈ W 2,p(Ω) ∩W 1,p
0 (Ω) : c u ∈ Lp(Ω)},

and we endow it with the norm

||u||Dp
= ||u||W 2,p(Ω) + ||c u||Lp(Ω), u ∈ Dp. (11.3.19)

As it is immediately seen, Dp is a Banach space when it is endowed with the
norm in (11.3.19). Moreover, we consider the dense subspace D of Dp defined
as follows:

D = {u ∈ C∞(Ω) : u∣∣∂Ω
= 0, suppu ⊂⊂ Ω}.

Finally, we denote by A0 the operator defined on smooth functions by

A0ϕ =
N∑

i,j=1

qijDijϕ,

and by Ap the realization of the operator A in D, defined by Apu = Au for
any u ∈ D.

In what follows to shorten the notation we denote by || · ||p and || · ||j,p
(j = 1, 2) the usual norms of Lp(Ω) and W j,p(Ω), respectively.

Lemma 11.3.9 For any p ≥ 2 there exists a positive constant C, depending

on N, p, β,R and the coefficients qij (i, j = 1, . . . , N), such that

|||c|1/2Du||p ≤ ε||A0u||p + Cε−1(||u||p + ||cu||p), (11.3.20)

for any 0 < ε < R and any u ∈ D.
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Proof. Fix u ∈ D. Integrating by parts and using the fact that u = 0 on
∂Ω and p ≥ 2 we obtain

∫

Ω

|c|
p

2 |Du|pdx =

∫

Ω

|c|
p

2 |Du|p−2|Du|2dx

=
p

2

∫

Ω

|c|
p
2
−1〈Dc,Du〉|Du|p−2udx

−(p− 2)

∫

Ω

|c|
p
2 u|Du|p−4

N∑

i,j=1

D2
ijuDiuDjudx

−

∫

Ω

|c|
p

2 u|Du|p−2∆u dx.

Using the Hölder inequality, and observing that, by Hypothesis (11.3.8)(ii),

|Dc| ≤ β|c| ≤ β|c|
3

2 , we get
∫

Ω

|c|
p

2 |Du|pdx

≤
βp

2

∫

Ω

|u||Du|p−1|c|
p−1

2 |c|dx

+(p− 2 +
√
N)

∫

Ω

|c|
p
2
−1|Du|p−2|c||u||D2u|dx

≤
βp

2

(∫

Ω

|c|
p

2 |Du|pdx

)1− 1

p
(∫

Ω

|c|p|u|pdx

) 1

p

+(p− 2 +
√
N)

(∫

Ω

|c|
p

2 |Du|pdx

)1− 2

p
(∫

Ω

|c|p|u|pdx

) 1

p
(∫

Ω

|D2u|pdx

) 1

p

,

or, equivalently,

|||c|
1

2Du||2p ≤
βp

2
||c u||p|||c|

1

2Du||p + (p− 2 +
√
N)||c u||p||D

2u||p.

It follows that

|||c|
1

2Du||p ≤
βp

2
||c u||p +

√
p− 2 +

√
N ||c u||

1

2

p ||D
2u||

1

2

p

≤ Cε−1||c u||p + ε||D2u||p,

for any ε ∈ (0, 1), with C depending on β, p, and the statement follows with
||D2u||p instead of ||A0u||p. To complete the proof it suffices to observe that

||D2u||p ≤ C(||u||p + ||A0u||p), (11.3.21)

for some positive constant C, independent of u (see [66, Lemma 9.17]).
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In what follows to simplify the notation we set

q(ξ, η) =

N∑

i,j=1

qijξiηj , ξ, η ∈ R
N . (11.3.22)

Moreover, we introduce the function b′ : RN → R defined by

b′i(x) = bi(x) −
N∑

j=1

Djqij(x), x ∈ Ω.

From Hypotheses 11.3.8 we obtain that

|b′(x)| ≤ σ|c(x)|
1

2 +K, (11.3.23)

for a positive constant K depending only on the sup-norm of the gradient of
the diffusion coefficients.

Proposition 11.3.10 For any p ≥ 2 there exist two constants λ0 and λ1

such that

(λ − λ0)||u||p ≤ ||λu −Apu||p, λ > λ0, (11.3.24)

C1||u||Dp
≤ ||λu −Apu||p ≤ C2||u||Dp

, λ > λ1, (11.3.25)

for any u ∈ D and some positive constants C1, C2 depending only on λ, N , p,
β, σ, κ0 and the sup-norm of the coefficients qij (i, j = 1, . . . , N).

Proof. To shorten the notation, we denote by C any positive constant
depending at most on λ,N, p, β, σ and the coefficients qij (i, j = 1, . . . , N),
which may vary from line to line.

To prove (11.3.24) we multiply the identity f = λu − Apu by u|u|p−2 and
integrate by parts over Ω. We get

∫

Ω

(λ− c)|u|pdx+ (p− 1)

∫

Ω

|u|p−2q(Du,Du)dx

=

∫

Ω

u|u|p−2fdx+

∫

Ω

u|u|p−2 〈b′, Du〉dx. (11.3.26)

Using (11.3.23), the Cauchy-Schwarz and Young inequalities we deduce that

∫

Ω

u|u|p−2 〈b′, Du〉dx ≤ σ

∫

Ω

|c|
1

2 |u|p−1|Du|dx+K

∫

Ω

|u|p−1|Du|dx

≤ σ

(∫

Ω

|c||u|pdx

) 1

2

(∫

Ω

|u|p−2|Du|2dx

) 1

2
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+K

(∫

Ω

|u|p−2|Du|2dx

) 1

2

(∫

Ω

|u|pdx

) 1

2

≤
1

2

∫

Ω

|c||u|pdx+
σ2

2

∫

Ω

|u|p−2|Du|2dx

+ε

∫

Ω

|u|p−2|Du|2dx+
K2

4ε

∫

Ω

|u|pdx. (11.3.27)

Combining (11.3.26) and (11.3.27) gives

(
λ−

K2

4ε

)∫

Ω

|u|pdx+
1

2

∫

Ω

|c||u|pdx

+

(
(p− 1)κ0 −

σ2

2
− ε

)∫

Ω

|u|p−2|Du|2dx

≤

(∫

Ω

|f |pdx

) 1

p
(∫

Ω

|u|pdx

)1− 1

p

. (11.3.28)

Since 0 < σ <
√

2κ0, p ≥ 2 and c ≤ −1, we can fix ε sufficiently small and,
then, take λ > λ0 := K2/(4ε) to make all the terms in the left-hand side of
(11.3.28) nonnegative. The estimate (11.3.24) now easily follows.

Let us now show the first inequality in (11.3.25). We begin by estimating
c u. For this purpose, we multiply the identity λu−Apu = f by |c|p−1u|u|p−2

and integrate by parts over Ω. Taking (11.1.1) into account, we obtain

∫

Ω

(λ|c|p−1 + |c|p)|u|pdx+ κ0(p− 1)

∫

Ω

|c|p−1|u|p−2|Du|2dx

≤

∫

Ω

(λ|c|p−1 + |c|p)|u|pdx+ (p− 1)

∫

Ω

|c|p−1|u|p−2q(Du,Du)dx

= (p− 1)

∫

Ω

|c|p−2u|u|p−2q(Du,Dc)dx +

∫

Ω

|c|p−1u|u|p−2〈b′, Du〉dx

+

∫

Ω

|c|p−1u|u|p−2fdx. (11.3.29)

Let us estimate the last side of (11.3.29). Arguing as in the proof of (11.3.27),
we get

∣∣∣∣

∫

Ω

|c|p−1u|u|p−2〈b′, Du〉dx

∣∣∣∣

≤

(
σ2

2
+ ε

)∫

Ω

∣∣c|p−1|u|p−2|Du|2dx+
1

2

∫

Ω

|c|p|u|pdx+
K2

4ε

∫

Ω

|c|p−1|u|pdx,

(11.3.30)



11.3. Gradient estimates 319

for any ε > 0. Similarly, using Hypothesis 11.3.8(ii), we get

∫

Ω

|c|p−2|u|p−1|q(Du,Dc)|dx

≤ ||Q||∞

∫

Ω

|c|p−2|Dc||u|p−1|Du|dx

≤ ||Q||∞β

(∫

Ω

|c|p−1|u|p−2|Du|2dx

) 1

2

(∫

Ω

|c|p−1|u|pdx

) 1

2

≤ ε

∫

Ω

|c|p−1|u|p−2|Du|2dx+
||Q||2∞β

2

4ε

∫

Ω

|c|p−1|u|pdx. (11.3.31)

Summing up, from (11.3.29)-(11.3.31) we get

(
λ−

K2

4ε
− (p− 1)

||Q||2∞β
2

4ε

)∫

Ω

|c|p−1|u|pdx +
1

2

∫

Ω

|c|p|u|pdx

+

(
(p− 1)(κ0 − ε) −

σ2

2
− ε

)∫

Ω

|c|p−1|u|p−2|Du|2dx

≤

(∫

Ω

|f |pdx

) 1

p
(∫

Ω

|c|p|u|pdx

)1− 1

p

.

Hence, choosing ε sufficiently small and, then,

λ > λ1 :=
K2 + (p− 1)||Q||2∞β

2

4ε
,

we get
||c u||p ≤ 2||f ||p. (11.3.32)

We now use Lemma 11.3.9 with ε = (2σ)−1 to estimate the second-order
derivatives of u. We have

||〈b,Du〉||p ≤ σ|||c|
1

2Du||p

≤
1

2
||A0u||p + 2σ2C||u||p + 2σ2C||cu||p

≤
1

2
||f ||p +

1

2
||〈b,Du〉||p +

(
1

2
+ 2σ2C

)
||cu||p +

(
λ

2
+ 2σ2C

)
||u||p.

Hence, taking (11.3.24) and (11.3.32) into account, we get ||〈b,Du〉||p ≤ C||f ||p
and, then, by difference, ||A0u||p ≤ C||f ||p. From (11.3.21) we get ||D2u||p ≤
C||f ||p. Moreover, since c ≤ −1, from (11.3.20) we deduce that

||Du||p ≤ C||f ||p.

Now, the first inequality in (11.3.25) follows.



320 Chapter 11. The Cauchy-Dirichlet problem

To prove the other estimate in (11.3.25) it suffices to show that

||〈b,Du〉||p ≤ C||u||Dp
, (11.3.33)

for any u ∈ D, and this can easily be done, taking (11.3.20), with ε = 1, and
Hypothesis (11.3.8)(ii) into account.

Remark 11.3.11 The estimate (11.3.33) and the density of D in Dp show
that the operator Ap is well defined in Dp. We still denote by Ap the oper-
ator so extended to Dp. Of course, such an operator satisfies all the results
in Proposition 11.3.10. In particular, by (11.3.25), the graph norm of Ap is
equivalent to the norm of Dp.

Proposition 11.3.12 For any p ∈ [2,+∞), (Ap, Dp) generates a strongly

continuous analytic semigroup {S(t)} in Lp(Ω).

Proof. Without loss of generality, we replace A with the operator Bp =
Ap − kI, defined in D(Bp) = Dp, where k ≥ 1 is a suitable positive constant
to be fixed.

We split the proof into two steps. First we prove thatBp generates a strongly
continuous semigroup in Lp(Ω) and then, in Step 2, we show that such a
semigroup is analytic.

Step 1. To begin with, we fix σ′ ∈ (σ,
√

2κ0) and k > 0 sufficiently large
such that

|b′(x)| ≤ σ′|c′(x)|
1

2 , x ∈ Ω, (11.3.34)

where c′ = c − k. Since now we can take K = 0 in (11.3.23), the estimate
(11.3.28) implies that Bp is dissipative in Lp(Ω).

Let us show λ−Bp is surjective for some λ > 0. The Lumer-Phillips theorem
(see Theorem B.1.7), then, will imply that Bp is the generator of a strongly
continuous semigroup of contractions. For this purpose, for any ε > 0, we set

bε =
b

√
1 − εc

, c′ε =
c

1 − εc
− k. (11.3.35)

As it is immediately seen, bε and cε satisfy Hypothesis 11.3.8, uniformly with
respect to ε > 0 with the same constants σ and β, provided that k > 1.
Since bε and cε are bounded, the realization Bε,p of the operator Bε = A0 +

〈bε, D〉 + c′ε in Lp(Ω), with domain D(Bε,p) = W 2,p(Ω) ∩W 1,p
0 (Ω), generates

an analytic semigroup (see Theorem C.3.6(ii)). Moreover, (11.3.24) implies
that there exists λ0 such that

(λ− λ0)||u||p ≤ ||λu −Bε,pu||p, u ∈ D(Bε,p), λ > λ0,

for any ε > 0. Since D(Bε,p) is dense in Lp(Ω), applying the Lumer-Phillips
theorem to the operator Bε,p − λ0I, we easily deduce that the resolvent of
Bε,p contains the half-line (λ0,+∞) for any ε ∈ (0, 1).



11.3. Gradient estimates 321

Now, given f ∈ Lp(Ω), let uε ∈ W 2,p(Ω) ∩ W 1,p
0 (Ω) be such that (2λ0 −

Bε,p)uε = f . According to Proposition 11.3.10 we know that

||uε||2,p + ||cεuε||p ≤ C||f ||p,

for some positive constant C, independent of ε. By a weak compactness ar-
gument, we can determine a sequence {εn} converging to 0 such that uεn

tends weakly to a function u in W 2,p(Ω)∩W 1,p
0 (Ω). Moreover, we can assume

that uεn
tends to u both strongly in W 1,p

loc (Ω) and a.e. in Ω. Applying Fatou’s
lemma, we easily see that ||cu||p ≤ C||f ||p. Hence, u ∈ D(Bp). Similarly, it is
easy to check that u solves the differential equation λu−Bpu = f . Therefore,
the operator 2λ0 −Bp is surjective, and the Lumer-Phillips theorem applies.

Step 2. We now prove that the semigroup {R(t)} generated by Bp is ana-
lytic. For this purpose, we fix u ∈ D and set u∗ := u|u|p−2. An integration by
parts shows that

−Re

∫

Ω

u∗Bpu dx = Re

∫

Ω

(
p

2
|u|p−2q(Du,Du)+

p− 2

2
u2|u|p−4q(Du,Du)

)
dx

−Re

∫

Ω

u|u|p−2 〈b′, Du〉 dx−

∫

Ω

c′|u|pdx, (11.3.36)

where q is given by (11.3.22). Since

Re (|u|2q(Du,Du)) = q(Re(uDu),Re(uDu)) + q(Im(uDu), Im(uDu))
(11.3.37)

and

Re (u2q(Du,Du)) = q(Re(uDu),Re(uDu)) − q(Im(uDu), Im(uDu)),
(11.3.38)

from (11.3.36)-(11.3.38) we easily deduce that

−Re

∫

Ω

u∗Bpudx = (p− 1)

∫

Ω

|u|p−4q(Re(uDu),Re(uDu))dx

+

∫

Ω

|u|p−4q(Im(uDu), Im(uDu))dx

−

∫

Ω

|u|p−2 〈b′,Re(uDu)〉dx−

∫

Ω

c′|u|pdx. (11.3.39)

The condition (11.3.34) and the Hölder inequality imply that

∣∣∣∣

∫

Ω

|u|p−2 〈b′,Re(uDu)〉dx

∣∣∣∣

≤ σ′

∫

Ω

|c′|
1

2 |Re(uDu)||u|p−2dx
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≤ σ′

(∫

Ω

|c′||u|pdx

) 1

2

(∫

Ω

|u|p−4|Re(uDu)|2dx

) 1

2

≤
σ′

√
κ0

(∫

Ω

|c′||u|pdx

) 1

2

(∫

Ω

|u|p−4q(Re(uDu),Re(uDu))dx

) 1

2

. (11.3.40)

If we set

F 2 :=

∫

Ω

|u|p−4q(Re(uDu),Re(uDu))dx,

G2 :=

∫

Ω

|u|p−4q(Im(uDu), Im(uDu))dx,

H2 :=

∫

Ω

|c′||u|pdx,

from (11.3.39) and (11.3.40) we get

−Re

∫

Ω

u∗Bpu dx ≥

(
p− 1 −

(σ′)2

2κ0

)
F 2 +G2 +

1

2
H2. (11.3.41)

Now, we consider the imaginary part of
∫
Ω
u∗Bpudx. Integrating by parts,

we can easily show that

Im

∫

Ω

u∗Bpu dx = −Im

∫

Ω

(
p

2
|u|p−2q(Du,Du)+

p− 2

2
u2|u|p−4q(Du,Du)

)
dx

+Im

∫

Ω

u|u|p−2 〈b′, Du〉 dx. (11.3.42)

Since Im(q(Du,Du)) = 0 and Im(q(uDu, uDu)) = 2q(Re(uDu), Im(uDu)),
we get

Im

∫

Ω

u∗Bpu dx = (p− 2)

∫

Ω

|u|p−4q(Re(uDu), Im(uDu))dx

+Im

∫

Ω

u|u|p−2 〈b′, Du〉 dx. (11.3.43)

Using, first, the Cauchy-Schwarz inequality for the inner product induced by
the matrix Q and, then, the Hölder inequality, we can show that

∣∣∣∣
∫

Ω

|u|p−4q(Re(uDu), Im(uDu))dx

∣∣∣∣ ≤ F G,

whereas the other term in the right-hand side of (11.3.43) can be estimated
as in (11.3.40), replacing everywhere the real part of uDu with its imaginary
part. Summing up, we get

∣∣∣∣Im
∫

Ω

u∗Bpu dx

∣∣∣∣ ≤ (p− 2)FG+
σ′

√
κ0
GH. (11.3.44)



11.3. Gradient estimates 323

Combining (11.3.41) and (11.3.44), it follows that we can determine a positive
constant C such that

∣∣∣∣Im
∫

Ω

u∗Bpu dx

∣∣∣∣ ≤ C

(
−Re

∫

Ω

u∗Bpu dx

)
, (11.3.45)

for any u ∈ D. By density, (11.3.45) can be extended to any u ∈ D(Bp).
Formula (11.3.45) immediately implies that the numerical range r(Bp) of

Bp is contained in the sector {λ ∈ C : |Imλ| ≤ −C Reλ} so that, applying
Theorem A.3.6, we can complete the proof.

To conclude this subsection we show some regularity properties of the func-
tion S(·)f .

Proposition 11.3.13 Let p > N +1. Then, for any f ∈ C∞
c (Ω) the function

u = S(·)f is the bounded classical solution of the Cauchy-Dirichlet problem

(11.0.1). Moreover, u ∈ C1+α/2,2+α((0, T ) × (Ω ∩ B(R))) for any R > 0.
Further, Du ∈ Cb([0, T ] × Ω) ∩ C1+α/2,2+α((ε, T ) × Ω′) for any 0 < ε < T ,

any Ω′ ⊂⊂ Ω and any R > 0 and it belongs to C1+α/2,2+α((0, T )×(Ω∩B(R))).

Proof. Fix f ∈ C∞
c (Ω) ⊂ D(Ap). Since C∞

c (Ω) is dense in Lp(Ω), according
to Proposition 11.3.10 and Remark B.2.6, the function t 7→ S(t)f is continuous
in [0,+∞) with values in W 2,p(Ω). Since p > N + 1, the Sobolev embedding
theorems (see [2, Theorem 5.4]) and Remark B.2.6 imply that both u and Du
are bounded and continuous in [0, T ]×Ω for any T > 0. To conclude that u is
a classical solution to (11.0.1), we have to show that u ∈ C1,2((0,+∞) × Ω).
Since {S(t)} is analytic, the function u is continuously differentiable in [0,+∞)
with values in W 2,p(Ω) (see again Remark B.2.6). The Sobolev embedding
theorems yield Dtu ∈ C([0,+∞);Cb(Ω)).

Now, fix ε ∈ (0, T ) and set

τ = sup
ε≤t≤T

(
||u(t, ·)||W 2,p(Ω) + ||Dtu(t, ·)||W 2,p(Ω)

)
. (11.3.46)

Since u(t, ·) ∈ D(An
p ) for any t ∈ [ε, T ] and any n ∈ N, the function Apu(t, ·)

belongs to W 2,p(Ω). Observing that

Tr(QD2u(t, ·)) = Apu(t, ·) − 〈b,Du(t, ·)〉 − cu(t, ·)

= Dtu(t, ·) − 〈b,Du(t, ·)〉 − cu(t, ·), t ∈ (ε, T ],

and u(t, ·) ∈W 2,p(Ω), by difference, we deduce that Tr(QD2u(t, ·)) ∈W 1,p
loc (Ω).

By local regularity results for elliptic equations in Lp-spaces, we deduce that
u(t, ·) ∈ W 3,p

loc (Ω) for any t ∈ [ε, T ] (see Theorem C.1.1). Moreover, since the
coefficients of the operator A are locally bounded in Ω, from (11.3.46) we
deduce that, for any pair of bounded open sets Ω1 ⊂⊂ Ω2 ⊂⊂ Ω, it holds that

||u(t, ·)||W 3,p(Ω1) ≤ C1

(
||Apu(t, ·)−〈b,Du(t, ·)〉 − cu(t, ·)||W 1,p(Ω2) + ||u||Lp(Ω2)

)

≤ C2τ, (11.3.47)
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for some positive constants C1 = C1(Ω1,Ω2) and C2 = C2(Ω1,Ω2) and any
t ∈ [ε, T ]. We have thus proved that D2u(t, ·) ∈ W 1,p(Ω1) for any t ∈ [ε, T ].
Since p > N + 1, the Sobolev embedding theorems imply that D2u(t, ·) ∈
Cθ(Ω1) for some θ ∈ (0, 1) and, by virtue of (11.3.47),

sup
ε≤t≤T

||D2u(t, ·)||Cθ(Ω1) < +∞. (11.3.48)

Now, without loss of generality, we assume that Ω1 has a smooth boundary.
Therefore, applying Proposition A.4.6 with X = C(Ω1), Y = C2+θ(Ω1), Z =
C2(Ω1), I = [ε, T ] and θ = 0 (and taking Proposition A.4.4 into account), we
immediately deduce that D2u ∈ C([ε, T ] × Ω1) and the arbitrariness of ε, T
and Ω1 implies that D2u ∈ C((0,+∞) × Ω). We have so proved that u is a
classical solution to the problem (11.0.1).

The last part of the assertion follows from Proposition 11.1.3 and Theorem
11.2.1. This finishes the proof.

11.3.3 Proof of Theorem 11.3.4

To prove that the bounded classical solution to the Cauchy-Dirichlet problem
(11.0.1) satisfies the gradient estimate (11.0.3) we use an approximation ar-
gument. First we prove the assertion in the case when f ∈ C∞

c (Ω) and, then,
in the general case.

Step 1. Let f ∈ C∞
c (Ω). For any ε ∈ (0, 1), let cε : R

N → R be defined by

cε(x) = −ε exp
(
4d2

√
1 + |x|2

)
, x ∈ R

N .

Taking (11.3.5) into account, it can be easily shown that for any σ > 0 there
exists Cσ,ε > 0 such that

|b| ≤ σ|cε + c|1/2 + Cσ,ε. (11.3.49)

Moreover, using (11.3.4), we get

|D(cε + c)| ≤ β0(1 − cε − c), (11.3.50)

where β0 := max(β, 4d2), β and d2 being given by (11.3.4) and (11.3.5).
Let Aε = A + cε − k. Taking (11.3.49) and (11.3.50) into account, one can

check that, if k is sufficiently large, the operator Aε satisfies Hypotheses 11.3.8
with β, σ being replaced by β0 and some σ′ ∈ (σ0,

√
2κ0). Hence, it generates

an analytic semigroup {Sε(t)} in Lp(Ω) for any p ≥ 2. By Proposition 11.3.13
we know that if p > N + 1, the function uε = Sε(·)f is the bounded classical
solution to the problem (11.0.1), where we replace A with the operator Aε.
Moreover, Duε is bounded and continuous in [0, T ]×Ω, for any T > 0, and it
belongs to C1,2((0,+∞)×Ω). Hence, uε satisfies the assumptions of Proposi-
tion 11.3.7. Since the coefficients of the operator Aε satisfy Hypotheses 11.3.1
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with constants being independent of ε ∈ (0, 1) (see (11.3.49) and (11.3.50)),
we can find out a positive constant C = C(T ), independent of ε, such that

||Duε(t, ·)||∞ ≤
C
√
t
||f ||∞, t ∈ (0, T ). (11.3.51)

Since, for any α ∈ (0, 1), the Cα-norms of the coefficients of the operator
Aε are bounded, in bounded subsets of Ω, uniformly with respect to ε, argu-
ing as in Step 1 of the proof of Theorem 11.2.1, we can show that, up to a
subsequence, uε converges to T (·)f in C1,2([0, T ]×(Ω∩B(R))), for any R > 0,
as ε tends to 0+. Moreover, letting ε go to 0+ in (11.3.51), we get

||DT (t)f ||∞ ≤
C
√
t
||f ||∞, t ∈ (0, T ), (11.3.52)

and the assertion follows in this case.

Step 2. Given a function f ∈ Cb(Ω), we approximate it by a sequence
{fn} ∈ C∞

c (Ω) of smooth functions converging to f uniformly on compact
subsets of Ω and such that ||fn||∞ ≤ ||f ||∞ for any n ∈ N. Arguing as in Step
2 of the proof of Theorem 11.2.1, we easily see that, up to a subsequence,
T (·)fn converges to T (·)f in C1,2(F ) for any compact set F ⊂ (0, T )×Ω and
any T > 0. By (11.3.52), we know that

||DT (t)fn||∞ ≤
C
√
t
||fn||∞ ≤

C
√
t
||f ||∞, t ∈ (0, T ).

Letting n go to +∞, we get the assertion.

11.3.4 A counterexample to the gradient estimates

In this subsection we show that the gradient estimate (11.0.3) fails, in gen-
eral, if Hypothesis 11.3.1 is not satisfied. The following result generalizes an
example in [144].

Example 11.3.14 Let us consider the following Cauchy-Dirichlet problem
in R2

+ = {(x, y) ∈ R2, x > 0}





Dtu(t, x, y) = ∆u(t, x, y) + g(y)Dxu(t, x, y), t > 0, (x, y) ∈ R2
+,

u(t, 0, y) = 0, t > 0, y ∈ R,

u(0, x, y) = 1, (x, y) ∈ R2
+,
(11.3.53)

where g(y) =
√

1 + y2 for any y ∈ R.
Observe that (11.3.3) fails. Indeed, in this situation d(x, y) = x and, conse-

quently, the condition (11.3.3) reads as
√

1 + y2 ≤M, (x, y) ∈ Ωδ = {(x, y) ∈ R
2 : x ∈ (0, δ)},
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which, of course, leads us to a contradiction, letting y go to ∞. However, The-
orem 11.2.1 guarantees that the problem (11.3.53) admits a unique bounded
classical solution u. Since Ω is convex, to prove that the gradient estimate
does not hold, it suffices to show that, for any t > 0, u(t, ·) is not uniformly
continuous in Ω. This can be done showing that, for any t, x > 0,

sup
y>0

u(t, x, y) = 1. (11.3.54)

Indeed, if u(t, ·) were uniformly continuous in R2
+, then, for any t > 0, the

function x 7→ wt(x) = supy>0 u(t, x, y) would be continuous in [0,+∞). Since
wt(0) = 0, we would get wt(x) < 1 for any x in a sufficiently small neighbor-
hood of x = 0, contradicting (11.3.54).

To prove (11.3.54), we fix n > 0 and take rn =
√
n2 − 1. Moreover, we

denote by v = vn the classical solution to the problem






Dtv(t, x, y) = ∆v(t, x, y) + nDxv(t, x, y), t > 0, (x, y) ∈ Rn,

v(t, x, y) = 0, t > 0, (x, y) ∈ ∂Rn,

v(0, x, y) = 1, (x, y) ∈ Rn,

where Rn = (0,+∞) × (rn,+∞). We are going to show that for any t, x > 0

(i) lim
n→+∞

sup
y>rn

vn(t, x, y) = 1; (ii) u(t, x, y) ≥ vn(t, x, y), n ∈ N.

(11.3.55)

Clearly (i) and (ii) give (11.3.54). Indeed, they give supy>0 u(t, x, y) ≥ 1l and
the maximum principle in Proposition 11.1.3 implies that u ≤ 1l.

Let us prove (11.3.55)(i). We look for the solution vn in the form vn(t, x, y) =
an(t, x)bn(t, y), with a = an and b = bn solving, respectively, the Cauchy
problems






Dta(t, x) = Dxxa(t, x) + nDxa(t, x), t > 0, x > 0,

a(t, 0) = 0, t > 0, x > 0,

a(0, x) = 1, x > 0

and






Dtb(t, y) = Dyyb(t, y), t > 0, y > rn,

b(t, rn) = 0, t > 0,

b(0, y) = 1, y > rn.

(11.3.56)

To obtain an explicit formula for an, we begin by observing that an(t, x) =
a1(n

2t, nx). Next, setting z(t, x) = ex/2et/4a1(t, x), we see that z solves the
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Cauchy problem






Dtz(t, x) = Dxxz(t, x), t > 0, x > 0,

z(t, 0) = 0, t > 0,

z(0, x) = e
x
2 , x > 0.

(11.3.57)

Due to the well known representation formulas for the solutions to (11.3.56)
and (11.3.57), we can write

an(t, x) =
e−

n2t
4

n
√

4πt

∫ +∞

0

(
e−

|nx−z|2

4n2t − e−
|nx+z|2

4n2t

)
e

z−nx
2 dz

=
1
√
π

∫ +∞

− x+nt

2
√

t

e−s2

ds−
e−nx

√
π

∫ +∞

x−nt

2
√

t

e−s2

ds, (11.3.58)

bn(t, y) =
1

√
πt

∫ y−rn

0

e−
z2

4t dz,

for any t, x > 0, any y > rn and any n ∈ N. Hence,

sup
y>rn

an(t, x, y) = an(t, x) sup
y>rn

bn(t, y) = an(t, x).

Letting n go to +∞, from (11.3.58) we immediately get (11.3.55).
To prove (11.3.55)(ii) we use the maximum principle in Proposition 11.1.3.

Set w = u−vn in (0,+∞)×Rn. We have w = 0 in {0}×Rn. Moreover, w ≥ 0
in (0,+∞)× ∂Rn. Indeed, the quoted maximum principle implies that u ≥ 0
in (0,+∞)×Ω. To conclude that u ≥ vn in (0,+∞)×R2

+, it suffices to show
that

Dtw(t, x, y) ≥ ∆w(t, x, y) + g(y)Dxw(t, x, y), t > 0, (x, y) ∈ Rn.
(11.3.59)

For this purpose we observe that

Dtw(t, x, y) = ∆w(t, x, y) + g(y)Dxw(t, x, y) + [g(y) − n]Dxan(t, x)bn(t, y),

for any t > 0 and any (x, y) ∈ Rn. From (11.3.58) we easily deduce that an(t, ·)
is increasing in (0,+∞). Therefore, since

√
1 + y2 ≥ n for any y ∈ (rn,+∞),

it follows that [g(·) − n]Dxanbn ≥ 0 in (0,+∞) ×Rn and (11.3.59) follows.

Remark 11.3.15 We remark that, if we take g(y) = −
√

1 + y2 in (11.3.53),
then Hypotheses 11.1.1 and 11.3.1 are satisfied. Therefore, the gradient esti-
mate (11.0.3) holds. This shows that (11.3.2)-(11.3.5) are not merely condi-
tions on the growth rate at infinity of the coefficients.
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Remark 11.3.16 As it has been claimed in the introduction of this chapter,
as far as we know, uniform estimates for higher order derivatives of the func-
tion T (t)f seem to be not available in a general domain Ω. This prevents us
to perform the same techniques as in Chapter 6 to prove optimal Schauder
estimates for both the nonhomogeneous elliptic problem with Dirichlet bound-
ary conditions and the nonhomogeneous Cauchy-Dirichlet problem associated
with the operator A.

The situation is different when Ω is an exterior domain. Indeed, very re-
cently, estimates for the higher-order derivatives of the function T (t)f have
been proved in [71].

We remark that in the particular case when Ω is the halfspace Ω = {x ∈
RN : 〈x, v〉 > 0} (v being an unitary vector in RN ) and A is the operator
defined by

Au(x) = ∆u(x) +
N∑

i,j=1

bijxjDiu(x), x ∈ Ω,

where B = (bij) is a matrix such that v is an eigenvector of both B and B∗,
optimal Schauder estimates for the elliptic problem

{
λu(x) −Au(x) = f(x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,
(11.3.60)

(λ ≥ 0), are available and they have been proved by E. Priola in [127]. To state
them, we need to introduce some notation. We denote by Λ any orthogonal
matrix such that Λ(Ω) := RN

+ = {x = (x1, . . . , xN ) ∈ RN : x1 > 0}. Moreover

we set B̃ = ΛBΛ∗ and we denote by B̃1 ∈ L(RN−1) the matrix obtained from

B̃ by erasing the first line and the first row.
Assuming that f ∈ Cα

b (RN
+ ) for some α ∈ (0, 1), E. Priola shows that, for

any λ ≥ 0, the problem (11.3.60) admits a unique solution u ∈ C2+α
b (RN

+ ) if
and only if

[[f ]] := sup
t>0

y∈RN−1

t−
α
2 |f(Λ−1(0, et eB1y)) − f(Λ−1(0, y))| < +∞.

In such a case, there exists a positive constant C, independent of f , such that

||u||C2+α

b
(Ω) ≤ C([[f ]] + ||f ||Cα

b
(RN )).

This result shows that, differently from what happens when Ω = RN , when
we have Dirichlet boundary conditions on ∂Ω (and Ω is not an exterior do-
main), we cannot expect, in general, to prove optimal Schauder estimates for
the solution to the elliptic equation in Ω, only assuming that the data are
Hölder continuous in Ω: we need to assume some additional conditions on
them.



Chapter 12

The Cauchy-Neumann problem: the

convex case

12.0 Introduction

Let Ω be a smooth convex unbounded domain in RN . In this chapter we
consider both the parabolic problem with homogeneous Neumann boundary
conditions






Dtu(t, x) −Au(t, x) = 0, t > 0, x ∈ Ω,

∂u

∂ν
(t, x) = 0, t > 0, x ∈ ∂Ω,

u(0, x) = f(x), x ∈ Ω

(12.0.1)

and the elliptic problem






λu(x) −Au(x) = f(x), x ∈ Ω,

∂u

∂ν
(x) = 0, x ∈ ∂Ω,

(12.0.2)

when f ∈ Cb(Ω). Here, A is given, as usual, by

Aϕ(x) =
N∑

i,j=1

qij(x)Dijϕ(x) +
N∑

j=1

bj(x)Diϕ(x) + c(x)ϕ(x), x ∈ Ω,

(12.0.3)

on smooth functions and ν(x) denotes the outer unit normal to ∂Ω at x ∈ ∂Ω.
Under suitable assumptions on the coefficients of the operator A, we show

that the Cauchy-Neumann problem (12.0.1) admits a unique classical solution
u (i.e., a function u ∈ C([0,+∞)×Ω)∩C0,1((0,+∞)×Ω)∩C1,2((0,+∞)×Ω)
solving the Cauchy-Neumann problem (12.0.1) pointwise) which is bounded
in (0, T )×Ω for any T > 0). This will allow us to associate a semigroup {T (t)}
of bounded operators with the Cauchy-Neumann problem (12.0.1) by setting
T (t)f = u(t, ·) for any t > 0.

As in Chapter 2, the solution to the problem (12.0.1) is obtained by ap-
proximating our problem with a sequence of Cauchy-Neumann problems in
(convex) bounded domains Ωn (n ∈ N). The Neumann boundary condition

329
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gives some problems. Indeed, differently to what happens in the case consid-
ered in Chapter 2, it is not immediate to show that the solutions un to the
Cauchy-Neumann problems in the bounded sets Ωn converge to a solution
to the problem (12.0.1). To overcome such a difficulty, we prove an a priori

gradient estimate for the functions un, with constants being independent of
n. This forces us to assume stronger hypotheses on the coefficients than those
in Chapter 2. In particular, we have to assume some dissipativity and growth
conditions on the coefficients of the operator A.

Once this gradient estimate and a suitable maximum principle for bounded
classical solutions to the Cauchy-Neumann problem (12.0.1) is proved, one
can show that the sequence {un} converges to a bounded classical solution u
to the problem (12.0.1) and that T (t)f satisfies the following estimate:

||DT (t)f ||∞ ≤
CT√
t
||f ||∞, t ∈ (0, T ), (12.0.4)

for any f ∈ Cb(Ω), any T > 0 and some positive constant CT , independent of
f . Moreover, one can also show that

||DT (t)f ||∞ ≤ C||f ||C1

b
(Ω), t > 0, (12.0.5)

for any f ∈ C1
ν (Ω) and C, as above, is a positive constant independent of f .

The gradient estimates

||Dun(t, ·)||∞ ≤
CT√
t
||f ||∞, t ∈ (0, T ), f ∈ Cb(Ωn)

and
||Dun(t, ·)||∞ ≤ C||f ||C1

ν(Ωn), t ∈ (0, T ), f ∈ C1
ν (Ωn)

are proved by using the Bernstein method as we did in Chapter 6. Here c0 =
supΩ c and CT and C are two positive constants independent, respectively, of
t ∈ (0, T ) and of t > 0. Moreover, they are independent of n as well.

Concerning the elliptic problem (12.0.2), we show that, for any λ > c0 :=
supΩ c(x) and any f ∈ Cb(Ω), it admits a unique solution u ∈ D(A), where

D(A) =

{
u ∈ Cb(Ω) ∩

⋂

1≤p<+∞

W 2,p(Ω ∩B(R)) for any R > 0 :

Au ∈ Cb(Ω),
∂u

∂ν
(x) = 0 for any x ∈ ∂Ω

}
.

(12.0.6)

Moreover, using (12.0.4) and (12.0.5), we then show that D(A) ⊂ C1
b (RN )

and that C1
b (Ω) is of class J1/2 between Cb(Ω) and D(A), that is

||Du||∞ ≤Mω||u||
1

2

∞||(A− ω)u||
1

2

∞, f ∈ D(A),

for any ω > 0.
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In Section 12.3 we come back to the parabolic Cauchy-Neumann problem
and, under somewhat heavier assumptions on the growth of the coefficients
at infinity, we prove the pointwise estimate

|(DT (t)f)(x)|p ≤ eσpt(T (t)|Df |p)(x), t > 0, x ∈ Ω, f ∈ C1
ν (Ω),

(12.0.7)
where σp are suitable real constants. But, here, it must be T (t)1l ≡ 1l, otherwise
(12.0.7) fails for f ≡ 1l. Thus, we suppose that c ≡ 0. Next, using (12.0.7) we
prove the pointwise estimates

|(DT (t)f)(x)|p ≤

(
σ2

2κ0(1 − e−σ2t)

) p

2

(T (t)(|f |p))(x), p ∈ [2,+∞),

(12.0.8)

|(DT (t)f)(x)|p ≤
cpσpt

1− p

2

κ0(1 − e−σpt)
(T (t)(|f |p))(x), p ∈ (1, 2), (12.0.9)

for any t > 0 and any x ∈ Ω, where σp/(1− e−σpt) is replaced with 1/t when
σp = 0.

As in Chapter 7, such estimates lead to some interesting results. First, they
allow to prove that

||DT (t)f ||∞ ≤

(
σ2

2κ0(1 − e−σ2t)

) 1

2

||f ||∞, t > 0, f ∈ Cb(Ω),

which improves (12.0.4), since it shows that the constant can be taken in-
dependent of T and, when k0 < 0, it shows that the sup-norm of DT (t)f
decreases exponentially to 0 as t tends to +∞.

Next, when σ2 ≤ 0, (12.0.8) and (12.0.9) provide us with a Liouville type
theorem. Namely, they imply that the constants are the only distributional
solutions to Au = 0 which belong to D(A).

We also show that, under the same assumptions which allow us to prove
the uniform gradient estimates,

|(DT (t)f)(x)|p ≤

(
2 − p

p

)1− p

2

(
1

p(p− 1)κ0t
+ 1

) p

2

(T (t)(|f |p))(x),

for any t > 0, any x ∈ Ω, any f ∈ Cb(Ω) and any p > 1. Again, we can use
this estimate to improve the gradient estimates proved in Section 12.1, when
t approaches +∞.

Finally, in Section 12.4, we briefly generalize some results of Chapter 8 to the
case of the invariant measure associated with the semigroup {T (t)} considered
in this chapter. As in the case when Ω = RN , whenever an invariant measure
exists, the semigroup can be extended to a strongly continuous semigroup
defined in the Lp space related to the measure µ, for any p ∈ [1,+∞).

Using the pointwise estimates of Section 12.3 we prove gradient estimates
for the semigroup in Lp(Ω, µ). Such estimates allow us to give a partial char-
acterization of the domain D(Lp) of the infinitesimal generator of {T (t)} in
Lp(Ω, µ).
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In the last part of the section we deal with the case when

Aϕ =
1

2
∆ϕ− 〈DU,Dϕ〉,

on smooth functions ϕ, and U is a convex function. In such a situation a
complete description of D(L2) is available. Moreover, the Poincaré inequality
can be proved, provided a suitable dissipative condition is satisfied.

12.1 Construction of the semigroup and uniform gradi-

ent estimates

In this section we prove that for any f ∈ Cb(Ω), the Cauchy-Neumann problem
(12.0.1) admits a unique classical solution (i.e., a function u ∈ C([0,+∞) ×
Ω) ∩ C1,2((0,+∞) × Ω) that solves pointwise the problem (12.0.1)), which
is bounded in [0, T ] × Ω for any T > 0. This will allow us to associate a
semigroup of bounded linear operators with the problem (12.0.1), as explained
in the introduction. To carry out our programme we assume the following set
of hypotheses.

Hypotheses 12.1.1 (i) Ω is a convex unbounded open set of class C2+α

for some α ∈ (0, 1);

(ii) the coefficients qij and bj (i, j = 1, . . . , N) and c belong to C1+α
loc (Ω) and

N∑

i,j=1

qij(x)ξiξj ≥ κ(x)|ξ|2, x ∈ Ω, ξ ∈ R
N , (12.1.1)

for some function κ : Ω → R such that 0 < κ0 := infx∈RN κ(x);

(iii) there exist some constants q0, γ > 0, c0, k0, β ∈ R, β < 1/2 such that

|Dqij(x)| ≤ q0κ(x), x ∈ Ω, (12.1.2)

N∑

i,j=1

Dibj(x)ξiξj ≤ (−βc(x) + k0)|ξ|
2, x ∈ Ω, ξ ∈ R

N , (12.1.3)

sup
x∈Ω

c(x) = c0, (12.1.4)

|Dc(x)| ≤ γ(1 + |c(x)|), x ∈ Ω; (12.1.5)

(iv) there exist a function ϕ ∈ C2(Ω) and a constant λ0 > c0 such that

lim
|x|→+∞

ϕ(x) = +∞, sup
Ω

(Aϕ− λ0ϕ) < +∞,
∂ϕ

∂ν
(x) ≥ 0, x ∈ ∂Ω.

(12.1.6)
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Remark 12.1.2 Suppose that 0 ∈ Ω. Then 〈x, ν(x)〉 ≥ 0 for any x ∈ ∂Ω.
Therefore, one might look for a function ϕ satisfying (12.1.6) in the form
ϕ(x) = g(|x|2), for any x ∈ Ω, where g : [0,+∞) → R is a smooth and
increasing function such that limt→+∞ g(t) = +∞.

We now introduce a nested sequence {Ωn} of bounded convex domains,
with C2+α-smooth boundaries, such that

⋃

n>0

Ωn = Ω, B(n) ∩ ∂Ω ⊂ ∂Ωn, n > 0. (12.1.7)

Moreover, we denote by {Tn(t)} the strongly continuous analytic semigroup
generated by the realizationAn of the operatorA with homogeneous Neumann
boundary conditions in Ωn, i.e., by the operatorAn :D(An) ⊂ Cb(Ω) → Cb(Ω)
defined by

Anu = Au, u ∈ D(An), (12.1.8)

where

D(An) =

{
u ∈

⋂

1≤p<+∞

W 2,p(Ωn) : Au ∈ C(Ωn),
∂u

∂ν
(x) = 0, x ∈ ∂Ωn

}
,

(12.1.9)

(see Theorem C.3.6(v)). According to Proposition C.3.3, for any f ∈ C(Ωn),
the function un = Tn(·)f belongs to C([0,+∞)×Ωn)∩C1+α/2,2+α([ε, T ]×Ωn)
for any 0 < ε < T and it is the unique classical solution of the Cauchy problem






Dtun(t, x) = Aun(t, x), t > 0, x ∈ Ωn,

∂un

∂ν
(t, x) = 0, t > 0, x ∈ ∂Ωn,

un(0, x) = f(x), x ∈ Ωn.

(12.1.10)

Moreover,
||Tn(t)||L(C(Ωn)) ≤ ec0t, t > 0, (12.1.11)

and Tn(t)f ≥ 0 for any t ≥ 0 and any nonnegative function f ∈ C(Ωn).
We can now state the main result of this section.

Theorem 12.1.3 Under Hypotheses 12.1.1 there exists a unique classical so-

lution u ∈ C
1+α/2,2+α
loc ((0,+∞)×Ω) to the Cauchy-Neumann problem (12.0.1),

which is bounded in [0, T ] × Ω for any T > 0. Moreover, un = Tn(·)f con-

verges to u uniformly on compact sets of (0,+∞)×Ω. Further, there exists a

semigroup {T (t)} in Cb(Ω) such that u(t, ·) = T (t)f for any t ≥ 0 and

||T (t)f ||∞ ≤ ec0t||f ||∞, f ∈ Cb(Ω).

Finally, for any ω > 0, there exists a positive constant Cω such that

||DT (t)f ||∞ ≤ Cω
eωt

√
t
||f ||∞, t > 0, (12.1.12)
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for any f ∈ Cb(Ω).

Proof. Fix two open sets Ω′ and Ω′′ such that Ω′ ⊂ Ω′′ and dist(Ω′,Ω\Ω′′) >
0, and let n0 ∈ N be such that Ω′′ ⊂ Ωn for any n ≥ n0. According to Theorem
C.1.5, there exists a positive constant C, independent of n, such that

||un||C1+α/2,2+α([ε,T ]×Ω′) ≤ C||f ||∞,

for any n ≥ n0. This estimate implies that there exist a subsequence Tnk
(·)f

and a continuous function u : (0,+∞) × Ω → R such that

lim
k→+∞

(Tnk
(t)f)(x) = u(t, x), t > 0, x ∈ Ω.

Moreover, Tnk
(·)f converges to u in C1+β/2,2+β([ε, T ] × Ω′) for any β < α,

any bounded set Ω′ ⊂ Ω and any 0 < ε < T . As it is immediately seen, u
is a solution of the equation Dtu − Au = 0 in (0,+∞) × Ω and its normal

derivative vanishes on (0,+∞)×∂Ω. Moreover, u ∈ C
1+α/2,2+α
loc ((0,+∞)×Ω).

By (12.1.11) we get

|u(t, x)| ≤ ec0t||f ||∞, t > 0, x ∈ Ω. (12.1.13)

Hence, u is bounded in (0, T ]× Ω for any T > 0.
In contrast to what we showed in Section 2.2, when we dealt with the

Cauchy problem in the whole of RN , in general, the sequence {Tn(t)f} is not
increasing for any fixed t > 0 and any nonnegative function f ∈ Cb(Ω). This
lack of monotonicity is strictly related to the choice of Neumann boundary
conditions.

To prove the continuity of u on {0} × Ω, we observe that the arguments
used in Step 2 in the proof of Theorem 2.2.1, based on a localization argu-
ment, cannot be immediately adapted to our situation, since they only allow
us to prove the continuity of T (·)f on {0} × Ω. To overcome this difficulty,
we apply a different technique which requires us to prove some gradient esti-
mates for the function Tn(t)f , with constants being independent of n, and a
maximum principle for bounded solutions to the problem (12.0.1). To prove
such a gradient estimate we strongly take advantage of the convexity of Ω.

Proposition 12.1.4 Let Hypotheses 12.1.1 be satisfied and fix T > 0. Then,

there exists a constant CT > 0, independent of n ∈ N, such that

||DTn(t)f ||∞ ≤
CT√
t
||f ||∞, t ∈ (0, T ], (12.1.14)

for any f ∈ Cb(Ω). Moreover

||DTn(t)f ||∞ ≤ C1e
c0

t
2 ||f ||C1

b
(Ω), t ≥ 0, x ∈ Ωn, (12.1.15)

for any f ∈ C1
b (Ωn) such that ∂f/∂ν = 0 on ∂Ωn and some positive constant

C1, independent of n. Here, c0 is given by (12.1.4).
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Proof. Let us begin the proof by checking the estimate (12.1.14). Without
loss of generality, we can suppose that c0 ≤ −1. Indeed, once the assertion
is proved in this situation, the general case will follow by replacing A with
the operator A′ = A− (c0 + 1)I. Moreover, we can suppose that f ∈ D(An).
Indeed, for a general f ∈ Cb(Ω) it suffices to split Tn(t)f = Tn(t/2)Tn(t/2)f
and to observe that Tn(t/2)f ∈ D(An).

Let n > 0, set un = Tn(·)f and define

vn(t, x) = |un(t, x)|2 + at|Dun(t, x)|2, t ∈ (0, T ], x ∈ Ωn, (12.1.16)

where a > 0 will be chosen later. Since un ∈ C([0,+∞);D(An))∩C1((0,+∞);
DAn

(1 + α/2,∞)) and D(An) ⊂ C1
b (Ωn) with a continuous embedding (see

Theorems B.2.2 and C.3.6(v)), we easily deduce thatDun ∈ C([0,+∞)×Ωn)∩
C1,1((0,+∞)×Ωn) . Moreover, according to Theorem C.1.4(ii), Dun is twice
continuously differentiable with respect to the space variables in (0,+∞)×Ωn.
It follows that vn ∈ C([0,+∞)×Ωn)∩C1,1((0,+∞)×Ωn)∩C0,2((0,+∞)×Ωn)
and vn(0, ·) = 0.

We claim that, for any T > 0 arbitrarily fixed, a can be properly chosen
such that the function vn satisfies






Dtvn(t, x) −Avn(t, x) ≤ 0, t ∈ (0, T ], x ∈ Ωn,

∂vn

∂ν
(t, x) ≤ 0, t ∈ (0, T ], x ∈ ∂Ωn.

Once the claim is proved, the classical maximum principle will yield vn ≤ |f |2

in (0, T )×Ωn, and (12.1.14) will easily follow, with CT = a−1/2. In the sequel,
to simplify the notation, we drop out the dependence on n, when there is no
damage of confusion.

As a first step, we prove that

∂v

∂ν
(t, x) ≤ 0, t ∈ (0, T ], x ∈ ∂Ωn. (12.1.17)

This is the crucial point of the proof and it is the only part in which the
convexity of Ω plays a crucial role. Since, by assumptions, ∂un/∂ν identically
vanishes on ∂Ωn we have

∂v

∂ν
(t, x) = 2u

∂u

∂ν
(t, x) + 2at

N∑

i,j=1

D2
iju(t, x)Diu(t, x)νj(x)

= 2at
N∑

i,j=1

D2
iju(t, x)Diu(t, x)νj(x), (12.1.18)

for any t ∈ (0, T ] and any x ∈ ∂Ωn. Now, we differentiate the relation

∂u

∂ν
= Du · ν = 0,
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with respect to xj , obtaining

N∑

i=1

Diju(t, x)νi(x) +

N∑

i=1

Diu(t, x)Djνi(x) = 0. (12.1.19)

Multiplying by Dju(t, x) both the sides of (12.1.19) and summing with respect
to j = 1, . . . , N , we get

N∑

i,j=1

Diju(t, x)Dju(t, x)νi(x) +

N∑

i=1

Diu(t, x)Dju(t, x)Djνi(x) = 0. (12.1.20)

From (12.1.18) and (12.1.20), we get

∂v

∂ν
(t, x) = −2at

N∑

i,j=1

Diνj(x)Diu(t, x)Dju(t, x), t ∈ (0, T ], x ∈ ∂Ωn.

Since Ωn is convex, Dν(x) is a positive definite matrix for any x ∈ Ωn and
(12.1.17) follows.

Let us now show that if a is suitably small, then Dtv−Av ≤ 0 in (0, T ]×Ωn.
With some computations one can see that v satisfies the equation

Dtv −Av = a|Du|2 − 2

N∑

i,j=1

qijDiuDju+ g1 + g2,

for any t ∈ (0, T ] and any x ∈ Ωn, where

g1(t, x) = 2at

N∑

i,j=1

Dibj(x)Diu(t, x)Dju(t, x) + atc(x)|Du(t, x)|2

+2atu(t, x)

N∑

i=1

Dic(x)Diu(t, x) + c(x)|u(t, x)|2,

g2(t, x) = −2at

N∑

i,j,h=1

qij(x)Dihu(t, x)Djhu(t, x)

+2at
N∑

i,j,h=1

Dhqij(x)Dhu(t, x)Diju(t, x).

Using (12.1.5) we get

2atu

N∑

i=1

DicDiu ≤ 2at|u||Du||Dc|

≤ 2aγt(1 − c)|u||Du|

≤ a
γ

2ε
t(1 − c)u2 + 2aγεt(1 − c)|Du|2,
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for any ε > 0. Recalling that c ≤ −1 and using (12.1.3), it follows that

g1 ≤

(
1 − a

γ

ε
t

)
c u2 − at(2β − 1 + 2γε)c |Du|2 + 2at(k0 + γε)|Du|2.

Since β < 1/2 we can choose ε > 0 such that 2β − 1 + 2γε < 0. Therefore,

g1 ≤

(
1 −

aγ

ε
t

)
c u2 + 2at(k0 + γε)|Du|2, (12.1.21)

in (0, T ]× Ωn.
Now, we consider the function g2. By (12.1.2) we have

N∑

i,j,h=1

DhqijDhuDiju ≤ q0κ|Du|
N∑

i,j=1

|Diju|

≤ q0κN |Du||D2u|

≤
q20N

2

4ε′
κ|Du|2 + ε′κ|D2u|2, (12.1.22)

for any ε′ > 0. Then, using (12.1.1), we get

g2 ≤ a
q20N

2

2ε′
tκ |Du|2 + 2at(ε′ − 1)κ |D2u|2,

in (0, T ]× Ωn. Choosing ε′ < 1 we obtain

g2 ≤ a
q20N

2

2ε′
tκ|Du|2, (12.1.23)

in (0, T ]× Ωn. The estimates (12.1.21) and (12.1.23) imply that

Dtv −Av ≤

(
1 − a

γ

ε
T

)
c u2

+

{
a+ 2aT (k0 + γε)+ +

(
a
q20N

2

2ε′
T − 2

)
κ

}
|Du|2,

in (0, T ] × Ωn. It is now clear that there exists a sufficiently small value of
a = a(T ) > 0, independent of n, such that Dtv −Av ≤ 0 in (0, T ]× Ωn.

Now, we briefly prove the estimate (12.1.15). It suffices to show that it holds
for any f ∈ D(An) (see (12.1.9)). Indeed, D(An) is dense in C1

ν (Ωn). This is
a classical result, and it can be checked adapting the proof of the forthcoming
Lemma 13.1.10.

So, let us check (12.1.15) for any f ∈ D(An). For this purpose, we introduce
the function wn : [0,+∞) × Ω defined by

wn(t, x) = |un(t, x)|2 + a |Dun(t, x)|2, t ≥ 0, x ∈ Ωn.
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The above arguments show that wn ∈ C([0, T ]×Ωn) for any T > 0. Moreover,
it belongs to C1,2((0, T ] × Ω). Straightforward computations show that the
function w = wn satisfies

Dtw(t, x) −Aw(t, x) = −2

N∑

i,j=1

qij(x)Diu(t, x)Dju(t, x)

+h1(t, x) + h2(t, x),

for any t ∈ (0, T ] and any x ∈ Ωn, where h = h1 + h2 and h1 and h2 are
defined as g1 and g2 with the coefficient a · t being everywhere replaced with
a. Moreover, it satisfies ∂w/∂ν = 0 on ∂Ωn and w(0, ·) = f2+a|Df |2. Arguing
as above, we can show that for a suitably small value of a > 0, independent
of n and T , we have h ≤ 0. Thus, the classical maximum principle yields

w(t, x) ≤ ec0t sup
x∈Ωn

w(0, x) ≤ ec0t(||f ||2∞ + a ||Df ||2∞), t > 0, x ∈ Ωn,

and (12.1.15) follows with C1 = a−1/2 ∨ 1.

Now, we prove a maximum principle for bounded classical solutions to the
Neumann parabolic problem in Ω.

Theorem 12.1.5 If z ∈ C([0, T ]×Ω)∩C0,1((0, T ]×Ω)∩C1,2((0, T ]×Ω) is

bounded and satisfies






Dtz(t, x) −Az(t, x) ≤ 0, t ∈ (0, T ], x ∈ Ω,

∂z

∂ν
(t, x) ≤ 0, t ∈ (0, T ], x ∈ ∂Ω,

z(0, x) ≤ 0, x ∈ Ω,

then

z(t, x) ≤ 0, t ∈ [0, T ], x ∈ Ω. (12.1.24)

In particular, the Cauchy-Neumann problem (12.0.1) admits at most one clas-

sical solution which is bounded and continuous in [0, T ] × Ω. Moreover, it

satisfies ||u(t, ·)||∞ ≤ ec0t||f ||∞, where c0 is given by (12.1.4).

Proof. Let ϕ be as in (12.1.6). We can suppose that ϕ ≥ 0 and (A−λ)ϕ ≤ 0;
otherwise we replace ϕ with ϕ+C, for a suitable constant C > 0, and take a
larger λ if needed.

Denote by v : [0, T ]×Ω → R the function given by v(t, x) = e−λtz(t, x) for
any t ∈ [0, T ] and any x ∈ Ω, and consider the sequence {vn} defined by

vn(t, x) = v(t, x) −
1

n
ϕ(x), t ∈ [0, T ], x ∈ Ω.



12.1. Construction of the semigroup and uniform gradient estimates 339

We have





Dtvn(t, x) − (A− λ)vn(t, x) ≤ 0, t ∈ (0, T ], x ∈ Ω,

∂vn

∂ν
(t, x) ≤ 0, t ∈ (0, T ], x ∈ ∂Ω,

vn(0, x) ≤ −
1

n
inf
Ω
ϕ, x ∈ Ω.

For any n ∈ N the function vn attains its maximum in [0, T ] × Ω at some
point (tn, xn). Moreover, we have

lim
n→+∞

vn(tn, xn) = lim
n→+∞

sup
[0,T ]×Ω

vn = sup
[0,T ]×Ω

v. (12.1.25)

According to the strong maximum principle (see [60, Theorem 2.14]), we
cannot have tn > 0 and xn ∈ ∂Ω. If (tn, xn) ∈ (0, T ]× Ω we have

Dtvn(tn, xn) ≥ 0, Avn(tn, xn) − c(xn)vn(tn, xn) ≤ 0,

and, therefore,

(λ− c(xn)) sup
[0,T ]×Ω

vn = (λ− c(xn))vn(tn, xn) ≤ (λ+Dt −A)vn(tn, xn) ≤ 0,

which yields
sup

[0,T ]×Ω

vn ≤ 0.

If instead tn = 0 we have

vn(tn, xn) ≤ −
1

n
inf
Ω
ϕ.

Thus letting n go to +∞ and taking (12.1.25) into account, we obtain (12.1.24).

Remark 12.1.6 It is worth noticing that in the proof of the quoted theorem,
we never used the assumption that Ω is convex.

We can now conclude the proof of Theorem 12.1.3.

Proof of Theorem 12.1.3 (continued). To prove that u is a classical solution
to the problem (12.0.1), it remains to show that u is continuous at t = 0.

The proof is similar to that of Theorem 2.2.1 and it strongly relies on the
gradient estimate (12.1.14). Hence we limit ourselves to sketching it.

For any arbitrarily fixed x0 ∈ Ω, we consider two open neighborhoods U1 ⊂
U0 of x0 such that Ω0 := U0 ∩ Ω is sufficiently smooth. Then, we introduce a
smooth function ϑ ∈ C∞(Ω0) such that ϑ ≡ 0 in a neighborhood of Ω ∩ ∂U0,
ϑ ≡ 1 in U1 ∩ Ω and ∂ϑ/∂ν = 0 in U0 ∩ ∂Ω. Finally, for any k ∈ N such that
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Ω0 ⊂ Ωnk
, we introduce the function vnk

= ϑTnk
(·)f . Such a function solves

the equation

Dtvnk
(t, x) −Avnk

(t, x) = ψnk
(t, x), t > 0, x ∈ Ω0,

where

ψnk
(t, x) = −(Tnk

(t)f)(x)((A− c)ϑ)(x)− 2
N∑

i,j=1

qij(x)(DiTnk
(t)f)(x)Djϑ(x),

for any t > 0 and any x ∈ Ω0, and, due to the choice of the function ϑ, its
normal derivative vanishes on ∂Ω0.

From (12.1.14), we immediately see that

||ψnk
(t, ·)||∞ ≤

C
√
t
, t ∈ (0, T ), (12.1.26)

for any k ∈ N, and some positive constant C = C(T ), independent of k.
We now represent vnk

through the variation-of-constants formula

vnk
(t, ·) = T0(t)(ϑf) +

∫ t

0

T0(t− s)ψnk
(s, ·)ds, t > 0,

where {T0(t)} is the strongly continuous analytic semigroup generated by the
realization of the operator A, with homogeneous Neumann boundary condi-
tions, in C(Ω0) (see Theorem C.3.6(v)). Using the estimates (12.1.11) and
(12.1.26) it is easy to show that

|(Tnk
(t))f(x) − f(x0)| = |vnk

(t, x) − f(x0)|

≤ |(T0(t)(ϑf))(x) − f(x0)| + C1

∫ t

0

s−
1

2 ec0(t−s)ds,

for any x ∈ Ω1 and some positive constant C1. Letting k go to +∞, we easily
see that u is continuous at (0, x0).

In conclusion, we have proved that u ∈ C([0,+∞)×Ω)∩C1+α/2,2+α
loc ((0,+∞)

×Ω) and it is a solution of the Cauchy-Neumann problem (12.0.1). Moreover,
since u is bounded in [0, T ] × Ω for any T > 0 (see (12.1.13)), by Theorem
12.1.5, u is the unique bounded classical solution to the problem (12.0.1).

Now, we prove that the whole sequence Tn(·)f converges to u in C1,2(F )
for any compact set F ⊂ (0,+∞) × Ω. For this purpose, we observe that,
applying all the above arguments to any subsequence {Tnh

(·)f}, we can show
that there exists a subsequence {Tnhk

(·)f} converging to u in C1,2(F ) for
any compact set F . This, of course, implies that the whole sequence {Tn(·)f}
converges to u in C1,2(F ), and we are done.

Now, if we set (T (t)f)(x) := u(t, x) for any t ∈ (0,+∞), any x ∈ Ω and any
f ∈ Cb(Ω), where u is the solution to the problem (12.0.1) satisfying the initial
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condition u(0, ·) = f , it is immediate to check that {T (t)} is a semigroup of
the linear operators in Cb(Ω).

Finally, letting n go to +∞ in (12.1.14), we deduce that T (t)f satisfies
(12.1.12) in (0, T ). Then, we can use the semigroup law to extend it to all the
positive t (we refer the reader to the proof of Theorem 6.1.7 for the details).

Our purpose now consists in showing that the more f is smooth, the more
the behaviour near t = 0 of the function DT (t)f is good. More precisely, we
want to show that

||DT (t)f ||∞ ≤ Cec0
t
2 ||f ||C1

b
(Ω), t > 0, (12.1.27)

for any f ∈ C1
ν (Ω). Unfortunately, it is not immediate to deduce (12.1.27)

from (12.1.15), since this latter estimate has been proved for the functions
f whose normal derivative vanish on ∂Ωn. To overcome such a difficulty, we
use an approximation argument: given f ∈ C1

ν (Ω) we approximate it by a
sequence {fn} ⊂ C1

b (Ω) for which (12.1.15) holds for any n ∈ N. Then, to
conclude that (12.1.27) holds, we need to show that DT (t)fn converges to
DT (t)f as n tends to +∞ for any t > 0, at least pointwise. This convergence
result is proved in the next proposition which shows us that {T (t)} satisfies
the same continuity properties as the semigroup defined in Chapter 2.

Proposition 12.1.7 If {fn} ⊂ Cb(Ω) is a bounded sequence converging point-

wise in Ω to a function f ∈ Cb(Ω), then T (·)fn converges, as n tends to +∞,

to T (·)f in C1,2([ε, T ]× Ω
′
) for any 0 < ε < T and any bounded set Ω′ ⊂ Ω.

Further, if {fn} converges to f uniformly on compact subsets of Ω, then

T (·)fn converges to T (·)f uniformly in [0, T ] × Ω
′

for any T > 0 and any

bounded set Ω′ ⊂ Ω.

Finally T (t)f can be represented in the form

(T (t)f)(x) =

∫

Ω

f(y)p(t, x; dy), t > 0, x ∈ Ω, (12.1.28)

where p(t, x; dy) is a positive finite Borel measure on Ω. In the case when

c ≡ 0, p(t, x; dy) is a probability measure for any t > 0 and any x ∈ Ω.

Proof. Throughout the proof, without loss of generality, we assume that
f ≡ 0. To prove the first part of the proposition it suffices to adapt the
arguments in the proof of Theorem 12.1.3. So, we limit ourselves to sketching
the proof, pointing out the main differences.

Let {fn} be a bounded sequence in Cb(Ω) converging pointwise to zero
in Ω, and set un = T (·)fn. Applying the Schauder estimate (C.1.19) and
the maximum principle to the sequence {un}, we can extract a subsequence

{unk
} converging in C1,2([ε, T ] × Ω

′
) to a function u ∈ C1,2((0,+∞) × Ω),
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for any 0 < ε < T and any bounded set Ω′ ⊂ Ω. Moreover, the function u
is a bounded solution of the equation Dtu−Au = 0 in (0,+∞) × Ω, and its
normal derivative vanishes on the boundary of Ω. To conclude that u ≡ 0,
by Theorem 12.1.5 it suffices to show that u is continuous up to t = 0 and
that u(0, ·) = 0. This can be obtained by a localization argument. So, we fix
x0 ∈ Ω. Moreover, we consider (as in the proof of Theorem 12.1.3) two open
neighborhoods U1 ⊂ U0 of x0 such that Ω0 := U0 ∩ Ω is sufficiently smooth.
Further, we introduce a smooth function ϑ ∈ C∞(Ω0) such that ϑ ≡ 0 in a
neighborhood of Ω∩∂U0, ϑ ≡ 1 in U1 ∩Ω and ∂ϑ/∂ν = 0 in U0 ∩∂Ω. Finally,
we set vnk

= ϑunk
. Then, we can write

vnk
(t, ·) = T0(t)(ϑfnk

) +

∫ t

0

T0(t− s)ψnk
(s, ·)ds, t > 0,

where {T0(t)} is the semigroup generated by the realization of A in C(Ω0)
with homogeneous Neumann boundary conditions (see Theorem C.3.6(v)) and

ψnk
= −unk

(A− c)ϑ− 2

N∑

i,j=1

qijDiunk
Djϑ.

Using the gradient estimate (12.1.12) and the boundedness of {fnk
} it follows

that

|vnk
(t, x)| ≤ |(T0(t)ϑfnk

)(x)|+C
√
t, t ∈ [0, T ], x ∈ Ω0, k ∈ N, (12.1.29)

where C > 0 is a constant independent of k ∈ N. We now claim that
T0(t)(ϑfnk

) vanishes as k tends to 0 for any t ∈ [0, T ]. Once the claim is
proved, letting k go to +∞ in (12.1.29), we will get |u(t, x)| ≤ C

√
t and,

consequently, u will turn out to be continuous at (0, x0), where it will van-
ish. To prove the claim, we take advantage of the Lp-theory. We observe
that, for any p ∈ (N,+∞), the semigroup {T0(t)} extends to an analytic
semigroup in Lp(Ω0) (see Theorem C.3.6(iii)), and, by the Sobolev embed-
ding theorem (see [2, Theorem 5.4]), the domain of its generator Ap is con-
tinuously embedded in C(Ω0). Since ϑfnk

converges to zero in Lp(Ω0) and
||T0(t)(ϑfnk

)||D(Ap) ≤ Ct−1||fnk
||Lp for some positive constant C, independent

of k, we deduce that T0(t)(ϑfnk
) converges to 0 in D(Ap) and, consequently,

uniformly in Ω, as k tends to +∞. So far, we have proved that the subsequence

unk
converges to zero in C1,2([ε, T ]×Ω

′
) for any 0 < ε < T and any bounded

Ω′ ⊂ Ω. As in the proof of Theorem 12.1.3 we can now prove that the whole

sequence {un} converges to zero in C1,2([ε, T ] × Ω
′
) for any 0 < ε < T and

any bounded set Ω′ ⊂ Ω, as stated.
Suppose now that {fn} converges to zero uniformly on compact subsets of

Ω. By (12.1.29), with vn instead of vnk
, we get

|un(t, x)| ≤ ||T0(t)(ϑfn)||∞ +C
√
t ≤ ec0T ||ϑfn||∞ +C

√
t, t ∈ [0, T ], x ∈ Ω1,
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for any n ∈ N, where C > 0 does not depend on n ∈ N. Therefore, for any
ε > 0, we have

||un||C([0,T ]×Ω1) ≤ eεc0 ||ϑfn||∞ + C
√
ε+ ||un||C([ε,T ]×Ω1)

.

Since un and ϑfn vanish as n tends to +∞, respectively in [ε, T ] × Ω and in
Ω, we get

lim sup
n→∞

||un||C([0,T ]×Ω1)
≤ C

√
ε,

which, of course, implies that un converges to zero uniformly in [0, T ] × Ω1.
Since Ω1 is arbitrary, the conclusion follows.

We can now prove (12.1.28). By the Riesz representation theorem, for any
x ∈ Ω, there exists a positive finite Borel measure p(t, x; dy) in Ω such that
(12.1.28) holds for any f ∈ C0(Ω). Now, if f ∈ Cb(Ω), we consider a bounded
sequence {fn} ⊂ C0(Ω) which converges to f uniformly on the compact sets
of Ω. Writing (12.1.28) with fn instead of f and letting n go to +∞, we obtain
the desired formula, by dominated convergence.

To conclude the proof, we observe that, if c ≡ 0, then T (t)1l ≡ 1l and,
consequently,

∫
Ω p(t, x; dy) = 1 for any t > 0 and any x ∈ Ω. This implies that

p(t, x; dy) are all probability measures.

We can now prove (12.1.27).

Proposition 12.1.8 Under Hypotheses 12.1.1, there exists a positive con-

stant C such that (12.1.27) holds for any f ∈ C1
ν (Ω).

Proof. To prove (12.1.27) we fix f ∈ C1
ν (Ω) and, for any k ∈ N, we consider

a function ϑk ∈ C1
c (Ω) such that

0 ≤ ϑk ≤ 1, ||Dϑk||∞ ≤ L, ϑk ≡ 1 in Ωk,
∂ϑk

∂ν
= 0 on ∂Ω,

where L > 0 is a constant independent of k ∈ N and Ωk is as in (12.1.7).
If n0 is such that supp(ϑk) ⊂ Ωn0

, then, for any n > n0, the function fk =
ϑkf belongs to C1

ν (Ωn). Thus, Tn(t)fk satisfies the estimate (12.1.15). Since,
according to Theorem 12.1.3, Tn(t)fk tends to T (t)fk in C1(Ωn) for any n ∈ N,
letting n go to +∞, we get

|(DT (t)fk)(x)| ≤ C1e
c0
2

t||fk||C1

b
(Ω) ≤ C1e

c0
2

t(1 + L)||f ||C1

b
(Ω),

for any t > 0 and x ∈ Ω. Now, using Proposition 12.1.7, we obtain that
DT (t)fn(x) converges to (DT (t)f)(x) for any t > 0 and any x ∈ Ω. Therefore,
(12.1.27) follows with C = C1(1 + L).
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12.2 Some consequences of the uniform gradient esti-

mates

In this section we show some useful consequences of the uniform gradient esti-
mates proved in Section 12.1. To begin with, we observe that, using (12.1.28),
it is easy to see that the semigroup can be extended to the space Bb(Ω) of
all the bounded Borel functions f : Ω → R. We still denote by {T (t)} such
a semigroup. Moreover, as the following proposition shows, the so obtained
semigroup is irreducible (i.e., (T (t)χU )(x) > 0 for any t > 0, any x ∈ Ω and
any open set U ⊂ Ω) and it is strong Feller (i.e., it maps Bb(Ω) into Cb(Ω)).

Proposition 12.2.1 The semigroup {T (t)} is irreducible and strong Feller.

Proof. To begin with, let us prove that {T (t)} is irreducible. Fix an open
set U ⊂ Ω. We are going to prove that (T (t)χU )(x) > 0 for any t > 0 and any
x ∈ Ω. For this purpose, we approximate χU by a sequence of nonnegative
continuous functions fn converging monotonically to χU and such that f1 does
not identically vanish in Ω. Then, according to the representation formula
(12.1.28), (T (t)fn)(x) converges monotonically to (T (t)χU )(x) as n tends to
+∞, for any t > 0 and any x ∈ Ω. To conclude that T (·)χU > 0, it suffices to
show that T (t)f1 > 0 for any t > 0. By contradiction, let us suppose that there
exist t0 > 0 and x0 ∈ Ω such that (T (t0)f1)(x0) = 0. The nonnegativity of
the semigroup {T (t)} immediately implies that (t0, x0) is a minimum point of
the function T (·)f1. Therefore, according to Proposition C.2.3(iii), T (·)f1 ≡ 0
for any t ∈ (0, t0] and any x ∈ Ω′, where Ω′ is any bounded open subset of Ω,
which contains the point x0. In particular, taking t = 0, we get f1 ≡ 0 in Ω′

and hence f1 ≡ 0 in Ω, which, of course, cannot be the case.
Similarly, if (T (t0)f1)(x0) = 0 at some point (t0, x0) ∈ (0,+∞) × ∂Ω, we

can find out a bounded open set Ω′ of class C2+α such that x0 ∈ ∂Ω and Ω′ ∩
(x0 +B(r)) ⊂ Ω∩ (x0 +B(r)) for some r > 0. Then, according to Proposition
D.0.5, Ω′ satisfies the interior sphere condition, so that ∂T (t0)f/∂ν > 0 at
x = x0 (see Proposition C.2.3(iii)), which, of course, cannot be the case.

To prove that the semigroup {T (t)} is strong Feller, we adapt the technique
of [37, Theorem 3.2], which strongly relies on the gradient estimate (12.0.4).
For this purpose, we fix f ∈ Bb(Ω) and introduce a bounded sequence {fn} ∈
Cb(Ω) converging pointwise to f . By (12.0.4), for any t > 0 and any x0 ∈ Ω,
we can determine a constant C = C(t), such that

||DT (t)fn||∞ ≤ C, n ∈ N,

that, due to the convexity of Ω, implies that T (t)fn is a Lipschitz continuous
function, uniformly with respect to n ∈ N. Letting n go to +∞, we deduce
that T (t)f is Lipschitz continuous as well. This completes the proof.
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Remark 12.2.2 In fact, in the proof of Proposition 12.2.1 we have shown
that if f ∈ Cb(Ω) is a nonnegative function which does not identically vanish
in Ω, then T (t)f > 0 in Ω for any t > 0.

We now show that, if f ∈ C1
ν (Ω), then the gradient of T (·)f is continuous

at t = 0.

Proposition 12.2.3 If f ∈ C1
ν (Ω) then

lim
t→0+

||T (t)f − f ||C1

b
(Ω

′
) = 0, (12.2.1)

for any open bounded set Ω′ ⊂ Ω, i.e., DT (·)f is continuous up to {0} × Ω.

Proof. The proof is similar to that of Theorem 12.1.3. We fix x0 ∈ Ω and
introduce two open neighborhoods U0, U1 of x0 with U1 ⊂ U0. Moreover, we
set Ω0 = U0 ∩ Ω, Ω1 = U1 ∩ Ω and we assume that Ω0 is sufficiently smooth.
Finally, we denote by ϑ ∈ C∞(Ω0) any function vanishing in a neighborhood
of Ω ∩ ∂U0 and such that ϑ ≡ 1 in Ω1, ∂ϑ/∂ν ≡ 0 on ∂Ω ∩ U0.

The same arguments as in the proof of Theorem 12.1.3 show that

vn(t, ·) := ϑT (·)f = T0(t)(ϑf) +

∫ t

0

T0(t− s)ψ(s, ·)ds,

where {T0(t)} is the semigroup generated by the realization of the operator
A in C(Ω0) with homogeneous Neumann boundary conditions, and

ψ = −(T (·)f)(A− c)ϑ− 2

N∑

i,j=1

qij(DiT (·)f)Djϑ.

According to Proposition 12.1.8, for any T > 0 there exists a constant C1 > 0
such that

||ψ(t)||∞ ≤ C1||f ||C1
ν(Ω), t ∈ (0, T ]. (12.2.2)

Moreover, since {u ∈ C1(Ω0) : ∂u/∂ν = 0 on ∂Ω0} belongs to the class J1/2

between Cb(Ω0) and the domain of {T0(t)} (see Theorem C.3.6(v)), we easily
deduce that

||DT0(t)g||∞ ≤
C2√
t
||g||C(Ω0) ≤

C2√
t
||g||∞, t ∈ (0, T ], (12.2.3)

for any g ∈ Cb(Ω), where C2 > 0 is a suitable constant. Now, from (12.2.2)
and (12.2.3) we get

|Dv(t, x) −Df(x0)|

=

∣∣∣∣(DT0(t)(ϑf))(x) +

∫ t

0

(DT0(t− s)ψ(s, ·))(x)ds −Df(x0)

∣∣∣∣

≤ |DT0(t)(ϑf)(x) −Df(x0)| + C1||f ||C1

b
(Ω)

∫ t

0

C2√
t− s

ds,
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for any t ∈ (0, T ) and any x, x0 ∈ U0. SinceDT0(·)(ϑf) is continuous at (0, x0),
then Dv is continuous at (0, x0) as well. Finally, since v = T (·)f in Ω1, we
conclude that DT (t)f is continuous at (0, x0), and (12.2.1) easily follows.

We now use the previous gradient estimates to characterize the weak gen-
erator Â of the semigroup {T (t)} and to solve the elliptic problem






λu−Au, in Ω,

∂u

∂ν
= 0, on ∂Ω,

(12.2.4)

when f ∈ Cb(Ω).
As in the case of the Dirichlet problem in the whole R

N , the family of
bounded operators {R(λ)} defined by

(R(λ)f)(x) =

∫ +∞

0

e−λt(T (t)f)(x)dt, x ∈ Ω,

for any f ∈ Cb(Ω) and any λ > c0, is the resolvent family associated with

some closed operator Â : D(Â) ⊂ Cb(Ω) → Cb(Ω). So from now on, we write

R(λ, Â) instead of R(λ). Adapting the proofs in Section 2.3, it can be shown

that the weak generator (Â,D(Â)) is given by

D(Â) =

{
f ∈ Cb(Ω) : sup

t∈(0,1)

||T (t)f − f ||∞
t

< +∞ and ∃g ∈ Cb(Ω) s.t.

lim
t→0+

(T (t)f)(x) − f(x)

t
= g(x), for any x ∈ Ω

}
,

Âf(x) = lim
t→0+

(T (t)f)(x) − f(x)

t
, x ∈ Ω, f ∈ D(Â).

Our aim now is to show that D(Â) = D(A) and Â = A, where

D(A) =

{
u ∈ Cb(Ω) ∩

⋂

1≤p<+∞

W 2,p(Ω ∩B(R)) for any R > 0 :

Au ∈ Cb(Ω),
∂u

∂ν
(x) = 0, for any x ∈ ∂Ω

}
.

(12.2.5)

For this purpose, we first prove the following maximum principle for the el-
liptic problem (12.2.4).

Proposition 12.2.4 Let u ∈ Cb(Ω) ∩W 2,p(Ω ∩ B(R)), for any R > 0 and

any p ∈ [1,+∞), be such that Au ∈ Cb(Ω) and





λu(x) −Au(x) ≤ 0, x ∈ Ω,

∂u

∂ν
(x) ≤ 0, x ∈ ∂Ω,
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for some λ ≥ λ0, where λ0 is as in (12.1.6). Then u ≤ 0. In particular, for any

λ ≥ λ0 there exists at most one solution u ∈ D(A) to the problem (12.2.4).

Proof. As in the proof of Theorem 12.1.5, we may assume that ϕ ≥ 0 and
Aϕ− λ0ϕ ≤ 0. We introduce the sequence

un(x) = u(x) −
1

n
ϕ(x), x ∈ Ω,

and we note that





λun(x) −Aun(x) ≤ 0, x ∈ Ω,

∂un

∂ν
(x) ≤ 0, x ∈ ∂Ω.

(12.2.6)

If we prove that un ≤ 0 for any n ∈ N, the conclusion will follow letting
n go to +∞. By contradiction, suppose that un has a maximum point at
xn ∈ Ω. Adapting the second proof of Lemma 4.1.2 to this situation, we can
show that if xn ∈ Ω, then ((A − c)un)(xn) ≤ 0. Thus, by (12.2.6) we have
(λ− c(xn))un(xn) ≤ 0 and, hence, un(xn) ≤ 0.

Suppose now that xn ∈ ∂Ω is such that un(xn) > 0 and un(x) < un(xn)
for any x ∈ Ω. These assumptions will lead us to a contradiction since they
will imply that (∂un/∂ν)(xn) > 0.

Let y + B(r) ⊂ Ω be such that (y + B(r)) ∩ ∂Ω = {xn} and assume that
un > 0 in y + B(r). Moreover, fix α > 0 such that the function z : RN → R,

defined by z(x) = e−α|x−y|2 − e−αr2

for any x ∈ RN , satisfies Az > 0 in
D = {x ∈ RN : r/2 < |x − y| < r}. Then, set wn = un + εz, where ε > 0 is
such that

wn(x) < un(xn), x ∈ y + ∂B(r/2). (12.2.7)

A straightforward computation shows that

Awn(x) = Aun(x) + ǫAz(x) > λun(x) > 0, x ∈ D. (12.2.8)

Let x̂n be the maximum point of wn in D. x̂n belongs to ∂D (this is a classical
result that can be obtained arguing as in the proof of Lemma 4.1.2) and, due
to (12.2.7), it belongs to y + ∂B(r). Since z ≡ 0 on y + ∂B(r) and xn is a
maximum point for the function un in Ω, it follows that wn(x̂n) = wn(xn).
Therefore, xn is a maximum point of wn in D as well. As a consequence,

∂wn

∂ν
(xn) =

∂un

∂ν
(xn) + ε

∂z

∂ν
(xn) ≥ 0.

Since ∂z/∂ν(xn) < 0, it follows that (∂un/∂ν)(xn) > 0.

Proposition 12.2.5 For any f ∈ Cb(Ω) and any λ > c0 (see (12.1.4)), the

function u = R(λ, Â)f belongs to D(A) and solves the problem (12.2.4). More-

over, D(Â) = D(A) and Âv = Av, for any v ∈ D(A). Finally, D(A) ⊂ C1
ν (Ω)
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with a continuous embedding and, for any ω > c0, there exists a positive con-

stant Mω such that

||Du||∞ ≤Mω ||u||
1

2

∞ ||(A − ω)u||
1

2

∞, (12.2.9)

for any u ∈ D(A).

Proof. Let f ∈ Cb(Ω) and, for any λ > c0, set u = R(λ, Â)f and un =
R(λ,An)f (n ∈ N), where An is the generator of the semigroup {Tn(t)} (see
(12.1.8), (12.1.9)). Of course,

un(x) =

∫ +∞

0

e−λt(Tn(t)f)(x)dt, x ∈ Ωn. (12.2.10)

Therefore, for any λ > c0 and any n ∈ N, it holds that

||un||∞ ≤
1

λ− c0
||f ||∞, ||Aun||∞ ≤

(
1 +

λ

λ− c0

)
||f ||∞.

Since Tn(·)f tends to T (·)f locally uniformly in (0,+∞) × Ω (see Theorem
12.1.3), from (12.2.10) taking (12.1.11) into account, we immediately see that

lim
n→+∞

un = u,

pointwise in Ω and in Lp(Ωk), for any k ∈ N. Furthermore, by the Lp-estimates
in Theorem C.1.2, we have

||um − un||W 2,p(Ωk) ≤ c(p, k)||um − un||Lp(Ωk+1), m, n > k,

for any p ∈ (1,+∞) and any k ∈ N, where c(p, k) > 0 is a constant indepen-
dent of m,n. Therefore, un converges to u in W 2,p(Ωk), for any k ∈ N and any
p ∈ [1,+∞). Hence, u ∈W 2,p(Ω∩B(R)), for any R > 0 and any p ∈ [1,+∞).
The Sobolev embedding theorems (see [2, Theorem 5.4]) imply that un con-
verges to u also in C1(Ωk) for any k ∈ N, and, therefore, ∂u/∂ν = 0 on ∂Ω.
Finally, since λun − Aun = f for any n ∈ N, letting n go to +∞, it follows
that λu−Au = f in Ω. Therefore, u belongs to D(A) and solves the problem

(12.2.4). Since R(λ, Â) is surjective from Cb(Ω) onto D(Â), we deduce that

D(Â) ⊂ D(A) and Â = A in D(Â).
Conversely, let u ∈ D(A) and set f = λu − Au ∈ Cb(Ω), where λ =

2 max(λ0, c0), and c0, λ0 are given, respectively, by (12.1.4) and (12.1.6). By

the above results, the function v = R(λ, Â)f is a bounded solution of the
problem (12.2.4) as well. Proposition 12.2.4 yields that u ≡ v, implying, in

particular, that u ∈ D(Â).
To complete the proof, let us prove (12.2.9). For this purpose, we fix u ∈

D(A), ω > c0 and λ > 0. Then, we set

u(x) = (R(λ+ ω, Â)f)(x) =

∫ +∞

0

e−(λ+ω) t(T (t)f)(x) dt, x ∈ Ω,

(12.2.11)
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where f = (λ + ω)u − Au. By virtue of the estimate (12.1.12), we may
differentiate under the integral sign in (12.2.11) obtaining

Du(x) =

∫ +∞

0

e−(λ+ω) t(DT (t)f)(x) dt, x ∈ Ω

and, then,

|Du(x)| ≤ Cω||f ||∞

∫ +∞

0

e−λ t

√
t
dt =

Cω
√
π

√
λ

||f ||∞, x ∈ Ω,

where Cω > 0 is a constant. Therefore,

||Du||∞ ≤ Cω

√
π

(√
λ||u||∞ +

||(A − ω)u||∞√
λ

)
,

and, taking the minimum over λ > 0, we get (12.2.9).

12.3 Pointwise gradient estimates and their consequences

In this section we prove some pointwise estimates for the gradient of T (t)f ,
similar to those proved in Chapter 7. We assume that c ≡ 0. Indeed, as it
is immediately seen, some of such estimates fail if T (t)1l 6≡ 1l (take f ≡ 1l in
(12.3.2)) which is the case if c 6≡ 0.

Proposition 12.3.1 Assume that the coefficient c of the operator A identi-

cally vanishes in Ω and that Hypotheses 12.1.1 are satisfied with the condition

(12.1.2) being replaced by the following one:

N∑

i,j=1

(
N∑

h=1

Dhqij(x)ξh

)2

≤ q0κ(x)|ξ|2, x ∈ Ω, ξ ∈ R
N . (12.3.1)

Then, for any p > 1 and any f ∈ C1
ν (Ω), we have

|(DT (t)f)(x)|p ≤ eσpt(T (t)(|Df |p))(x), t ≥ 0, x ∈ Ω, (12.3.2)

where σp = pk0 +
p

4
q0, if p ≥ 2 and σp = pk0 +

p

4(p− 1)
q0, if 1 < p < 2.

Further, if qij ≡ δij for any i, j = 1, . . . , N , then (12.3.2) can be extended

also to the case when p = 1, setting σp = k0 for any p ∈ [1,+∞).
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Proof. The proof is similar to and even simpler than those of Theorems 7.1.2
and 7.3.1. Hence, we just sketch it in the case when p ∈ (1, 2] and the diffusion
coefficients qij depend on x. For this purpose, we fix δ > 0 and introduce the
function w : [0,+∞) × Ω → R defined by

w(t, x) =
(
|Du(t, x)|2 + δ

) p

2 , t > 0, x ∈ Ω,

where u = T (·)f . By Propositions 12.1.8, 12.2.3 and Theorems 12.1.3, C.1.4,
w ∈ Cb([0,+∞)×Ω)∩C0,1((0,+∞)×Ω)∩C1,2((0,+∞)×Ω) and it satisfies
the equation

Dtw(t, x) −Aw(t, x) = f1(t, x) + f2(t, x), t > 0, x ∈ Ω,

where

f1 = p
(
|Du|2 + δ

) p

2
−1

×

(
N∑

i,j,h=1

DhqijDhuDiju+

N∑

i,j=1

DibjDiuDju− Tr(QD2uD2u)

)
,

(12.3.3)

f2 = p(2 − p)
(
|Du|2 + δ

) p

2
−2

〈QD2uDu,D2uDu〉.

Taking (12.1.3) (with c ≡ 0) and (12.3.1) into account, we obtain that

f1 ≤ p
(
|Du|2 + δ

)p−2
2

×

(
εκ|D2u|2 +

q0
4ε

|Du|2 + k0|Du|
2 − Tr(QD2uD2u)

)
,

for any ε > 0. On the other hand, applying (7.1.4) with |α| = |β| = 1, we
obtain

〈QD2uDu,D2uDu) ≤ |Du|2Tr(QD2uD2u).

Then, choosing ε = p− 1, we get

f1 + f2 ≤ σp

(
|Du|2 + δ

)p−2
2 |Du|2 = σpw − δσp

(
|Du|2 + δ

) p−2

2 ,

which yields

Dtw −Aw ≤ σpw − (σp ∧ 0)δ
p

2 .

Therefore, by a comparison argument we see that

w(t, ·) ≤ eσptT (t)
(
(|Df |2 + δ)

p

2

)
, t > 0,
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if σp ≥ 0, and

w(t, ·) ≤ eσptT (t)
(
(|Df |2 + δ)

p
2 − δ

p
2

)
+ δ

p
2 , t > 0,

if σp < 0. Then, letting δ go to 0+, we get the assertion from Proposition
12.1.7.

As it is immediately seen, the assumption (12.3.1) is rather restrictive, since
it does not allow us to consider diffusion coefficients of polynomial type. As
the following proposition shows, this trouble may be overcome assuming a
dissipativity condition of negative type on the drift term, in order to balance
the growth at infinity of the derivatives of the qij ’s (i, j = 1, . . . , N).

Proposition 12.3.2 Assume that the coefficient c of the operator A identi-

cally vanishes in Ω. Moreover, assume that Hypotheses 12.1.1 but (12.1.2) are

satisfied with k0 being replaced by a negative function k : Ω → R, and that

there exist two constants C > 0 and α ∈ (0, 1] such that

|Dqij(x)| ≤ C(κ(x))α, x ∈ Ω, i, j = 1, . . . , N

and

σ̃p := sup
x∈Ω

(
C2N2

4p0(p0 − 1)κ1−α
0

(κ(x))α + k(x)

)
< +∞. (12.3.4)

for some p0 ∈ (1, 2). Then, for any p ≥ p0,

|(DT (t)f)(x)|p ≤ eeσpt(T (t)(|Df |p))(x), t ≥ 0, x ∈ Ω. (12.3.5)

Proof. It is similar to that of Proposition 12.3.1. The only difference is in
the estimate of term

∑N
i,j,h=1DhqijDiuDjhu which now should be estimated

as follows:

∣∣∣∣
N∑

i,j,h=1

DhqijDhuDiju

∣∣∣∣ ≤ Cκα

(
N2

4ε
|Du|2 + ε|D2u|2

)
,

for any ε > 0 and, then, suitably choosing ε in order to make the coefficient
in front of |D2u|2 in the expression of f1 + f2 vanish.

We can now use the gradient estimates in Propositions 12.3.1 and 12.3.2 to
prove a second type of pointwise gradient estimates.

Proposition 12.3.3 Under the assumptions of Proposition 12.3.1, for any

f ∈ Cb(Ω) we have

|(DT (t)f)(x)|p ≤

(
σ2

2κ0(1 − e−σ2t)

) p

2

(T (t)(|f |p))(x), t > 0, x ∈ Ω,

(12.3.6)
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for any p ≥ 2, and

|(DT (t)f)(x)|p ≤
cpσpt

1− p

2

κ0(1 − e−σpt)
(T (t)(|f |p))(x), t > 0, x ∈ Ω, (12.3.7)

for any 1 < p < 2, where cp = (p(p − 1))−p/2 and σp is given by Proposition

12.3.1. When σp = 0 in (12.3.6) and (12.3.7), we replace σp/(1− e−σpt) with

1/t.
The same results hold true under the assumptions of Proposition 12.3.2,

provided we take p ≥ p0 and replace everywhere σp with σ̃p.

Proof. Without loss of generality, we limit ourselves to proving the assertion
under the assumptions of Proposition 12.3.1.

We first prove (12.3.6). For any δ > 0 and any n ∈ N, we introduce the
function Φn : (0, t) → Cb(Ω) defined by

Φn(s) = Tn(s)
(
(|Tn(t− s)f |2 + δ)

p

2

)
,

where {Tn(t)} is, as usual, the semigroup introduced before Theorem 12.1.3.
Moreover, we set gn(s) = (|Tn(t − s)f |2 + δ)p/2 for any s ∈ (0, t). As it is
immediately seen, gn(s) ∈ D(An) for any s ∈ (0, t) (see (12.1.9)). This implies
thatAnΦn = Tn(·)Angn. Hence, taking the positivity of the semigroup {Tn(t)}
into account, we get

Φ′
n(s) = Tn(s)

(
Angn(s) − p(g(s))1−

2

pTn(t− s)f AnTn(t− s)f
)

= Tn(s)
(
p(gn(s))1−

4

p

(
(p− 1)|Tn(t− s)f |2 + δ

)

×〈QDTn(t− s)f,DTn(t− s)f〉
)

≥ p(p− 1)κ0

×Tn(s)

(
(gn(s))1−

4

p |DTn(t− s)f |2
(
|Tn(t− s)f |2 +

δ

p− 1

))

≥ p(p− 1)κ0Tn(s)
(
(gn(s))1−

2

p |DTn(t− s)f |2
)
. (12.3.8)

Now, we fix x ∈ Ω and ε ∈ (0, t/2). Integrating (12.3.8) with respect to s from
ε to t− ε, we get

(
Tn(t− ε)

(
(|Tn(ε)f |2 + δ)

p

2

))
(x)

≥ p(p− 1)κ0

∫ t−ε

ε

(
Tn(s)

(
(gn(s))1−

2

p |DTn(t− s)f |2
))

(x)ds.

Since {Tn(t)} is a strongly continuous semigroup, then, for any x ∈ Ω, the
function

(
Tn(t− ε)

{
(|Tn(ε)f |2 + δ)

p

2

})
(x) tends to

(
Tn(t)

{
(|f |2 + δ)

p

2

})
(x)
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as ε goes to 0. Therefore, from the monotone convergence theorem, we get

(
Tn(t)

(
(|f |2 + δ)

p

2

))
(x)

≥ p(p− 1)κ0

∫ t

0

(
Tn(s)

(
(gn(s))1−

2

p |DTn(t− s)f |2
))

(x)ds, (12.3.9)

for any x ∈ Ω. Now, arguing as in the proof of Proposition 12.3.1, it easily
follows that for any n ∈ N the semigroup {Tn(t)} satisfies

|(DTn(t)f)(x)|p ≤ eσpt(Tn(t)(|Df |p))(x), t ≥ 0, x ∈ Ω,

where σp is the same as in (12.3.2). Hence, using the Hölder inequality, we
can write

|DTn(t)f |p ≤ eσpsTn(s) (|DTn(t− s)f |p)

= eσpsTn(s)
(
(gn(s))

p
2
−1|DTn(t− s)f |p (gn(s))1−

p
2

)

≤ eσps
{
Tn(s)

(
(gn(s))1−

2

p |DTn(t− s)f |2
)} p

2

{Tn(s)gn(s)}1− p

2 .

Then, using the Young and Jensen inequalities and recalling that (a+ b)p/2 ≤
ap/2 + bp/2 for any a, b > 0, we get

|DTn(t)f |p ≤ eσps

{
p

2
ε

2

pTn(s)
(
(gn(s))1−

2

p |DTn(t− s)f |2
)

+
(
1 −

p

2

)
ε

2

p−2

(
Tn(t)(|f |p) + δ

p

2

)}
.

Integrating from 0 to t and taking (12.3.9) into account gives

1 − e−σpt

σp
|DTn(t)f |p ≤

ε
2

p

2(p− 1)κ0
Tn(t)

(
(|f |2 + δ)

p
2

)

+t
(
1 −

p

2

)
ε

2

p−2

(
Tn(t)(|f |p) + δ

p
2

)
,

where, if σp = 0, we replace the term (1− e−σpt)/σp with t. Letting δ go to 0
and, then, minimizing with respect to ε ∈ (0,+∞), we deduce (12.3.6) with
{T (t)} being replaced with the semigroup {Tn(t)}. To get (12.3.6) it is now
sufficient to take the limit as n goes to +∞, recalling that Tn(·)f converges
to T (·)f in C1,2(D) for any compact set D ⊂ (0,+∞) × Ω (see the last part
of the proof of Theorem 12.1.3).

To prove (12.3.7) it suffices to apply the Jensen inequality and (12.3.6) with
p = 2. Indeed, since p(t, x; dy) are probability measures for any t > 0, x ∈ Ω,
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it follows that (T (t)(|f |2))p/2 ≤ T (t)(|f |p). Therefore,

|(DT (t)f)(x)|p =
(
|(DT (t)f)(x)|2

) p

2

≤

(
σ2

2κ0(1 − e−σ2t)
(T (t)(f2))(x)

) p

2

≤

(
σ2

2κ0(1 − e−σ2t)

) p

2

(T (t)(|f |p))(x)

and (12.3.7) follows.

Corollary 12.3.4 For any f ∈ Cb(Ω) it holds that

||DT (t)f ||∞ ≤

(
σ2

2κ0(1 − e−σ2t)

) 1

2

||f ||∞, t > 0,

if σ2 6= 0, and

||DT (t)f ||∞ ≤
1

√
2κ0t

||f ||∞, t > 0,

if σ2 = 0. Here, σ2 = σ2 under the assumptions of Proposition 12.3.1, whereas

σ2 = σ̃2 under the assumptions of Proposition 12.3.2.

Corollary 12.3.4 gives uniform gradient estimates sharper than those of The-
orem 12.1.3. Indeed, it shows that we can take ω = 0 in (12.1.12). Moreover,
under the assumptions of Proposition 12.3.1 it gives an explicit description
of the constant C, in terms of q0 and k0 (see (12.1.3) and (12.3.1)). Finally,
in the case when σ2 < 0, (12.3.4) shows that the sup-norm of the gradient of
T (t)f vanishes exponentially as t tends to +∞.

Another interesting consequence of the gradient estimate in Proposition
12.3.3 is shown in the following proposition which provides us a Liouville type
theorem. We omit the proof since it can be obtained arguing as in the proof
of Theorem 7.2.5.

Proposition 12.3.5 Suppose that Proposition 12.3.3 holds with σ2 ≤ 0 (where

σ2 is as in Corollary 12.3.4). If f ∈ D(A) is such that Af = 0, then f is con-

stant.

To conclude this section we show that under the same assumptions as in
Section 12.1, we can prove estimates similar to (12.3.2) even if a bit weaker. In
any case, they can allow to improve the uniform gradient estimate (12.1.12). In
fact, they show that as t tends to +∞ the sup-norm of DT (t)f stays bounded.

Proposition 12.3.6 Under Hypotheses 12.1.1, there exists a constant Cp > 0
such that

|(DT (t)f)(x)|
p

2 ≤ CpT (t)
(
(f2 + |Df |2)

p

2

)
(x), t > 0, x ∈ Ω,

(12.3.10)
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for any f ∈ C1
ν (Ω).

Proof. Since the proof is similar to that of Proposition 12.3.1, we limit
ourselves to sketching it, pointing out the main differences. In the case when
p ∈ (1, 2] and f ∈ C2+α

c (Ω), we introduce, for any δ > 0, the function w
defined by

w(t, x) =
(
a|u(t, x)|2 + |Du(t, x)|2 + δ

) p

2 , t > 0, x ∈ Ω.

Here a > 0 is a real parameter to be fixed later on. By virtue of Propositions
12.1.8 and 12.2.3, the function w is bounded and continuous in [0,+∞) × Ω.
Moreover, by Theorem C.1.4, w is differentiable once with respect to the time
variable and twice with respect to the space variables in (0,+∞) × Ω, and it
solves the differential equation Dtw −Aw = f1 + f2, where now

f1 = pw1− 2

p

(
N∑

i,j,h=1

DhqijDhuDiju+
N∑

i,j=1

DibjDiuDju

−a〈QDu,Du〉 − Tr(QD2uD2u)

)
, (12.3.11)

f2 = p(2 − p)w1− 4

p 〈Q(auDu+D2uDu), auDu+D2uDu〉.

Moreover, ∂w/∂ν ≤ 0 in (0,+∞)× ∂Ω. Using the Cauchy-Schwarz inequality
twice, first for the inner product induced by the matrix Q and, then, for the
Euclidean one, we get

〈Q(auDu+D2uDu), auDu+D2uDu〉

≤

[ (
Tr(QD2uD2u)

) 1

2 |Du| + a|u| (〈QDu,Du〉)
1

2

]2

≤ (a|u|2 + |Du|2)
{
Tr(QD2uD2u) + a〈QDu,Du〉

}
.

Hence,

f2 ≤ p(2 − p)(au2 + |Du|2)
p

2
−1
{
Tr(QD2uD2u) + a〈QDu,Du〉

}
.

Therefore, we get

Dtw −Aw = pw1− 2

p

{
N∑

i,j,h=1

DhqijDhuDiju+

N∑

i,j=1

DibjDiuDju

−(p− 1)
[
a〈QDu,Du〉 + Tr(QD2uD2u)

]
}
.

(12.3.12)



356 Chapter 12. The Cauchy-Neumann problem: the convex case

The first term in the right-hand side of (12.3.12) is immediately estimated
by (12.1.22) (where we take ε′ = (p− 1)), whereas, to estimate the remaining
ones, it suffices to use the dissipativity condition (12.1.3) and the ellipticity
condition (12.1.1) as in the proof of Proposition 12.1.4. So, finally, we get

Dtw −Aw ≤ pw1− 2

p

(
Kp +

k0

κ0
− a(p− 1)

)
κ |Du|2,

where Kp is a suitable positive constant. It is now clear that we can choose a
sufficiently large such that Dtw − Aw ≤ 0 in (0,+∞) × Ω. Hence, from the
maximum principle in Theorem 12.1.5 we get

(a|u(t, x)|2 + |Du(t, x)|2 + δ)
p

2 ≤
(
T (t)

(
(af2 + |Df |2 + δ)

p

2

))
(x),

for any t > 0 and any x ∈ Ω. Letting δ go to 0, the assertion follows.

Remark 12.3.7 Repeating verbatim the proof of Proposition 12.3.3, it can
be easily checked that, for any n ∈ N, the semigroup {Tn(t)}, introduced in
the proof of Theorem 12.1.3, satisfies (12.3.10) with the same constant Cp.

Theorem 12.3.8 Under Hypotheses 12.1.1, for any p ∈ (1,+∞) and any

f ∈ Cb(Ω), we have

|(DT (t)f)(x)|p ≤

(
1

p(p− 1)κ0t
+ 1

)p

2

(T (t)(|f |p))(x), (12.3.13)

for any t > 0. In particular, the function DT (·)f is bounded in (a,+∞) × Ω
for any a > 0.

Proof. It can be obtained arguing as in the proof of Proposition 12.3.3. The
only difference is that now, using (12.3.10) with T (t) replaced with Tn(t), we
obtain

|DTn(t)f |p ≤ Cp

{
p

2
ε

2

pTn(s)
[
(gn(s))1−

2

p (|Tn(t− s)f |2 + |DTn(t− s)f |2)
]

+
(
1 −

p

2

)
ε

2

p−2

(
Tn(t)|f |p + δ

p
2

)}
.

Using the Jensen inequality as in the last part of the proof of Proposition
12.3.3, we obtain

Tn(s)
(
(gn(s))1−

2

p |Tn(t− s)f |2
)
≤ Tn(s)gn(s)

≤ Tn(s)
(
Tn(t− s)(|f |p) + δ

p
2

)

= Tn(t)(|f |p) + δ
p

2 .
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Hence,

|DTn(t)f |p ≤ Cp

{
p

2
ε

2

pTn(s)
[
(gn(s))1−

2

p |DTn(t− s)f |2
]

+

(
1 −

p

2

)
ε

2

p−2

(
Tn(t)(|f |p) + δ

p
2

)

+
p

2
ε

2

p (Tn(t)(|f |p) + δ
p

2 )

}
,

and now (12.3.13) follows arguing as in the proof of Proposition 12.3.3.

12.4 The invariant measure of the semigroup

In this section we briefly generalize some results of Chapter 8 to the case of
the invariant measure associated with the semigroup {T (t)} considered in this
chapter. To simplify the notation, throughout this section we simply write Lp

µ

and W k,p
µ (k ∈ N, p ∈ [1,+∞)) instead of Lp(Ω, µ) and W k,p(Ω, µ). Moreover,

we denote by || · ||p the usual norm of Lp
µ.

In view of the extension of the gradient estimates in Section 12.3 to this
setting, we assume that c identically vanishes in Ω.

To begin with let us prove the following theorem.

Theorem 12.4.1 There exists at most one invariant measure of {T (t)}. Such

an invariant measure is absolutely continuous with respect to the Lebesgue

measure and its density ̺ is a positive function which belongs to W 1,p
loc (Ω) for

any p ∈ (1,+∞). In particular, ̺ is continuous in Ω (not necessarily bounded).

Proof. We split the proof into three steps.

Step 1. Here, we assume that µ is an invariant measure of {T (t)}. Repeating
with slight changes the same arguments as in the proof of Theorem 8.2.2, we
can easily show that µ admits a density ̺ ∈ W 1,p

loc (Ω) (see also [21, Section 2]
for more details). Moreover, using the Harnack inequality (see [142, Corollary
5.3]), we can show that

sup
x∈K

̺(x) ≤ C inf
x∈K

̺(x), (12.4.1)

for any compact set K and some positive constant C = C(K). Of course,
the estimate (12.4.1) and the continuity of ̺ in Ω imply that ̺ is everywhere
positive.
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To conclude this step of the proof, let us show that µ is absolutely continuous
with respect to the Lebesgue measure. For this purpose, let {Ωn} be a sequence
of bounded sets such that Ωn ⊂ Ωn+1 for any n ∈ N and

⋃
n∈N

Ωn = Ω. By
the above results,

µ(Ωn) =

∫

Ωn

̺dx, n ∈ N.

The Fatou lemma now implies that

1 = µ(Ω) =

∫

Ω

̺dx.

Therefore, ̺ is everywhere positive in Ω and it belongs to L1(Ω), i.e., µ is
absolutely continuous with respect to the Lebesgue measure on the σ-algebra
of the Borel set of Ω.

Step 2. We now prove that there exists at most a unique invariant measure
of {T (t)}. For this purpose, we begin by observing that the semigroup {T (t)}
is ergodic, i.e.,

lim
t→+∞

1

t

∫ t

0

T (s)fds =

∫

Ω

fdµ, f ∈ L2
µ. (12.4.2)

To prove the formula (12.4.2), one can argue as in the proof of Proposition
8.1.11 with minor changes. Indeed, Proposition 8.1.13 holds also in this sit-
uation as it can be easily seen repeating step by step the same proof (note
in particular that, using the formula (12.1.28), one can show that, if {fn}
is a bounded sequence of bounded and continuous functions converging to a
function f ∈ Bb(R

N ) pointwise, then T (·)fn converges to T (·)f pointwise in
[0,+∞)× Ω as n tends to +∞). We need to modify the proof of Proposition
8.1.11 only to show that χA ∈ C = {f ∈ L2

µ : T (t)f = f µ−a.e. for any t > 0}
if and only if µ(A) = 0 or µ(A) = 1. For this purpose, suppose that χA ∈ C
and µ(A) > 0. Then, T (1)χA = χA µ-almost everywhere in Ω. Therefore,
T (1)χA > 0 µ-almost everywhere in A. Since the semigroup is strong Feller
(see Proposition 12.2.1), then T (1)χA ∈ Cb(Ω). Moreover, according to Re-
mark 12.2.2, the function T (2)χA is everywhere positive in Ω. Therefore, the
equality T (2)χA = χA can hold µ-almost everywhere in Ω if and only if
µ(Ω \A) = 0 that is if and only if µ(A) = 1.

Step 3. We can now conclude the proof. Suppose that µ1 and µ2 are two dif-
ferent invariant measures of {T (t)}. Then, according to the Chacon-Ornstein
theorem (see [124, Chapter 3, Section 8]), for any Borel set A we can determine
two sets M1 and M2, with µj(Mj) = 1 (j = 1, 2) such that

lim
n→+∞

1

n

∫ n

0

(T (s)χA)(x)ds =

∫

Ω

χAdµj = µj(A), x ∈Mj, j = 1, 2.

(12.4.3)
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Let us observe that M1 ∩M2 6= ∅. Indeed, since the densities ̺1 and ̺2 of
µ1 and µ2 (with respect to the Lebesgue measure) are positive in Ω, then,
for any compact set K ⊂ Ω, the restriction µK

j of the measure µj to K
(j = 1, 2) is equivalent to the Lebesgue measure (restricted to the Borel
sets of K). Fix a compact set K such that µj(Mj ∩ K) > 0 (j = 1, 2) and
suppose, by contradiction, that M1 ∩M2 = ∅. Since µ1(Ω \M1) = 0, then
µK

1 (M1 ∩K) = µK
1 (K). Moreover,

µK
1 ((M1 ∪M2)∩K) = µK

1 (M1 ∩K)+µK
1 (M2 ∩K) ≤ µK

1 (K) = µK
1 (M1 ∩K).

Hence, µK
1 (M2 ∩ K) = 0. Since, µK

1 and µK
2 are equivalent to the Lebesgue

measure, then µK
2 (M2 ∩K) = 0, which, of course, cannot be the case.

Now, taking x ∈ M1 ∩M2, from (12.4.3), we easily deduce that µ1(A) =
µ2(A) and the arbitrariness of A allows us to conclude that µ1 = µ2.

The following theorem gives a precise description of the behaviour of the
function T (t)f as t tends to +∞, for any f ∈ L2

µ. For the proof, we refer the
reader to [42, Theorems 3.4.2 & 4.2.1].

Theorem 12.4.2 For any f ∈ Lp
µ we have

lim
t→+∞

||T (t)f − f ||p = 0,

where f =
∫
Ω
fdµ.

As in the case when Ω = RN the main existence result of an invariant
measure of {T (t)} is the Khas’minskii theorem.

Theorem 12.4.3 (Khas’minskii) Suppose that there exists a function ϕ ∈
C2(Ω) such that

ϕ ≥ 0, lim
|x|→+∞

Aϕ(x) = −∞,
∂ϕ

∂ν
= 0 on ∂Ω.

Then, the semigroup {T (t)} admits an invariant measure µ.

Proof. It can be obtained arguing as in the proof of Theorem 8.1.20, adapt-
ing to our situation the proof of Theorems 8.1.18 and 8.1.19.

From now on, we always assume that the semigroup {T (t)} admits an in-
variant measure. In such a situation, as the following proposition shows, the
semigroup can be extended to a strongly continuous semigroup of contractions
defined in Lp(Ω) for any p ∈ [1,+∞). We will still denote by {T (t)} such a
semigroup.
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Proposition 12.4.4 Let µ be the invariant measure of {T (t)}. Then, the

semigroup can be extended to a strongly continuous semigroup of contractions

in Lp
µ for any p ∈ [1,+∞). Moreover, the set D(A) (see (12.2.5)) is a core of

the infinitesimal generator Lp of the semigroup in Lp
µ.

Proof. It can be obtained arguing as in the proofs of Propositions 8.1.8 and
8.1.9.

We now use the gradient estimates in Section 12.3 to derive some gradient
estimates for functions in Lp

µ.

Proposition 12.4.5 Under the hypotheses of Proposition 12.3.3, T (t) maps

Lp
µ into W 1,p

µ , for any t > 0. Moreover, under the assumptions of Proposition

12.3.1,

||DT (t)f ||p ≤






(
cpσpt

1− p

2

κ0(1 − e−σpt)

) 1

p

||f ||p, p ∈ (1, 2),

(
σ2

2κ0(1 − e−σ2t)

) 1

2

||f ||p, p ≥ 2,

(12.4.4)

for any t > 0, where cp and σp are the same as in the quoted proposition.

When σp = 0 in (12.3.6) and (12.3.7), we replace σp/(1 − e−σpt) with 1/t.
Similarly, under the assumptions of Proposition 12.3.2 the same estimate

holds for any p ≥ p0, provided we replace everywhere σp with σ̃p, which is

given by (12.3.4).

Proof. It follows arguing as in the proof of Proposition 8.3.2, taking the
pointwise gradient estimates in Proposition 12.3.3 into account.

As the following proposition shows, the estimates (12.4.4) can be used to
give a partial characterization of the domain of the infinitesimal generator of
the semigroup {T (t)} in Lp

µ.

Proposition 12.4.6 Let p > 1, under the assumptions of Proposition 12.3.1
and p ≥ p0, under the assumptions of Proposition 12.3.2. Then, D(Lp) ⊂W 1,p

µ

and, for any ω > 0, there exists a positive constant Mω,p such that

||Df ||p ≤Mω,p||f ||
1

2

p ||(Lp − ω)f ||
1

2

p , f ∈ D(Lp). (12.4.5)

Moreover, under the assumptions of Proposition 12.3.1, the estimate (12.4.5)
holds true also with ω = 0, if σp < 0. Similarly, under the assumptions of

Proposition 12.3.2, the estimate (12.4.5) holds true also with ω = 0, if σ̃p < 0.

Proof. The proof is similar to that of Proposition 8.3.3. So we skip the
details.
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To conclude this section, we consider the case when the operator A is given
by

Aϕ = ∆ϕ− 〈DU,Dϕ〉, (12.4.6)

on smooth functions, under the following hypothesis on U :

Hypothesis 12.4.7 The function U belongs to C2(RN ),

lim
|x|→+∞

U(x) = +∞

and
N∑

i,j=1

DijU(x)ξiξj ≥ 0, x ∈ R
N , ξ ∈ R

N .

Let us denote by µ the measure defined by

µ(dx) = K−1e−U(x)dx, K =

∫

Ω

e−U(x)dx. (12.4.7)

Lemma 12.4.8 The measure µ in (12.4.7) is the invariant measure of {T (t)}.

Proof. Let us fix f ∈ Cb(Ω) and denote by {Tn(t)} (n ∈ N) the approxi-
mating semigroup defined in Section 12.1. We know that the function Tn(t)f
belongs to C2(Ωn) for any t > 0. Moreover, for any t > 0, ∂Tn(t)f/∂ν = 0 on
∂Ωn and Tn(t)f converges pointwise to T (t)f as n tends to +∞. An integra-
tion by parts shows that

∫

Ωn

ATn(t)fdµ = 0,

for any t > 0. Therefore,

d

dt

∫

Ωn

Tn(t)fdµ =

∫

Ω

ATn(t)fdµ = 0, t > 0,

which implies that
∫

Ωn

Tn(t)fdµ =

∫

Ωn

fdµ, t > 0, n ∈ N.

Letting n go to +∞, from the dominated convergence theorem we deduce that
∫

Ω

T (t)fdµ =

∫

Ω

fdµ, t > 0,

which, of course, implies that µ is the invariant measure of {T (t)}.

As it has been proved by G. Da Prato and A. Lunardi in [40], a precise
characterization of the domain of the infinitesimal generator of {T (t)} in L2

µ

is available, when A is given by (12.4.6). As in Chapter 8, we simply write L
instead of L2.
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Theorem 12.4.9 Under Hypothesis 12.4.7, the resolvent set ρ(L) contains

the halfline (0,+∞) and

D(L) =

{
u ∈W 2,2

µ : 〈DU,Du〉 ∈ L2
µ,

∂u

∂ν
= 0 on ∂Ω

}
. (12.4.8)

Moreover,

||DkR(λ, L)||L(L2
µ) ≤ 2kλ

k
2
−1, k = 0, 1, 2. (12.4.9)

Proof. We split the proof into two steps.

Step 1. Here, we prove that, for any f ∈ L2
µ and any λ > 0, the Neumann

problem 




λu(x) −Au(x) = f(x), x ∈ Ω,

∂u

∂ν
(x) = 0, x ∈ ∂Ω,

(12.4.10)

admits a unique solution u belonging to the space defined by the right-hand
side of (12.4.8) and

||Dku||2 ≤ 2kλ
k
2
−1||f ||2. (12.4.11)

Let us first prove the uniqueness part. For this purpose, let u be a solution
to the problem (12.4.10) (corresponding to f ≡ 0) with the claimed regularity
properties. An integration by parts shows that

λ

∫

Ω

u2dµ = λ

∫

Ω

(Au)udµ = −
1

2

∫

Ω

|Du|2dµ,

and, of course, this implies that u = 0.
To prove the existence part, we approximate the operator A with the se-

quence of operators {An} defined as the operator A, with U being replaced
by the function Un given by

Un(x) = U(x) +
n

2
(dist(x,Ω))2, x ∈ R

N , n ∈ N.

As it is immediately seen, the function Un tends to +∞ as |x| tends to
+∞. Moreover, since Ω is convex, Un is convex in RN . Therefore, accord-
ing to Remark 8.4.4, the realization L(n) in L2

µn
of the operator An with

domain D(L(n)) = {u ∈ W 2,2(RN , µn) : 〈DUn, Du〉 ∈ L2(RN , µn)} generates
a strongly continuous semigroup in L2(RN , µn), where

µn(dx) = K−1
n e−Un(x)dx, Kn =

∫

RN

e−Un(x)dx.

Let us extend the function f to the whole of R
N by zero and let us still denote

by f such an extended function. For any λ > 0, the equation

λu−Anu = f
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admits a unique solution u ∈ D(L(n)) which satisfies

||Dkun||L2(RN ,µn) ≤ 2kλ
k
2
−1||f ||L2(RN ,µn), k = 0, 1, 2; (12.4.12)

see Theorem 8.4.2 and Corollary 8.4.3.
We now use a compactness argument to prove that, up to a subsequence,

un converges to a solution of the problem (12.4.10) which belongs to W 2,2
µ

and satisfies 〈DU,Du〉 ∈ L2
µ. For this purpose, we begin by observing that

||f ||L2(RN ,µn) =

(
1

Kn

∫

Ω

f2e−Udx

) 1

2

=

( ∫
Ω
e−Udx∫

RN e−Undx

) 1

2

||f ||2.

Therefore, the sequence {||f ||L2(RN ,µn)} is bounded. From (12.4.12) we now
deduce that the restriction of the functions un to Ω gives rise to a bounded
sequence in W 2,2

µ . Indeed, ||Dku||L2(Ω,µ) ≤ ||Dku||L2(Ω,µn). Hence, there exists
a subsequence {unk

} ⊂ {un} which converges weakly in W 2,2
µ and strongly

in W 3/2,2(Ω ∩ B(R)), to a function u ∈ W 2,2
µ , for any R > 0. Moreover, we

can assume that un converges to u pointwise a.e. in Ω. This implies that the
function u solves the differential equation in (12.4.10). Since u and ∆u ∈ L2

µ,
then the function 〈DU,Du〉 belongs to L2

µ. Further, (12.4.9) follows by virtue
of (12.4.12).

Finally, let us prove that the normal derivative of u identically vanishes on
∂Ω. Using the formula (8.1.29), we can show that

∫

RN

〈Dun, Dψ〉dµ = −

∫

RN

Anunψdµn

= −

∫

RN\Ω

(Anun)ψdµn −

∫

Ω

(Anun)ψdµn

= −λ

∫

RN\Ω

unψdµn −

∫

Ω

(Anun)ψdµn

= −λ

∫

RN\Ω

unψdµn +

∫

Ω

〈Dun, Dψ〉dµn

−
1

Kn

∫

∂Ω

∂un

∂ν
ψe−Undσ,

for any ψ ∈ C∞
c (RN ), where dσ is the surface measure related to ∂Ω. There-

fore,

1

Kn

∫

∂Ω

∂un

∂ν
ψe−Undσ = −

∫

RN\Ω

〈Dun, Dψ〉dµn − λ

∫

RN\Ω

unψdµn,

(12.4.13)

for any ψ ∈ C∞
c (RN ). Let us observe that the right-hand side of (12.4.13)

vanishes as n tends to +∞. Indeed, the sequence {un} is bounded in W 2,2
µ
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and, as it is easily seen, the W 1,2(RN \Ω, µn)-norm of ψ goes to 0 as n tends
to +∞. As far as the left-hand side in (12.4.13) is concerned, we observe that,
since un converges to u in W 3/2,2(Ω ∩ suppψ), then ∂un/∂ν tends to ∂u/∂ν
in L2(∂Ω ∩ suppψ) as n tends to +∞. So, we have

∫

∂Ω

∂u

∂ν
ψe−Udσ = lim

n→+∞

∫

∂Ω

∂un

∂ν
ψe−Undσ

from which we deduce that ∂u/∂ν = 0 on ∂Ω.
Finally, the formula (12.4.9) follows from (12.4.12), letting n go to +∞.

Step 2. Denote by L̂ the realization of the operator A in L2
µ with domain

given by the right-hand side of (12.4.8).
Since the operator L̃ is dissipative and self-adjoint in L2

µ, according to
Theorem B.2.9, it generates a strongly continuous analytic semigroup {S(t)}
in L2

µ. To conclude the proof, we need to show that T (t) ≡ S(t) for any t > 0.

For this purpose, we begin by observing that L̃ and L coincide in C∞
c (Ω). To

see it, it suffices to observe that C∞
c (Ω) is properly contained in the space

defined by the right-hand side of (12.4.8). Moreover, it is also contained in
D(L). Indeed, according to Proposition 12.4.4, the space defined by (12.2.5)
is a core of L.

Now, fix f ∈ C∞
c (Ω) and t > 0. Moreover, let ψ : [0, t] → L2

µ be the function
defined by ψ(s) = S(t − s)T (s)f for any s ∈ [0, t]. Since {S(t)} and {T (t)}
are both strongly continuous semigroups and {T (t)} is also analytic, then the
function ψ is continuously differentiable in [0, t) with values in L2

µ and

ψ′(s) = −S(t− s)T (s)Lf + S(t− s)L̃T (s)f

= −S(t− s)T (s)Lf + S(t− s)T (s)L̃f

= 0.

Therefore, ψ(s) = ψ(0) for any s ∈ (0, t). Since ψ is continuous up to s = t, we
deduce that ψ(t) = ψ(0) or, equivalently, that T (t)f ≡ S(t)f . This completes
the proof.

To conclude this section we prove the Poincaré inequality.

Theorem 12.4.10 Suppose that A is given by (12.4.6) with U ∈ C2(RN )
satisfying

N∑

i,j=1

DijU(x)ξiξj ≥ d0|ξ|
2, x ∈ Ω, ξ ∈ R

N ,

for some negative constant d0. Then,

∫

RN

|f − f |2dµ ≤ −
1

d0

∫

RN

|Df |2dµ, f ∈W 1,2
µ . (12.4.14)
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Moreover,

||T (t)f − f ||2 ≤ e
t

d0 ||f − f ||2, t > 0,

for any f ∈ L2
µ. Finally, we have a spectral gap for L, namely

σ(L) \ {0} ⊂ {λ ∈ C : Re λ ≤ 1/d0} .

Proof. The Poincaré inequality can be proved arguing as in the proof of The-
orem 8.6.3, taking Theorem 12.4.2 into account and observing that according
to Proposition 12.3.1,

|(DT (t)f)(x)|2 ≤ e2d0t(T (t)(|Df |2))(x), t > 0, x ∈ Ω.

The second and the last part of the theorem can be proved repeating the
same arguments as in the proof of Proposition 8.6.4. Hence, we omit the
details.





Chapter 13

The Cauchy-Neumann problem: the

nonconvex case

13.0 Introduction

In this chapter we consider the case when Ω is a nonconvex unbounded open
subset of RN , uniformly of class C2+α, for some α ∈ (0, 1), and we show that,
under somewhat heavier assumptions on the coefficients of the operator

Aϕ(x) =

N∑

i,j=1

qij(x)Dijϕ(x) +

N∑

j=1

bj(x)Diϕ(x) + c(x)ϕ(x), x ∈ Ω,

(13.0.1)
we can recover the results proved in Chapter 12. In the convex case the key-
stone to prove the existence of a classical solution to the problem






Dtu(t, x) = Au(t, x), t > 0, x ∈ Ω,

∂u

∂ν
(t, x) = 0, t > 0, x ∈ ∂Ω,

u(0, x) = f(x), x ∈ Ω

(13.0.2)

(i.e., a function u ∈ C([0,+∞)×Ω)∩C0,1((0,+∞)×Ω)∩C1,2((0,+∞)×Ω)
which solves the problem (13.0.2) pointwise) was the a priori estimate (12.0.4)
for the classical solution un to the Cauchy problem (12.1.10) in bounded
domains. Such an estimate was proved by using the Bernstein method. The
convexity of Ω played a crucial role since it allowed us to approximate Ω by
convex bounded domains Ωn, and the convexity of Ωn was essential to apply
the Bernstein method. Indeed, if F is a smooth convex open set, then any
smooth function w defined in F , with normal derivative identically vanishing
on ∂F , satisfies ∂|Dw|2/∂ν ≤ 0 on ∂F (see Proposition 12.1.4). In the case
when Ω is not convex, there is no a priori information on the sign of the normal
derivative of |Dun|2 on ∂Ω and so the technique of Section 12.1 cannot be
applied. To overcome such a difficulty, here we do not approximate the domain
but we rather deal directly with the problem in the whole of Ω. Taking the
geometry of Ω into account, we introduce a suitable positive function m and
we prove that, if ∂u/∂ν = 0 on ∂Ω, then ∂(m|Du|2)/∂ν ≤ 0 on ∂Ω. Once we
have this preliminary result, we apply the Bernstein method to the function

367
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v := u2 + atm|Du|2, u being the classical solution to the problem (13.0.2),
and we get (12.0.4) for the function u. To apply such a technique we need
to assume that u is sufficiently smooth in order to be able to differentiate
v once with respect to time and twice with respect to the time variables in
(0,+∞) × Ω.

Next, we focus our attention on showing that the Cauchy-Neumann prob-
lem (13.0.2) actually admits a (unique) classical solution which satisfies the
smoothness assumptions that we needed to apply the Bernstein method.

To guarantee the uniqueness of the bounded classical solution to the prob-
lem (13.0.2), we assume as in the previous Chapters, the existence of a Lya-
punov function for the operator A, which allows us to prove a maximum
principle.

To prove the existence of a solution to the problem (13.0.2) with the claimed
regularity, we adapt to this situation the technique of Chapter 11. For this
purpose, we consider auxiliary problems in Lp(Ω), which involve suitable new
operators Aε (ε > 0) and we show that, for p large enough and f smooth
enough, there exists a unique bounded classical solution uε to the problem
(13.0.2) with A replaced with Aε. The regularity of the functions uε and the
suitable choice of the operators Aε allow us to apply the a priori gradient
estimate proved before to the functions uε (ε > 0) obtaining that

||Duε(t, ·)||∞ ≤
CT√
t
||f ||∞, t ∈ (0, T ], (13.0.3)

for any T > 0 and some positive constant CT , depending on T , but being
independent of ε. At this point, we show that there exists a sequence {uεn

}
which converges to a solution u of the problem (13.0.2). Letting n go to +∞
in (13.0.3), we find that u satisfies (13.0.3) as well.

A standard approximation argument yields the gradient estimate in the
general case when f is bounded and continuous. Finally, the semigroup rule
can be used to show that, for any ω > 0, there exists a positive constant
C = C(ω) such that

||Du(t, ·)||∞ ≤
C
√
t
eωt||f ||∞, t > 0. (13.0.4)

This procedure works if we assume, among other assumptions, that the
diffusion coefficients are bounded in Ω with their first-order derivatives. In
particular, this assumption is essential when we deal with the auxiliary prob-
lem in Lp(Ω). However, if Ω is an exterior domain, we can allow the diffusion
coefficients to be unbounded in Ω. In such a situation, we approximate the
operator A by a sequence of elliptic operators {An} with bounded diffusion
coefficients to which we can apply the previous results, getting the existence
of a unique bounded classical solution un satisfying the gradient estimate
(13.0.4). Then, letting n go to +∞, we finally see that un converges to the
(unique) solution to the problem (13.0.2), which, of course, satisfies (12.0.4).
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As a consequence of the results so far proved we can define, as usual, a semi-
group {T (t)} of linear bounded operators in the space Cb(Ω). We show that
the results in Proposition 12.1.7 as well as all the results in Subsection 12.2
can be extended to the case when Ω is not convex. Concerning the pointwise
estimate, we confine ourselves to the case when c ≡ 0. In the case when the
diffusion coefficients are bounded we show that the semigroup {T (t)} satisfies
(12.0.7) with ek0pt being replaced with Cpe

Mpt for some constants Cp > 0 and
Mp ∈ R. In the case when Ω is an exterior domain, we are able to recover the
estimate (12.0.7), by assuming new conditions on the coefficients, which are
slightly more restrictive than those used to prove the uniform gradient esti-
mate. But we still allow the qij ’s to be unbounded. On the other hand, still
when Ω is an exterior domain, we can prove an estimate similar to (12.3.10),
under the same set of hypotheses used to get (12.0.4).

Next, we derive another type of pointwise gradient estimates that, in some
cases, allow us to improve the estimates on the behaviour of the sup-norm
of DT (t)f when t approaches infinity and f ∈ Cb(Ω), as well as to prove a
Liouville type theorem for the operator A.

Finally, in Section 13.4, we briefly generalize to this situation some results
of Chapter 12.

The results of this chapter have been proved in [16].

13.1 The case of bounded diffusion coefficients

We begin this section by recalling that, if Ω is uniformly of class C2+α for
some α ∈ (0, 1), then the distance function

x 7→ d(x) = dist(x, ∂Ω),

belongs to C2
b (Γ(ρ)) for some ρ > 0, where

Γ(ρ) := {x ∈ Ω : d(x) < ρ}. (13.1.1)

Moreover,

Dd(x) = −ν(ξ(x)), (13.1.2)

where ξ(x) is the unique point on ∂Ω such that d(x, ∂Ω) = |x − ξ(x)|. In
particular, formula (13.1.2) implies that |Dd(x)| = 1 for any x ∈ Γ(ρ). We
refer to Appendix D for the proof of these properties concerning the distance
function.

Finally, according to Remark D.0.3,

M0 := inf
x∈∂Ω

{
∂ν

∂τ
(x) · τ, |τ | = 1, τ · ν(x) = 0

}
> −∞.
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Therefore, we can define the constant ω0 which will be used throughout this
chapter, by setting

ω0 = max {0,−M0} . (13.1.3)

We can now state the hypotheses that we always assume to be satisfied in
this section.

Hypotheses 13.1.1 (i) Ω is an open nonconvex unbounded set uniformly
of class C2+α for some α ∈ (0, 1);

(ii) the coefficients qij and bj (i, j = 1, . . . , N) and c belong to C1+α
loc (Ω).

Moreover, qij ∈ C1
b (Ω), for any i, j = 1, . . . , N , and

N∑

i,j=1

qij(x)ξiξj ≥ κ0|ξ|
2, x ∈ Ω, ξ ∈ R

N , (13.1.4)

for some positive constant κ0;

(iii) c(x) ≤ 0 for any x ∈ Ω and there exist two constants c0 and γ such that

−c0 := sup
x∈Ω

c(x), |Dc(x)| ≤ γ(1 − c(x)), x ∈ Ω;

(iv) there exist k1, k2 ∈ R and s1, s2 ≥ 0 such that

(a)

N∑

i,j=1

Dibj(x)ξiξj ≤ (k1 − s1c(x))|ξ|
2, x ∈ Ω, ξ ∈ R

N ;

(b) −
N∑

j=1

bj(x)Djd(x) ≤ k2 − s2c(x), x ∈ Γ(ρ),

with

s1 +
ω0

2
s2 <

1

2
; (13.1.5)

(v) there exist two constants d1, d2 ≥ 0 such that

|b(x)| ≤ d1 exp(d2|x|), x ∈ Ω;

(vi) there exist a function ϕ ∈ C2(Ω) and a constant λ0 > c0 such that

lim
|x|→+∞

ϕ(x) = +∞, sup
x∈Ω

(A− λ0)ϕ(x) < +∞,
∂ϕ

∂ν
(x) ≥ 0, x ∈ ∂Ω.

The requirement that qij ∈ C1
b (Ω) (i, j = 1, . . . , N) as well as Hypothesis

13.1.1(v) are essential in order to prove the existence of a bounded classical
solution to the problem (13.0.2). The geometry of Ω is taken into account by
Hypothesis 13.1.1(iv)(b) which requires that the growth of the component of
the drift along the outward normal direction is balanced by the potential in
a neighborhood of ∂Ω.



13.1. The case of bounded diffusion coefficients 371

13.1.1 A priori estimate

In this subsection we are devoted to prove the following a priori estimate

|Du(t, x)| ≤ CT t
− 1−k

2 ||f ||Ck
b
(Ω), t ∈ (0, T ], x ∈ Ω, k = 0, 1, (13.1.6)

for any T > 0 and any f ∈ Ck
b (Ω) (satisfying ∂f/∂ν = 0 if k = 1), when u is a

bounded classical solution to the problem (13.0.2) with the further property
that Du ∈ Cb([0, T ] × Ω) ∩ C0,1((0, T ] × Ω) ∩ C1,2((0, T ] × Ω). We will deal
with the existence of such a solution in the next subsection. In order to prove
(13.1.6) we adapt to our situation the classical Bernstein method. For this
purpose, we introduce the function m : Ω → R defined by

m(x) = 1 + ω0ψ(d(x)), x ∈ Ω, (13.1.7)

where ω0 is given by (13.1.3) and ψ ∈ C2
b ([0,+∞)) is any function such that

0 ≤ ψ ≤
ε0
2
, ψ(0) = 0, ψ(s) =

ε0
2
, s > ε0, (13.1.8)

ψ′(0) = 1, 0 ≤ ψ′ ≤ 1, −
2

ε0
≤ ψ′′ ≤ 0, (13.1.9)

for some 0 < ε0 < ρ, being ρ given by (13.1.1). As it is readily seen,

1 ≤ m ≤ 1 +
ω0ε0

2

m(x) = 1 +
ω0ε0

2
, x ∈ Ω \ Γ(ε0), m(x) = 1, x ∈ ∂Ω.

Let us prove the following fundamental lemma.

Lemma 13.1.2 Let u ∈ C2(Ω) be such that ∂u/∂ν = 0 on ∂Ω. Then, the

function v := m|Du|2 satisfies

∂v

∂ν
(x) ≤ 0, x ∈ ∂Ω.

Proof. Since Du(x) · ν(x) = 0 for any x ∈ ∂Ω, differentiating along a unit
tangent vector τ , we obtain

∂

∂τ
(Du(x) ·ν(x)) = D2u(x)τ ·ν(x)+

∂ν

∂τ
(x) ·Du(x) = 0, x ∈ ∂Ω. (13.1.10)

We now observe that, from (13.1.2), (13.1.3) and (13.1.9), it follows that, if
x ∈ ∂Ω and τ · ν(x) = 0, |τ | = 1, then

∂m

∂ν
(x) − 2

∂ν

∂τ
(x) · τ = ω0 ψ

′(0)Dd(x) · ν(x) − 2
∂ν

∂τ
(x) · τ

= −ω0 − 2
∂ν

∂τ
(x) · τ ≤ 0. (13.1.11)
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Therefore, if we choose, for any x ∈ ∂Ω,

τ = τ(x) = m(x)|Du(x)|−1Du(x) = |Du(x)|−1Du(x),

from (13.1.10) and (13.1.11) we get

∂v

∂ν
(x) =

∂m

∂ν
(x)|Du(x)|2 + 2m(x)D2u(x)Du(x) · ν(x)

= |Du(x)|2
{
∂m

∂ν
(x) − 2

∂ν

∂τ
(x) · τ

}
≤ 0, x ∈ ∂Ω.

We can now prove the a priori estimate (13.1.6) requiring, for the time
being, a further regularity property to the function u, that will be removed
later.

Proposition 13.1.3 Assume that Hypotheses 13.1.1 are satisfied and let u ∈
C([0, T ]×Ω)∩C0,1((0, T ]×Ω)∩C1,2((0, T ]×Ω) be a bounded solution of the

Cauchy-Neumann problem (13.0.2). Further, assume that the function Du is

bounded in [0, T ]×Ω and it belongs to C0,1((0, T ]×Ω)∩C1,2((0, T ]×Ω), for

any T > 0. Then, there exists a constant C > 0 such that (13.1.6) holds. In

particular, if c ≡ 0, then (13.1.6), with k = 1, holds with a constant being

independent of T .

Proof. We begin by proving (13.1.6) with k = 0. For this purpose, let us
define the function

v(t, x) = |u(t, x)|2 + a tm(x)|Du(t, x)|2 , t ≥ 0, x ∈ Ω,

where a > 0 is a parameter that will be chosen later. By the assumptions,
v ∈ Cb([0, T ]× Ω) ∩C0,1((0, T ]× Ω) ∩ C1,2((0, T ] × Ω) and v(0, ·) = f2.

We claim that there exists a suitable value of a > 0, independent of f, t, x,
such that






Dtv(t, x) −Av(t, x) ≤Mv, t ∈ (0, T ], x ∈ Ω,

∂v

∂ν
(t, x) ≤ 0 t ∈ (0, T ], x ∈ ∂Ω,

(13.1.12)

for some constant M ≥ 0, having the same dependence as a. Then, by the
maximum principle in Theorem 12.1.5, applied to the function e−Mtv, we get

v(t, x) ≤ eMT sup
x∈Ω

v(0, x) = eMT ||f ||2∞, t ∈ [0, T ], x ∈ Ω,

which yields (13.1.6), with k = 0 and CT = eMT/2a−1/2, since m(x) ≥ 1 for
any x ∈ Ω.
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According to Lemma 13.1.2, ∂v/∂ν ≤ 0 on ∂Ω. Thus we have only to
prove that v satisfies the differential inequality in (13.1.12). A straightforward
computation shows that v solves the following equation:

Dtv −Av = am|Du|2 + cu2 − 2〈QDu,Du〉

+2at

{
−mTr (QD2uD2u) +

1

2
mc|Du|2

+m

N∑

i,j,h=1

DhqijDhuDiju+m

N∑

i,j=1

DibjDiuDju

+mu〈Dc,Du〉 −
ω0

2
ψ′′(d)〈QDd,Dd〉|Du|2

−
ω0

2
ψ′(d)(Ad − cd)|Du|2 − 2ω0ψ

′(d)〈QDd,D2uDu〉

}
.

(13.1.13)

Let us estimate each term in the right-hand side of (13.1.13). By the ellipticity
condition (13.1.4) we have

−mTr (QD2uD2u) ≤ −mκ0|D
2u|2. (13.1.14)

Using the boundedness of Dqij (i, j = 1, . . . , N) and the Hölder and Young
inequalities, we can write

m

N∑

i,j,h=1

DhqijDhuDiju ≤ m

( N∑

i,j=1

|〈Dqij , Du〉|
2

) 1

2

( N∑

i,j=1

|Diju|
2

) 1

2

≤
1

4δ
||DQ||∞m |Du|2 + δ||DQ||∞m |D2u|2, (13.1.15)

for any δ > 0. From Hypothesis 13.1.1(iv)(a) we get

m

N∑

i,j=1

DibjDiuDju ≤ k1m|Du|2 − s1mc|Du|
2 (13.1.16)

and, from Hypothesis 13.1.1(iii), it follows that, for arbitrary δ > 0,

mu〈Dc,Du〉 ≤ γm(1−c)|u||Du| ≤ γδm(1−c)|Du|2+
γ

4δ
m(1−c)u2. (13.1.17)

Using (13.1.9) and the Hölder inequality yields

−
ω0

2
ψ′′(d)〈QDd,Dd〉|Du|2 ≤

ω0

ε0
||Q||∞|Du|2. (13.1.18)
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Analogously, by Hypothesis 13.1.1(iv)(b) and (13.1.8) we have

−
ω0

2
ψ′(d)(Ad − cd)|Du|2 = −

ω0

2
ψ′(d)

(
Tr(QD2d) + 〈b,Dd〉

)
|Du|2

≤
ω0

2

(
||Q||∞||D2d||∞ + k2

)
|Du|2 −

ω0

2
s2c|Du|

2.

(13.1.19)

Finally

−2ω0ψ
′(d)〈QDd,D2uDu〉 ≤ 2ω0||Q||∞|D2u| |Du|

≤
ω0

2δ
||Q||∞|Du|2 + 2δω0||Q||∞|D2u|2. (13.1.20)

Now, combining the estimates (13.1.14)-(13.1.20) and using the fact that m ≥
1, whenever it is necessary, we get

Dtv −Av ≤ (am− 2κ0)|Du|
2 + cu2

+2at

{
(δ||DQ||∞ + 2δω0||Q||∞ − κ0)m|D2u|2

−

(
s1 + γδ +

ω0

2
s2 −

1

2

)
mc|Du|2

+

[
||DQ||∞

4δ
+ k1 + γδ + ω0||Q||∞

(
1

ε0
+ ||D2d||∞

)

+
k2ω0

2
+
ω0

2δ
||Q||∞

]
m |Du|2 +

γ

4δ
m (1 − c)u2

}
.

By (13.1.5) we can choose δ small enough to have

||DQ||∞δ + 2ω0δ||Q||∞ − κ0 ≤ 0, s1 + γδ +
ω0

2
s2 −

1

2
≤ 0.

Therefore, we obtain

Dtv −Av ≤ (am− 2κ0)|Du|
2 + cu2 + 2aT

{
Km |Du|2 +

γ

4δ
(1 − c)mu2

}
,

where we have set

K :=
||DQ||∞

4δ
+ k1 + γδ + ω0||Q||∞

(
1

ε0
+ ||D2d||∞

)
+
k2ω0

2
+
ω0

2δ
||Q||∞.

Since m ≤ 1 + ω0ε0/2, it follows that

Dtv −Av ≤

[(
1 +

ω0ε0
2

)
a(1 + 2TK)− 2κ0

]
|Du|2

−

[
− 1 + a T

(
1 +

ω0ε0
2

)
γ

2δ

]
cu2 + a T

(
1 +

ω0ε0
2

)
γ

2δ
u2.
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Now, it is clear that there exists a sufficiently small value a > 0, which is in-
dependent of f, t, x, such that v satisfies the differential inequality in (13.1.12)
with M = a Tγ(2 + ω0ε0)/(4δ).

In order to prove (13.1.6) with k = 1, it suffices to replace the function v
with u2 + am|Du|2 and to argue as above.

13.1.2 Existence of the solution to problem (13.0.2) and uni-
form gradient estimates

The aim of this subsection is to prove the existence of the bounded classical
solution u to the problem (13.0.2) and to show that u satisfies the estimate
(13.1.6). The crucial point consists in proving the statement in the case when
f is smooth. Indeed, the general case then will follow by approximating f ∈
Cb(Ω) with a sequence of smooth functions. For this purpose, by adapting
the technique of Subsection 11.3.2, we approximate the operator A by new
operators Aε = A+cε, where the auxiliary potential cε is chosen in such a way
that Aε generates a strongly continuous analytic semigroup {Tε(t)} in Lp(Ω)
for any p ∈ [2,+∞). We prove that, for any ε > 0, the function uε = Tε(·)f
solves the problem (13.0.2), with Aε replacing A and, for p large enough,
it enjoys the regularity properties of Proposition 13.1.3. Hence, it verifies
(13.1.6). Taking the limit as ε goes to 0+ allows us to prove the existence of
a classical solution of (13.0.2) as well as of (13.1.6) for such a solution.

Generation of analytic semigroups in L
p-spaces

For notational convenience, throughout this subsection, we denote by || ·
||p and || · ||k,p the usual norms of the spaces Lp(Ω) and W k,p(Ω) (k ∈ N),
respectively.

We assume more restrictive conditions on the coefficients of the operator A
in (13.0.1). More precisely, in this subsection we always assume the following
hypotheses.

Hypotheses 13.1.4 (i) the coefficients qij and bj (i, j = 1, . . . , N) and c
belong to C1+α

loc (Ω) for some α ∈ (0, 1). Moreover qij ∈ C1
b (Ω), for any

i, j = 1, . . . , N , and

N∑

i,j=1

qij(x)ξiξj ≥ κ0|ξ|
2, x ∈ Ω, ξ ∈ R

N ,

for some positive constant κ0;

(ii) there exist β > 0 and σ ∈ (0,
√

2κ0) such that

(i) c(x) ≤ −1, (ii) |Dc(x)| ≤ β|c(x)|, (iii) |b(x)| ≤ σ|c(x)|
1

2 ,
(13.1.21)
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for any x ∈ Ω.

For any p ∈ [2,+∞), we introduce the Banach space

Dp =

{
u ∈W 2,p(Ω) :

∂u

∂ν
= 0 on ∂Ω, cu ∈ Lp(Ω)

}
, (13.1.22)

which is endowed with the norm

||u||Dp
= ||u||2,p + ||c u||p, u ∈ Dp,

and the subspace

D =

{
u ∈ C2

c (Ω) :
∂u

∂ν
= 0 on ∂Ω

}
.

As the following lemma shows D is dense in Dp for any p ∈ [2,+∞).

Lemma 13.1.5 For any p ∈ [2,+∞), D is dense in Dp.

Proof. Let Un and gn be as in Definition D.0.1 and let {xi + B(R)}i∈N be
a countable family of balls with the following properties:

(i) the closure of xi +B(2R) is contained in Ω, for any i ∈ N;

(ii) ∪i∈N(xi + B(R)) covers Ω \ Ωε, where Ωε = {x ∈ RN : d(x) < ε} and
ε > 0 is given by the condition (ii) of Definition D.0.1;

(iii) there exists s ∈ N such that at most s among the balls {xi + B(2R)}
overlap.

We now introduce a covering {Ωk}k∈N of Ω defined as follows:

Ω2k = xk +B(R), Ω2k+1 = Vk = g−1
k (B(1/2)),

and with this covering we associate a partition of the unity {ϑk} such that

(i) the C2-norms of the functions ϑk are bounded by a constant independent
of k;

(ii) ϑ2k+1 satisfies the Neumann condition
∂ϑ2k+1

∂ν
= 0 on Ω2k+1 ∩ ∂Ω.

Now, let u ∈ W 2,p(Ω) be such that ∂u/∂ν = 0 on ∂Ω and cu ∈ Lp(Ω),
and fix ε > 0. We claim that there exists a function ϕ ∈ C2(Ω) with compact
support in Ω, such that ∂ϕ/∂ν = 0 on ∂Ω and

||u− ϕ||W 2,p(Ω) + ||cu− cϕ||Lp(Ω) < ε. (13.1.23)



13.1. The case of bounded diffusion coefficients 377

To prove the claim, for any k ∈ N we set uk = ϑku, a2k = ||c||L∞(xk+B(2R)),
a2k+1 = ||c||L∞(Vk∩Ω). We observe that

u(x) =

+∞∑

k=1

uk(x), x ∈ Ω,

and that ak ≥ 1 since, by assumptions, c ≤ −1. At this point, the idea
is to approximate each function uk by regular functions. Consider first the
case when k is even. Then, uk ∈ W 2,p(RN ) with suppuk ⊆ xk/2 + B(R).
By classical results, there exists a function vk ∈ C2(RN ) with supp vk ⊆
xk/2 +B(2R) such that

||uk − vk||W 2,p(RN ) = ||uk − vk||W 2,p(xk/2+B(2R)) <
ε

4kak
. (13.1.24)

It follows that

||cuk − cvk||Lp(xk/2+B(2R)) ≤ ak||uk − vk||Lp(xk/2+B(2R)) <
ε

4k
. (13.1.25)

Now, assume that k is odd and consider the function ũk defined by ũk(y) =
uk(g−1

n (y)) for any y ∈ B+(1/2) = {z ∈ B(1/2) | zN > 0}. Since the change of
variables is of class C2, ũk ∈ W 2,p(B+(1/2)) and, if y ∈ B(1/2) with yN = 0,
then, taking Remark D.0.2 into account, we get

∂ũk

∂yN
(y) = 〈Dũk(y), eN 〉 = 〈(Duk)(g−1

n (y)), Jac(g−1
n )(y)eN 〉

= −
1

αn(g−1
n (y))

〈(Duk)(g−1
n (y)), ν(g−1

n (y))〉 = 0,

since ∂uk/∂ν = u∂ϑk/∂ν+ϑk∂u/∂ν = 0, thanks to the choice of ϑk. It follows
that the extension of ũk with value zero in RN

+ \B+(1/2) belongs to W 2,p(RN
+ )

and its normal derivative identically vanishes on {yN = 0}. A standard tech-
nique based on a truncation argument and convolution with functions which
are even with respect to the last variable allows us to construct, for any ε′ > 0,
a new function ṽk ∈ C2(RN

+ ) with supp ṽk ⊆ B(1), ∂ṽk/∂yN = 0, if y ∈ B(1)
and yN = 0, such that

||ṽk − ũk||W 2,p(B+(1)) ≤
ε′

4kak
.

It is immediate to check that the function vk = ṽk(gn(·)) belongs to C2(Un ∩
Ω), it has support contained in Un and its normal derivative vanishes on
Un ∩ ∂Ω. Since the C2-norm of gn can be taken independent of n (by the
condition (iii) in Definition D.0.1), we can choose ε′ sufficiently small such
that

||vk − uk||W 2,p(Un∩Ω) <
ε

4k
ak, ||cvk − cuk||Lp(Un∩Ω) <

ε

4k
. (13.1.26)
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At this point, for any n ∈ N, we set

vn(x) =
n∑

k=1

vk(x), x ∈ Ω.

Of course, vn ∈ C2
c (Ω) and ∂vn/∂ν = 0 on ∂Ω. Moreover, using (13.1.24),

(13.1.25) and (13.1.26), we obtain

||u − vn||Dp
≤

2

3
ε+

∣∣∣∣∣

∣∣∣∣∣

(
1 −

n∑

k=1

ϑk

)
u

∣∣∣∣∣

∣∣∣∣∣
W 2,p(Ω)

+

∣∣∣∣∣

∣∣∣∣∣

(
1 −

n∑

k=1

ϑk

)
V u

∣∣∣∣∣

∣∣∣∣∣
Lp(Ω)

.

(13.1.27)

As n goes to +∞, the two last terms in the right-hand side of (13.1.27) vanish
by dominated convergence. Therefore, choosing n sufficiently large, we get
(13.1.23) with ϕ = vn.

Now, our purpose consists in showing that, under Hypotheses 13.1.4, the op-
erator A with domain Dp is well defined and generates an analytic semigroup
{Tp(t)}, and that, for any f ∈ Cb(Ω) and any p > N , the function Tp(t)f
is a classical solution to the problem (13.0.2) satisfying the assumptions of
Proposition 13.1.3.
For this purpose, we are going to adapt the techniques in Subsection 11.3.2,
which are based on integration by parts. We note that since the conormal
vector associated with the operator Q needs not to coincide with the normal
derivative on ∂Ω, integrating by parts, we are led to some surface integrals
which we would avoid. For this purpose, we show that we can replace the
matrix Q with a new matrix Q′ such that Tr(QD2u) = Tr(Q′D2u) for any
u ∈ Dp and the conormal vector associated with Q′ coincides with the nor-
mal vector on ∂Ω. This allows us to eliminate the surface integrals. For this
purpose, for any x ∈ Ω we introduce the matrix S(x) defined by

S(x)y = ϑ(x)
{
〈y,Q(x)Dd(x)〉Dd(x) − 〈y,Dd(x)〉Q(x)Dd(x)

}
, y ∈ R

N ,

where ϑ ∈ C2
b (RN ) is such that ϑ = 1 in Γ(ρ/2) and it vanishes outside Γ(ρ)

(see (13.1.1)). Then, we set Q′(x) = Q(x) + S(x). As the following lemma
shows, Q′ has all the claimed properties.

Lemma 13.1.6 We have:

(i) q′ij ∈ C1
b (Ω) (i, j = 1, . . . , N) and

∑N
i,j=1 q

′
ij(x)ξiξj ≥ κ0|ξ|2 for any

x ∈ Ω and any ξ ∈ RN ;

(ii) Tr (QA)(x) = Tr (Q′A)(x), for any symmetric matrix A and any x ∈ Ω;

(iii) Q′(x)ν(x) = 〈ν(x), Q(x)ν(x)〉ν(x), for any x ∈ ∂Ω.
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Moreover, for any u ∈ Dp and any v ∈W 1,q(Ω), with
1

p
+

1

q
= 1, we have

∫

Ω

(A0u)v dx = −
N∑

i,j=1

∫

Ω

vDjq
′
ij Diu dx−

N∑

i,j=1

∫

Ω

q′ijDiuDjv dx. (13.1.28)

Proof. Since S is skew-symmetric, the properties (i) and (ii) follow immedi-
ately. Similarly, the property (iii) follows easily taking (13.1.2) into account.
In order to prove (13.1.28), it suffices to write A0u = Tr (Q′D2u), and to
integrate by parts using the property (iii).

For notational convenience, we now introduce the vector-valued function
b′ : Ω → RN defined by

b′i(x) =

N∑

j=1

Djq
′
ij(x) − bi(x), x ∈ Ω, i = 1, . . . , N.

Taking the assumption (13.1.21) into account, it is immediate to see that

|b′| ≤ |b| +
√
N ||DQ′||∞ ≤ σ|c|

1

2 +
√
N ||DQ′||∞. (13.1.29)

Proposition 13.1.7 For any p ≥ 2, the operator Ap is well defined in Dp.

Moreover, there exists a positive constant λ0, depending on κ0, σ, p,N, ||Q||∞,
||DQ||∞, γ, such that

||λu− Ap||p ≥ (λ− λ0)||u||p, λ > λ0, u ∈ Dp. (13.1.30)

Moreover, for any λ > λ0, there exist two constants C1, C2 > 0 (depending

also on λ), such that

C1||u||Dp
≤ ||λu −Au||p ≤ C2||u||Dp

, u ∈ Dp. (13.1.31)

Proof. It can be obtained arguing as in the proof of Lemma 11.3.9 and
Proposition 11.3.10, writing Au = Tr(Q′D2u) + 〈b,Du〉+ cu. Indeed, observe
that, according to Lemma 13.1.6, the conormal derivative relevant to the oper-
ator u 7→ Tr(Q′D2u) coincides, up to a multiplication factor, with the normal
derivative. Therefore, integrating by parts gives rise to the same integrals as
in the proof of Proposition 11.3.10.

Next step consists in proving that, for any p ∈ [2,+∞), the operator A with
domain Dp generates an analytic semigroup of linear operators in Lp(Ω). For
this purpose, we approximate the operator A by operators with bounded
coefficients.

Proposition 13.1.8 For any p ≥ 2, (Ap, Dp) generates a strongly continuous

analytic semigroup {Tp(t)} in Lp(Ω).
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Proof. The proof is close to that of Proposition 11.3.12, so that we limit
ourselves to sketching it. To prove that Ap generates a strongly continuous
analytic semigroup, we fix σ′ ∈ (σ,

√
2κ0) and replace the operator Ap with

the operator Bp = Ap − k defined in D(Ap), choosing k sufficiently large such
that

|b′(x)| ≤ σ′|c′(x)|
1

2 , x ∈ Ω,

where c′ = c− k. This is possible since b′ satisfies (13.1.29). Then, we approx-
imate Bp by the operators Bp,ε = Tr(Q′D2 ·) + 〈bε, D ·〉 + c′ε where bε and c′ε
are the same as in (11.3.35), i.e.,

bε =
b

√
1 − εc

, c′ε =
c

1 − εc
+ k.

Arguing as in the proof of Proposition 11.3.12 and taking Proposition 13.1.7
into account, we can show that, for any λ > λ0 (where λ0 is given by
Proposition 13.1.7) and any f ∈ Lp(Ω), there exists a sequence of functions
uεn

∈ W 2,p(Ω), solutions to the equations λuεn
− Bp,εn

uεn
= f , such that

∂uεn
/∂ν = 0 on ∂Ω and cεn

uεn
∈ Lp(Ω). Moreover, uεn

converges weakly in
W 2,p(Ω) to a solution u ∈ W 2,p(Ω) of the equation λu − Bpu = f such that
cu ∈ Lp(Ω). To conclude that u ∈ Dp it suffices to show that ∂u/∂ν = 0 on
∂Ω. By the classical interior Lp-estimates applied to the operator λ−A0 (see
Theorem C.1.1), for any pair of bounded and smooth open sets Ω′ ⊂ Ω′′ ⊂ Ω,
we have

||uεn
− uεm

||W 2,p(Ω′) ≤ C(||uεn
− uεm

||Lp(Ω′′) + ||fεn
− fεm

||Lp(Ω′′)),

where fεn
= f + 〈bεn

, Duεn
〉 + c′εn

uεn
and C is a suitable positive constant

independent of n,m. Since uεn
and fεn

converge to u and f + 〈b,Du〉 + cu,
respectively, in Lp(Ω∩B(R+1)), uεn

converges to u inW 2,p(Ω′). Therefore, by
continuity ∂uεn

/∂ν converges to ∂u/∂ν on ∂Ω′ and, consequently, ∂u/∂ν = 0
on ∂Ω′ as well. From the arbitrariness of Ω′, it follows that ∂u/∂ν = 0 on
∂Ω. Hence, the operator λI − Bp is surjective for any λ > λ0. Since it is
quasi-dissipative, due to (13.1.30), and since it has domain dense in Lp(Ω),
according to the Lumer-Phillips theorem (see Theorem B.1.7), the operator
Bp generates a strongly continuous semigroup {R(t)} in Lp(Ω).

To show that {R(t)} is analytic, it suffices to show that there exists a
positive constant ς such that, for any u ∈ Dp,

∣∣∣∣Im
∫

Ω

u∗Bpu dx

∣∣∣∣ ≤ ς

(
−Re

∫

Ω

u∗Bpudx

)
, (13.1.32)

where u∗ = |u|p−2ū. Indeed, (13.1.32) implies that the numerical range of Bp

is contained in the sector {λ ∈ C : |Imλ| ≤ −ς Reλ}, and Theorem A.3.6
yields the analyticity of {R(t)}.
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Integrating by parts, it is immediate to check that the real and imaginary
parts of

∫
Ω
u∗Bpu dx are given, respectively, by (11.3.36) and (11.3.42), with

q′ instead of q, where q′ is the bilinear form induced by the matrix Q′. Since
Q and Q′ differ only in a skew symmetric matrix S, it follows that

Re(|u|2q′(Du,Du)) = Re(|u|2q(Du,Du))

and

Re(u2q′(Du,Du)) = Re(u2q(Du,Du)).

Hence, the real part of
∫
Ω u

∗Bpu dx can be estimated by

−Re

∫

Ω

u∗Bpu dx ≥

(
p− 1 −

(σ′)2

2κ0

)
F 2 +G2 +

1

2
H2, (13.1.33)

where

F 2 =

∫

Ω

|u|p−4q(Re(uDu),Re(uDu))dx,

G2 =

∫

Ω

|u|p−4q(Im(uDu), Im(uDu))dx,

H2 =

∫

Ω

|c′||u|pdµ

(see the proof of Proposition 11.3.12 for further details).
As far as the imaginary part of the integral is concerned, we observe that

Im(|u|2q′(Du,Du)) = q′(Re(uDu), Im(uDu)) + q′(Im(uDu),Re(uDu))

= −2s(Re(uDu), Im(uDu)),

where s denotes the bilinear form induced by the matrix S. Moreover,

Im(q′(uDu, uDu)) = −q′(Re(uDu), Im(uDu)) + q′(Im(uDu),Re(uDu))

= 2q(Re(uDu), Im(uDu)).

Therefore,

Im

∫

Ω

u∗Bpu dx = −p

∫

Ω

|u|p−4s(Re(uDu), Im(uDu))dx

+(p− 2)

∫

Ω

|u|p−4q(Re(uDu), Im(uDu))dx

−Im

∫

Ω

|u|p−2u 〈b′, Du〉 dx,
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that differs from (11.3.43) only in the integral containing the bilinear form s,
that can be estimated by

∣∣∣∣
∫

Ω

|u|p−4s(Re(uDu), Im(uDu))dx

∣∣∣∣

≤ ||S||∞

∫

Ω

|u|p−4|Re(uDu)||Im(uDu)|dx

≤ ||S||∞

(∫

Ω

|u|p−4|Re(uDu)|2dx

) 1

2

(∫

Ω

|u|p−4|Im(uDu)|2dx

) 1

2

≤
1

κ0
||S||∞F G. (13.1.34)

Using (11.3.44), we can write

∣∣∣∣(p− 2)

∫

Ω

|u|p−4q(Re(uDu), Im(uDu))dx− Im

∫

Ω

|u|p−2u 〈b′, Du〉 dx

∣∣∣∣

≤ (p− 2)FG+
σ′

√
κ0
GH. (13.1.35)

Combining (13.1.34) and (13.1.35), we get

∣∣∣∣Im
∫

Ω

u∗Bpu dx

∣∣∣∣ ≤
(
p− 2 +

p

κ0
||S||∞

)
FG+

σ′

√
κ0
GH. (13.1.36)

From (13.1.33) and (13.1.36) we obtain (13.1.32) provided we choose ς ≥ 1
large enough. The proof is now complete.

We now study the relation between the semigroup {Tp(t)} and the Cauchy-
Neumann problem (13.0.2).

Proposition 13.1.9 For any p > N and f ∈ C2+α
c (Ω) such that ∂f/∂ν = 0

on ∂Ω, the function u = Tp(·)f is the unique bounded classical solution to the

problem (13.0.2). Moreover, u ∈ C
1+α/2,2+α
loc ([0,+∞)×Ω) and Du belongs to

Cb([0, T ]× Ω) ∩ C1,2((0, T ] × Ω) for any T > 0.

Proof. Let f be as in the statement of the proposition. As it is easily
seen, f ∈ Dp (see (13.1.22)). Therefore, the density of Dp in Lp(Ω) im-
plies that the function u is continuous from [0,+∞) in Dp (see Lemma
13.1.5, Theorem B.2.2 and Proposition B.2.5) and, hence, in W 2,p(Ω). Since
p > N , according to the Sobolev embedding theorems (see [2, Theorem 5.4]),
u ∈ C([0,+∞);C1

b (Ω)). In particular, u and Du are continuous functions in
[0,+∞) × Ω and they are bounded in [0, T ]× Ω for any T > 0.

Let us now prove that u ∈ C1,2((0, T ]×Ω) for any T > 0. For this purpose,
we observe that, since {Tp(t)} is an analytic semigroup, u ∈ C1([ε, T ];Dp) for
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any 0 < ε < T . Using again the inclusion Dp ⊆W 2,p(Ω) and the Sobolev em-
bedding theorems, we find that Dtu ∈ C([ε, T ]×Ω) and, by the arbitrariness
of ε, we have Dtu ∈ C((0, T ] × Ω).

In order to show that the second-order space derivatives of u are continuous
in (0, T ] × Ω, we consider two bounded open sets Ω1 and Ω2, contained in
Ω such that dist(Ω1,Ω \ Ω2) > 0. For any fixed t, t0 ∈ [ε, T ], the function
v = u(t, ·) − u(t0, ·) solves the equation

N∑

i,j=1

qijDijv = Tp(t)Af − Tp(t0)Af − 〈b,Dv〉 − cv := g(t, t0, ·),

where the right-hand side belongs to W 1,p(Ω2). By the classical Lp-regularity
theory (see Theorem C.1.2), v belongs to W 3,p(Ω1) and

||u(t, ·) − u(t0, ·)||W 3,p(Ω1)

≤ C1

(
||g(t, t0, ·)||W 1,p(Ω2) + ||u(t, ·) − u(t0, ·)||W 1,p(Ω2)

)

≤ C2

(
||T (t)Af − T (t0)Af ||W 1,p(Ω) + ||u(t, ·) − u(t0, ·)||W 2,p(Ω)

)
,

for some positive constants C1 and C2, independent of t, t0. Since the map t 7→
T (t)Af is continuous in (0,+∞) with values in Dp, then, in particular, it is
continuous in (0,+∞) with values inW 1,p(Ω). Since u is continuous in (0,+∞)
with values in W 2,p(Ω), u ∈ C((0,+∞);W 3,p(Ω1)). Therefore, using once
more the Sobolev embedding theorems, we deduce that u ∈ C([ε, T ];C2(Ω)),
which implies that Du,D2u ∈ C((0,+∞) × Ω), by the arbitrariness of ε, T
and Ω. Thus, we have established that u ∈ C1,2((0,+∞) × Ω), and, con-
sequently, that u is a bounded classical solution to the Cauchy-Neumann
problem (13.0.2).

To show that u ∈ C
1+α/2,2+α
loc ([0,+∞)×Ω) andDu ∈ C

1+α/2,2+α
loc ((0,+∞)×

Ω), let {Ωn} be a sequence of smooth and bounded open sets such that

(i) Ωn ⊂ Ωn+1, n ∈ N, (ii) ∂Ω ⊂
⋃

n∈N

∂Ωn, (iii) Ω =
⋃

n∈N

Ωn.

Denote by {Tn(t)} the analytic semigroup generated by the realization An of
the operator A with homogeneous Neumann boundary conditions in C(Ωn)
(see Theorem C.3.6(v)). As it is easily seen, if n is sufficiently large, then f ∈
DA(α + 1,∞) = {u ∈ C2+α(Ωn) : ∂u/∂ν = 0 on ∂Ωn} (see Theorem C.3.6).
This implies that for such values of n, the function un = Tn(·)f belongs to

C
1+α/2,2+α
loc ([0,+∞)×Ωn) and Dun ∈ C

1+α/2,2+α
loc ((0,+∞)×Ωn). Moreover,

by the classical maximum principle, it follows that

||un||∞ ≤ ||f ||∞, n ∈ N. (13.1.37)

Now, we fix k ∈ N such that supp f ⊂ Ωk, and two bounded smooth open
subsets Ω′ ⊂ Ω′′ ⊂⊂ Ω, such that dist(Ω′,Ω \ Ω′′) > 0. By the classical
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Schauder estimates in Theorems C.1.4, C.1.5 and by (13.1.37), we deduce
that there exist two constants C1 = C1(k) and C2 = C2(ε,Ω

′,Ω′′) such that

||un − um||C1+α/2,2+α([0,T ]×Ωk) ≤ C1||un − um||C([0,T ]×Ωk+1)
≤ 2C1||f ||∞,

||Dun −Dum||C1+α/2,2+α([ε,T ]×Ω
′
) ≤ C2||un − um||C([0,T ]×Ω

′′
) ≤ 2C2||f ||∞,

for any n,m > k. By a compactness argument, we can determine a sub-

sequence {unk
} converging to a function v ∈ C

1+α/2,2+α
loc ([0,+∞) × Ω) in

C1,2(F ), for any compact set F ⊂ [0,+∞)× Ω, such that Dunk
converges to

Dv ∈ C
1+α/2,2+α
loc ((0,+∞)×Ω) in C1,2([ε, T ]×Ω′) for any ε ∈ (0, T ) and any

Ω′ ⊂⊂ Ω. As it is immediately seen, v is a classical solution to the problem
(13.0.2) and, consequently, it coincides with u, by Theorem 12.1.5. We have so
proved that u admits continuous third-order space derivatives in (0,+∞)×Ω.
This finishes the proof.

Proof of the existence of the classical bounded solution to (13.0.2)

We are now in position to prove the existence of the solution to the problem
(13.0.2) together with the gradient estimate (13.1.6). For this purpose, as it
has been already pointed out at the beginning of the section, we approximate
the operator A by operators satisfying the assumptions of Subsection 13.1.2,
including the extra condition (13.1.4). To begin with, we prove the following
approximation result which will be useful in the sequel.

Lemma 13.1.10 Let f ∈ Cb(Ω). Then, there exists a sequence of functions

{fn} ⊂ C2+α
c (Ω) with the following properties:

(i) ||fn||∞ ≤ C, for some positive constant C and any n ∈ N;

(ii)
∂fn

∂ν
= 0 on ∂Ω for any n ∈ N;

(iii) fn converges to f as n tends to +∞, uniformly on compact sets of Ω.

Moreover, let f ∈ C1
ν (Ω). Then, there exists a sequence of functions {fn} ⊂

C2+α
c (Ω) with the following properties:

(i) ∂fn/∂ν = 0 on ∂Ω for any n ∈ N;

(ii) ||fn||Ck
b
(Ω) ≤ C||f ||Ck

b
(Ω) (k = 0, 1), for any n ∈ N and some constant

C > 0, independent of n;

(iii) fn and Dfn converge to f and Df , respectively, as n tends to +∞,

uniformly on compact sets of Ω.
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Proof. We first prove the second part of the statement, since we need it
to show the first one. In order to prove the second part of the statement,
it is sufficient to repeat, step by step, the same construction as in the proof
of Lemma 13.1.5 and to observe that

∑n
k=1 ϑk and

∑n
k=1Dϑk converge as r

tends to +∞, respectively to 1l and 0, uniformly on any compact set Ω′ of Ω.
Moreover, we can also assume that the C2+α-norm of ϑk can be estimated by
a constant independent of k.

We can now prove the first part of the lemma. For this purpose, we observe
that if {T (t)} denotes the semigroup associated with the Laplacian with homo-
geneous Neumann boundary condition in Ω, then, for any n ∈ N, the function
gn = T (1/n)f belongs to C2(Ω), ∂gn/∂ν = 0 on ∂Ω and ||gn||∞ ≤ ||f ||∞.
Moreover, gn converges to f as n tends to +∞, uniformly on compact sets of
Ω. Now, applying the second part of the lemma to any function gn, we can
conclude the proof.

Theorem 13.1.11 Under Hypotheses 13.1.1, for any f ∈ Cb(Ω), the Cauchy-

Neumann problem (13.0.2) admits a unique bounded classical solution u. The

function u belongs to C
1+α/2,2+α
loc ((0,+∞) × Ω) and it satisfies the gradient

estimate (13.1.6) with k = 0. If, in addition, f ∈ C1
ν (Ω), then the estimate

(13.1.6) holds with k = 1.

Proof. The uniqueness of the bounded classical solution to the problem
(13.0.2) follows immediately from Theorem 12.1.5. So, let us prove the exis-
tence part.

In the case when f ∈ C2+α
c (Ω) the proof follows repeating the same argu-

ments as in Step 1 of the proof of Theorem 11.3.4. Hence, it is omitted.
Let us now consider the case when f ∈ Cb(Ω). Let {fn} be a sequence of

functions in C2+α
c (Ω) with ∂fn/∂ν = 0 on ∂Ω and assume that fn converges

to f uniformly on compact sets of Ω and it satisfies ||fn||∞ ≤ C||f ||∞ with
C being independent of n (see Lemma 13.1.10). Denote by un the solution
to the problem (13.0.2), with initial datum fn. Arguing as in Step 2 of the
proof of Theorem 11.3.4, we can easily show that, up to a subsequence, un

converges in C1,2(F ), for any compact set F ⊂ (0,+∞)×Ω, to a function u ∈

C
1+α/2,2+α
loc ((0,+∞)×Ω) which solves the differential equation Dtu−Au = 0

and such that ∂u/∂ν = 0 on ∂Ω.
It remains to show that u is continuous at (0, x0) with value f(x0) for

any x0 ∈ Ω, in order to conclude that u is the bounded classical solution to
(13.0.2). To this aim it suffices to argue as in the proof of Proposition 12.1.7,
taking the gradient estimate (13.1.6) into account.

In the case when f ∈ C1
ν (Ω), we can assume that the sequence {fn} satis-

fies also ||fn||C1

b
(Ω) ≤ C||f ||C1

b
(Ω). Then, letting n go to +∞ in the following

estimate

|Dun(t, x)| ≤ CT ||fn||C1

b
(Ω) ≤ C′

T ||f ||C1

b
(Ω), 0 < t ≤ T, x ∈ Ω,
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we get (13.1.6) with k = 1.

Remark 13.1.12 In the case when f ∈ C2+α
c (Ω), the Schauder estimates in

Proposition 13.1.9, that we used to prove the convergence of the sequence un,
show that Dun is bounded in [0, T ]×Ω for any T > 0 and it converges to Du

in [0, T ] × Ω
′
for any bounded open set Ω′ ⊂ Ω. Therefore, the function Du

is continuous in [0,+∞)×Ω and it is bounded in [0, T ]×Ω for any T > 0. If
c ≡ 0, then Du is bounded in [0,+∞) × Ω, since the estimate (13.1.6) with
k = 1 holds with T = +∞ (see the end of the proof of Proposition 13.1.3).

Finally, by classical regularity results (see Theorem C.1.4), Du belongs to
C1,2((0,+∞) × Ω).

For any f ∈ Cb(Ω), any t > 0 and any x ∈ Ω, we set (T (t)f)(x) = u(t, x),
where, according to Theorem 13.1.11, u is the unique bounded classical solu-
tion to the problem (13.0.2). Then, {T (t)} is a semigroup of linear operators
in Cb(Ω), such that ||T (t)||L(Cb(Ω)) ≤ 1 for any t > 0, as a consequence of The-
orem 12.1.5. To conclude this section we state some remarkable properties of
the semigroup {T (t)}, which we need in Subsection 13.3.

Theorem 13.1.13 Let {fn} ⊂ Cb(Ω) be a bounded sequence converging point-

wise to some function f ∈ Cb(Ω) as n tends to +∞. Then, for any 0 <
ε < T < +∞ and any bounded set Ω′ ⊂ Ω, T (·)fn converges to T (·)f in

C1,2([ε, T ] × Ω′). Further, if fn converges to f locally uniformly in Ω, then

T (·)fn converges to T (·)f uniformly in [0, T ]× Ω′.

As a consequence, for any t > 0 and x ∈ Ω there exists a positive, Borel

measure p(t, x; ·) such that p(t, x; Ω) ≤ 1 and

(T (t)f)(x) =

∫

Ω

f(y)p(t, x; dy), f ∈ Cb(Ω). (13.1.38)

Proof. It suffices to argue as in the proof of Proposition 12.1.7.

Let Â be the weak generator of the semigroup {T (t)} defined in Section

12.2. The following proposition characterizes the operator Â.

Proposition 13.1.14 It holds that






D(Â) =

{
u ∈ Cb(Ω) ∩

⋂
1≤p<+∞W 2,p(Ω ∩B(R)) for any R > 0 :

Au ∈ Cb(Ω),
∂u

∂ν
(x) = 0 for any x ∈ ∂Ω

}
,

Âu = Au, u ∈ D(Â).
(13.1.39)
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In particular, A and T (t) commute on D(Â) for any t > 0.

Finally, D(Â) ⊂ C1
ν (Ω) with a continuous embedding and, for any ω > c0,

there exists a positive constant Mω such that

||Du||∞ ≤Mω ||u||
1

2

∞ ||(A − ω)u||
1

2

∞, (13.1.40)

for any u ∈ D(Â).

Proof. The proof is similar to that of Proposition 12.2.5. So we limit our-
selves to sketching it, pointing out the main differences. To prove that, for
any f ∈ Cb(Ω), the function

u(x) = R(λ, Â)f(x) =

∫ +∞

0

e−λt(T (t)f)(x)dt, x ∈ Ω

belongs to the space defined in the right-hand side of (13.1.39) and it solves
the elliptic equation λu−Au = f , we use an approximation argument which
slightly differs from that used in the proof of the quoted proposition. We first
consider the case when f ∈ C2+α

c (Ω) is such that ∂f/∂ν = 0 on ∂Ω. For any
n ∈ N, we introduce the operator A(n) with bounded coefficients belonging to
Cα(Ω ∩B(R)) for any R > 0, defined by

A(n)u =

N∑

i,j=1

qijDiju+

N∑

i=1

b
(n)
i Diu+ c(n)u,

for any u ∈ D(A(n)) where

D(A(n)) =

{
u ∈

⋂

p≥1

W 2,p(Ω ∩B(R)) for any R > 0 :

u,A(n)u ∈ Cb(Ω), ∂u/∂ν = 0 on ∂Ω

}
.

We assume that b
(n)
i ≡ bi and c(n) ≡ c in Ω ∩ B(n) and c(n) ≤ 0 in Ω.

According to Proposition C.3.3 (with c0 = 0) and Theorem C.3.6(v), we
deduce that the operator A(n) generates an analytic semigroup of contractions
{Tn(t)} in Cb(Ω). Arguing as in Step 1 of the proof of Theorem 11.3.4, it turns
out that Tn(t)f converges to T (t)f pointwise in Ω. Therefore, by dominated

convergence, the sequence R(λ,A(n))f =
∫ +∞

0
e−λtTn(t)fdt converges to u =

R(λ, Â)f pointwise in Ω and in Lp(Ω′) for any bounded subset Ω′ of Ω and
any p ∈ [1,+∞). Now arguing as in the proof of Proposition 12.2.5, we can
show that u ∈ D(A).

In the general case, when f ∈ Cb(Ω), we consider a sequence of functions
{fn} ⊂ C2+α

c (Ω), bounded in Cb(Ω), with ∂fn/∂ν = 0 on ∂Ω, and converging
to f pointwise in Ω (see Lemma 13.1.10). Using the representation formula
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(13.1.38), we can show that (T (t)fn)(x) converges to (T (t)f)(x) for any t > 0
and any x ∈ Ω. Since ||T (t)fn||∞ ≤ ||fn||∞ ≤ C, C being a positive constant

independent of n, the dominated convergence theorem implies that R(λ, Â)fn

tends to R(λ, Â)f in Lp(Ω∩B(R)) for any R > 0 and any p ∈ [1,+∞). Now,

arguing as in the previous step, we can show that R(λ, Â)f belongs to the
space defined by the right-hand side of (13.1.39) and solves the differential
equation λu−Au = f . This completes the first part of the proof which shows
that the realization A of the operator A with domain given by the right-hand
side of (13.1.39) is an extension of Â.

To show that D(A) ⊂ D(Â) and to prove (13.1.40) it suffices to argue as in
the proof of Proposition 12.2.5. For this purpose, we remark that Proposition
12.2.4, which is the main ingredient to prove the inclusion D(A) ⊂ D(Â),
holds also when Ω is nonconvex.

13.2 The case when Ω is an exterior domain

In this section we deal with the case when Ω ⊂ RN is an open subset of
R

N such that R
N \ Ω is bounded and has uniformly C2+α-smooth boundary.

Our aim consists in extending the gradient estimate (13.1.6) to some cases in
which the diffusion coefficients qij (i, j = 1, . . . , N) are unbounded in Ω. Let
us state the hypotheses that we always assume in this section.

Hypotheses 13.2.1 (i) Hypotheses 13.1.1(i), 13.1.1(v), 13.1.1(vi) are sat-
isfied;

(ii) the functions qij ≡ qji, bj and c (i,= 1, . . . , N) enjoy the same regularity
assumptions as in Hypothesis 13.1.1(ii);

(iii) there exist constants β0 > 0 and r ∈ [0,
√

2/N) and a function κ : RN →
R such that

N∑

i,j=1

qij(x)ξiξj ≥ κ(x)|ξ|2, x ∈ Ω, ξ ∈ R
N , 0 < κ0 := inf

x∈Ω
κ(x);

|Dqij(x)| ≤ β0κ(x) + r|c(x)|
1

2 (κ(x))
1

2 , x ∈ Ω, i, j = 1, . . . , N ;

(iv) there exists a positive constant k1 such that

N∑

i,j=1

Dibj(x)ξiξj ≤ k1|ξ|
2, x ∈ Ω, ξ ∈ R

N .
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Set Ωρ = Ω \ Γ(ρ), where Γ(ρ) has been defined in (13.1.1) and fix, now and
for the rest of this section, a real number R > 0 such that

R
N \ Ωρ ⊆ B(R).

For any n ∈ N such that n > R, let us introduce a nondecreasing odd function
ψn ∈ C2

b (R) such that

(i) ψn(x) = x for any 0 ≤ x ≤ n;

(ii) ψn(x) = n+ 1
2 for any x ≥ n+ 1;

(iii) 0 ≤ ψ′
n(x) ≤ 1 for any x ∈ R.

Then, we set Ψn(x) = (ψn(x1), . . . , ψn(xN )) for any x = (x1, . . . , xN ) ∈ RN ,

and we define the functions q
(n)
ij , c(n) by

q
(n)
ij (x) = qij(Ψn(x)), c(n)(x) = c(Ψn(x)), x ∈ Ω.

Finally, we introduce the operator A(n) defined on smooth functions by

A(n)u(x) =
N∑

i,j=1

q
(n)
ij (x)Diju(x) +

N∑

i=1

bi(x)Diu(x) + c(n)(x)u(x), x ∈ Ω.

(13.2.1)

We observe that, by construction, q
(n)
ij , c(n) are bounded in Ω together with

their first-order derivatives. Moreover, q
(n)
ij , c(n) ∈ C1+α(Ω ∩ B(R)), for any

R > 0 and they satisfy Hypotheses 13.1.1(iii) and 13.2.1(ii), with κ(x) replaced
with κ(n)(x) = ν(Ψn(x)) and with the same constants κ0, β0, r. We note that

the functions b
(n)
i (x) = bi(Ψn(x)), i = 1, . . . , N , do not preserve Hypothesis

13.2.1(ii), in general. This is the reason why we do not approximate the drift.

We assume that A(n), n > R, satisfies the following additional hypothesis.

Hypothesis 13.2.2 There exist a positive function ϕn ∈ C2(Ω) and a posi-

tive constant λ
(n)
0 > 0 such that

lim
|x|→+∞

ϕn(x) = +∞, sup
Ω

(
A(n)ϕn − λ

(n)
0 ϕn

)
< +∞,

∂ϕn

∂ν
(x) ≥ 0, x ∈ ∂Ω.

Remark 13.2.3 A case in which both the Hypotheses 13.1.1(vi) and 13.2.2
are satisfied is when there exist two constants λ0 > 0 and C ∈ R such that

2 Tr(Q(x)) + 2〈F (x), x〉 + (c(x) − λ0)(1 + |x|2) ≤ C,
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2〈F (x), x〉 − λ0(1 + |x|2) ≤ C,

in a neighborhood of ∞. Indeed, in such a case the function ϕ defined by

ϕ(x) = ψ(x) + (1 − ψ(x))(1 + |x|2), x ∈ Ω,

where ψ ∈ C2
c (B(R + 1)) is such that ψ = 1 in B(R), is a Lyapunov function

for both the operators An (n ∈ N) and A.

At this point, by applying to the operator A(n), n > R, the results of the
previous section and, in particular, Theorem 13.1.11, we deduce that, for any
f ∈ Cb(Ω), the parabolic problem






Dtu(t, x) −A(n)u(t, x) = 0, t > 0, x ∈ Ω,

∂u

∂ν
(t, x) = 0, t > 0, x ∈ ∂Ω,

u(0, x) = f(x), x ∈ Ω,

(13.2.2)

admits a unique bounded classical solution un ∈ C
1+α/2,2+α
loc ((0,+∞) × Ω)

and for any T ∈ (0,+∞) there exists C(n) > 0 such that

|Dun(t, x)| ≤ C(n)t−
1−k
2 ||f ||Ck

b
(Ω), t ∈ (0, T ], x ∈ Ω, k = 0, 1,

for any f ∈ Ck
b (Ω), satisfying ∂f/∂ν = 0 on ∂Ω if k = 1. We observe that

the dependence of C(n) on n relies on the fact that, according to Proposition
13.1.3, such a constant depends on the C1-norms of the diffusion coefficients

q
(n)
ij (i, j = 1, . . . , N), which in fact depend on n and blow up as n tends to

+∞. Now, we want to show that, in the framework of this section, it is possible
to modify a little bit the computations in the proof of Proposition 13.1.3 in
order to make the constant C in (13.1.6), independent of n. Once this step is
done, a standard approximation argument will prove that the sequence {un}
converges to the unique bounded classical solution to the problem (13.0.2)
which satisfies (13.1.6).

In order to carry out our program, we observe that, by construction, q
(n)
ij (x) =

qij(x) (i, j = 1, . . . , N) and c(n)(x) = V (x) if n > R and x ∈ Γ(ρ). Hence, we
have

(i) −
(
(A(n) − c(n))d

)
(x) = −

(
(A− c)d

)
(x) ≤M1, x ∈ Γ(ρ), n > R,

(ii) |Q(n)(x)Dd(x)| = |Q(x)Dd(x)| ≤M2, x ∈ Γ(ρ), n > R,
(13.2.3)

where M1 ∈ R and M2 ≥ 0 depend on the sup-norm of qij , bi, c (i, j =

1, . . . , N) on the compact set Γ(ρ). We use such conditions in the next propo-
sition.
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Proposition 13.2.4 Let u be the bounded classical solution to the parabolic

problem (13.2.2), where A(n) is defined by (13.2.1). Then, u verifies (13.1.6),
with a constant CT independent of n.

Proof. We limit ourselves to proving the statement in the case when u
satisfies the regularity assumptions of Proposition 13.1.3. The general case
then will follow arguing as in Theorem 13.1.11. Moreover, since the proof we
provide is similar to that of Proposition 13.1.3, we just sketch it, pointing out
the main differences in the case when k = 0 in (13.1.6).

Fix n ∈ N and introduce the function v : [0,+∞) × Ω → R defined by

v(t, x) = |u(t, x)|2 + a tm(x)|Du(t, x)|2, t ≥ 0, x ∈ Ω.

Since v satisfies the boundary condition ∂v/∂ν ≤ 0 on ∂Ω, we have only to
show that Dtv−A(n)v ≤Mv, for some a,M > 0 independent of n. Recalling
thatDtv−A(n)v is given by (13.1.13) with A replaced with A(n) and observing

that q
(n)
ij , c(n) satisfy Hypothesis 13.2.1(iii), with κ being replaced with κ(n),

we get
−mTr (Q(n)D2uD2u) ≤ −mκ(n)|D2u|2, (13.2.4)

m

N∑

i,j,k=1

Dkq
(n)
ij DkuDiju ≤ Nm

(
β0κ

(n) + r|c(n)|
1

2

(
κ(n)

) 1

2

)
|Du||D2u|

≤
N2β2

0

4ε
mκ(n) |Du|2 + εmκ(n) |D2u|2

−ε̃ N2r2mc(n) |Du|2 +
1

4ε̃
mκ(n)|D2u|2, (13.2.5)

for any ε, ε̃ ∈ (0, 1). From Hypotheses 13.2.1(iv) it follows that

m

N∑

i,j=1

DibjDiuDju ≤ k1m |Du|2, (13.2.6)

and from Hypothesis 13.1.1(iii), which is satisfied also by c(n) with the same
constant γ, we get, for arbitrary δ > 0,

mu〈Dc(n), Du〉 ≤ γδm (1 − c(n))|Du|2 +
γ

4δ
m (1 − c(n))u2.

Using (13.1.9) and (13.2.3)(ii) it follows that

−
ω0

2
ψ′′(d(·))

N∑

i,j=1

q
(n)
ij Did(·)Djd(·)|Du|

2 ≤
ω0

ε0
M2|Du|

2. (13.2.7)

Analogously, by (13.1.8) and (13.2.3)(i) we obtain

−
ω0

2
ψ′(d(·))(A(n)d(·) − c(n)d(·))|Du|2 ≤

ω0

2
M1|Du|

2. (13.2.8)
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Finally, for any ε > 0,

−2ω0ψ
′(d(·))〈Q(n)Dd,D2uDu〉 ≤ 2ω0M2 |D

2u| |Du|

≤ ω2
0M

2
2 ε

−1|Du|2 + ε|D2u|2. (13.2.9)

From the estimates (13.2.4)-(13.2.9) and recalling that m satisfies (13.1.7), we
get

Dtvn−A(n)vn ≤

{
a
(
1 +

ω0ε0
2

)

×

[
1 + 2T

(
k1 + γδ +

ω0M2

ε0
+
ω0M1

2
+
ω2

0M
2
2

ε

)]

+κ(n)

[
−2 +

(
1 +

ω0ε0
2

) aTN2

2ε
β2

0

]}
|Dun|

2

−at
(
2ε̃N2r2 + 2γδ − 1

)
mc(n)|Dun|

2

+

(
1 +

ω0ε0
2

)
aTγ

2δ
u2

n +

[
1 −

(
1 +

ω0ε0
2

) aTγ
2δ

]
c(n) u2

n

+at

(
−2 + 2ε+

1

2ε̃
+ 2

ε

κ0

)
mκ(n) |D2un|

2, (13.2.10)

in (0, T ] × Ω for any arbitrarily fixed T > 0. Since r ∈ [0,
√

2/N) we can
choose ε̃ ∈ (1/4, 1) such that −1+2ε̃N2r2 > 0. Then, we choose a sufficiently
small value of ε > 0 in order to make the last term in the right-hand side
of (13.2.10) vanish. At this point, we fix δ > 0 such that also the third term
vanishes and, then, a > 0 such that

−1 + aTN2
(
1 +

ω0ε0
2

)β2
0

4ε
< 0

and
−1 + aT

(
1 +

ω0ε0
2

) γ
2δ

< 0.

With these choices of the parameters we obtain

Dtvn −A(n)vn

≤

[
a
(
1 +

ω0ε0
2

)
+ aT (2 + ω0ε0)

(
k1 + γδ +

ω0

ε0
M2 +

ω0

2
M1 +

ω2
0M

2
2

ε

)

+κ0

(
1 +

ω0ε0
2

)(
−2 + aT

N2β2
0

2ε

)]
|Dun|

2 +
(
1 +

ω0ε0
2

)aTγ
2δ

u2
n.

Choosing a smaller value of a, if necessary, we finally obtain Dtvn −A(n)vn ≤
Mvn in (0, T ]×Ω, where M = aT (2+ω0ε0)γ/(4δ). Note that all the constants
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involved are independent of n. Hence, the conclusion follows as in Proposition
13.1.3.

We are now in position to prove the main theorem of the section.

Theorem 13.2.5 For any f ∈ Cb(Ω) the Cauchy problem (13.0.2) admits a

unique bounded classical solution u, which also belongs to C
1+α/2,2+α
loc ((0,+∞)

×Ω). Moreover, the estimate (13.1.6) holds true with k = 0. Finally, if f ∈
C1

ν (Ω), then the estimate (13.1.6) holds also with k = 1.

Proof. We limit ourselves to proving the assertion when f ∈ Cb(Ω), since
the other case follows straightforward from this one.

For any fixed f ∈ Cb(Ω) and any n > R, let un be the unique bounded
classical solution to the problem (13.2.2). As it has been already pointed out,

un ∈ C
1+α/2,2+α
loc ((0,+∞) × Ω). Moreover, Theorem 12.1.5 yields ||un||∞ ≤

||f ||∞ and un satisfies the gradient estimate

|Dun(t, x)| ≤ CT t
− 1−k

2 ||f ||Cb(Ω), t ∈ (0, T ], x ∈ Ω, (13.2.11)

for any T > 0 and some positive constant CT , independent of n, as a conse-
quence of Proposition 13.2.4.

In order to prove that there exists a subsequence of {un}, which converges
to the bounded classical solution to the problem (13.0.2) in C1,2([ε, T ] × Ω′)
for any ε ∈ (0, T ) and any Ω′ ⊂⊂ Ω, we argue as in Theorem 13.1.11. Hence,
we may skip in this context some details. First, we show that a subsequence
{unk

} converges to a solution u to the differential equation in (13.0.2), which
satisfies the boundary condition ∂u/∂ν = 0 on ∂Ω. For this purpose, we apply
the Schauder estimates in Theorem C.1.5 to the function un, observing that
the constants which appear can be taken independent of n, since for any
bounded set Ω̃ ⊂ Ω, one has A(n) = A in Ω̃, if n is sufficiently large. Then,
to prove the continuity of u at t = 0, we use a localization argument and the
gradient estimate (13.2.11). For the same reason as above, also in this case all
the constants involved can be taken independent of n.

Remark 13.2.6 We remark that all the results in Remark 13.1.12, Theorem
13.1.13 and Proposition 13.1.14 can be extended to the case when Ω is an
exterior domain. The proof of Remark 13.1.12 follows from the arguments in
the proof of Theorem 13.2.5, whereas the proof of Theorem 13.1.13 can be
obtained just as in the case when the qij ’s are bounded (i, j = 1, . . . , N). In
the proof of Proposition 13.1.14 only a slight modification is needed. Since now
the coefficients qij need not to be bounded, one has to change the definition
of the approximating operators A(n) replacing the qij ’s with a sequence of

bounded coefficients q
(n)
ij such that the operator A(n) is still uniformly elliptic

in Ω and q
(n)
ij = qij in Ω∩B(n). Then, the proof can be obtained just repeating

the same arguments as in the quoted proposition.
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13.3 Pointwise gradient estimates and their consequences

In this section we are devoted to proving some pointwise gradient estimates
for the function T (t)f . We start by proving the following estimate

|(DT (t)f)(x)|p ≤ Cp e
Mpt (T (t)(|Df |p))(x), t > 0, x ∈ Ω, (13.3.1)

in the case when the diffusion coefficients are bounded. Here, Mp is a real
constant that can be explicitly determined (see (13.3.3)). As it is immediately
seen, T (·)1l ≡ 1l is a necessary condition in order to have (13.3.1), hence we
need to assume c ≡ 0.

Theorem 13.3.1 Let Hypotheses 13.1.1(i), 13.1.1(ii), 13.1.1(iv)–13.1.1(vi)
be satisfied. Further, assume that c ≡ 0. Then, for any p ∈ (1,+∞), there

exist two constants Cp > 0 and Mp ∈ R, such that (13.3.1) holds for any

f ∈ C1
ν (Ω).

Proof. The techniques used are similar to those in the proof of Proposition
12.3.1. The only differences are in the case when p ∈ (1, 2]. Hence, we sketch
the proof only in this case, pointing out the main differences. We assume that
f ∈ C2+α

c (Ω) and ∂f/∂ν = 0 on ∂Ω. The general case then follows by density
by virtue of Lemma 13.1.10 and Theorem 13.1.13. We replace the function w
defined in the proof of Proposition 12.3.1 with the new function w defined by

w(t, x) =
(
m(x)|Du(t, x)|2 + δ

) p

2 , t > 0, x ∈ Ω,

where u = T (·)f . We sketch the proof in the case when p ∈ (1, 2], pointing
out the main differences.
According to Remark 13.1.12, w is differentiable once with respect to the time
variable and twice with respect to the space variables in (0,+∞) × Ω and it
is bounded and continuous in [0,+∞)× Ω. Moreover,

Dtw −Aw = mf1 + f2 + f3,

where f1 is given by (12.3.3) (with m|Du|2 + δ instead of |Du|2 + δ),

f2 = p
(
m|Du|2 + δ

) p

2
−1
(
−

1

2
|Du|2Am− 2

N∑

i,j,k=1

qijDjmDkuDiku

)
,

f3 = p(2 − p)(m|Du|2 + δ)
p

2
−2

N∑

i,j=1

qij

(
1

2
|Du|2Dim+m(D2uDu)i

)

×

(
1

2
|Du|2Djm+m(D2uDu)j

)
.
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Using (13.1.14), (13.1.15) (with ||DQ||−1
∞ ε instead of δ) and (13.1.16) we get

f1 ≤ p
(
m|Du|2 + δ

) p

2
−1

×

{(
1

4ε
||DQ||2∞ + k1

)
|Du|2 + ε|D2u|2 − Tr(QD2uD2u)

}
.

Since Am = ω0ψ
′(d(·))Ad + ω0ψ

′′(d(·))〈Qd, d〉, from (13.1.18), (13.1.19) and
(13.1.20), with ε instead of δ, we get

f2 ≤ pω0

(
m|Du|2 + δ

) p

2
−1

×

{
||Q||∞

(
1

ε0
+

1

2
||D2d||∞ +

1

2ε
+
k2

2

)
|Du|2 + 2ε||Q||∞|D2u|2

}
,

for any ε > 0. Finally, using the Cauchy-Schwarz inequality twice, first for
the inner product induced by the matrix Q and, then, for the Euclidean inner
product, and recalling that

(α+ β)2 ≤ (1 + ε)α2 +
1 + ε

ε
β2,

for any α, β, ε > 0, we get

N∑

i,j=1

qij

(
1

2
|Du|2Dim+m(D2uDu)i

)(
1

2
|Du|2Djm+m(D2uDu)j

)

≤

[
1

2
(〈QDm,Dm〉)

1

2 |Du|2 +m
(
Tr(QD2uD2u)

) 1

2 |Du|

]2

≤ m|Du|2
[
1

2
(〈QDm,Dm〉)

1

2 |Du| +
(
mTr(QD2uD2u)

) 1

2

]2

≤ (m|Du|2 + δ)

×

(
m(1 + ε)Tr(QD2uD2u) +m

1 + ε

4ε
|Du|2〈QDm,Dm〉

)
. (13.3.2)

Therefore,

f3 ≤ p(2 − p)(m|Du|2 + δ)
p

2
−1

×

(
m(1 + ε)Tr(QD2uD2u) +mω2

0

1 + ε

4ε
||Q||∞|Du|2

)
.
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Now, choosing ε > 0 small enough to have 1 − (1 + ε)(2 − p) > 0 from the
previous estimate and (13.1.14) we get

Dtw −Aw

≤ p
(
m|Du|2 + δ

) p

2
−1

×

{[
||DQ||2∞

4ε
+ k1 +

ω0

ε0
||Q||∞ +

ω0

2
||D2d||∞||Q||∞ +

ω0

2ε
||Q||∞

+
ω0

2
k2 −

ω2
0ε0

4 + 2ω0ε0
k−2 +

(1 + ε)(2 − p)

4ε
ω2

0 ||Q||∞

]
m|Du|2

+

[
ε+

ε

2
ω0ε0 + 2ω0ε||Q||∞ − (1 − (1 + ε)(2 − p))κ0

]
|D2u|2

}
,

where k−2 = min{0, k2}. Let us now choose ε > 0 such that

ε+
1

2
ω0ε0ε− κ0 + (1 + ε)(2 − p)κ0 + 2εω0||Q||∞ = 0

and set

Mp = p

{
||DQ||2∞

4ε
+ k1 +

ω0

ε0
||Q||∞ +

ω0

2
||D2d||∞||Q||∞ +

ω0

2ε
||Q||∞ +

ω0

2
k2

−
ω2

0ε0
4 + 2ω0ε0

k−2 +
(1 + ε)(2 − p)

4ε
ω2

0 ||Q||∞

}
. (13.3.3)

Therefore, we get Dtw−Aw ≤Mpw− (Mp ∧ 0)δ
p

2 . Arguing as in the proof of
Theorem 7.1.5, taking the maximum principle in Theorem 12.1.5 into account,
we deduce that

w(t, x) ≤ eMpt
(
T (t)

(
(f2 +m|Df |2)

p

2

))
(x),

for any t > 0 and any x ∈ Ω, which gives us (13.3.1) with Cp = (1+ω0ε0/2)p/2.

Now, we prove the second type of pointwise estimates.

Theorem 13.3.2 Let Hypotheses 13.1.1(i), 13.1.1(ii), 13.1.1(iv)–13.1.1(vi)
be satisfied. Further, assume that c ≡ 0. Then, for any p ∈ (1,+∞) and any

f ∈ Cb(Ω)

|(DT (t)f)(x)|p ≤ Kp,t t
− p

2 (T (t)(|f |p))(x), t ∈ (0,+∞), x ∈ Ω,
(13.3.4)
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where

Kp,t =






(2 + ω0ε0)
p

2

[2p(p− 1)κ0]
p

2

Mpt

1 − e−Mpt
, if p ∈ (1, 2],

K
p

2

2,t, if p > 2,

with Mp being given by (13.3.3). In the case when Mp = 0, the term Mpt(1−
e−Mpt)−1 should be replaced with 1.

Proof. We limit ourselves to sketching the proof (13.3.4) in the case when
f ∈ C2+α

c (Ω) is such that ∂f/∂ν = 0 on ∂Ω, and p ∈ (1, 2], since it is
similar to that of Proposition 12.3.3. The general case then will follow from
an approximation argument (see Lemma 13.1.10) and the Jensen inequality.

For any δ > 0, we introduce the function Φ : (0, t) → Cb(Ω) defined by

Φ(s) = T (s)
(
(|T (t− s)f |2 + δ)

p

2

)
,

and we set, for any s ∈ (0, t), g(s) = (|T (t − s)f |2 + δ)p/2. The first step
consists in showing that

Φ′(s) ≥ p(p− 1)κ0T (s)
(
(g(s))1−

2

p |DT (t− s)f |2
)
,

for any s ∈ (0, t). This can be done as in the proof of Proposition 12.3.3,

after proving that g(s) ∈ D(Â) for any s ∈ (0, t), where D(Â) is defined
in Proposition 13.1.14. This is not immediate since now the operator A has
unbounded coefficients. By Remark 13.1.12, g(s) ∈ C1

b (Ω) ∩ C2(Ω) and it
satisfies ∂g(s)/∂ν = 0 on ∂Ω. To conclude that g(s) ∈ D(A), we just need to
show that Ag(s) ∈ Cb(Ω). For this purpose, we observe that

Ag(s) = p(g(s))1−
2

p {T (t− s)f AT (t− s)f + 〈QDT (t− s)f,DT (t− s)f〉}

+p(p− 2)(g(s))1−
4

p |T (t− s)f |2〈QDT (t− s)f,DT (t− s)f〉.

Since f ∈ D(A) then, by Proposition 13.1.14, AT (t− s)f = T (t− s)Af and,
therefore, Ag(s) is bounded and continuous in Ω. This implies that AΦ(s) =
T (s)Ag(s) for any s ∈ (0, t).

The second step consists in showing that

(
T (t)

(
(|f |2 + δ)

p
2

))
(x)

≥ p(p− 1)κ0

∫ t

0

(
T (s)

(
(g(s))1−

2

p |DT (t− s)f |2
))

(x)ds,

for any x ∈ Ω. So, arguing as in the proof of Proposition 12.3.3, we are led to
showing that

(
T (t− ε)

(
(|T (ε)f |2 + δ)

p

2

))
(x) tends to

(
T (t)

(
(f2 + δ)

p

2

))
(x)
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as ε tends to 0, for any x ∈ Ω. This was immediate in the proof of the quoted
proposition, since {Tn(t)} was a strongly continuous semigroup, whereas, now,
it is guaranteed by Theorem 13.1.13.

From now on, the same arguments in the proof of Proposition 12.3.3 yield
to (13.3.4). Hence, we skip the details.

Now, we show that the pointwise estimate (13.3.4) can be extended to the
case when Ω is an exterior domain. For this purpose, we apply the same
technique as in Chapter 7, first proving that, for any p ∈ (1,+∞), there exists
a constant Cp > 0 such that

|(DT (t)f)(x)|p ≤ Cp

(
T (t)(f2 + |Df |2)

p

2

)
(x), t > 0, x ∈ Ω, (13.3.5)

for any f ∈ C1
b (Ω) such that ∂f/∂ν = 0 on ∂Ω. As above we still assume that

c ≡ 0.

Theorem 13.3.3 Under Hypotheses 13.2.1 and 13.2.2 (where we take c ≡ 0)
there exists a constant Cp > 0 such that (13.3.5) holds true.

Proof. Since the proof is similar to that of Theorem 13.3.1, we limit ourselves
to sketching it, pointing out the main differences. In the case when p ∈ (1, 2]
and f ∈ C2+α

c (Ω), we introduce, for any δ > 0, the function w defined by

w(t, x) =
(
a|u(t, x)|2 +m(x)|Du(t, x)|2 + δ

) p

2 , t > 0, x ∈ Ω. (13.3.6)

Here a > 0 is a real parameter to be fixed later on. By virtue of Remark 13.2.6,
the function w is differentiable once with respect to the time variable and
twice with respect to the space variables in (0,+∞) × Ω and it is continuous
in [0,+∞) × Ω, due to Remark 13.2.6. Moreover, it satisfies the equation
Dtw − Aw = mf1 + f2 + f3, where f1 is given by (12.3.11) (with w as in
(13.3.6) and a being replaced by a/m),

f2 = −pw1− 2

p

(
1

2
|Du|2Am+ 2〈QDm,D2uDu〉

)

and

f3 =
p

2

(
1 −

p

2

)
〈Q(D(au2 +m|Du|2), D(au2 +m|Du|2)〉.

The function f1 can be immediately estimated as in (13.2.5) and (13.2.6),
where we take c(n) = 0 and replace κ(n) with κ. Similarly, since

Am = ω0ψ
′(d(·))Ad + ω′′(d(·))〈Qd, d〉,
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f2 can be estimated by (13.2.7) and (13.2.9). To estimate f3 we observe that,
arguing as in the proof of (13.3.2), we get

〈Q(D(au2 +m|Du|2), D(au2 +m|Du|2)〉

≤

[
(〈QDm,Dm〉)

1

2 |Du| + 2m
(
Tr(QD2uD2u)

) 1

2 |Du|

+2a|u| (〈QDu,Du〉)
1

2

]2

≤ (a|u|2 +m|Du|2)

×

{
m

[
(〈QDm,Dm〉)

1

2 |Du| + 2
(
Tr(QD2uD2u)

) 1

2

]2

+4a〈QDu,Du〉

}

≤ (a|u|2 +m|Du|2)

(
4m(1 + ε)Tr(QD2uD2u)

+m
1 + ε

ε
|Du|2〈QDm,Dm〉 + a〈QDu,Du〉

)
.

Hence, we obtain for 1 − (1 + ε)(2 − p) > 0,

Dtw −Aw

≤ p
(
u2 +m|Du|2 + δ

) p

2
−1

×

{[(
N2β2

0

4ε
+

2a(1 − p)

2 + ω0ε0

)
κ+ k1 +

ω0

2
M1 −

ω2
0ε0

4 + 2ω0ε0
M−

1

+

(
1

ε0
+

1

2ε
+

(1 + ε)(2 − p)

4ε
ω0

)
ω0M2

]
m|Du|2

+

[(
1 +

1

2
ω0ε0

)
ε+ 2εω0M2κ

−1
0 − 1 + (1 + ε)(2 − p)

]
κ|D2u|2

}
.

Now we can choose ε = ε1 > 0 such that

(
1 +

1

2
ω0ε0

)
ε1 − 1 + (1 + ε1)(2 − p) + 2ε1ω0M2κ

−1
0 = 0. (13.3.7)

Then, we fix a sufficiently large such that

La :=
N2β2

0

4ε1
+

2a(1 − p)

2 + ω0ε0
< 0
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and

Laκ0 + k1 +
ω0

2
M1 −

ω2
0ε0

4 + 2ω0ε0
M−

1

+

(
1

ε0
+

1

2ε1
+

(1 + ε1)(2 − p)

4ε1
ω0

)
ω0M2 ≤ 0.

With this choice of ε1 and a, we easily see that

Dtw −Aw ≤ 0.

Therefore, using the same technique as in the proof of Theorem 13.3.1, we
finally get (13.3.5) in the case when p ∈ (1, 2], with

Cp = max

{
ap/2,

(
1 +

ω0ε0
2

) p

2

}
.

The other cases follow just as in the proof of the quoted theorem.

The estimates (13.3.5) can be improved in the case when the dissipative
condition is satisfied with the constant k1 replaced with a function (still de-
noted by k1) which, roughly speaking, balance the growth of the coefficients
at infinity. In such a situation, we can recover the results in Theorem 13.3.1
and, in some particular cases, we can allow the exponential term appearing
in the estimate of DT (t)f to be of negative type. We reformulate Hypotheses
13.2.1 and 13.2.2 as follows:

Hypotheses 13.3.4 (i) the coefficients qij = qji (i, j = 1, . . . , N) satisfy

N∑

i,j=1

qij(x)ξiξj ≥ κ(x)|ξ|2, ξ ∈ R
N , x ∈ Ω,

for some function κ such that 0 < κ0 = infx∈Ω κ(x). Moreover, there
exist σ ∈ (0, 1] and β0 > 0 such that

|Dqij(x)| ≤ β0(κ(x))σ , x ∈ Ω;

(ii) Hypotheses 13.1.1(i), 13.1.1(v), 13.1.1(vi) and 13.2.2 are satisfied;

(iii) there exist a function k1 : RN → R and p0 ∈ (1, 2) such that

N∑

i,j=1

Dibj(x)ξiξj ≤ k1(x)|ξ|
2, ξ ∈ R

N , x ∈ Ω.

Moreover,

L1 := sup
x∈RN

{
k1(x) +

N2β2
0

4ε1
(κ(x))σ

}
< +∞,
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where

ε1 =
2(p0 − 1)κ0

(6 + ω0ε0 − 2p0)κ0 + 4ω0M2
.

Remark 13.3.5 In the case when lim|x|→+∞ k1(x)(κ(x))−σ = −∞, Hypoth-
esis 13.3.4(iii) is satisfied by any p0 ∈ (1, 2].

Theorem 13.3.6 Under Hypotheses 13.3.4 the estimate (13.3.1) holds true

for any p ∈ [p0,+∞), with Mp being replaced with ωp, where

ωp = L1 +
ω0

2
M1 −

ω2ε0
4 + 2ω0ε0

M−
1 +

(
1

2ε1
+

1

ε0
+

(1 + ε1)(2 − p)

4ε1
ω0

)
ω0M2,

(13.3.8)

if p ∈ (1, 2] and ωp = ω
p/2
2 if p ∈ (2,+∞).

Proof. The proof can be obtained arguing as in the proof of Theorem 13.3.1,
estimating the terms containing Q and its gradient as in the proof of Theorem
13.3.3.

We are now in a position to extend the results in Theorem 13.3.2 to the
case when Ω is an exterior domain.

Theorem 13.3.7 Under the same assumptions as in Theorem 13.3.3, the

estimate (13.3.4) holds true with Kp,tt
−p/2 replaced with K̃p,t, where

K̃p,t =

(
1

[p(p− 1)tκ0]p/2
+ 1

)(
1 +

ω0ε0
2

) p
2

,

if p ∈ (1, 2], and K̃p,t = K̃
p/2
2,t if p ∈ (2,+∞).

Similarly, under the assumptions of Theorem 13.3.6, {T (t)} satisfies (13.3.4)
for any p ≥ p0, with Mp being replaced with ωp given by (13.3.8).

Proof. The proof of the second part of the theorem can be obtained arguing
as in the proof of Theorem 13.3.2, whereas the proof of the first part can
be obtained applying the technique in the proof of Theorem 12.3.8 to the
semigroup {Tn(t)} associated with the operator A(n) defined in (13.2.1). This
yields (13.3.4) with Tn(t) instead of T (t). Recalling that a suitable subsequence
of Tn(t)f converges to T (t)f in C1,2(F ) for any compact set F ⊂ (0,+∞)×Ω
(see the proof of Theorem 13.2.5), we deduce the assertion.

To conclude this section, we briefly see some consequence of all the previous
pointwise gradient estimates. First of all, as the following proposition shows,
they allow us to improve the uniform gradient estimate (13.1.6) with k = 0,
in the case when c ≡ 0. We skip the proof since it is immediate.
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Proposition 13.3.8 Under the assumptions of Theorem 13.3.2, for any f ∈
Cb(Ω) it holds that

||DT (t)f ||∞ ≤

(
M2(2 + ω0ε0)

4κ0(1 − e−M2t)

) 1

2

||f ||∞, t > 0, (13.3.9)

if M2 6= 0 and

||DT (t)f ||∞ ≤

(
2 + ω0ε0

4κ0t

) 1

2

||f ||∞, t > 0, (13.3.10)

if M2 = 0.
Similarly, under the assumptions of Theorem 13.3.3, for any f ∈ Cb(Ω), it

holds that

||DT (t)f ||∞ ≤

(
2 + ω0ε0

4tκ0
(1 + 2κ0t)

) 1

2

||f ||∞, t > 0.

Finally, under the assumptions of Theorem 13.3.6, {T (t)} satisfies (13.3.9)
(with M2 replaced with ω2 given by (13.3.8)) and (13.3.10).

Proposition 13.3.9 Let the assumptions of Theorem 13.3.2 be satisfied and

suppose that Mp ≤ 0 for some p ∈ (1,+∞). If f ∈ D(Â) (see (13.1.39)) is

such that Af = 0, then f is constant. The same result holds in the case when

Ω is an exterior domain, under the assumptions of Theorem 13.3.6, provided

that ωp ≤ 0 for some p ∈ [p0,+∞).

Proof. The proof is similar to that of Theorem 7.2.5. Hence it is omitted.

13.4 The invariant measure of the semigroup

In this section we deal with the invariant measure µ of the semigroup whenever
it exists. To simplify the notation, we simply write Lp

µ and W 1,p
µ (p ∈ [1,+∞))

instead of Lp(Ω, µ) and W 1,p(Ω, µ). Moreover, we denote by || · ||p the usual
norm of Lp

µ.
In view of the extension of the gradient estimates in Section 13.3 to this

setting, we assume that c identically vanishes in Ω.
First of all we observe that, repeating just the same proofs as in Section

12.4, we can show that, when the invariant measure exists, it is unique and is
absolutely continuous with respect to the restriction of the Lebesgue measure
to the σ-algebra of Borel sets of Ω. Moreover, its density ̺ is everywhere
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positive in Ω and it belongs to W 1,p
loc (Ω) for any p ∈ [1,+∞). In particular,

̺ is a continuous function in Ω. The Khas’minskii theorem, in the version of
Theorem 12.4.3, is still the main existence theorem of an invariant measure.

When {T (t)} admits an invariant measure it can be extended to a strongly
continuous semigroup of contractions in Lp

µ for any p ∈ [1,+∞), and the

set D(Â) (see (13.1.39)) is a core of the infinitesimal generator Lp of the
semigroup.

The following proposition is the main result of this section: under the as-
sumptions of Section 13.3 it allows us to prove that the semigroup maps Lp

µ

into W 1,p
µ . Moreover, it provides us some useful estimates of the behaviour of

the gradient of T (t)f near t = 0, when f ∈ Lp
µ.

Proposition 13.4.1 Assume that the semigroup {T (t)} admits an invariant

measure and let Hypotheses 13.1.1(i), 13.1.1(ii), 13.1.1(iv)–13.1.1(vi) be sat-

isfied. Further, suppose that c ≡ 0. Then, T (t) maps Lp
µ into W l,p

µ , for any

t > 0 and any p ∈ (1,+∞). Moreover,

||DT (t)f ||p ≤






(2 + ω0ε0)
1

2

[2p(p− 1)κ0]
1

2

(
Mpt

1 − e−Mpt

) 1

p

t−
1

2 ||f ||p, p ∈ (1, 2),

(
2 + ω0ε0

4κ0

M2t

1 − e−M2t

) 1

2

t−
1

2 ||f ||p, p ≥ 2,

(13.4.1)

for any t > 0 and any p ∈ (1,+∞), where Mp is given by (13.3.3). In the case

when Mp = 0, the term Mpt(1 − e−Mpt)−1 should be replaced with 1.
The same results hold in the particular case when Ω is an exterior domain,

and Hypotheses 13.3.4 are satisfied. In such a case, the estimate (13.4.1) is

satisfied for any p ≥ p0, where p0 is given by Hypothesis 13.3.4(iii), with the

constant Mp being replaced with the constant ωp defined by (13.3.8).
Finally, if Hypotheses 13.2.1 and 13.2.2 (where we take c ≡ 0) are satisfied,

then T (t) maps Lp
µ into W 1,p

µ for any t > 0 and any p ∈ (1,+∞). Moreover,

||DT (t)f ||p ≤






(
1

[p(p− 1)tκ0]p/2
+ 1

) 1

p
(

1 +
ω0ε0

2

) 1

2

||f ||p, p ∈ [p0, 2),

(
1

2tκ0
+ 1

) 1

2

(
1 +

ω0ε0
2

) 1

2

t−
1

2 ||f ||p, p ≥ 2.

(13.4.2)

A partial characterization of the domain of the infinitesimal generator of the
semigroup {T (t)} in Lp

µ now follows easily from the estimates in Proposition
13.4.1. We skip the proof since it can be obtained arguing as in the proof of
Proposition 8.3.3.

Proposition 13.4.2 Suppose that Hypotheses 13.1.1(i), 13.1.1(ii), 13.1.1(iv)–
13.1.1(vi), or Hypotheses 13.3.4 are satisfied. Then, D(Lp) is continuously
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embedded in W 1,p
µ for any p ∈ (1,+∞) (under Hypothesis 13.1.1) and for any

p ≥ p0 (under Hypothesis 13.3.4). Moreover, for any ω > 0, there exists a

positive constant Mω such that

||Df ||p ≤Mω,p||f ||
1

2

p ||(Lp − ω)f ||
1

2

p , f ∈ D(Lp). (13.4.3)

In the case when the estimates in Proposition 13.4.1 are satisfied with an

exponential term of negative type, we can take ω = 0 in (13.4.3).
The same results hold under Hypotheses 13.2.1 and 13.2.2 (where we take

c ≡ 0), for any p ∈ (1,+∞).

13.5 Final remarks

To conclude the chapter, we observe that the results of these chapter have
been very recently generalized in [17, 71] in the case when Ω is an exterior
domain Ω. To be more precise, under assumptions comparable with those in
Hypothesis 6.1.1, uniform estimates up to the third-order have been proved
in [71], for the semigroup associated with the operator

Aϕ =

N∑

i,j=1

qijDiju+

N∑

j=1

bjDju,

with boundary conditions Bu = 0 on ∂Ω, where B is a rather general class of
differential boundary operators, including the Dirichlet and Neumann bound-
ary operators.

Such estimates have been the keystone to prove optimal Schauder estimates
for both the elliptic equation

{
λu −Au = f, in Ω,

Bu = 0, on ∂Ω,

(for λ positive) and the parabolic problem






Dtu−Au = f, t > 0, x ∈ Ω,

Bu = 0, t > 0, x ∈ ∂Ω,

u(0, ·) = u0, x ∈ Ω,

adapting the arguments in Chapter 6.
Finally, in [17], the pointwise estimates of Section 13.3 have been obtained

removing the Hypothesis 13.1.1 and 13.2.2.
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Chapter 14

The Cauchy problem in Cb(R
N)

14.0 Introduction

In this chapter we generalize the results in Chapters 2 and 6 to a class of
linear degenerate elliptic operators in Cb(R

N ) of the type

(Au)(x) =

r∑

i,j=1

qij(x)Diju(x) +

N∑

i,j=1

bijxjDiu(x), x ∈ R
N , (14.0.1)

under the following assumptions on the coefficients and on r.

Hypotheses 14.0.1 (i) N/2 ≤ r < N and

r∑

i,j=1

qij(x)ξiξj ≥ κ(x)|ξ|2, ξ ∈ R
r, x ∈ R

N ,

for some function κ : RN → (0,+∞) such that κ0 := infx∈RN κ(x) > 0;

(ii) there exists a positive constant C such that

|Dαqij(x)| ≤ C|x|(1−|α|)+
√
κ(x), (14.0.2)

for any x ∈ RN , any i, j = 1, . . . , r and any |α| ≤ 3;

(iii) the matrix B can be split as

B =

(
B1 B2

B3 B4

)
,

with B1 ∈ L(Rr), B2, B
∗
3 ∈ L(RN−r,Rr), B4 ∈ L(RN−r). Moreover,

rank(B3) = N − r.

The prototype of this class of elliptic operators is the degenerate Ornstein-
Uhlenbeck operator

Au(x) =
1

2

N∑

i,j=1

qijDiju(x) +

N∑

i,j=1

bijxjDiu(x), x ∈ R
N , (14.0.3)

407
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where the matrix Q = (qij) is singular and positive definite, while the matrix

Qt =

∫ t

0

esBQesB∗

ds, t > 0 (14.0.4)

is strictly definite positive for any t > 0 (see Chapter 9). In such a case some
results, similar to those that we present here, have been proved by A. Lunardi
in [107], without assuming that r ≥ N/2 (see also Remark 9.2.4). Note that
the condition (14.0.4) is equivalent to the hypoellipticity of the operator A.
Elliptic operators similar to those considered in this chapter have been also
investigated, generally with different techniques, by other authors. Among
them, we quote the papers [63, 84, 95, 96, 97, 98, 110, 111, 122].

Here, we show that, if A is given by (14.0.1) with the coefficients satisfying
Hypotheses 14.0.1, then the Cauchy problem

{
Dtu(t, x) = Au(t, x), t > 0, x ∈ R

N ,

u(0, x) = f(x), x ∈ R
N ,

(14.0.5)

admits, for any f ∈ Cb(R
N ), a unique classical solution u (i.e., a unique

function u continuous in [0,+∞) × RN and continuously differentiable in
(0,+∞)×RN , once with respect to time and twice with respect to the space
variables, which solves (14.0.5)), which is bounded in [0,+∞) × RN . There-
fore, as in the nondegenerate case, we can then associate a semigroup {T (t)}
of bounded linear operators with the operator A by setting T (·)f = u. The
results that we present are taken from [102, 103].

We stress that the coefficients qij may be unbounded in R
N , but Hypotheses

14.0.1 give some bounds on their growth at infinity (see (14.1.3)). Notice that,
due to our assumptions on Q and B, the hypoellipticity condition (14.0.4) is
satisfied for any t > 0 and any x ∈ RN .

We construct the semigroup {T (t)} as the “limit” (in a sense to be made
precise later on) as ε tends to 0+ of a family of semigroups {Tε(t)} associated
with the uniformly elliptic operators

Aε = A + ε

N∑

j=r+1

Djj , ε > 0, (14.0.6)

and to which all the results of Chapter 2 can be applied.
To prove the convergence of the function Tε(·)f to T (·)f , we first determine

suitable estimates for the sup-norm of the space derivatives of the function
Tε(t)f , for any t > 0, with the constants therein appearing, being indepen-
dent of ε (see (14.2.1)-(14.2.4)). Such estimates replace the interior estimate
(C.1.15) and make the compactness argument used in the proof of Theorem
2.2.1 work also in this situation.

Once the convergence of Tε(·)f to a solution to the Cauchy problem (14.0.5)
is proved, sharp estimates on the behaviour of the sup-norm of the space
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derivatives of Tε(t)f as t approaches 0+ can be obtained, just letting ε go to
0+ in (14.2.1)-(14.2.4).

We remark also that some properties that we proved for Markov semigroups
associated with uniformly elliptic operators in Cb(R

N ) can be generalized also
to this situation (see Section 14.3). In particular, the semigroup {T (t)} is
strong Feller and irreducible.

The uniform estimates are used in Section 14.4 to prove some regularity
properties for the distributional solutions to both the elliptic equation

λu(x) −Au(x) = f(x), x ∈ R
N , f ∈ Cb(R

N ), λ > 0,

and to the nonhomogeneous Cauchy problem

{
Dtu(t, x) = Au(t, x) + g(t, x), t > 0, x ∈ RN ,

u(0, x) = f(x), x ∈ RN .

when f and g are sufficiently smooth function.
To conclude this section, let us introduce a few notations.

Notations. Throughout this chapter, for any x ∈ RN , we denote by Q(x) ∈
L(Rr) the (strictly) positive definite matrix defined by (Q(x))ij = qij(x) for
any 1 ≤ i, j ≤ r. Similarly, for any ε ≥ 0 and any x ∈ RN , we denote by

Q(ε)(x) = (q
(ε)
ij (x)) ∈ L(RN ) the matrix defined as follows: q

(ε)
ij (x) = qij(x) if

i, j ≤ r, q
(ε)
ij (x) = δijε if i ∨ j > r.

14.1 Some preliminary results on the operator Aε

In this section we recall and prove some remarkable properties of the semi-
group {Tε(t)} in Cb(R

N ), associated with the operator Aε (ε > 0) (see
(14.0.6)). Such results will be used in following sections.

To begin with, we recall that, according to the results in Section 2.1, for any

ε > 0, u = Tε(·)f belongs to Cb([0,+∞) × RN ) ∩ C1+α/2,2+α
loc ((0,+∞) × RN )

and it solves the Cauchy problem

{
Dtu(t, x) = Aεu(t, x), t > 0, x ∈ RN ,

u(0, x) = f(x), x ∈ RN ,
(14.1.1)

for any f ∈ Cb(R
N ). Moreover,

||Tε(t)f ||Cb(RN ) ≤ ||f ||∞, t > 0, f ∈ Cb(R
N ). (14.1.2)



410 Chapter 14. The Cauchy problem in Cb(R
N )

Actually, Tε(·)f is the unique classical solution to the Cauchy problem
(14.1.1), which is bounded in [0, T ] × RN for any T > 0. Indeed, the as-
sumptions on the growth of the diffusion coefficients qij (i, j = 1, . . . , N) in

Hypotheses 14.0.1 imply that there exists a positive constant Ĉ such that

κ(x) ≤ Ĉ|x|2, |qij(x)| ≤ Ĉ|x|2, i, j = 1, . . . , N, (14.1.3)

for any x ∈ RN . Therefore, the function ϕ : RN → R, defined by ϕ(x) =
1 + |x|2 for any x ∈ RN , is a Lyapunov function for the operator Aε (ε > 0),
(i.e., it satisfies Hypothesis 4.0.2). The uniqueness of the bounded classical
solution to the problem (14.1.1) now follows immediately from Theorem 4.1.3.

Now, we prove some boundedness and continuity properties up to t = 0
of the functions (t, x) 7→ t(j−k)/2(Tε(t)f)(x) when f ∈ Ck

b (RN ) (j, k ∈ N,
1 ≤ j ≤ k ≤ 3), similar to those in Theorem 6.1.7.

Proposition 14.1.1 Suppose that Hypotheses 14.0.1 are satisfied. Then, for

any T > 0, any ε > 0 and any k = 0, 1, 2, 3, there exists a positive constant

C̃ = C̃T,ε such that

3∑

j=0

t
(j−k)

+

2 ||DjTε(t)f ||∞ ≤ C̃||f ||Ck(RN ), t ∈ (0, T ]. (14.1.4)

Proof. To begin with, we note that the estimate (14.1.4) does not follow
immediately from Theorem 6.1.7. The techniques therein used need to be
adapted to our situation. Indeed, the quoted theorem to be applied requires
that the modulus of derivatives of the diffusion coefficients of the operator
Aε at any x ∈ R

N could be estimated by Cκ(x), where κ(x) is the minimum
eigenvalue of the matrix Q(ε)(x). Therefore, it requires that the derivatives of
the coefficients are bounded in R, which may be not the case in our situation.

We limit ourselves to proving (14.1.4) in the case when (k, l) = (0, 3), the
other cases being similar and even easier. For any n ∈ N, let vn,ε : (0,+∞)×
RN → R be the function defined by

vn,ε(t, x) = |un,ε(t, x)|
2 + atϑ2

n|Dun,ε(t, x)|
2 + a2t2ϑ4

n|D
2un,ε(t, x)|

2

+a3t3ϑ6
n|D

3un,ε(t, x)|
2,

for any t > 0 and any x ∈ B(n), where un,ε denotes the classical solution to
the problem






Dtun,ε(t, x) = Aεun,ε(t, x), t > 0, x ∈ B(n),

un,ε(t, x) = 0, t > 0, x ∈ ∂B(n),

un,ε(0, x) = ϑn(x)f(x), x ∈ B(n),

and ϑn ∈ C∞
c (RN ) is such that χB(n/2) ≤ ϑn ≤ χB(n). From now on, to

simplify the notation, when there is no damage of confusion, we do not write
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explicitly the dependence on n and ε of the functions that we consider. As it
is immediately seen, the function v solves the Cauchy problem






Dtv(t, x) = Aεv(t, x) + g(t, x), t ∈ [0, T ], x ∈ B(n),

v(t, x) = 0, t ∈ [0, T ], x ∈ ∂B(n),

v(0, x) = (f(x))2, x ∈ B(n),

where g =
∑5

j=1 gj is given by

g1 = −2

N∑

i,j=1

q
(ε)
ij DiuDju− 2atϑ2

N∑

i,j,h=1

q
(ε)
ij DihuDjhu

−2a2t2ϑ4
N∑

i,j,h,k=1

q
(ε)
ij DihkuDjhku− 2a3t3ϑ6

N∑

i,j,h,k,l=1

q
(ε)
ij DihkluDjhklu,

g2 = −2atϑ(Aεϑ)|Du|2 − 4a2t2ϑ3(Aεϑ)|D2u|2 − 6a3t3ϑ5(Aεϑ)|D3u|2

−8atϑ

N∑

i,j,h=1

q
(ε)
ij DjϑDhuDihu− 16a2t2ϑ3

N∑

i,j,h,k=1

q
(ε)
ij DjϑDhkuDihku

−24a3t3ϑ5
N∑

i,j,h,k,l=1

q
(ε)
ij DjϑDhkluDihklu+ 2atϑ2

N∑

i,j=1

bijDiuDju

+4a2t2ϑ4
N∑

i,j,h=1

bijDihuDjhu+ 6a3t3ϑ6
N∑

i,j,h,k=1

bijDihkuDjhku,

g3 = 2atϑ2
r∑

i,j=1

N∑

h=1

DhqijDhuDiju+ 4a2t2ϑ4
r∑

i,j=1

N∑

h,k=1

DhqijDhkuDijku

+6a3t3ϑ6
r∑

i,j=1

N∑

h,k,l=1

DhqijDhkluDijklu

+6a3t3ϑ6
r∑

i,j=1

N∑

h,k,l=1

DhkqijDijluDhklu

+2a2t2ϑ4
r∑

i,j=1

N∑

h,k=1

DhkqijDijuDhku

+2a3t3ϑ6
r∑

i,j=1

N∑

h,k,l=1

DhklqijDijuDhklu,
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g4 = −2at|Du|2
N∑

i,j=1

q
(ε)
ij DiϑDjϑ− 12a2t2ϑ2|D2u|2

N∑

i,j=1

q
(ε)
ij DiϑDjϑ

−30a3t3ϑ4|D3u|2
N∑

i,j=1

q
(ε)
ij DiϑDjϑ,

g5 = aϑ2|Du|2 + 2a2tϑ4|D2u|2 + 3a3t2ϑ6|D3u|2.

In the rest of the proof, to simplify the notation, we denote by Dk
#,1u (resp.

Dk
#,2u) (k = 1, 2, 3, 4) the vectors whose entries are the k-th-order derivatives

of u corresponding, respectively, to multi-indices α with at least a component
less than r + 1, and multi-indices α with all the components greater than r.

Taking Hypothesis 14.0.1(i) into account, we easily deduce that

g1 ≤ −2(ε ∧ κ0)|Du|
2 − 2atϑ2κ|D2

#,1u|
2

−2atϑ2ε|D2
#,2u|

2 − 2a2t2ϑ4κ|D3
#,1u|

2

−2a2t2ϑ4ε|D3
#,2u|

2 − 2a3t3ϑ6κ|D4
#,1u|

2 − 2a3t3ϑ6ε|D4
#,2u|

2.

(14.1.5)

To estimate the function g2 we observe that, arguing as in the proof of
(6.1.23)-(6.1.25) and taking (14.1.3) into account, we get

|(Aϑ)(x)| ≤ C1,
∣∣(Q(ε)(x)Dϑ(x))i

∣∣ ≤ C1

{√
κ(x), if i ≤ r,

1, if i > r,
(14.1.6)

for any x ∈ RN and some positive constant C1, independent of ε and x. Now,
using (14.1.6), we obtain

∣∣∣∣∣∣
8atϑ

N∑

i,j,h=1

q
(ε)
ij DjϑDhuDihu

∣∣∣∣∣∣

≤ 8atϑ

∣∣∣∣∣∣

r∑

i=1

N∑

j,h=1

q
(ε)
ij DjϑDhuDihu

∣∣∣∣∣∣
+ 8atϑ

∣∣∣∣∣∣

N∑

i=r+1

N∑

j,h=1

q
(ε)
ij DjϑDhuDihu

∣∣∣∣∣∣

≤ 8atϑC1

√
κ

r∑

i=1

N∑

h=1

|Dhu||Dihu| + 8atϑC1

N∑

i=r+1

N∑

h=1

|Dhu||Dihu|

≤ 8atC1

( r
4δ

|Du|2 + δϑ2κ|D2
#,1u|

2
)

+8atC1

(
N − r

4δ
|Du|2 +

δ

κ0
ϑ2κ|D2

#,1u|
2 + δϑ2|D2

#,2u|
2

)

≤ 8atC1
N

4δ
|Du|2 + 8atC1δ

(
1 +

1

κ0

)
ϑ2κ|D2

#,1u|
2 + 8atC1δϑ

2|D2
#,2u|

2.
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Similarly, we can estimate all the other terms in the definition of g2 and g3,
so that, finally, we get

g2 ≤ 2at

{
C1 + C1

N

δ
+ ||B||

}
|Du|2

+4at

{
2C1δ

(
1 +

1

κ0

)
+ at

(
C1

κ0
+
NC1

δκ0
+

||B||

κ0

)}
ϑ2κ|D2

#,1u|
2

+4at

{
2C1δ + at

(
C1 + C1

N

δ
+ ||B||

)}
ϑ2|D2

#,2u|
2

+2a2t2
{

8C1δ

(
1 +

1

κ0

)
+ 3at

(
C1N

δκ0
+
C1

κ0
+

||B||

κ0

)}
ϑ4κ|D3

#,1u|
2

+2a2t2
{

8C1δ + 3at

(
C1N

δ
+ C1 + ||B||

)}
ϑ4|D3

#,2u|
2

+24a3t3C1δ

(
1 +

1

κ0

)
ϑ6κ|D4

#,1u|
2 + 24a3t3C1δϑ

6|D4
#,2u|

2 (14.1.7)

and

g3 ≤ atC
N2

2δ
|Du|2 + atCN

{
2δ + at

(
N

δ
+N +

N

κ0

)
+ a2t2

N

2δ

}
ϑ2κ|D2

#,1u|
2

+a2t2CN2

(
1

δ
+ 1 + atC

N

2δ

)
ϑ2|D2

#,2u|
2

+a2t2CN

{
4δ + atN

(
3

2δκ0
+ 3 +

3

κ0
+ 2δ

)}
ϑ4κ|D3

#,1u|
2

+a3t3CN2

(
3

2δ
+ 3

)
ϑ4|D3

#,2|
2 + 6a3t3CδNϑ6κ|D4

#,1u|
2, (14.1.8)

for any δ > 0, where C is given by (14.0.2). For further details, see the proof
of the estimate (6.1.26).

Now, let us fix T > 0. Observing that g4 ≤ 0 in (0,+∞)×RN , from (14.1.5),
(14.1.7) and (14.1.8) we deduce that

g ≤

{
− 2(ε ∧ κ0) + aT

(
2C1 + 2C1

N

δ
+ 2||B|| +

CN2

2δ

)}
|Du|2

+at

{
− 2 + 8C1δ

(
1 +

1

κ0

)
+ 2CNδ + 4aT

(
C1

κ0
+
NC1

δκ0
+

||B||

κ0

)

+aTCN

(
N

δ
+N +

N

κ0
+ aT

N

2δ

)}
|D2

#,1u|
2
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+at

{
− 2ε+ 8C1δ + 4aT

(
C1 +

C1N

δ
+ ||B||

)

+aTCN2

(
1

δ
+ 1 + aT

CN

2δ

)}
ϑ2|D2

#,2u|
2

+a2t2
{
− 2 + 16C1δ

(
1 +

1

κ0

)
+ 4CNδ + 6aT

(
C1N

δκ0
+
C1

κ0
+

||B||

κ0

)

+aTCN2

(
3

2δκ0
+ 3 +

3

κ0
+ 2δ

)}
ϑ4κ|D3

#,1u|
2

+a2t2
{
− 2ε+ 16C1δ + 6aT

(
C1N

δ
+ C1 + ||B||

)

+aTCN2

(
3

2δ
+ 3

)}
ϑ4|D3

#,2u|
2

+2a3t3
{
− 1 + 3aTδ

[
3CN + 4C1

(
1 +

1

κ0

)]}
ϑ6|D4

#,1u|
2

+2a3t3 {−ε+ 12TC1δ}ϑ
6|D4

#,2u|
2,

for any t ∈ (0, T ]. A straightforward computation shows that we can choose
(a, δ) such that g ≤ 0 in (0, T ]×B(n). Theorem 4.1.3 now implies that

|vn,ε(t, x)| ≤ C̃||f ||∞, t ∈ [0, T ], x ∈ B(n),

for some positive constant C̃, independent of u and n. Since, by Proposition
2.2.1, un,ε converges to uε on compact sets of (0,+∞) × RN , as n tends to
+∞, letting n go to +∞ we get (14.1.4).

The following theorem guarantees the continuity of the functions (t, x) 7→
tj/2(DjTε(t)f)(x) at t = 0, for any j = 1, 2, 3 and any f ∈ Cb(R

N ). Its
proof is essentially based upon Proposition 2.2.9 and the interior estimates in
Theorem C.1.4.

Proposition 14.1.2 Under Hypotheses 14.0.1, for any f ∈ Ck
b (RN ) (k =

0, . . . , 3) and any ε > 0, the function (t, x) 7→ t(j−k)+/2(DjTε(t)f)(x) is con-

tinuous in [0,+∞) × R
N for any j = 0, . . . , 3. In particular,

(i) lim
t→0+

t
j−k

2 (DjTε(t)f)(x) = 0, if j > k,

(ii) lim
t→0+

(DjTε(t)f)(x) = Djf(x), if j ≤ k,
(14.1.9)

for any x ∈ RN and j, k = 0, 1, 2, 3.

Proof. The continuity of the functions (t, x) 7→ t(j−k)+/2(DjTε(t)f)(x) in
(0,+∞) × RN is a classical result recalled in Theorem C.1.4. Moreover, the
formula (14.1.9)(ii) can be proved by arguing as in the proof of Proposition
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7.1.1. So, we just need to show that the formula (14.1.9)(i) holds. We limit
ourselves to dealing with the case when k = 0, since the other cases are
similar and even simpler. We use a localization argument. For any x ∈ R

N we
fix r,R > 0 with R−r > 1. Applying (C.1.16) and (C.1.18) with Ω′ = x+B(r)
and Ω = x+B(R) yields

sup
(t,y)∈(0,1)×(x+B(r))

t
1

2 |Dv(t, y)| + sup
(t,y)∈(0,1)×(x+B(r))

t|D2v(t, y)|

+ sup
(t,y)∈(0,1)×(x+B(r))

t
3

2 |D3v(t, y)|

≤ C sup
(t,y)∈(0,1)×(x+B(R))

|v(t, y)|, (14.1.10)

for any solution to the parabolic equation Dtv − Aεv = 0 and some pos-
itive constant C = C(r,R, ε). Now, we fix a sequence {fn} ∈ C3

b (RN ) of
smooth functions, bounded in the sup-norm and converging locally uniformly
in RN to f as n tends to +∞. Applying (14.1.10) with v = Tε(·)(f −
fn) and taking Proposition 2.2.9 into account, we deduce that the function
(t, x) 7→ ψj,n(t, x) := tj/2(DjTε(t)fn)(x) (j = 1, 2, 3) converges uniformly in
(0, T )× (x+B(R)) to the function (t, x) 7→ ψj(t, x) := tj/2(DjTε(t)f)(x). By
(14.1.9)(ii), each function ψn,j is continuous in [0, 1]× (x+B(r)) and it van-
ishes at t = 0. Hence, each ψj (j = 1, 2, 3) is continuous in [0, 1]× (x+B(r))
and it vanishes at t = 0, as well. The estimate (14.1.9)(i) follows.

14.2 Existence, uniqueness results and uniform estimates

In this section we show that, for any f ∈ Cb(R
N ), the problem (14.0.5) admits

a unique classical solution u bounded in [0,+∞) × RN , where we recall that
by classical solution we mean, as usual, a function u : [0,+∞) × RN → R

continuous in [0,+∞) × RN , continuously differentiable, once with respect
to time and twice with respect to the space variables in (0,+∞) × RN ,
which satisfies (14.0.5). Moreover, we show that the family of linear oper-
ators {T (t)} ∈ L(Cb(R

N )) defined by T (t)f = u(t, ·), for any t > 0 and any
f ∈ Cb(R

N ), gives rise to a semigroup of linear operators satisfying

||DiT (t)f ||∞ ≤ Ceωtt−
1

2
−H(i−r)||f ||∞, t > 0, (14.2.1)

||DijT (t)f ||∞ ≤ Ceωtt−(1+H(i−r)+H(j−r))||f ||∞, t > 0, (14.2.2)

||DijhT (t)f ||∞ ≤ Ceωtt−
3

2
−H(i−r)−H(j−r)−H(h−r)||f ||∞, t > 0, (14.2.3)

for any i, j, h = 1, . . . , N and some positive constants C and ω, independent
of f and t. Here, H(s) = 0 if s ≤ 0 and H(s) = 1 if s > 0. Furthermore, we
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prove that the more f is regular, the more the estimates (14.2.1)-(14.2.3) can
be improved. More precisely, we show that

||T (t)f ||Ck
b
(RN ) ≤ Ceωt||f ||Ck

b
(RN ), t > 0, k = 1, 2, 3, (14.2.4)

||DijT (t)f ||∞ ≤ Ceωtt−
1

2
−H(i−r)||f ||C1

b
(RN ), t > 0, i ≤ j, (14.2.5)

||DijhT (t)f ||∞ ≤ Ceωttc
k
ijk ||f ||Ck

b
(RN ), t > 0, 1 ≤ j ≤ h, k = 0, 1, 2,

(14.2.6)
where

ckijh =
3 − k

2
+H(i− r) + ((2 − k) − (1 − k)+)H(j − r) + (1 − k)+H(h− r),

and C, ω are as above.
As it has already been claimed in the introduction, we will construct the

semigroup {T (t)} as the limit as ε tends to 0+ (in a sense to be made clear)
of the semigroup {Tε(t)}. As a first step in this direction, in subsection 14.2.2
we show that each semigroup {Tε(t)} satisfies (14.2.1)-(14.2.6) with constants
being independent of ε. This will allow us to apply a compactness argument to
prove the convergence of the function Tε(·)f to what we will denote by T (·)f ,
for any f ∈ Cb(R

N ). Moreover, letting ε go to 0+ in the previous estimates
written for the approximating semigroups, we will see that {T (t)} satisfies
(14.2.1)-(14.2.6) as well.

14.2.1 Some preliminary lemmata

In this section we collect some very easy results of linear algebra that we need
in this chapter. For the reader’s convenience we give the proofs.

Lemma 14.2.1 Suppose that A ∈ L(Rn,Rm) is a given matrix. Then, there

exists a matrix C ∈ L(Rm,Rn) such that

AC + C∗A∗

is strictly positive (resp. negative) definite if and only if n ≥ m and rank(A) =
m.

Let B ∈ L(Rn,Rm). Then, there exists a matrix C ∈ L(Rm,Rn) such that

CB +B∗C∗

is uniformly positive (resp. negative) definite if and only if m ≥ n and rank(B)
= n.

Proof. As far as the first statement is concerned, we limit ourselves to prov-
ing that we can choose C such that the matrix AC+C∗A∗ (resp. CB+B∗C∗)
is strictly positive definite. Replacing C by −C we get the assertion also in
the other case.
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Suppose that the matrix AC +C∗A∗ is strictly positive definite. Then, for
any ξ ∈ Rm \ {0}, we have

0 < 〈(AC + C∗A∗)ξ, ξ〉 = 2〈ACξ, ξ〉.

Hence, the matrix AC is not singular, i.e., its rank equals m. Suppose that
n < m. Then the ranks of A and C equal at most n and, consequently, the
rank of AC is at most n. This implies that AC is singular. Hence, n ≥ m.
Moreover, rank(A) = m, otherwise rank(AC) would be strictly less than m
and AC would be singular.

Vice versa, let us assume that n ≥ m and rank(A) = n. Moreover, let
D ∈ L(Rn) be an invertible matrix such that

AD =
(
A1 A2

)
,

where A1 ∈ L(Rm) is invertible and A2 ∈ L(Rn−m,Rm). Let C̃ ∈ L(Rm,Rn)
be the matrix defined by

C̃ =

(
A−1

1 K

0

)
,

K ∈ L(Rm) being any strictly positive definite matrix. We set C = DC̃ and
observe that

AC = ADC̃ = A1A
−1
1 K = K.

Hence, AC + C∗A∗ = 2K so that the matrix AC + C∗A∗ is strictly positive
definite.

Let us prove the last part of the lemma. The same arguments as above
show that if CB +B∗C∗ is strictly positive definite, then m ≥ n. Vice versa,
suppose that m ≥ n, rank(B) = n, and let C = B∗. Then,

〈(CB +B∗C∗)ξ, ξ〉 = 2〈B∗Bξ, ξ〉 = 2||Bξ||2,

for any ξ ∈ Rn. Since rank(B) = n, then the mapping T : Rn → Rm, defined
by T (ξ) = Bξ for any ξ ∈ RN , is injective. It follows that the matrix B∗B is
strictly positive definite and this finishes the proof.

Lemma 14.2.2 Fix k, n ∈ N and let A(t) ∈ L(RN ) be the matrix defined by




A11t
k A12t

k+1 · · · · · · A1nt
k+n−1

A∗
12t

k+1 A22t
k+2 · · · · · · A2nt

k+n

...
. . .

. . .
. . .

...

...
. . .

. . .
. . .

...

A∗
1nt

k+n−1 A∗
2nt

k+n · · · · · · Annt
k+2n−2





, t > 0,
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where Aij ∈ L(RNj ,RNi) (N1 + . . . + Nn = N) and Aii = A∗
ii for any i =

1, . . . , n. Then, A(t) is positive (resp. negative) definite, for any t > 0, if and

only if it is positive (resp. negative) definite at t = 1. In such a case if, for

any ξ ∈ RN , we split ξ = (ξ1, . . . , ξn) with ξi ∈ RNi , we have

〈A(t)ξ, ξ〉 ≥ λmin(A(1))
n−1∑

j=0

tk+2j |ξj+1|
2, t > 0, (14.2.7)

if A(1) is positive definite, and

〈A(t)ξ, ξ〉 ≤ λmax(A(1))
n−1∑

j=0

tk+2j |ξj+1|
2, t > 0, (14.2.8)

if A(1) is negative definite.

Proof. Of course, if A(t) is strictly positive (resp. negative) definite for any
t > 0, then, in particular, it is strictly positive (resp. negative) definite at
t = 1.

Vice versa, assume that A(1) is strictly positive definite. For any t > 0 and
any ξ ∈ RN , split as in the statement of the lemma, let

ξ
T

= (tk/2ξ1, t
k/2+1ξ2, . . . , t

k/2+n−1ξn)T .

As it is immediately seen,

〈A(t)ξ, ξ〉 = 〈A(1)ξ, ξ〉.

Therefore, A(t) is strictly positive (resp. negative) definite and the inequalities
(14.2.7), (14.2.8) follow.

Lemma 14.2.3 Suppose that Q,A ∈ L(RN ) are two positive definite matri-

ces. Further, assume that the submatrix Q0 = (qij)
r
i,j=1 is strictly positive

definite and qij = 0 if i ∨ j > r. Then,

Tr (QA) ≥ λmin(Q0)Tr (A1),

where A1 is the submatrix obtained from A by erasing the last N − r rows and

lines.

Proof. Since Q0 is strictly positive definite, then there exist an orthogonal
matrix B = (bij)

N
i,j=1 ∈ L(Rr) and a diagonal matrix Λ = diag(λ1, . . . , λr)

such that Q0 = B∗ΛB. This implies that the matrix B̃ ∈ L(RN ), defined by

b̃ij = bij if 1 ≤ i, j ≤ r, b̃ij = δij if i ∨ j > r, is orthogonal and B̃QB̃∗ = Λ̃ =
diag(λ1, . . . , λr, 0, . . . , 0). Hence,

Tr (QA) = Tr (B̃−1Λ̃B̃A) = Tr (Λ̃B̃AB̃−1) = Tr (Λ̃B̃AB̃∗).
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We now observe that since A is positive definite, then B̃AB̃∗ =: (cij)
N
i,j=1 is.

This, in particular, implies that cii ≥ 0 for any i = 1, . . . , N . It follows that

Tr (ΛB̃AB̃∗) =
r∑

j=1

λj cjj ≥ λTr (BA1B
∗) = λmin(Q0)Tr (A1),

and the assertion follows.

14.2.2 Uniform estimates for the space derivatives of the ap-
proximating semigroups {Tε(t)}

To begin with, we introduce a few notations. We set D∗,1w = (D1w, . . . , Drw)
and D∗,2w = (Dr+1w, . . . , DNw). Then, we introduce, instead of the corre-
sponding tensors, the vectorsDk

∗w (k = 2, 3, 4) consisting of all the derivatives
Di1,...,ik

w ordered as follows: Di1,...,ik
w precedes Dj1,...,jk

w if il ≤ jl for any
l = 1, . . . , k and there exists l0 ∈ {1, . . . , k} such that il0 < jl0 , or {j1, . . . , jk}
contains more indexes jl ≥ r + 1 than the set {i1, . . . , ik}. Finally, we set
Dk

∗w
T = ((Dk

∗,1w)T , . . . , (Dk
∗,k+1w)T ), where the vector Dk

∗,jw contains all

the derivatives Dk
i1,...,ik

w with ik+1−j ≤ r < ik+2−j (when such inequalities
are meaningful). For instance, if N = 4, k = 3 and r = 2, then

(D3
∗,1w)T = (D111w,D112w,D122w,D222w),

(D3
∗,2w)T = (D113w,D114w,D123w,D124w,D223w,D224w),

(D3
∗,3w)T = (D133w,D134w,D144w,D233w,D234w,D244w),

(D3
∗,4w)T = (D333w,D334w,D344w,D444w).

Theorem 14.2.4 Let ε > 0 and assume that Hypotheses 14.0.1 are satisfied.

Then, for any k = 1, 2, 3 and any ω > 0, there exists a positive constant

C = C(ω), independent of ε, such that

||Dk
∗,jTε(t)f ||∞ ≤ Ceωtt−

k+2j−2

2 ||f ||∞, t > 0, j = 1, . . . , k + 1, (14.2.9)

for any f ∈ Cb(R
N ) and any ε > 0.

Proof. In order to simplify the notation, throughout the proof, we simply
write u instead of Tε(·)f . Moreover, for any function v depending on t and x
we write v(t) when we want to point out only the dependence on t. Finally,
we set

n1
m =

1

2
m(m+ 1), n2

m =
1

6
m(m+ 1)(m+ 2), m ∈ N. (14.2.10)
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Let us introduce the function ξ : [0,+∞)× RN → R defined by

ξ(t, x) =
1

2
α3(u(t, x))2 + 〈F (t)Du(t, x), Du(t, x)〉

+〈G(t)D2
∗u(t, x), D2

∗u(t, x)〉 + 〈H(t)D3
∗u(t, x), D3

∗u(t, x)〉,

for any t > 0 and any x ∈ RN , where

F (t) =

(
αtIr 4t2F1

4t2F ∗
1 ιt3IN−r

)
, (14.2.11)

G(t) =





t2In1
r

0 0

0 α− 7

16 t4Ir(N−r) α− 4

5 t5G1

0 α− 4

5 t5G∗
1 α− 7

8 t6In1

N−r



 , (14.2.12)

H(t) =





α− 7

16 t3In2
r

0 0 0

0 α− 7

8 t5I(N−r)n1
r

0 0

0 0 α−1t7Irn1

N−r
α− 13

12 t8H1

0 0 α− 13

12 t8H∗
1 α− 9

8 t9In2

N−r




, (14.2.13)

for any t > 0. Here,

(i) F1 is any matrix such that B3F1 + F ∗
1B

∗
3 is strictly negative definite

(such a matrix exists by virtue of Lemma 14.2.1);

(ii) −ι = λmax(B3F1 + F ∗
1B

∗
3 );

(iii) G1 ∈ L(Rn1

N−r ,Rr(N−r)) and H1 ∈ L(Rn2

N−r−2 ,Rrn1

N−r−1) are suitable
matrices (with entries being independent of α) to be determined later
on, as well as the positive constant α.

We require that the matrices F (t), G(t) and H(t) are strictly positive def-
inite for any t > 0. According to Lemma 14.2.2 it suffices to assume that
F (1), G(1) and H(1) are strictly positive definite and, as a straightforward
computation shows, this is the case if we assume that






ια− 4||F1||2 > 0,

α− 7

16 − α− 4

5 ||G1||2 > 0,

α− 17

8 − α− 13

12 ||H1||2 > 0.

(14.2.14)

From Propositions 14.1.1 and 14.1.2 it follows that the function ξ is a classical
solution of the Cauchy problem

{
Dtξ(t, ·) = Aεξ(t, ·) + gε(t, ·), t > 0,

ξ(0, ·) = 1
2α

3f2,
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where g(ε) = g
(ε)
1 + g2 + g3 and

g
(ε)
1 (t, x) = −α3〈Q(ε)(x)Du(t, x), Du(t, x)〉

−2Tr(Q(ε)(x)D2u(t, x)F (t)D2u(t, x))

−2
N∑

i,j=1

q
(ε)
ij (x)〈G(t)D2

∗Diu(t, x), D2
∗Dju(t, x)〉

−2

N∑

i,j=1

q
(ε)
ij (x)〈H(t)D3

∗Diu(t, x), D3
∗Dju(t, x)〉; (14.2.15)

g2(t, x) = 〈F ′(t)Du(t, x), Du(t, x)〉 + 〈G′(t)D2
∗u(t, x), D2

∗u(t, x)〉

+〈H ′(t)D3
∗u(t, x), D3

∗u(t, x)〉

+〈(BF (t) + F (t)B∗)Du(t, x), Du(t, x)〉

+2〈G(t)[D2
∗, 〈Bx,D〉]u(t, x), D2

∗u(t, x)〉

+2〈H(t)[D3
∗, 〈Bx,D〉]u(t, x), D3

∗u(t, x)〉; (14.2.16)

g3(t, x) = 2

r∑

i,j=1

Diju(t, x)〈F (t)Dqij(x), Du(t, x)〉

+2

r∑

i,j=1

〈G(t)[D2
∗ , qij(x)Dij ]u(t, x), D2

∗u(t, x)〉

+2

r∑

i,j=1

〈H(t)[D3
∗, qij(x)Dij ]u(t, x), D3

∗u(t, x)〉, (14.2.17)

for any t > 0 and any x ∈ RN .
We claim that we can fix α and the matrices G1 and H1 such that both

gε ≤ 0 in (0, T0] × RN for some T0 > 0, independent of ε, and the conditions
(14.2.14) are satisfied. Theorem 4.1.3 then will imply that

ξ(t, x) ≤
1

2
α3(f(t, x))2, t ∈ (0, T0], x ∈ R

N . (14.2.18)

Since we are assuming that the matrices F (t), G(t) and H(t) are strictly
positive definite for any t > 0, then, by (14.2.18), all the terms in the definition
of ξ will turn out to be bounded from above by 1

2α
3f2 in (0, T0] × RN and,

consequently, Lemma 14.2.2 will lead us to the estimate (14.2.9) in (0, T0] with
ω = 0 and C replaced with a new constant C1. The semigroup rule, then, will
allow us to extend the previous estimate to all the positive t, as in the proof
of Theorem 6.1.7. So, let us prove the claim. For this purpose, we begin by
observing that, since the matrices F (t), (〈G(t)D2

∗Diu(t), D2
∗Dju(t)〉)ij and
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(〈H(t)D3
∗Diu(t), D3

∗Dju(t)〉)ij are strictly positive definite, then g
(ε)
1 ≤ g1 in

(0,+∞) × RN , where the function g1 is obtained from g
(ε)
1 replacing, at any

x ∈ RN , the matrix Q(ε)(x) with Q(0)(x). Now, Lemma 14.2.3 implies that

g1(t) ≤ −α3κ|D∗,1u(t)|2 − 2κ

r∑

i=1

(D2u(t)F (t)D2u(t))ii

−2κ
r∑

i=1

〈G(t)D2
∗Diu(t), D2

∗Diu(t)〉

−2κ

r∑

i=1

〈H(t)D3
∗Diu(t), D3

∗Diu(t)〉.

Hence, using properly the inequality

2αγtβab ≤ αγ1tβ1a2 + αγ2tβ2b2 (2γ = γ1 + γ2, 2β = β1 + β2), (14.2.19)

holding for any α, a, b, t > 0, we obtain

g1(t) ≤ −α3κ|D∗,1u(t)|2 − 2αtκ〈K1D
2
∗,1u(t), D2

∗,1u(t)〉 − 2ικt3|D2
∗,2u(t)|2

+||K2||κ(α
1

2 t|D2
∗,1u(t)|2 + α− 1

2 t3|D2
∗,2u(t)|2)

−2t2κ〈K3D
3
∗,1u(t), D3

∗,1u(t)〉 − 2α− 7

16 t4κ〈K4D
3
∗,2u(t), D3

∗,2u(t)〉

−2α− 7

8 t6κ|D3
∗,3u(t)|2 + α− 3

5 t4||K5||κ |D
3
∗,2u(t)|2

+α−1t6||K5||κ |D
3
∗,3u(t)|2 − 2α− 7

16 t3κ〈K6D
4
∗,1u(t), D4

∗,1u(t)〉

−2α− 7

8 t5κ〈K7D
4
∗,2u(t), D4

∗,2u(t)〉

−2α−1t7κ〈K8D
4
∗,3u(t), D4

∗,3u(t)〉 − 2α− 9

8 t9κ|D4
∗,4u(t)|2

+||K9||κ(α− 49

48 t7|D4
∗,3u(t)|2 + α− 55

48 t9|D4
∗,4u(t)|2),

for any t > 0, where K1,K3,K4,K6,K7,K8 are suitable diagonal matrices
whose minimum eigenvalue is 1, whereas the entries of the matrices K2, K5

and K9 depend linearly only on the entries of F1, G1 and H1, respectively. In
particular, all the previous matrices are independent of α. Therefore,

g1(t) ≤ −α3κ|D∗,1u(t)|2 + (−2α+ α
1

2 ||K2||)tκ|D
2
∗,1u(t)|2

+(−2ι+ α− 1

2 ||K2||)κt
3|D2

∗,2u(t)|2

−2t2κ|D3
∗,1u(t)|2 + (−2α− 7

16 + α− 3

5 ||K5||)κt
4|D3

∗,2u(t)|2

+(−2α− 7

8 + α−1||K5||)κt
6|D3

∗,3u(t)|2 − 2α− 7

16 t3κ|D4
∗,1u(t)|2

−2α− 7

8 t5κ|D4
∗,2u(t)|2 + (−2α−1 + α− 49

48 ||K9||)κt
7|D4

∗,3u(t)|2

+(−2α− 9

8 + α− 55

48 ||K9||)κt
9|D4

∗,4u(t)|2, (14.2.20)
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for any t > 0.
Throughout the rest of the proof, to simplify the notation, we will denote by

ot(t
k) (k ≥ 0) any function h, depending on t, possibly on α, ||G1|| and ||H1||,

but being independent of x, such that limt→0 t
−kh(t) = 0. Moreover, in the

estimates for g2 and g3 we will write explicitly only the terms which are not
negligible, as t tends to 0+, with respect to the terms in the right-hand side of
(14.2.20), and we use the notation now introduced to denote all the other ones.
For instance, if a term is negligible with respect to −2ικt3|D2

∗,2u(t)|2 we simply
denote it by ot(t

3)κ|D2
∗,2u(t)|2, or by ot(t

3)|D2
∗,2u(t)|2, if it is independent of

κ.
In order to estimate the function g2,ε we observe that

{
[D2

∗, 〈Bx,D〉]u(t, x) = LD2
∗u(t, x),

[D3
∗, 〈Bx,D〉]u(t, x) = MD3

∗u(t, x),
t > 0, x ∈ R

N , (14.2.21)

where

L =





L1 L2 0

L3 L4 L5

0 L6 L7



 , M =





M1 M2 0 0

M3 M4 M5 0

0 M6 M7 M8

0 0 M9 M10




, (14.2.22)

Lj (j = 1, . . . , 7) and Mj (j = 1, . . . , 10) being suitable matrices whose entries
linearly depend on the entries of B, but are independent of α,G1, H1. Using
properly the inequality (14.2.19), we get

2〈G(t)[D2
∗, 〈Bx,D〉]u(t), D2

∗u(t)〉

≤ 2t2||L1|||D
2
∗,1u(t)|2 + ||L2||(α

1

2 t|D2
∗,1u(t)|2 + α− 1

2 t3|D2
∗,2u(t)|2)

+α− 4

5 ||G∗
1||||L3||

(
t2|D2

∗,1u(t)|2 + t8|D2
∗,3u(t)|2

)

+α− 7

16 ||L3||
(
t2|D2

∗,1u(t)|2 + t6|D2
∗,2u(t)|2

)
+ 2α− 7

16 t4||L4|||D
2
∗,2u(t)|2

+2α− 4

5 t5||G1||||L6|||D
2
∗,2u(t)|2

+||L5||(α
− 1

24 t3|D2
∗,2u(t)|2 + α− 5

6 t5|D2
∗,3u(t)|2)

+α− 4

5 ||G1|| (||L4|| + ||L7||)
(
t4|D2

∗,2u(t)|2 + t6|D2
∗,3u(t)|2

)

+α− 7

8 t6||L6||
(
|D2

∗,2u(t)|2 + |D2
∗,3u(t)|2

)

+α− 4

5λmax(G
∗
1L5 + L∗

5G1)t
5|D2

∗,3u(t)|2 + 2α− 7

8 t6||L7|||D
2
∗,3u(t)|2,
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that we can rewrite, with the notation introduced above, as

2〈G(t)[D2
∗, 〈Bx,D〉]u(t), D2

∗u(t)〉

= {α
1

2 ||L2|| + ot(1)}t|D2
∗,1u(t)|2

+{α− 1

2 ||L2|| + α− 1

24 ||L5|| + ot(1)}t3|D2
∗,2u(t)|2

+{α− 4

5 λmax(G
∗
1L5 + L∗

5G1) + α− 5

6 ||L5|| + ot(1)}t5|D2
∗,3u(t)|2. (14.2.23)

Similarly,

2〈H(t)[D3
∗, 〈Bx,D〉]u(t), D3

∗u(t)〉

≤ {α− 1

8 ||M2|| + ot(1)}|D3
∗,1u(t)|2

+{α− 3

4 ||M2|| + α− 1

2 ||M5|| + ot(1)}t2|D3
∗,2u(t)|2

+{α− 43

48 ||M8|| + α− 5

4 ||M5|| + ot(1)}t6|D3
∗,3u(t)|2

+{α− 53

48 ||M8|| + α− 13

12 λmax(H
∗
1M8 +M∗

8H1) + ot(1)}t8|D3
∗,4u(t)|2.

(14.2.24)

Now, observing that

〈(4(B3F1 + F ∗
1B

∗
3)D∗,2u(t), D∗,2u(t)〉 ≤ −4ι|D∗,2u(t)|2, t > 0,

from (14.2.23) and (14.2.24) we get

g2(t) ≤ a1(t)|D∗,1u(t)|2 + a2(t)|D∗,2u(t)|2 + a3(t)|D
2
∗,1u(t)|2

+a4(t)|D
2
∗,2u(t)|2 + a5(t)|D

2
∗,3u(t)|2 + a6(t)|D

3
∗,1u(t)|2

+a7(t)|D
3
∗,2u(t)|2 + a8(t)|D

3
∗,3u(t)|2 + a9(t)|D

3
∗,4u(t)|2, (14.2.25)

where

a1(t) = α+ 8α
1

2 ||F1|| + α
5

2 ||B3|| + ot(1),

a2(t) = {−ι+ α− 1

2 (8||F1|| + ||B3||) + ot(1)}t2,

a3(t) = {4 + α
1

2 ||L2|| + ot(1)}t,

a4(t) = {4α− 7

16 + α− 1

2 ||L2||||L5|| + α− 1

24 + ot(1)}t3,

a5(t) = {6α− 7

8 + α− 4

5λmax(G
∗
1L5 + L∗

5G1) + α− 5

6 ||L5|| + ot(1)}t5,

a6(t) = {15α− 7

16 + α− 1

8 ||M2|| + ot(1)}t2,

a7(t) = {10α− 7

8 + α− 3

4 ||M2|| + α− 1

2 ||M5|| + ot(1)}t4,

a8(t) = {α− 43

48 ||M8|| + 7α−1 + α− 5

4 ||M5|| + ot(1)}t6,

a9(t) = {9α− 9

8 + α− 53

48 ||M8|| + α− 13

12 λmax(H
∗
1M8 +M∗

8H1) + ot(1)}t8.



14.2. Existence, uniqueness results and uniform estimates 425

Finally, we consider the function g3,ε and we observe that, for any i, j =
1, . . . , N ,






[D2
∗, qij(x)Dij ]u(t, x) = Diju(t, x)D2

∗qij(x) + ND3
∗u(t, x),

[D3
∗, qij(x)Dij ]u(t, x) = Diju(t, x)D3

∗qij(x) + R(x)D3
∗u(t, x)

+S(x)D4
∗u(t, x),

(14.2.26)

where, for any x ∈ RN , the matrices N (x) ∈ L(Rn2

N ,Rn1

N ), P(x) ∈ L(Rn2

N )

and R(x) ∈ L(Rn3

N ,Rn2

N ) (n3
N := N(N+1)(N+2)(N+3)/24), split according

to the splitting of the vectors Dk
∗u (k = 2, 3, 4), are given by

N (x) =





N1(x) 0 0 0

N2(x) N3(x) 0 0

0 N4(x) 0 0




, (14.2.27)

P(x) =





P1(x) 0 0 0

P2(x) P3(x) 0 0

P4(x) P5(x) 0 0

0 P6(x) 0 0




, (14.2.28)

R(x) =





R1(x) 0 0 0 0

R2(x) R3(x) 0 0 0

0 R4(x) R5(x) 0 0

0 0 R6(x) 0 0




, (14.2.29)

the entries of the matrices Nj(x) (j = 1, . . . , 4), Pj(x), Rj(x) (j = 1, . . . , 6)
being linear combinations of the entries of the derivatives of the diffusion
coefficients qij(x). In particular, N , P and R are independent of α,G1, H1

and there exists a positive constant C2, independent of x, such that

||Ni(x)|| + ||Pj(x)|| + ||Rj(x)|| ≤ C2

√
κ(x), x ∈ R

N , (14.2.30)

for any i = 1, . . . , 4 and any j = 1, . . . , 6. Hence, using properly the inequality
(14.2.19) (where now a and b are given, respectively, by

√
κ|Dk

∗,iu| and |Dm
∗,ju|

for suitable i, j, k,m), and taking Hypothesis 14.0.1(ii) into account, it is easy
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to check that

g3(t) ≤ ot(1)|D∗,1u(t)|2 + ot(t
2)|D∗,2u(t)|2 + ot(t)κ|D

2
∗,1u(t)|2

+ot(t
3)κ|D2

∗,2u(t)|2 + ot(t
5)|D2

∗,3u(t)|2 + ot(t
2)κ|D3

∗,1u(t)|2

+ot(t
4)κ|D3

∗,2u(t)|2 + ot(t
6)κ|D3

∗,3u(t)|2 + ot(t
8)|D3

∗,4u(t)|2

+ot(t
3)κ|D4

∗,1u(t)|2 + ot(t
5)κ|D4

∗,2u(t)|2 + ot(t
7)κ|D4

∗,3u(t)|2,

(14.2.31)

for any t > 0. Summing up, from (14.2.20), (14.2.25) and (14.2.31) we deduce
that

g(ε)(t) ≤ {−κα3 + oα(α3) + ot(1)}|D∗,1u(t)|2

+{−ι+ oα(1) + ot(1)}t2|D∗,2u(t)|2

+{−2α+ oα(α) + ot(1)}κt|D2
∗,1u(t)|2

+{−2ι+ oα(1) + ot(1)}κt3|D2
∗,2u(t)|2

+{λmax(G
∗
1L5 + L∗

5G1)α
− 4

5 + oα(α− 4

5 ) + ot(1)}t5|D2
∗,3u(t)|2

+{−2κ+ oα(1) + ot(1)κ}t2|D3
∗,1u(t)|2

+{−2α− 7

16 + oα(α− 7

16 ) + ot(1)}κt4|D3
∗,2u(t)|2

+{−2α−7

8 + oα(α− 7

8 ) + ot(1)}κt6|D3
∗,3u(t)|2

+{α− 13

12 λmax(H
∗
1M8 +M∗

8H1) + oα(α− 13

12 ) + ot(1)}t8|D3
∗,4u(t)|2

+{−2α− 7

16 κ+ ot(1)κ}t3|D4
∗,1u(t)|2

+{−2α−7

8 + ot(1)}κt5|D4
∗,2u(t)|2

+{−2α−1 + oα(α−1) + ot(1)}κt7|D4
∗,3u(t)|2

+{−2α−9

8 + oα(α− 9

8 )}κt9|D4
∗,4u(t)|2, (14.2.32)

where by oα(αk) (k ∈ R) we have denoted any function h : (0,+∞) → R,
depending on α, and possibly on G1 and H1, but being independent of t, such
that limα→+∞ α−kh(α) = 0.

To prove that g(ε)(t, x) ≤ 0 for any t in a right neighborhood of 0 (inde-
pendent of ε) and any x ∈ RN , we show that we can fix α, T0 > 0 and the
matrices G1 and H1 so that all the terms in the right-hand side of (14.2.32)
are negative in (0, T0] × RN . As a first step we prove that we can fix α > 0
and the matrices G1 and H1 so that

sup
x∈RN

âj(x) < 0, j = 1, . . . , 9, (14.2.33)
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where âj(x) are obtained from the terms in curly brackets in the right-hand
side of (14.2.32), disregarding the terms of type ot(1). Once (14.2.33) is proved,
it will be an easy task to check that we can fix T0 > 0 such that the right-hand
side of (14.2.32) is negative in (0, T0] × RN .

An easy asymptotic analysis shows that all the coefficients âj (j = 1, . . . , 9)
satisfy (14.2.33) for α > 0 sufficiently large, provided that G1 and H1 can
be chosen so that the matrices G∗

1L5 +L∗
5G1 and H∗

1M8 +M∗
8H1 are strictly

negative definite. By virtue of Lemma 14.2.1 and Hypothesis 14.0.1(i), this

is the case if the ranks of the matrices L5 ∈ L(Rn1

N−r ,Rr(N−r)) and M8 ∈

L(Rn2

N−r ,Rrn1

N−r) are, respectively, n1
N−r and n2

N−r. Straightforward compu-
tations show that, up to rearranging the rows, we can split L5 and M8 into
blocks (according to the splitting of the vectors D3

∗u, k = 3, 4) as follows:

L5 = S0, M8 =





S0 0 · · · · · · 0

⋆ S1 0 · · · 0

...
. . .

. . .
. . .

...

...
. . .

. . .
. . . 0

⋆ · · · · · · ⋆ SN−r−1





,

where Sj ∈ L(Rn1

N−r−j−1 ,Rr(N−r−j)) is given by

Sj =





Bj
3 0 · · · · · · 0

⋆ Bj+1
3 0 · · · 0

...
. . .

. . .
. . .

...

...
. . .

. . .
. . . 0

⋆ · · · · · · ⋆ BN−r−1
3





, j = 0, . . . , N − r − 1,

and the matrix Bj
3 is obtained from B∗

3 by removing the first j columns. Here
and above by “⋆” we denote suitable matrices whose entries depend linearly
only on the entries of B3 (recall that the entries of the matrices L5 and M8

are independent of α). Since, by Hypothesis 14.0.1(iii), rank(B3) = N − r,
then rank(L5) = n1

N−r and rank(M8) = n2
N−r. Hence, from Lemma 14.2.1,

we deduce that, if we set G1 = −L5, and H1 = −M8, then the matrices
G∗

1L5 + L∗
5G1 and H∗

1M8 +M∗
8H1 are strictly negative definite. Therefore, if

α > 0 is large enough, the estimate (14.2.33) holds. Up to choosing a larger α,
we can also assume that the conditions (14.2.14) are satisfied. Then, fixing T0

sufficiently small, but independent of ε, we obtain that g(ε) ≤ 0 in (0, T0]×RN

and F (t), G(t) and H(t) strictly positive definite for any t > 0. By the above
remarks, this concludes the proof.
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As in the nondegenerate case, the more the initial datum f is regular, the
more we can improve the estimates of the derivatives of Tε(t)f near t = 0. We
state this fact in the following theorem.

Theorem 14.2.5 Under the same assumptions as in Theorem 14.2.4, for

any k = 1, 2, 3, h ∈ N with h ≤ k, there exist two positive constants ω and C,

independent of ε, such that

||Dk
∗,jTε(t)f ||∞ ≤ Ceωtt−(j−h−1)+− k−h

2 ||f ||Ch
b
(RN ), t > 0, j ≤ k + 1,

(14.2.34)
for any f ∈ Ch

b (RN ) and any ε > 0. In particular, if h = k, (14.2.34) holds

true for any ω > 0 and some positive constant C = C(ω).

Proof. Since the proof is close to that of Theorem 14.2.4, we just sketch it,
pointing out the main differences. We confine ourselves to proving (14.2.34)
when h = k = 3, the other cases being similar and even simpler. As in
the previous proof we write u for uε, and u(t) when we want to stress the
dependence on t of u but we are not interested in the dependence on the
space variables.

Let us introduce the function ξ3,ε : [0,+∞) × RN → R defined by

ξ3 =
1

2
α3u2 + 〈F Du,Du〉 + 〈GD2

∗u,D
2
∗u〉 + 〈HD3

∗u,D
3
∗u〉, (14.2.35)

where F = F (1) (with F1 being replaced with (||B4|| + 1)F1), G = G(1)
(with G1 = −L5) and H = H(1) (with H1 = −M8) (see (14.2.11)-(14.2.13)
and (14.2.22)) and α is a positive constant to be determined later on. Using
Proposition 14.1.2 we can show that ξ3 is continuous up to t = 0. Moreover,
straightforward computations show that it satisfies

{
Dtξ3(t, ·) = Aεξ3(t, ·) + ĝε(t, ·), t > 0,

ξ3(0, ·) = 1
2α

3f2 + 〈F Df,Df〉 + 〈GD2
∗f,D

2
∗f〉 + 〈HD3

∗f,D
3
∗f〉,

where ĝ(ε) = ĝ
(ε)
1 + ĝ2 + ĝ3, the functions g

(ε)
1 and ĝj (j = 1, 2) being obtained

from the corresponding functions g
(ε)
1 and gj (j = 1, 2) in the proof of Theorem

14.2.4, by replacing everywhere F (t), G(t) and H(t) with F , G and H , and
disregarding the terms containing the matrices F ′, G′ and H ′.

The proof now follows the same ideas as in the proof of Theorem 14.2.4.
The function ĝ1,ε can be estimated, as the right-hand side of (14.2.20), by

g1(t) ≤ −α3κ|D∗,1u(t)|2 + (−2α+ α
1

2 ||K2||)κ|D
2
∗,1u(t)|2

+(−2ι+ α− 1

2 ||K2||)κ|D
2
∗,2u(t)|2

−2κ|D3
∗,1u(t)|2 + (−2α− 7

16 + α− 3

5 ||K5||)κ|D
3
∗,2u(t)|2

+(−2α− 7

8 + α−1||K5||)κ|D
3
∗,3u(t)|2 − 2α− 7

16 κ|D4
∗,1u(t)|2
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−2α− 7

8 κ|D4
∗,2u(t)|2 + (−2α−1 + α− 49

48 ||K9||)κ|D
4
∗,3u(t)|2

+(−2α− 9

8 + α− 55

48 ||K9||)κt
9|D4

∗,4u(t)|2. (14.2.36)

Here, the matrices K1, . . . ,K8 are defined as the corresponding ones in the
formula (14.2.20), with the only difference that now G1 = −L5, H1 = −M8.
As far as the functions ĝ2 and ĝ3 are concerned, using properly the inequality
(14.2.19) (with β = 0) and arguing as in the proof of (14.2.25) and (14.2.31),
we get

ĝ2(t) + ĝ3(t) ≤ −ι|D∗,2u(t)|2 − 2α− 4

5λmin(L∗
5L5)|D

2
∗,3u(t)|2

−2λmin(M
∗
8M8)α

− 13

12 |D3
∗,4u(t)|2 + oα(α3)|D∗,1u(t)|2

+oα(1)|D∗,2u(t)|2 + oα(α)|D2
∗,1u(t)|2 + oα(1)|D2

∗,2u(t)|2

+oα(1)|D2
∗,3u(t)|2 + oα(1)|D3

∗,1u(t)|2 + oα(α− 7

16 )|D3
∗,2u(t)|2

+oα(α− 7

8 )|D3
∗,3u(t)|2 + oα(α− 13

12 )|D3
∗,4u(t)|2

+oα(α− 7

16 )κ|D4
∗,1u(t)|2 + oα(α− 7

8 )κ|D4
∗,2u(t)|2

+oα(α−1)κ|D4
∗,3u(t)|2, (14.2.37)

for any t > 0, where, as in the proof of Theorem 14.2.4, oα(αk) (k ∈ R) denote
real functions such that limα→+∞ α−koα(αk) = 0. Therefore, from (14.2.36)
and (14.2.37), we obtain

ĝ(ε)(t) ≤ −{α3κ+ oα(α3)}|D∗,1u(t)|2 − {ι+ oα(1)}|D∗,2u(t)|2

−{2α+ oα(α)}κ|D2
∗,1u(t)|2 − {2ι+ oα(1)}κ|D2

∗,2u(t)|2

−{2α−4

5 λmin(L
∗
5L5) + oα(α− 4

5 )}|D2
∗,3u(t)|2

−{2κ+ oα(1)}|D3
∗,1u(t)|2 − {2α− 7

16 + oα(α− 7

16 )}κ|D3
∗,2u(t)|2

−{2α−7

8 + oα(α− 7

8 )}κ|D3
∗,3u(t)|2

−{2α−13

12 λmin(M∗
8M8) + oα(α− 13

12 )}|D3
∗,4u(t)|2

−2α− 7

16 κ|D4
∗,1u(t)|2 − 2α− 7

8κt5|D4
∗,2u(t)|2

−{2α−1 + oα(α−1)}κ|D4
∗,3u(t)|2 − {2α− 9

8 + oα(α− 9

8 )}κ|D4
∗,4u(t)|2.

(14.2.38)

Now, from (14.2.38) and the condition (14.2.14) (where we replace F1 with
(||B4|| + 1)F1), it follows that we can fix α > 0 such that F,G,H are strictly
positive definite and ĝ(ε) ≤ 0 in (0,+∞) × RN . This implies that

||Tε(t)f ||C3

b
(RN ) ≤ C0||f ||C3

b
(RN ), t ∈ (0, T0], f ∈ C3

b (RN ), (14.2.39)
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for some positive T0, and some positive constant C = C(T0). The semigroup
rule then allows us to extend (14.2.39) to all the positive t obtaining (14.2.34).

To prove (14.2.34) with h, k = 1, 2, it suffices to apply the previous argu-
ments to the functions ξk defined by

ξk =
1

2
α3u2 + 〈FDu,Du〉 + (k − 1)〈GD2

∗u,D
2
∗u〉, k = 1, 2,

where F and G are as in (14.2.35).
Finally, to prove (14.2.34) with (h, k) = (1, 2) and with h = 1, 2, k = 3, it

suffices to apply the previous arguments, respectively, to the functions ξ1,2,
ξ1,3 and ξ2,3 defined by

ξ1,k(t, x) = ξ1(t, x) + 〈G(t)D2
∗u(t, x), D2

∗u(t, x)〉

+(k − 1)〈H1(t)D
3
∗u(t, x), D3

∗u(t, x)〉, k = 2, 3,

for any t > 0, x ∈ RN , and

ξ2,3(t, x) = ξ2(t, x) + 〈H2(t)D
3
∗u(t, x), D3

∗u(t, x)〉, t > 0, x ∈ R
N ,

where

G(t) =





tIn1
r

0 0

0 α− 7

16 tI(N−r)n1
r

−α− 4

5 t2L5

0 −α− 4

5 t2L∗
5 α− 7

8 t3In1

N−r



 ,

H1(t) =





α− 7

16 t2In2
r

0 0 0

0 α− 7

8 t2I(N−r)n1
r

0 0

0 0 α−1t4Irn1

N−r
−α− 13

12 t5M8

0 0 −α− 13

12 t5M∗
8 α− 9

8 t6In2

N−r




,

H2(t) =





α− 7

16 tIn2
r

0 0 0

0 α− 7

8 tI(N−r)n1
r

0 0

0 0 α−1tIrn1

N−r
−α− 13

12 t2M8

0 0 −α− 13

12 t2M∗
8 α

− 9

8 t3In2

N−r




,

for any t > 0. Here, as in the proof of Theorem 14.2.4, n1
m and n2

m (m ∈ N)
are given by (14.2.10).
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14.2.3 Construction of the semigroup

In this section we prove that, for any f ∈ Cb(R
N ), the Cauchy problem

(14.0.5), associated with the degenerate elliptic operator A, admits a unique
classical solution uf . This will allow us to define a semigroup of bounded
linear operators in Cb(R

N ) by setting T (t)f = uf (t, ·) for any t > 0 and any
f ∈ Cb(R

N ). At the same time we will also show that the semigroup {T (t)}
satisfies the uniform estimates (14.2.1)-(14.2.6).

The following theorem will be fundamental in order to prove our results,
since it provides us a useful maximum principle for the classical solution to
the Cauchy problem (14.0.5).

Theorem 14.2.6 Assume Hypotheses 4.0.1 and 4.0.2. Fix T > 0, f ∈ C(RN ),
g : (0, T ] × RN → R. Further suppose that the function u ∈ C([0, T ] × RN )
is such that Dtu ∈ C((0, T ] × RN ), u(t, ·) ∈ W 2,p

loc (RN ), Au(t, ·) ∈ C(RN ) for

any t ∈ (0, T ] and any p ∈ [1,+∞) and it solves the Cauchy problem

{
Dtu(t, x) −Au(t, x) = g(t, x), t ∈ (0, T ], x ∈ RN ,

u(0, x) = f(x), x ∈ RN .
(14.2.40)

Then, the following properties are met:

(i) if

sup
x∈RN

f(x) < +∞, g ≤ 0 in (0, T ]× R
N ,

and u satisfies

lim sup
|x|→+∞

(
sup

t∈[0,T ]

u(t, x)

ϕ(x)

)
≤ 0, (14.2.41)

then

u(t, x) ≤ max

{
0, sup

RN

f

}
, t ∈ [0, T ], x ∈ R

N .

(ii) If

inf
x∈RN

f(x) > −∞, g ≥ 0 in (0, T ]× R
N ,

u satisfies

lim inf
|x|→+∞

(
inf

t∈[0,T ]

u(t, x)

ϕ(x)

)
≥ 0,

then

u(t, x) ≥ min

{
0, inf

RN
f

}
, t ∈ [0, T ], x ∈ R

N .
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(iii) In particular, for any f ∈ C(RN ) such that

lim
|x|→+∞

f(x)

ϕ(x)
= 0,

there exists at most one solution of the parabolic problem (4.1.7) (with

g ≡ 0) in C([0,+∞) × RN ) such that Dtu ∈ C((0, T ] × RN ), u(t, ·) ∈
W 2,p

loc (RN ), Au(t, ·) ∈ C(RN ) for any p ∈ [1,+∞) and any t ∈ (0, T ],
and such that (14.2.41) holds for any T > 0.

Proof. The proof can be obtained arguing just as in the proof of Theorem
4.1.3. Indeed, such a proof can be repeated with no changes also in the case
when the operator A is elliptic but not uniformly elliptic. The essential tool
needed in the proof of Theorem 4.1.3 is the existence of a Lyapunov function
ϕ ∈ C2(RN ) such that sup

RN (Aϕ−λϕ) ≤ 0 for some λ > 0. In our situation,
using (14.1.3) it is easy to check that the function ϕ defined by ϕ(x) = 1+ |x|2

for any x ∈ RN is a Lyapunov function for the operator A corresponding to
λ = 2(

√
NĈ + ||B||), where Ĉ is given by (14.1.3).

We can now prove the main result of this section.

Theorem 14.2.7 Under Hypotheses 14.0.1, for any f ∈ Cb(R
N ) there ex-

ists a unique classical solution u to the problem (14.0.5). Moreover, if we set

u(t, ·) = T (t)f for any t > 0, the family {T (t)} is an order preserving semi-

group of contractions in Cb(R
N ) satisfying the estimates (14.2.1)-(14.2.6).

Finally, for any compact set D ⊂ (0,+∞)×R
N and any f ∈ Cb(R

N ), Tε(·)f
converges to T (·)f in C1,2(D) as ε goes to 0+.

Proof. We split the proof into several steps. First in Steps 1 to 3 we prove
that, for any f ∈ Cb(R

N ), the problem (14.0.5) admits a (unique) classical
solution uf ; we define the operator T (t) (t > 0) and we show that Tε(·)f
converges to T (·)f in C1,2(D) as ε tends to 0+ for any compact set D ⊂
(0,+∞)×RN . Moreover, we show that {T (t)} is an order preserving semigroup
of contractions in Cb(R

N ) and it satisfies (14.2.1), (14.2.2), (14.2.4) (with
k = 1, 2) and (14.2.5). Then, in Steps 4 and 5, we show that uf is thrice-
continuously differentiable with respect to the space variables in (0,+∞)×RN

and T (t) satisfies the estimates (14.2.3), (14.2.4) (with k = 3) and (14.2.6)
(with k = 0, 1, 2), for any t > 0.

Step 1. For any f ∈ Cb(R
N ) and any ε ∈ (0, 1], we set uε = Tε(·)f . Using

the estimates (14.2.1) and (14.2.2), we deduce that the family of functions
{uε : ε ∈ (0, 1)} is contained in B([T0, T ];C3

b (RN )), for any 0 < T0 < T , with
norm being independent of ε. Moreover, since Dtuε = Aεuε, then {Dtuε :
ε ∈ (0, 1)} is equibounded in [T0, T ] × B(R) for any R > 0. It follows that
uε ∈ Lip([T0, T ];C(B(R)))∩B([T0, T ]×C3(B(R))). From Propositions A.4.4
and A.4.6, we deduce that uε ∈ C(1−α)/3([T0, T ];C2+α(B(R))) and Dtuε ∈
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C(1−α)/3([T0, T ];C(B(R))) with norms being independent of ε. It follows that
the families of functions {Dα

t D
β
xuε : ε ∈ (0, 1)} (2α+|β| ≤ 2) are equibounded

and equicontinuous in [T0, T ] × B(R) for any 0 < T0 < T and any R > 0.
Hence, there exists an infinitesimal sequence {εn} such that, for any compact
set D ⊂ (0,+∞)×RN , uεn

converges in C1,2(D) to some function uf , which,
of course, solves the differential equation Dtuf −Auf = 0.

We now assume that f ∈ C2
c (RN ) and prove that uf is continuous up to

t = 0. For this purpose we observe that, since C2
c (RN ) is contained in the

domain of the weak generator of the operator Aε (see Propositions 2.3.6 and
4.1.10), by Lemma 2.3.3 and Proposition 2.3.5 we can write

(Tεn
(t)f)(x) − f(x) =

∫ t

0

(DtTεn
(s)f)(x)ds

=

∫ t

0

(Aεn
Tεn

(s)f)(x)ds

=

∫ t

0

(Tεn
(s)Aεn

f)(x)ds,

for any t > 0 and any x ∈ RN . Using (14.1.2) we get

||Tεn
(t)f − f ||∞ ≤ sup

x∈RN

∫ t

0

|(Tεn
(s)Aεn

f)(x)|ds ≤ ||Aεn
f ||∞t ≤ Ct||f ||C2

b
(RN ),

for any t > 0 and any n ∈ N, where C is a positive constant, independent of
n. Letting n go to +∞, we deduce that uf (t, ·) tends to f uniformly as t tends
to 0+. Hence, the function uf is a classical solution to the problem (14.0.5).

Repeating the same arguments as above and taking Theorem 14.2.6 into
account, we can show that any sequence {uε′

n
}, with ε′n vanishing as n go to

+∞, admits a subsequence converging to uf in C1,2(D) for any compact set
D ⊂ (0,+∞)× RN . This implies that Tε(·)f converges to uf in C1,2(D) as ε
tends to 0+ for any D as above.

Step 2. We now assume that f ∈ C0(R
N ) and let uεn

= Tεn
(·)f be as in

Step 1. Moreover, we denote by {fm} ∈ C2
c (RN ) any sequence converging to

f uniformly in RN . We fix m ∈ N and observe that, by Step 1, Tεn
(t)fm

converges to T (t)fm as n tends to +∞, locally uniformly in RN and for any
t > 0. According to (14.1.2),

||Tεn
(t)f − Tεn

(t)fm||∞ ≤ ||f − fm||∞, t > 0, n,m ∈ N.

So, letting n go to +∞, we get

||uf (t, ·) − T (t)fm||∞ ≤ ||f − fm||∞, t > 0, m ∈ N. (14.2.42)

Hence, from (14.2.42) it follows that

||uf (t, ·) − f ||∞ ≤ ||uf (t, ·) − T (t)fm||∞ + ||T (t)fm − fm||∞ + ||fm − f ||∞

≤ 2||f − fm||∞ + ||T (t)fm − fm||∞,
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for any t > 0 and any m ∈ N, and, from Step 1, we deduce that uf (t, ·) tends
to f uniformly in RN as t tends to 0+. Hence, the function uf is a classical
solution to the problem (14.0.5). Then, with the same arguments as in Step
1 we can easily show that Tε(·)f converges to T (·)f in C1,2(D) as ε goes to
0+, for any compact set D ⊂ (0,+∞) × RN .

Step 3. We now assume that f ∈ Cb(R
N ) and adapt to our situation the

technique in the proof of Theorem 11.2.1. We preliminarily observe that by
Theorem 4.1.3, Tε(t)1l = 1l for any t > 0. Hence, T (t)1l is well defined for any
t > 0 and T (·)1l = 1l.

We now fix a compact set K ⊂ RN and a smooth function η, compactly
supported in R

N , such that η = 1l in K and 0 ≤ η ≤ 1l. By linearity and Step
2, we easily see that for any t > 0, the function T (t)(1l − η) is well defined.
Moreover, since {Tε(t)} is an order preserving semigroup, Tε(t)(1l− η) ≥ 0 for
any t > 0 and any ε ∈ (0, 1). Thus,

0 ≤ T (t)(1l − η) = 1l − T (t)η, t > 0.

Since, by Step 2, T (t)η tends to η, uniformly in RN , then T (t)(1l − η) tends
to 0 as t tends to 0+, uniformly in K.

Now, let uεn
= Tεn

(·)f and uf be as in Step 1. Splitting Tεn
(t)(1l − η)f) =

Tεn
(t)f −Tεn

(ηf), it is immediate to check that Tεn
(·)((1l− η)f) converges in

C1,2(D) to uf (t, ·)− T (t)(ηf), for any compact set D ⊂ (0,+∞)×RN . Since

|(Tεn
(t)((1l−η)f))(x)| ≤ ||f ||∞ (Tεn

(t)(1l−η))(x), t > 0, x ∈ R
N , n ∈ N,

for any n ∈ N, then

|uf (t, x) − (T (t)(ηf))(x)| ≤ ||f ||∞ (T (t)(1l − η))(x), t > 0, x ∈ R
N .

It follows that uf (t, ·) − T (t)(ηf) vanishes uniformly in K, as t tends to 0+.
Recalling that T (t)(ηf) tends to f , uniformly, in K as t tends to 0+, we easily
deduce that uf (t, ·) converges to f , as t tends to 0+, uniformly in K, as well.
By the arbitrariness of K, uf is continuous up to t = 0 and it is a classical
solution to the problem (14.0.5). Arguing again as in Step 1, we can then show
that Tε(·)f converges to T (·)f in C1,2(D) as ε goes to 0+, for any compact
set D ⊂ (0,+∞) × RN .

Now, the estimates (14.2.1), (14.2.2), (14.2.4) (with k = 1, 2) and (14.2.5)
easily follow letting ε go to 0+ in (14.2.9) and (14.2.34), recalling that the
constant occurring in these latter estimates are independent of ε.

To conclude the proof of this step, we observe that the family of contractive
operators {T (t)} (T (0) = I) is an order preserving semigroup of linear oper-
ators in Cb(R

N ). The semigroup rule follows from Theorem 14.2.6 since, for
any f ∈ Cb(R

N ) and any s > 0, both the functions u(t, ·) = T (t)T (s)f and
v(t, ·) = T (t+ s)f are both classical solutions to the Cauchy problem (14.0.5)
with f replaced with T (s)f . The maximum principle also implies that {T (t)}
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is an order preserving semigroup, and, since Tε(t) are all contractions, then
T (t) is a contraction as well, for any t ≥ 0.

Step 4. We now prove (14.2.3), (14.2.4) (with k = 3) and (14.2.6) (in the case
when i ≤ r), using a localization argument. Without loss of generality, we can
assume that f ∈ C3

b (RN ). Indeed, once (14.2.3) and (14.2.6) are established for
any f ∈ C3

b (RN ), then they can be extended, respectively, to the cases when
f ∈ BUC(RN ) and f ∈ BUCk(RN ) (k = 0, 1, 2) by a density argument,
by approximating f ∈ BUCk(RN ) with a sequence of functions in C3

b (RN ),
converging uniformly to f in BUCk(RN ). Finally, for a general f ∈ Ck

b (RN ),
it suffices to split, for any t > 0, T (t)f = T (t/2)T (t/2)f and apply the above
results with f replaced with T (t/2)f ∈ BUCk(RN ).

Observe that, to prove the previous estimates, it suffices to show that,
for any i ∈ {1, . . . , r} and any j, h ∈ {1, . . . , N}, the function DjhT (t)f is
continuously differentiable with respect to the i-th space variable. Indeed,
suppose, for instance, that i = 1, j ≤ r, h > r and f ∈ Cb(R

N ). The estimate
(14.2.9) (with k = 3) implies that, for any x2, . . . , xN , the function x 7→
(DjhTε(t)f)(x, x2, . . . , xN ) is Lipschitz continuous in R and

[(DjhTε(t)f)(·, x2, . . . , xN )]Lip(R) ≤ Ceωtt−
5

2 ||f ||Cb(RN ), t > 0,

for suitable C, ω > 0, independent of x2, . . . , xN . Since DjhTε(t)f converges
to DjhT (t)f locally uniformly, then the function (DjhT (t)f)(·, x2, . . . , xN ) is
Lipschitz continuous in R as well, and

[(DjhT (t)f)(·, x2, . . . , xN )]Lip(R) ≤ Ceωtt−
5

2 ||f ||Cb(RN ), t > 0.

Therefore, if DjhT (t)f is continuously differentiable with respect to the di-
rection e1, then the function D1jhT (t)f satisfies (14.2.6).

So, we fix i ≤ r and j, h ≤ N , and prove that the function Djhu = DjhT (·)f
is continuously differentiable in (0,+∞)×RN with respect to the i-th variable.
For this purpose, let ηR : RN → R be a smooth function compactly supported
in B(R) (R > 0) such that ηR ≡ 1 in B(R/2). For any k ∈ R, with |k| ≤ 1 we
introduce the operator τh

k defined on Cb(R
N ) by

τh
k ψ(x) =

ψ(x+ keh) − ψ(x)

k
, x ∈ R

N , ψ ∈ Cb(R
N ).

Moreover, we set vh
ε,k,R = τh

k vε,R where vε,R = uεηR and uε = Tε(·)f . As it is

easily seen, the function vh
ε,k,R is the classical solution to the Cauchy problem





Dtv

h
ε,k,R(t, x) = Aεv

h
ε,k,R(t, x) + gh

ε,k,R(t, x), t > 0, x ∈ RN ,

vk
ε,h,R(0, x) = τh

k (ηRf)(x), x ∈ R
N ,
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where, for any t > 0,

gh
ε,k,R(t, ·) = −τh

k (uε(t, ·)AεηR) − 2

r∑

l,m=1

qlmDluε(t, · + keh)τh
k (DmηR)

−2
r∑

l,m=1

qlm(τh
kDluε(t, ·))DmηR

−2

r∑

l,m=1

(τh
k qlm)Dluε(t, · + keh)DmηR(· + keh)

−2ε

N∑

m=r+1

Dmuε(t, · + keh)(τh
kDmηR)

−2ε

N∑

m=r+1

(τh
kDmuε(t, ·))DmηR

+

r∑

l,m=1

(τh
k qlm)Dlmvε,R(t, ·) +

N∑

l=1

blhDlvε,R(t, ·). (14.2.43)

By the results of Chapter 6, vh
ε,k,R can be represented by the variation-of-

constants formula

vh
ε,k,R(t, x) = (Tε(t)(τ

h
k (ηRf)))(x) +

∫ t

0

(Tε(t− s)gh
ε,k,R(s, ·))(x)ds, (14.2.44)

for any t > 0 and any x ∈ R
N . We are going to show that we can take the

limit as ε tends to 0+ in (14.2.44) and write

vh
k,R(t, x) := (τh

k (uηR)(t, ·))(x)

= (T (t)(τh
k (ηRf)))(x) +

∫ t

0

(T (t− s)gh
k,R(s, ·))(x)ds, (14.2.45)

for any t > 0 and any x ∈ RN , where gh
k,R is obtained from gh

ε,k,R by re-
placing uε with u and letting ε = 0 in (14.2.43). Of course, thanks to the
previous steps, it suffices to deal with the convolution term in (14.2.44). Since
uε converges to u in C1,2(D) for any compact set D ⊂ (0,+∞)× RN and ηR

is compactly supported in RN , then the continuous function gh
ε,k,R converges

uniformly in R
N to the function gh

k,R as ε tends to 0+. This implies that, for

any s, t > 0, Tε(t)g
h
ε,k,R(s, ·) converges to T (t)gh

k,R(s, ·) locally uniformly in

RN as ε tends to 0+. Indeed, for any compact set K ⊂ RN , we have

sup
x∈K

|(Tε(t)g
h
ε,k,R(s, ·))(x) − (T (t)gh

k,R(s, ·))(x)|

≤ sup
x∈K

|(Tε(t)g
h
ε,k,R(s, ·))(x) − (Tε(t)g

h
k,R(s, ·))(x)|

+ sup
x∈K

|(Tε(t)g
h
k,R(s, ·))(x) − (T (t)gh

k,R(s, ·))(x)|
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≤ ||gh
ε,k,R − gh

k,R||∞ + sup
x∈K

|(Tε(t)g
h
k,R(s, ·))(x) − (T (t)gh

k,R(s, ·))(x)|,

and, by virtue of Step 1, the last side of the previous chain of inequalities
vanishes as ε tends to 0+. Moreover, since f ∈ C3

b (RN ) and {Tε(t)} is a
semigroup of contractions for any ε > 0, then Tε(·)gh

ε,k,R is bounded in [0, T ]×

R
N for any T > 0, uniformly with respect to ε ∈ (0, 1). Therefore, letting ε go

to 0+ in (14.2.44), by the dominated convergence theorem we get (14.2.45).
Next step consists in showing that we can let k go to 0 in (14.2.45) getting

the fundamental representation formula

DhvR(t, x) = (T (t)(Dh(ηRf)))(x) +

∫ t

0

(T (t− s)gh
R(s, ·))(x)ds, (14.2.46)

for any t > 0 and any x ∈ RN , where

gh
R = −Dh(uAηR) − 2

r∑

l,m=1

qlmDluDhmηR − 2

r∑

l,m=1

qlmDhluDmηR

−2

r∑

l,m=1

(Dhqlm)DluDmηR +

r∑

l,m=1

(Dhqlm)DlmvR +

N∑

l=1

bhlDlvR,

(14.2.47)

and vR = uηR. The convergence of the integral term in (14.2.45) follows from
the dominated convergence theorem, since gh

k,R converges uniformly in RN ,

to the function gh
R, as k tends to 0. To show this, it suffices to observe that,

for any ψ ∈ C(RN ) such that Dhψ ∈ C(RN ), the function τh
k ψ converges

to Dhψ, locally uniformly in RN , as k tends to 0. Similarly, τh
k (ηRf) and

vh
k,R(t, ·) (t > 0) converge uniformly, respectively, to Dh(ηRf) and DhvR(t, ·)

as k tends to 0.
Now, taking advantage of the representation formula (14.2.46), we can show

that the function DhvR is twice continuously differentiable in (0, T )×RN with
respect to the i-th and j-th space variable, for any T > 0. To simplify the
notation, in the rest of the proof, we denote by Cj positive constants which
may depend on R, but are independent of t, ε and k.

Using a simple interpolation argument, from (14.2.34) (with h = k = 2, 3)
we deduce that Tε(·)f ∈ B((0, T );C2+α

b (RN )) with norm being independent
of ε. Therefore, letting ε go to 0+, we get T (·)f ∈ B((0, T );C2+α

b (RN )) as
well and, consequently, gh

R ∈ B((0, T );Cα
b (RN )) for any α ∈ (0, 1).

Next, interpolating the estimates (14.2.2) and (14.2.5) we get

||DijT (t)ψ||∞ ≤ C1t
− 3

4 ||ψ||
C

5/6

b
(RN )

, (14.2.48)

for any ψ ∈ Cα
b (RN ). The estimate (14.2.48) implies that the function s 7→

||DijT (t− s)gh
R(s, ·)||∞ is in L1(0, t). Hence, (14.2.46) and Step 3 imply that
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the function DhvR is twice continuously differentiable with respect to the i-th
and j-th space variables in (0, T ) × RN . Since vR ≡ u in B(R/2) and R is
arbitrarily fixed, we deduce that Dhu is twice continuously differentiable with
respect to the i-th and j-th space variables as well. The estimates (14.2.3)
and (14.2.4) (with k = 3) follow.

Step 5. We now prove the estimate (14.2.6) in the case when i, j, h > r.
The same arguments as in Step 4 show that it is not restrictive to consider
the case when f ∈ C4

b (RN ). We are going to show that the right-hand side
of (14.2.46) defines a function which is twice continuously differentiable in
(0,+∞) × RN , with respect to space variables xi and xj . As a first step,

we show that the function gh
R in (14.2.47) belongs to B((0, T );C

3/2
b (RN ))

for any T > 0. Of course, this is the case if Dlmu ∈ B((0, T );C3/2(B(R)))
for any l,m = 1, . . . , r. To show that Dlmu ∈ B((0, T );C3/2(B(R))) we use a

bootstrap argument, first showing that it belongs to B((0, T );C
1+θ/3
b (B(2R)))

for any θ ∈ (0, 1). For this purpose, we replace the function ηR defined in Step
4, with the function η4R. Interpolating the estimates (14.2.5) and (14.2.6)
(with k = 1) we get

||DlmT (t)ψ||
C

θ/3

b
(RN )

≤ C2t
− θ+1

2 ||ψ||C1

b
(RN ), t ∈ (0, T ), 1 ≤ l ≤ r,

for any ψ ∈ C1
b (RN ). Hence, the function t 7→ ||DlmT (t)ψ||

C
θ/3

b
(RN )

is inte-

grable in (0, T ). Therefore, since by Step 4, T (·)ψ and DlmT (·)ψ both be-
long to B((0, T );C1

b (RN )) for any l = 1, . . . , r, it follows, first, that gh
4R ∈

B((0, T );C1
b (RN )) and, then, using the formula (14.2.46), that Dlmu belongs

to B((0, T );C1+θ/3(B(R))). As a straightforward consequence, from (14.2.47)

(with R replaced with 2R) we deduce that gh
2R ∈ B((0, T );C

1+θ/3
b (RN )) for

any θ ∈ (0, 1). Now, we interpolate first (14.2.6), respectively, with k = 1 and
k = 2, and then (14.2.2) and (14.2.5), obtaining

||DlmT (t)ψ||C1

b
(RN ) ≤ C3t

θ
2
−2||ψ||

C
1+θ/3

b
(RN )

, (14.2.49)

||DlmT (t)ψ||∞ ≤ C4t
θ−3

6 ||ψ||
C

1+θ/3

b
(RN )

, (14.2.50)

for any t ∈ (0, T ) and any 1 ≤ l,m ≤ r. Again, interpolating (14.2.49) and
(14.2.50) yields

||DlmT (t)ψ||
C

1/2

b
(RN )

≤ C5t
4θ−15

12 ||ψ||
C

1+θ/3

b
(RN )

, t ∈ (0, T ), 1 ≤ l ≤ r.

(14.2.51)
Taking θ = 4/5 in (14.2.51), we easily see that the function

s 7→ ||DlmT (t− s)gh
2R(s)||

C
1/2

b
(RN )

is integrable in (0, T ). Hence, from the formula (14.2.46) we get Dlmv2R ∈

B((0, T );C
3/2
b (RN )) and, consequently, Dlmu ∈ B((0, T );C3/2(B(R))), since

v2R ≡ u in (0,+∞) ×B(R).
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Now, we are almost done. Indeed, interpolating (14.2.4) and (14.2.5), we
get

||DijT (t)ψ||∞ ≤ C6t
− 3

4 ||ψ||
C

3/2

b
(RN )

, t ∈ (0, T ), i, j > r,

that, due to the above results, implies that the map s 7→ ||DijT (t−s)gh
R(s, ·)||∞

is integrable in (0, t). Therefore, from (14.2.46) we easily deduce thatDijku(t, ·)
exists for any t > 0.

Remark 14.2.8 In fact, in Step 2 of the proof of Theorem 14.2.7 we have
shown that, for any f ∈ C0(R

N ), T (t)f converges to f uniformly in RN as t
tends to 0+.

Remark 14.2.9 Uniform gradient estimates similar to those in Theorem
14.2.4 have been proved in [37] in the case when the operator A is obtained
from the degenerate Ornstein-Uhlenbeck operator in (14.0.3) replacing the
drift term Bx, with the term Bx+ F (x). The smooth function F is assumed
to satisfy

〈DF (x)Gtξ, ξ〉 ≤ C〈Gtξ, ξ〉, t > 0, x, ξ ∈ R
N ,

for some constant C ∈ R, and the matrix Gt is defined as in (14.0.4) with
B being replaced with the matrix −B. Moreover, F should either belong to
C2

b (RN ,RN ) or be Lipschitz continuous and satisfy

〈F (x) − F (y), x− y〉 ≤ η|x − y|2, x, y ∈ R
N ,

for some constant η ∈ R.

14.3 Some remarkable properties of the semigroup

In this section we first prove a continuity property of the semigroup {T (t)}
that will play a fundamental role in order to prove the Schauder estimates
of Section 14.4. Then, we prove that {T (t)} is strong Feller and, finally, we
characterize the domain of its weak generator.

Proposition 14.3.1 Let {fn} ⊂ Cb(R
N ) be a bounded sequence of continuous

functions converging to f ∈ Cb(R
N ) locally uniformly in RN . Then, T (·)fn

converges to T (·)f locally uniformly in [0,+∞)×RN and in C1,2(D) for any

compact set D ⊂ (0,+∞) × RN .
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Proof. Without loss of generality, throughout the proof we assume that
f ≡ 0 and supn∈N

||fn||∞ ≤ 1. As a first step, we show that T (·)fn tends to
0 in C1,2(D), for any compact set D ⊂ (0,+∞) × R

N . Since the function
T (·)fn solves the differential equation Dtu−Au = 0 in (0,+∞)×RN , by the
estimate (14.2.1)-(14.2.3) it follows that the sequence {T (·)fn} is bounded in
C1+α/2,2+α(K) for any compact set K ⊂ (0,+∞) × RN and any α ∈ (0, 1).
Therefore, the Ascoli-Arzelà theorem implies that there exists a subsequence
{T (·)fnk

} converging in C1,2(D) to some function g, for any compact set
D ⊂ (0,+∞) × RN . As it is easily seen, the function g solves the differential
equation Dtg −Ag = 0. Let us prove that g ≡ 0. For this purpose, according
to Theorem 14.2.6, it suffices to show that g can be extended by continuity
at t = 0 by setting g(0, ·) = 0. So, let F ⊂ RN be a compact set and take
any smooth function η compactly supported in RN such that η ≡ 1l in F and
0 ≤ η ≤ 1l. Recalling that {T (t)} is a semigroup of contractions (see Theorem
14.2.7), we can write

|(T (t)fnk
)(x) − (T (t)(ηfnk

))(x)| ≤ ||fnk
||∞|1l − (T (t)η)(x)|

≤ |1l − (T (t)η)(x)|, (14.3.1)

for any t > 0 and any x ∈ RN . Now, since fnk
converges locally uniformly in

RN as k tends to +∞, the function T (t)(ηfnk
) converges uniformly in RN to

0. Hence, letting k go to +∞ in (14.3.1) gives

|g(t, x) − (T (t)(ηf))(x)| ≤ |1l − (T (t)η)(x)|, t > 0, x ∈ R
N .

Since both η and ηf are compactly supported in R
N , then, by Remark 14.2.8,

T (t)η and T (t)(ηf) tend, respectively, to η and 0 uniformly in RN , as t tends
to 0+. Therefore, from (14.3.1) we deduce that g tends to 0 as t tends to 0+,
uniformly in F . The arbitrariness of F implies that g can be extended by
continuity at t = 0 setting g(0, ·) = 0, and we are done.

Repeating the same arguments as above we can show that any sequence
{T (·)fnk

} admits a subsequence which converges to 0 in C1,2(D) for any set
D as above. This implies that, actually, all the sequence {T (·)fn} converges
in C1,2(D) to 0, for any D as above.

Now, to check that T (·)fn converges to 0 locally uniformly in [0,+∞)×RN

it suffices to argue as in the proof of Proposition 2.2.9.

Corollary 14.3.2 There exists a family of probability Borel measures

{p(t, x; dy) : t > 0, x ∈ R
N},

such that

(T (t)f)(x) =

∫

RN

f(y)p(t, x; dy), t > 0, x ∈ R
N , (14.3.2)

for any f ∈ Cb(R
N ). It follows that, if {fn} ∈ Cb(R

N ) is a bounded sequence

converging pointwise to f ∈ Cb(R
N ), then T (·)fn tends to T (·)f pointwise.



14.3. Some remarkable properties of the semigroup 441

Proof. It can be obtained arguing as in the proof of Proposition 12.1.7,
taking Proposition 14.3.1 into account. Therefore, we omit the details.

Next, arguing as in the proof of Proposition 12.2.1 and taking the gradient
estimate in (14.2.9) into account, the following proposition can be proved.

Proposition 14.3.3 The semigroup {T (t)} is strong Feller.

We now observe that since {T (t)} is a semigroup of contractions, then for
any λ > 0 we can define the linear operator R(λ) ∈ L(Cb(R

N )) by setting

(R(λ)f)(x) =

∫ +∞

0

e−λt(T (t)f)(x)dt, x ∈ R
N .

As in Chapter 2, it is immediate to check that {R(λ) : λ > 0} is the resolvent

family associated with some closed operator Â : D(Â) ⊂ Cb(R
N ) → Cb(R

N ):

the weak generator of the semigroup {T (t)}. From now on, we write R(λ, Â)
instead of R(λ).

In the next proposition we characterizeD(Â) and we show that Âu = Au for

any u ∈ D(Â), where Au is meant in the sense of distributions. The following
lemma is the keystone in order to prove the forthcoming Proposition 14.3.5.

Lemma 14.3.4 For any f ∈ C2
b (RN ) such that Af ∈ Cb(R

N ) it holds that

T (t)Af = AT (t)f, t > 0. (14.3.3)

Proof. To prove (14.3.3) we first show that

Tε(t)Aεf = AεTε(t)f, t > 0, (14.3.4)

for any ε > 0 and any f ∈ C2
b (RN ) such that Af ∈ Cb(R

N ). Here, Aε is given
by (14.0.6). For this purpose, we recall that, according to Lemma 2.3.3 and
Propositions 2.3.6, 4.1.1(i), T (t)Aεu = AεT (t)u for any u ∈ Dmax(Aε), where

Dmax(Aε) :=

{
g ∈ Cb(R

N ) ∩
⋂

1≤p<+∞

W 2,p
loc (RN ) : Aεg ∈ Cb(R

N )

}
,

and Aεg = Aεg for any g ∈ Dmax(Aε). Since f ∈ Dmax(Aε) for any ε > 0,
then (14.3.4) follows.

Now, we are almost done. Indeed, a straightforward computation shows
that Aεf converges uniformly in RN to Af as ε tends to 0+. Moreover, from
Theorem 14.2.7 we know that Tε(t)f converges to T (t)f in C2(K), as ε tends
to 0+, for any t > 0. Therefore, from (14.1.2) we get

||Tε(t)Aεf − T (t)Af ||C(K)

≤ ||Tε(t)(Aεf −Af)||C(K) + ||(Tε(t) − T (t))Af ||C(K)

≤ ||Aεf −Af ||∞ + ||(Tε(t) − T (t))Af ||C(K),
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and the last side of the previous chain of inequalities vanishes as ε tends to 0+.
This implies that Tε(t)Aεf tends to T (t)Af , locally uniformly in RN , for any
t > 0. Similarly, for any t > 0, AεTε(t)f tends to AT (t)f locally uniformly in
RN as ε tends to 0+. Hence, taking the limit as ε tends to 0+ in (14.3.4), we
get (14.3.3).

We are now in a position to prove the following proposition.

Proposition 14.3.5 The following characterization holds true:

D(Â) =
{
f ∈ Cb(R

N ) : ∃{fn} ⊂ C2
b (RN ), ∃g ∈ Cb(R

N ) :

fn → f, Afn → g locally uniformly in R
N

and sup
n∈N

(||fn||∞ + ||Afn||∞) < +∞
}
. (14.3.5)

Moreover, Af = Af for any f ∈ D(A). Here and above, Af is meant in the

sense of distributions.

Proof. We adapt to our situation the technique of [107, Theorem 6.2]. For
this purpose, let us denote by A0 the realization of the operator A in Cb(R

N )
with domain D(A0) = {f ∈ C2

b (RN ) : Af ∈ Cb(R
N )}. Taking Lemma 14.3.4

into account, it is easy to check that, for any f ∈ D(A0),

(R(λ, Â)Af)(x) =

∫ +∞

0

e−λt(T (t)Af)(x)dt

=

∫ +∞

0

e−λt(AT (t)f)(x)dt

=

∫ +∞

0

e−λt

(
∂

∂t
T (t)f

)
(x)dt

= −f(x) + λ(R(λ, Â)f)(x), (14.3.6)

for any x ∈ RN and any λ > 0. Therefore, R(λ, Â)(λf − Af) = f and,

consequently, f ∈ D(Â) and Âf = Af .
Now let f ∈ D0 (the function space defined by the right-hand side of

(14.3.5)). By the above results we know that

fn = R(λ, Â)(λfn −Afn), n ∈ N, λ > 0. (14.3.7)

Let us now show that, for any bounded sequence {hn} ⊂ Cb(R
N ), con-

verging to some function h ∈ Cb(R
N ) locally uniformly in RN , the function

R(λ, Â)hn converges to R(λ, Â)h, locally uniformly in RN , as well. For this
purpose, we observe that, for any compact set K ⊂ RN ,

||R(λ, Â)(hn − h)||C(K) ≤

∫ +∞

0

e−λt||T (t)(hn − h)||C(K)dt.
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By Proposition 14.3.1, ||T (t)(hn − h)||C(K) converges to 0 as n tends to +∞,
for any t ≥ 0. Moreover,

||T (t)(hn − h)||C(K) ≤ ||T (t)(hn − h)||∞ ≤ ||hn − h||∞ ≤ ||hn|| + ||h|| ≤ C,

for any n ∈ N and some positive constant C, independent of n. A straightfor-
ward application of the dominated convergence theorem shows that R(λ, Â)hn

converges to R(λ, Â)h as n tends to +∞, locally uniformly in RN . Hence, let-

ting n go to +∞ in (14.3.7) gives f = R(λ, Â)(λf − g) and, consequently,

f ∈ D(Â) and g = Âf . Moreover, for any ϕ ∈ C∞
c (RN ) we have

∫

RN

Afn ϕdx =

∫

RN

fnA
∗ϕdx, n ∈ N, (14.3.8)

where by A∗ we denote the adjoint of the operator A, i.e., the operator defined
by

(A∗ψ)(x) =

r∑

i,j=1

Dij(qijψ)(x)−
N∑

i,j=1

bijxjDiψ(x)−ψ(x)Tr(B), x ∈ R
N ,

(14.3.9)

for any smooth function ψ. Hence, letting n go to +∞ in (14.3.8), we obtain

that g = Af and, consequently, Âf = Af .
Now, we prove that D(Â) ⊂ D0. For this purpose, fix u ∈ D(Â) and λ > 0.

Further, let f ∈ Cb(R
N ) be such that u = R(λ, Â)f . By convolution, we can

regularize f obtaining a sequence {fn} ⊂ C2
b (RN ) bounded in Cb(R

N ) and
converging locally uniformly to f as n tends to +∞. Taking Theorem 14.2.7
into account, we deduce that R(λ, Â)fn belongs to C2

b (RN ) for any n ∈ N.
Moreover,

(AR(λ, Â)fn)(x) =

∫ +∞

0

e−λt(AT (t)fn)(x)dt

= −fn(x) + λ(R(λ, Â)fn)(x), (14.3.10)

for any x ∈ RN and any n ∈ N. Since, by the above results, R(λ, Â)fn

converges to u, locally uniformly in RN , letting n go to +∞ in (14.3.10)

we deduce that AR(λ, Â)fn converges to λu − f , locally uniformly in RN .

Moreover, as we can easily see, the sequences {R(λ, Â)fn} and {AR(λ, Â)fn}
are bounded in Cb(R

N ). Therefore, u ∈ D0.
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14.4 The nonhomogeneous elliptic equation and the non-

homogeneous Cauchy problem

In this section we are devoted to prove existence, uniqueness and regularity
properties of the bounded and continuous distributional solution to the elliptic
equation

λu(x) −Au(x) = f(x), x ∈ R
N , (14.4.1)

and to the parabolic Cauchy problem

{
Dtu(t, x) = Au(t, x) + g(t, x), t > 0, x ∈ RN ,

u(0, x) = f(x), x ∈ RN .
(14.4.2)

The main results that we prove are contained in the following two theorems.

Theorem 14.4.1 Assume that Hypotheses 14.0.1 hold and let θ ∈ (0, 1), λ >

0. Then, for any f ∈ C
θ,θ/3
b (RN ), there exists a function u ∈ C

2+θ,(2+θ)/3
b (RN )

solving the equation (14.4.1) in the sense of distributions. Moreover, there

exists a positive constant C, independent of u and f , such that

||u||
C

2+θ,(2+θ)/3

b
(RN )

≤ C||f ||
C

θ,θ/3

b
(RN )

. (14.4.3)

Such a function u is the unique distributional solution to the equation (14.4.1)
which is bounded and continuous in RN and it is twice continuously differen-

tiable in RN with respect to the first r variables, with bounded derivatives.

Theorem 14.4.2 Assume that Hypotheses 14.0.1 are satisfied and let θ ∈

(0, 1), T > 0. Further, let f ∈ C2+θ,(2+θ)/3
b (RN ) and let g ∈ Cb([0, T ] × RN )

be such that g(t, ·) ∈ Cθ,θ/3
b (RN ) for any t ∈ [0, T ] and

sup
t∈[0,T ]

||g(t, ·)||
C

θ,θ/3

b
(RN )

< +∞.

Then, there exists a function u ∈ Cb([0, T ] × RN ), solution to the problem

(14.4.2) in the sense of distributions, such that u(t, ·) ∈ C2+θ,(2+θ)/3
b (RN ) for

any t ∈ [0, T ] and

sup
t∈[0,T ]

||u(t, ·)||
C
2+θ,(2+θ)/3

b
(RN )

≤C
(
||f ||

C
2+θ,(2+θ)/3

b
(RN )

+ sup
t∈[0,T ]

||g(t, ·)||
C

θ,θ/3

b
(RN )

)
,

(14.4.4)

for some positive constant C, independent of u, f and g. Moreover, u is the

unique distributional solution to the problem (14.4.2) which is bounded and

continuous in [0, T ]×RN and it is twice continuously differentiable with respect

to the first r space variables in [0, T ]× RN , with bounded derivatives.
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To prove Theorems 14.4.1 and 14.4.2, in the spirit of Chapter 6, we first
characterize the behaviour of the semigroup in the anisotropic spaceC3θ,θ

b (RN )
(θ ∈ [0, 1]). More precisely, we show that for any 0 < α ≤ β ≤ 1 and any ω > 0,
there exists a positive constant C = C(α, β, ω) such that

||T (t)||L(C3α,α

b
(RN ),C3β,β

b
(RN )) ≤ Ceωtt−

3(β−α)

2 , t > 0. (14.4.5)

Two steps are the main ingredients to prove (14.4.5):

Step (i): the interpolation set equality

(Cb(R
N ), C3,1

b (RN ))θ,∞ = C3θ,θ
b (RN ), (14.4.6)

with equivalence of the corresponding norms, for any θ ∈ (0, 1);

Step (ii): the estimate

||T (t)||L(C3k,k

b
(RN ),C3,1

b
(RN )) ≤ Ceωtt−

3(1−k)

2 , t > 0, k = 0, 1. (14.4.7)

Once the Steps (i) and (ii) are established, an interpolation argument allows
us to prove (14.4.5). We begin by proving Step (i).

Proposition 14.4.3 For any θ ∈ (0, 1), the formula (14.4.6) holds true with

equivalence of the corresponding norms.

Proof. Throughout the proof we identify RN with Rr × RN−r. Moreover,
we denote by Ck (k ∈ N) positive constants which are independent of s, t and
f ∈ Cb(R

N ). Finally, since the proof is rather long, we split it into three steps.

Step 1. Let us denote by A1 and A2, respectively, the realization in Cb(R
N )

of the operators A1 =
∑r

i=1Dii and A2 =
∑N

i=r+1Dii with domains

D(A1) =

{
u ∈ Cb(R

N ) : u(·, y) ∈
⋂

1≤p<+∞

W 2,p
loc (Rr), ∀y ∈ R

N−r,

A1u ∈ Cb(R
N )

}

and

D(A2) =

{
u ∈ Cb(R

N ) : u(x, ·) ∈
⋂

1≤p<+∞

W 2,p
loc (RN−r), ∀x ∈ R

r,

A2u ∈ Cb(R
N )

}
.
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Further, let us set A3 = −A2
1. In this step of the proof we show that

(X,D(Aj))β,∞ = C2(2−j)β,2(j−1)β
b (RN ), j = 1, 2, (14.4.8)

(X,D(A3))β,∞ = C4β,0
b (RN ), (14.4.9)

for any β ∈ (0, 1), with equivalence of the corresponding norms. For this
purpose, we will take advantage of the characterization of the interpolation
spaces (X,D(A))β,∞ given in Proposition B.2.12, when A is the generator of
an analytic semigroup in a Banach space X . Indeed, taking Theorem C.3.6(iv)
into account, it is easy to check that A1 and A2 are sectorial operators. More-
over, since the realization of the Laplacian in Cb(R

N ) satisfies (B.2.1) for any
ϕ ∈ (π/2, π), then the operator A1 satisfies (B.2.1) for any ϕ ∈ (π/2, π) as
well. Therefore, according to Theorem B.2.10, also the operator A3 is sectorial
in Cb(R

N ).
In the sequel, we simply write DAj

(β,∞) and DA3
(β,∞) to denote the

interpolation spaces (X,D(Aj))β,∞ and (X,D(A3))∞, (j = 1, 2).
We begin by proving (14.4.8) in the case when j = 1. For this purpose, we

preliminarily observe that the analytic semigroup {T1(t)}, associated with the
operator A1, is given by

(T1(t)f)(x, y) =
1

(4πt)r/2

∫

Rr

e−
|x−z|2

4t f(z, y)dz, t > 0, (x, y) ∈ R
N ,

for any f ∈ Cb(R
N ).

To prove the inclusion C2β,0
b (RN ) ⊂ DA1

(β,∞), we fix f ∈ C2β,0
b (RN ) and

observe that

(T1(t)f)(x, y) − f(x, y)

=
1

2(4π)r/2

∫

Rr

e−
|z|2

4

(
f(x−

√
tz, y)− 2f(x, y) + f(x+

√
tz, y)

)
dz,

for any t > 0 and any (x, y) ∈ RN . Therefore,

||T1(t)f − f ||∞ ≤
tβ

(4π)r/2
[f ]C2β,0

b
(RN )

∫

Rr

e−
|z|2

4 |z|2βdz, (14.4.10)

and Proposition B.2.12 implies that C2β,0
b (RN ) is continuously embedded in

DA1
(β,∞).

Let us now prove the other inclusion in (14.4.8). We begin by observing
that

(i) ||DxT1(t)f ||∞ ≤ C1t
− 1

2 ||f ||Cb(RN ), (ii) ||A1T1(t)f ||∞ ≤ C1t
−1||f ||∞,
(14.4.11)

for any f ∈ Cb(R
N ), where Dx denotes the gradient with respect to the first

r variables. Let us fix f ∈ DA1
(β,∞) and assume that β ∈ (0, 1/2). Then, for



14.4. The nonhomogeneous elliptic equation 447

any t > 0, any x1, x2 ∈ Rr and any y ∈ RN−r, it holds that

|f(x2, y) − f(x1, y)|

≤ |(T1(t)f)(x2, y) − f(x2, y)| + |(T1(t)f)(x2, y) − (T1(t)f)(x1, y)|

+|(T1(t)f)(x1, y) − f(x1, y)|

≤ 2[[f ]]DA1
(β,∞)t

β + ||DxT1(t)f ||∞|x2 − x1|, (14.4.12)

where [[f ]]DA1
(β,∞) is given by Proposition B.2.12. So, we need to estimate

the sup-norm of DxT1(t)f . As it is easily seen,

DiT1(n)f −DiT1(t)f =

∫ n

t

DiA1T1(s)f ds, t ∈ (0, n), (14.4.13)

for any i = 1, . . . , r. Combining (14.4.11)(ii) and Proposition B.2.12, we de-
duce that

||A1T1(t)f ||∞ ≤ C2t
β−1||f ||DA(β,∞), t ∈ (0,+∞). (14.4.14)

Now, from (14.4.11)(i) and (14.4.14), we get

||DiA1T1(s)f ||∞ = ||DiT1(s/2)A1T1(s/2)f ||∞

≤ ||DiT1(s/2)||L(Cb(RN ))||A1T1(s/2)f ||∞

≤ C3s
β− 3

2 ||f ||DA1
(β,∞), (14.4.15)

for any s > 0, so that we can let n go to +∞ in (14.4.13) obtaining

DiT1(t)f = −

∫ +∞

t

DiA1T1(s)fds, t > 0,

and
||DxT1(t)f ||∞ ≤ C4t

β− 1

2 ||f ||DA1
(β,∞). (14.4.16)

Now, taking t = |x2 − x1|2 in (14.4.12) and (14.4.16), we get

|f(x2, y) − f(x1, y)| ≤ C5||f ||DA1
(β,∞)|x2 − x1|

2β ,

for any |x2 − x1| ≤ 1. Moreover, if |x2 − x1| > 1 we have

|f(x2, y) − f(x1, y)| ≤ 2||f ||∞ ≤ 2||f ||DA1
(β,∞)|x2 − x1|

2β ,

so that DA1
(β,∞) ⊂ C2β,0

b (RN ) with a continuous embedding.
Suppose now that β > 1/2. According to (14.4.13) and (14.4.15) we have

||DiT1(t2)f −DiT (t1)f ||∞ ≤ C6|t2 − t1|
β−1/2||f ||DA1

(β,∞), t1, t2 > 0,
(14.4.17)
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for any i = 1, . . . , r. This implies that DT1(t)f converges uniformly in RN as
t tends to 0. Since T1(·)f is continuous in [0,+∞) × RN and T1(0)f = f , we
obtain that f ∈ C1

b (RN ).
Now, taking the estimates (14.4.11)(i) and (14.4.16) (which, of course, holds

true also in the case when β ∈ (1/2, 1)) into account, we get

||DxDiT1(t)f ||∞ = ||DxT (t/2)DiT (t)f ||∞

≤ ||DxT (t/2)||∞||DiT (t)f ||∞

≤ C1C4t
β−1||f ||DA1

(β,∞). (14.4.18)

Hence, from (14.4.17) (where we take t1 = 0) and (14.4.18), it follows that

|Dif(x2, y) −Dif(x1, y)|

≤ |(DiT1(t)f)(x2, y) −Dif(x2, y)| + |(DiT1(t)f)(x2, y) − (DiT1(t)f)(x1, y)|

+|(DiT1(t)f)(x1, y) −Dif(x1, y)|

≤ 2||DiT1(t)f − f ||∞ + ||DxDiT1(t)f ||∞|x− y|

≤ 2C6t
β−1/2||u||DA1

(β,∞) + C1C4t
β−1|x2 − x1|||f ||DA1

(β,∞),

for any t > 0, any x1, x2 ∈ Rr, any y ∈ RN−r and any 1 = 1 . . . , r. The
same arguments as in the case when β < 1/2 allow us to conclude that

DA1
(β,∞) ⊂ C2β,0

b (RN ) with a continuous embedding.
So far, we have proved (14.4.8) (with j = 1) in the case when β 6= 1/2. Let

us now consider the case when β = 1/2. For this purpose, we observe that

DA1
(1/2,∞) = (DA1

(1/4,∞), DA1
(3/4,∞))1/2,∞

= (C
1/2,0
b (RN ), C

3/2,0
b (RN ))1/2,∞.

Since (C
1/2
b (Rr), C

3/2
b (Rr))1/2,∞ = C1

b (Rr) (see Theorem A.4.8) and the op-
erator Ty : Cb(R

N ) → Cb(R
r), defined by Tyf = f(·, y) for any f ∈ Cb(R

N ),

belongs to L(C
(2k+1)/2,0
b (RN ), C

(2k+1)/2
b (Rr)) (k = 0, 1) with norms being in-

dependent of y, then Proposition A.4.2 allows us to conclude thatDA1
(1/2,∞)

is continuously embedded in C1,0
b (RN ). This concludes the proof of (14.4.8),

in the case when j = 1.
The proof of (14.4.8), with j = 2, is completely similar, so we skip it.
Let us prove (14.4.9). From the general interpolation theory, we know that,

for any β ∈ (0, 1),

DA3
(β/2,∞)= (Cb(R

N ), D(A2
1))β/2,∞ =(D(A1), D(A2

1))β,∞ =DA1
(1+β,∞),
(14.4.19)

with equivalence of the corresponding norms. Hence, (14.4.9) follows immedi-
ately if we show that

DA1
(1 + β,∞) = C2+2β,0

b (RN ), (14.4.20)
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with equivalence of the corresponding norms. The embedding C2+2β,0
b (RN ) ⊂

DA1
(1 + β,∞) is an obvious consequence of (14.4.8) and the characterization

of D(A1). To prove the other embedding, we fix f ∈ DA1
(1+β,∞) and prove

that f admits second-order derivatives, with respect to the first r variables,
which belong to C2β,0

b (RN ). For this purpose, we observe that, by (B.2.6), we
can write

f =

∫ +∞

0

e−tT1(t)gdt, (14.4.21)

where g := f −A1f belongs to DA1
(β,∞) = C2β,0

b (RN ). Taking (14.4.16) into
account, it is immediate to check that f is once-continuously differentiable
with respect to the first r variables and

||Dxf ||∞ ≤ C7||g||DA1
(β,∞). (14.4.22)

Splitting DijT1(t)g = DjT1(t/2)DiT1(t/2)g for any t > 0 and any i, j =
1, . . . , r, and using (14.4.11)(i) and again (14.4.16), we can show that

||DijT1(t)g||∞ ≤ C8t
β−1||g||DA1

(β,∞), i, j = 1, . . . , r. (14.4.23)

Hence, f is twice continuously differentiable in RN with respect to the first r
variables and

||Dijf ||∞ ≤ C9||g||DA1
(β,∞) ≤ C10||f ||DA1

(1+β,∞), t > 0, i, j = 1, . . . , r.
(14.4.24)

This implies that f ∈ C2,0
b (RN ) with norm bounded by C11||f ||DA1

(1+β,∞).

Since we already know that DA1
(β,∞) = C2β,0

b (RN ), it is sufficient to prove
that Dijf ∈ DA1

(β,∞). Using (14.4.11)(ii) and (14.4.23), we get

||ξ1−βA1T1(ξ)Dijf ||∞ ≤

∣∣∣∣

∣∣∣∣
∫ +∞

0

ξ1−βe−tA1T1(ξ + t/2)DijT1(t/2)gdt

∣∣∣∣

∣∣∣∣

≤ C12||g||DA1
(β,∞)

∫ +∞

0

1

(1 + t)t1−β
dt,

for any ξ ∈ (0, 1). Therefore, all the second order derivatives of f (with respect

to the directions ei, ej, with i, j ≤ r) are in DA1
(β,∞) = C2β,0

b (RN ) (see again
Proposition B.2.12) and

||Dijf ||C2β,0

b
(RN ) ≤ C13||g||DA1

(β,∞) ≤ C14||f ||DA1
(1+β,∞).

The formula (14.4.20) now follows.

Step 2. Here, taking advantage of the results in Step 1, we show that

(Cb(R
N ), C3α,α

b (RN ))γ,∞ = C3αγ,αγ
b (RN ), (14.4.25)
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for any α ∈ (0, 4/3) and any γ ∈ (0, 1). This can be done adapting the proof
given in [107, Theorem 2.2]. We begin by proving (14.4.25) in the case when
α ∈ (0, 2/3). By (14.4.8) we can write

C3α,α
b (RN ) = DA1

(3α/2,∞) ∩DA2
(α/2,∞).

The characterization (14.4.25) will follow immediately if we show that

(Cb(R
N ), DA1

(3α/2,∞) ∩DA2
(α/2,∞))γ,∞

= DA1
(3γα/2,∞) ∩DA2

(γα/2,∞), (14.4.26)

for any γ ∈ (0, 1), with equivalence of the corresponding norms.
The inclusion “⊂” in (14.4.26) is immediate if we observe that, for any

triplet of Banach spaces X,Y, Z such that Z ⊂ Y ⊂ X with continuous
embeddings, it holds that (X,Z)θ,∞ ⊂ (X,Y )θ,∞, for any θ ∈ (0, 1), with
continuous embedding.

So, let us prove the other inclusion in (14.4.26). For this purpose, we fix
f ∈ DA1

(3γα/2,∞) ∩ DA2
(γα/2,∞) and define the function u : [0,+∞) →

Cb(R
N ) by setting

u(t) = T1(t
2/(3α))T2(t

2/α)f, t ∈ (0, 1].

Using Proposition B.2.12 yields

||u(t)||DA1
(3α/2,∞)

≤ C15

(
||T1(t

2/(3α))||L(Cb(RN ))||T2(t
2/α)||L(Cb(RN ))||f ||Cb(RN )

+||T2(t
2/(3α))||L(Cb(RN )) sup

0<ξ≤1
||ξ1−2/(3α)A1T1(ξ + t2/(3α))f ||Cb(RN )

)

≤ C16

(
||f ||Cb(RN ) + sup

0<ξ≤1
ξ1−2/(3α)(ξ + t2/(3α))(3α−2)/2||f ||DA1

(3α/2,∞)

)

≤ C17t
(3α−2)/2||f ||DA1

(3α/2,∞), (14.4.27)

for any t ∈ (0, 1]. Similarly,

||u(t)||DA2
(α/2,∞) ≤ C18t

(α−2)/2||f ||DA2
(α/2,∞) (14.4.28)

and

||u(t) − f ||Cb(RN ) ≤ ||T1(t
2/(3α))||L(Cb(RN ))||(T2(t

2/α) − 1)f ||Cb(RN )

≤ C19t
γ
(
||f ||DA1

(3/α/2,∞) + ||f ||DA2
(α/2,∞)

)
, (14.4.29)

for any t ∈ (0, 1]. Splitting f = u(t)+ (f −u(t)) and using (14.4.27)-(14.4.29),
we get

t−γK(t, f) ≤ C20

(
||f ||DA1

(3α/2,∞) + ||f ||DA2
(α/2,∞)

)
, t ∈ (0, 1],

(14.4.30)
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which implies that f ∈ (Cb(R
N ), DA1

(3α/2,∞)∩DA2
(α/2,∞))γ,∞. We have

so proved both the set equality in (14.4.26) and the equivalence of the norms
of the spaces in the left- and right-hand sides of (14.4.26).

Now, suppose that α ∈ [2/3, 4/3). Then, according to (14.4.9), C3α,0
b (RN ) =

DA3
(3α/4,∞) with equivalence of the corresponding norms. Therefore, re-

peating the above arguments, with the operator A1 being now replaced with
A3, we can prove (14.4.25).

Step 3. We can now conclude the proof proving (14.4.6). From (14.4.25),
with α ∈ (1, 4/3) and γ = 1/α, we deduce that

C3,1
b (RN ) ⊂ C3,1

b (RN ) ∈ K1/α(Cb(R
N ), C3α,α

b (RN )).

Since C3
b (Rr) and C1

b (RN−r) belong, respectively, to J1/α(Cb(R
r), C3α

b (Rr))

and J1/α(Cb(R
N−r), Cα

b (RN−r)) (see Proposition A.4.4), then C3,1
b (RN ) be-

longs to J1/α(Cb(R
N ), C3α,α

b (RN )). The reiteration theorem (see Theorem
A.4.7) and (14.4.25) imply that

(Cb(R
N ), C3,1

b (RN ))θ,∞ = (Cb(R
N ), C3α,α

b (RN ))θ/α,∞ = C3θ,θ
b (RN ),

for any θ ∈ (0, 1), with equivalence of the corresponding norms. The set
equality (14.4.6) now follows.

Applying the reiteration Theorem A.4.7, we get the following corollary.

Corollary 14.4.4 For any α, θ ∈ (0, 1) and any α ≤ β < 1,

(C3α,α
b (RN ), C3,1

b (RN ))θ,∞ = C3(α+(1−α)θ),α+(1−α)θ
b (RN ), (14.4.31)

with equivalence of the corresponding norms.

Remark 14.4.5 Adapting the techniques in the proof of Proposition 14.4.3
one can show that (14.4.25) holds true for any α > 1 and, hence, by reiteration,
that for any α, β > 0 and any θ ∈ (0, 1),

(Cα,α/3
b (RN ), Cβ,β/3

b (RN ))θ,∞ = Cα+θ(β−α),(α+θ(β−α))/3
b (RN ),

with equivalence of the corresponding norms.

As far as Step (ii) is concerned, we observe that, when k = 0, the estimate
(14.4.7) follows easily from (14.2.1)-(14.2.3). Hence, we just need to show
(14.4.7) when k = 1. For this purpose, we adapt the Bernstein method to
these anisotropic spaces.

In the following theorem we use the same notation introduced before The-
orem 14.2.4.



452 Chapter 14. The Cauchy problem in Cb(R
N )

Theorem 14.4.6 Let ε > 0 and assume that Hypotheses 14.0.1 are satisfied.

Then, there exist two positive constants C and ω such that (14.4.7) holds true,

with k = 1.

Proof. As in the proof of Theorem 14.2.4, we limit ourselves to showing that
for any ω > 0, there exists a positive constant C, independent of ε such that

||Tε(t)||L(C3,1

b
(RN ),C3,1

b
(RN )) ≤ Ceωt, t > 0. (14.4.32)

Here, {Tε(t)} is the semigroup defined in Section 14.2. Once (14.4.32) is proved
we will be almost done. Indeed, suppose that (14.4.32) holds true. Since Tε(·)f
tends to T (·)f in C1,2(D) for any compact set D ⊂ (0,+∞) × RN and any
f ∈ Cb(R

N ) (see Theorem 14.2.7), then, for any t > 0 the sup-norms of both
DT (t)f and D2

∗,1T (t)f are bounded by the right-hand side of (14.4.32). As far
as the vector D3

∗,1T (t)f is concerned, we observe that (14.4.32) implies that

[(D2
∗,1Tε(t)f)(·, xr+1, . . . , xN )]Lip(Rr) ≤ Ceωt||f ||C3,1

b
(RN ), t > 0,

for any t > 0 and any (xr+1, . . . , xN ) ∈ RN−r, and, letting ε go to 0+, yields

[(D2
∗,1T (t)f)(·, xr+1, . . . , xN )]Lip(Rr) ≤ Ceωt||f ||C3,1

b
(RN ), (14.4.33)

and we are done. Indeed, since T (t)f ∈ C3
b (RN ) for any t > 0 (see Theorem

14.2.7), from (14.4.33) we deduce that

||D3
∗,1T (t)f ||∞ ≤ Ceωt||f ||C3,1

b
(RN ), t > 0,

and (14.4.7) follows.
So, let us prove (14.4.32). For notational convenience we simply write u

instead of Tε(·)f . Let us introduce the function ξ : [0,+∞)×R
N → R defined

by

ξ(t, x) =
1

2
α3(u(t, x))2 + 〈F Du(t, x), Du(t, x)〉 + 〈G(t)D2

∗u(t, x), D2
∗u(t, x)〉

+〈H(t)D3
∗u(t, x), D3

∗u(t, x)〉,

for any t > 0 and any x ∈ R
N , where the matrices F ∈ L(RN ), G(t) ∈ L(Rn1

N )

and H(t) ∈ L(Rn2

N ) (t ≥ 0) are defined by

F =

(
αIr βF1

βF ∗
1 −ιIN−r

)
, G(t) =





In1
r

0 0

0 α− 7

16 tIr(N−r) −α− 4

5 t2L5

0 −α− 4

5 t2L∗
5 α− 7

8 t3In1

N−r



 ,

(14.4.34)
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H(t) =





α− 4

3 In2
r

−α− 4

3 tM2
1
2 t

2α− 4

3H1 − 1
6α

− 4

3 t3H2

−α
4

3 tM∗
2 α− 8

9 t2I(N−r)n1
r

0 0

1
2α

− 4

3 t2H∗
1 0 α−1t4Irn1

N−r
−α− 13

12 t5M8

− 1
6α

− 4

3 t3H∗
2 0 −α− 13

12 t5M∗
8 α− 9

8 t6In2

N−r




.

(14.4.35)

Here, n1
m and n2

m (m ∈ N) are given by (14.2.10), β = 2||B4|| + 1, F1 ∈
L(RN−r,Rr) is any matrix such that B3F1 +F ∗

1B
∗
3 is strictly negative definite

and −ι denotes its maximum (negative) eigenvalue. Such a matrix exists since
we have assumed that r ≥ N/2. Moreover, H1 = M2M5 and H2 = M2M5M8,
where the matrices M2, M5, M8, as well as L5, are given by (14.2.22). Finally
α is a positive constant to be determined later on.

Taking Propositions 14.1.1 and 14.1.2 into account, it is easy to check that
the function ξ is a classical solution of the Cauchy problem






Dtξ(t, ·) = Aεξ(t, ·) + gε(t, ·), t > 0,

ξ(0, ·) = 1
2α

3f2 + 〈F Df,Df〉 + 〈ED2
∗,1f,D

2
∗,1f〉 + α− 4

3 〈K1D
3
∗,1f,D

3
∗,1f〉,

where g(ε) = g
(ε)
1 +g2 +g3, and g

(ε)
1 , g2 and g3 are given by (14.2.15)-(14.2.17)

with F , G(t) and H(t) as in (14.4.34) and (14.4.35). To get the assertion, as
in the proof of Theorem 14.2.4, it suffices to show that there exists α > 0 such
that F , G(t) and H(t) are strictly positive definite for any t > 0 and g(ε) ≤ 0
in (0, T0] × R

N for some T0 independent of ε. Indeed, then Theorem 14.2.6
and the semigroup rule will lead us to (14.4.32) We refer the reader to the
proof of Theorem 14.2.4 for more details.

Due to the particular structure of the matrices F , G(t) and H(t), it is easy
to check that the previous matrices are strictly positive definite for any t > 0,
if α is sufficiently large. Hence, we can limit ourselves to showing that gε ≤ 0
in (0, T0] × RN for a suitable choice of T0 and the parameter α. We begin by

estimating the function g
(ε)
1 . As it is immediately seen, g

(ε)
1 ≤ g1, where g1 is

obtained from g
(ε)
1 by replacing everywhere the matrix Q(ε) with the matrix

Q(0). Arguing as in the proof of (14.2.20) we can prove that

g1(t) ≤ −α3κ|D∗,1u(t)|2 − κ{2α− (2||B4|| + 1)α
1

2 ||K2||}|D
2
∗,1u(t)|2

−κ{2ι− (2||B4|| + 1)α− 1

2 ||K2||}|D
2
∗,2u(t)|2 − 2κ|D3

∗,1u(t)|2

−κt(2α− 7

16 −α− 3

5 ||K5||)|D
3
∗,2u(t)|2−κt3(2α− 7

8 −α−1||K5||)|D
3
∗,3u(t)|2

−κ{2α− 4

3 − α− 3

2 (||K9|| + ||K10|| + ||K11||)}|D
4
∗,1u(t)|2

−κt2(2α− 8

9 − α− 7

6 ||K9||)|D
4
∗,2u(t)|2
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−κt4(2α−1 − α− 7

6 ||K10|| − α− 49

48 ||K12||)|D
4
∗,3u(t)|2

−κt6(2α− 9

8 − α− 7

6 ||K11|| − α− 55

48 ||K12||)|D
4
∗,4u(t)|2. (14.4.36)

The function g2 can be estimated using properly the inequality (14.2.19)
and taking (14.2.21) and (14.2.22) into account. We get

g2(t) ≤ {2α||B1|| + oα(α)}|D∗,1u(t)|2 + {−ι+ oα(1)}|D∗,2u(t)|2

+{2||L1|| + oα(1) + ot(1)}|D2
∗,1u(t)|2

+{α− 1

16 ||L5|| + oα(α− 1

16 ) + ot(1)}|D2
∗,2u(t)|2

+t2{−2α−4

5 λmin(L
∗
5L5) + oα(α− 4

5 ) + ot(1)}|D2
∗,3u(t)|2

+{2α− 4

3 ||M1|| + ot(1)}|D3
∗,1u(t)|2

+t{α− 8

9 (||M5|| + 2) + oα(α− 8

9 ) + ot(1)}|D3
∗,2u(t)|2

+t3{α− 8

9 ||M5|| + oα(α− 8

9 ) + ot(1)}|D3
∗,3u(t)|2

+t5{−2α−13

12 λmin(M∗
8M8) + oα(α− 13

12 ) + ot(1)}|D3
∗,4u(t)|2, (14.4.37)

for any t > 0, where, to simplify the notation, we denote by ot(t
k) (k ≥ 0) any

function of t (possibly depending also on α) such that limt→0 t
−kot(t

k) = 0,
and by oα(αk) (k ∈ R) any function depending only on α and such that
limα→+∞ α−koα(αk) = 0. Note that, according to the proof of Theorem
14.2.4, λmin(L5L

∗
5) and λmin(M

∗
8M8) are both positive.

Let us now consider the function g3. Taking (14.2.26)-(14.2.30) and Hypoth-
esis 14.0.1(ii) into account, and applying (14.2.19) with a =

√
κ|Dh

∗,iu| and

b = |Dk
∗,ju| (i ≤ k, j = 1, . . . , k + 1), it is easy to check that all the terms in

the definition of the function g3 are negligible (as t tends to 0+) with respect
to the terms in (14.4.36) and (14.4.37). Now, combining these two estimates,
we get

g(ε)(t) ≤ {−α3 + oα(α3)}|D∗,1u(t)|2 + {−ι+ oα(1)}|D∗,2u(t)|2

+{−2α+ oα(α) + ot(1)}κ|D2
∗,1u(t)|2

+{−2ι+ oα(1) + ot(1)}κ|D2
∗,2u(t)|2

+t2{−2λmin(L
∗
5L5)α

− 4

5 + oα(α− 4

5 ) + ot(1)}|D2
∗,3u(t)|2

+{−2κ+ oα(1) + ot(1)}|D3
∗,1u(t)|2

+t{−2α− 7

16 κ+ oα(α− 7

16 ) + ot(1)}|D3
∗,2u(t)|2

+t3{−2α− 7

8κ+ oα(α− 7

8 ) + ot(1)}|D3
∗,3u(t)|2

+t5{−2α− 13

12λmin(M∗
8M8) + oα(α− 13

12 ) + ot(1)}|D3
∗,4u(t)|2

−{2α− 4

3 + oα(α− 4

3 ) + ot(1)}κ|D4
∗,1u(t)|2
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−t2{2α− 8

9 + oα(α− 8

9 ) + ot(1)}κ|D4
∗,2u(t)|2

−t4{2α−1 + oα(α−1) + ot(1)}κ|D4
∗,3u(t)|2

−t6{2α− 9

8 + oα(α− 9

8 )}κ|D4
∗,4u(t)|2. (14.4.38)

It is now clear that we can fix T0 sufficiently close to 0 and α large enough,
so as to make all the terms in (14.4.38) negative in (0, T0] × RN .

We are now able to prove (14.4.5).

Proposition 14.4.7 For any 0 ≤ α ≤ β ≤ 3 there exist two positive con-

stants C = C(α, β) and ω = ω(α, β) such that (14.4.5) holds true.

Proof. As it has been already mentioned, the proof is based on an interpo-
lation argument and it is similar to that of Theorem 6.1.8. For the reader’s
convenience, we go into details.

As a first step, we apply (A.4.3) with X1 = X2 = Cb(R
N ), Y1 = Y2 =

C3,1
b (RN ) and θ = α. Taking (14.4.6) into account, we get

||T (t)||L(C3α,α

b
(RN )) ≤ C1e

ω1t, t > 0, (14.4.39)

for some positive constants C1 and ω1, independent of t. Next, applying
(A.4.3) with X1 = Cb(R

N ), X2 = Y1 = Y2 = C3,1
b (RN ), θ = α and, still

taking (14.4.6) into account, we deduce that

||T (t)||L(C3α,α

b
(RN ),C3,1

b
(RN )) ≤ C2e

ω2tt−
3(1−α)

2 , t > 0, (14.4.40)

for some positive constants C2 and ω2, independent of t.
Finally, interpolating (14.4.39) and (14.4.40), with θ = (β−α)/(1−α), and

taking (14.4.31) into account, we deduce (14.4.5) in its generality.

In order to prove Theorem 14.4.1, we show that for any f ∈ Cb(R
N ) and

any λ > 0 the function

u(x) =

∫ +∞

0

e−λt(T (t)f)(x)dt, x ∈ R
N , (14.4.41)

is a distributional solution to the elliptic equation

λu−Au = f. (14.4.42)

Moreover, we prove that if f ∈ Cθ,θ/3
b (RN ) for some θ ∈ (0, 1), then u ∈

C2+θ,(2+θ)/3
b (RN ) and it satisfies (14.4.3). Finally, we show that the function
u in (14.4.41) is the unique solution of the equation (14.4.42) among all the
distributional solutions which are twice continuously differentiable with re-
spect to the first r variables, and are bounded with their classical derivatives.

The following proposition provides some regularity properties of the func-
tions belonging to D(Â).



456 Chapter 14. The Cauchy problem in Cb(R
N )

Proposition 14.4.8 Let u ∈ D(Â) be such that Âu ∈ Cθ,θ/3
b (RN ) for some

θ ∈ [0, 1). Then, u ∈ C2+θ,(2+θ)/3
b (RN ) and there exists a positive constant C1,

independent of u, such that

||u||
C
2+θ,(2+θ)/3

b
(RN )

≤ C1

(
||u||∞ + ||Âu||

C
θ,θ/3

b
(RN )

)
. (14.4.43)

In particular, D(Â) is continuously embedded in C2,2/3
b (RN ). Finally, if f ∈

Cθ,θ/3
b (RN ) and u solves the equation λu− Âu = f , then

||u||
C
2+θ,(2+θ)/3

b
(RN )

≤ C2||f ||Cθ,θ/3

b
(RN )

, (14.4.44)

where C2 is independent of f and u.

Proof. In view of Corollary 14.4.4, to prove that D(Â) ⊂ C2,2/3
b (RN ) with a

continuous embedding, one can fix a suitable large λ0 (i.e., λ0 larger than
the constant ω appearing in Proposition 14.4.7) and show that the func-

tion R(λ0, Â)f belongs to (C
α,α/3
b (RN ), C

2+α,(2+α)/3
b (RN ))1−α/2 for any f ∈

Cb(R
N ). This can be done using the same techniques as in the proof of

Theorem 6.2.2, which rely on the estimates (14.4.7). Similarly, writing u =

R(λ, Â)(λu − Âu), one can then easily show (14.4.43) and (14.4.44) (with
λ > ω, where ω is still given by Proposition 14.4.7). Hence, we skip the de-
tails.

To prove (14.4.44) (with λ ∈ (0, ω]), it suffices to observe that, using the
resolvent identity (A.3.2), one can easily check that if u satisfies the equation

λu − Âu = f , then λ0u− Âu = g := f + (λ0 − λ)u and u = R(λ0, A)g.
The arguments needed to prove the first part of the proposition (see also the
proof of (6.2.8)) show that

||u||
C

θ,θ/3

b
(RN )

≤ K1||g||Cb(RN ) ≤ C (||f ||∞ + |λ− λ0|||u||∞) ≤ K2||f ||∞,

for some positive constants K1 and K2, independent of f . It follows that

||g||
C

θ,θ/3

b
(RN )

≤ (K2 + 1)||f ||
C

θ,θ/3

b
(RN )

. (14.4.45)

Hence, (14.4.44) (with λ = λ0) and (14.4.45) imply that

||u||
C

2+θ,(2+θ)/3

b
(RN )

≤ C2||g||Cθ,θ/3

b
(RN )

≤ C2(K2 + 1)||f ||
C

θ,θ/3

b
(RN )

and we are done.

In order to prove that the problem (14.4.42) admits actually a unique dis-
tributional solution which is twice continuously differentiable with respect to
the first r variables, we need the following lemma.
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Lemma 14.4.9 Let B the first-order differential operator formally defined by

Bu(x) = 〈Bx,Du(x)〉, x ∈ R
N .

Then, for any u ∈ Cb(R
N ) such that Bu ∈ Cb(R

N ), there exists a sequence of

smooth functions un such that Bun ∈ Cb(R
N ) for any n ∈ N and it converges

to Bu locally uniformly.

Proof. Let ϕ be a smooth function compactly supported in B(1), such that
0 ≤ ϕ(x) ≤ 1 for any x ∈ R

N and ||ϕ||L1(RN ) = 1. For any n ∈ N we define the

function un : RN → R by setting

un(x) = (u ⋆ ϕn)(x) :=

∫

RN

u(x− y)ϕn(y)dy, x ∈ R
N , (14.4.46)

where ϕn(x) = nNϕ(nx) for any x ∈ RN ,
As it is easily seen, un converges to u as n tends to +∞, locally uniformly

in RN . Let us show that Bun converges to Bu locally uniformly in RN , as
well. To compute Bun we first assume that u ∈ C1

b (RN ) and observe that, for
any i, j = 1, . . . , N , we have

xjDiun(x) = xj

∫

RN

(Diu)(x−y)ϕn(y)dy

=

∫

RN

(xj −yj)(Diu)(x−y)ϕn(y)dy+

∫

RN

(Diu)(x−y)yjϕn(y)dy

=

∫

RN

(xj −yj)(Diu)(x−y)ϕn(y)dy+

∫

RN

u(x−y)Di(yjϕn(y))dy

=

∫

RN

(xj −yj)(Diu)(x−y)ϕn(y)dy + δij

∫

RN

u(x−y)ϕn(y)dy

+

∫

RN

u(x−y)yjDiϕn(y)dy.

Therefore,

Bun = Bu ⋆ ϕn + Tr(B)un + u ⋆ Bϕn. (14.4.47)

Now, fix u ∈ Cb(R
N ) and let {um} ⊂ C1

b (RN ) be a sequence of smooth
functions converging to u locally uniformly. Moreover, let um

n = um ⋆ ϕn.
As we can easily see, um

n and Bum
n converge, respectively, to un and Bun,

locally uniformly in RN , as m tends to +∞. Moreover, Bum converges to Bu
in the sense of distributions. This implies that Bum ⋆ ϕn converges to Bu ⋆ϕn

pointwise in RN as m tends to +∞. Therefore, writing (14.4.47) with un

replaced with um
n and letting m go to +∞, we see that (14.4.47) holds true

also in the case when u ∈ Cb(R
N ).
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Now, we are almost done. Indeed, since Bu ∈ Cb(R
N ), then Bu ⋆ ϕn con-

verges locally uniformly to Bu as n tends to +∞. Finally,

(u ⋆ Bϕn)(x) =

N∑

i,j=1

bij

∫

RN

u(x− y)yjDiϕn(y)dy

=

N∑

i,j=1

bij

∫

RN

u(x− z/n)zjDiϕ(z)dz

and the last side of the previous chain of equalities tends to

u(x)

N∑

i,j=1

bij

∫

RN

ziDjϕ(z)dz = −u(x)Tr(B),

as n tends to +∞, locally uniformly in RN . Therefore, Bun converges locally
uniformly to Bu, as n tends to +∞.

We are now able to prove Theorem 14.4.1.

Proof of Theorem 14.4.1. (Existence). The existence part follows immedi-
ately from Propositions 14.3.5 and 14.4.8. Indeed, Proposition 14.3.5 shows
that the function u = R(λ, Â)f is a distributional solution to the equation
(14.4.42), whereas Proposition 14.4.8 ensures that u enjoys all the regularity
properties claimed in the statement of the theorem.

(Uniqueness). Here, we prove that v ≡ 0 is the unique distributional solution
to the equation λv − Av = 0 which is bounded and continuous in RN and
admits classical derivatives Dijv ∈ Cb(R

N ) for any i, j = 1, . . . , r. This is
equivalent to prove that any solution v to the previous equation, with the
claimed regularity, belongs toD(Â). For this purpose, let {v̂m} be the sequence
defined by v̂m = T (1/m)v for any m ∈ N. By Theorem 14.2.7, any function
v̂m belongs to C2

b (RN ) and v̂m converges locally uniformly to v as m tends to
+∞. Moreover, ||v̂m||∞ ≤ ||v||∞ for any m ∈ N. We now show that

Av̂m = T (1/m)Av, m ∈ N. (14.4.48)

This will imply that Av̂m converges locally uniformly to Av and ||Av̂m||∞ ≤
||Av||∞ for any m ∈ N. Hence, by Proposition 14.3.5, v ∈ D(A) and, conse-
quently, v ≡ 0.

So, let us prove (14.4.48). For this purpose, we approximate v by con-
volution, by the sequence of smooth functions {vn} ∈ C2

b (RN ) defined as
in (14.4.46). As we can easily see, vn converges locally uniformly to v as n
tends to +∞ and Divn, Dijvn converge locally uniformly, respectively, to
Div and Dijv for any 1 ≤ i, j ≤ r. Moreover, by Lemma 14.4.9, Bvn con-
verges to Bv locally uniformly in RN . Therefore, Avn converges to Av locally
uniformly in RN , as well. Now, the formula (14.4.48) follows observing that
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T (1/m)Avn = AT (1/m)vn for any m,n ∈ N (see Lemma 14.3.4) and letting
n tend to +∞. Indeed, according to Proposition 14.3.1, T (1/m)vn converges
to v̂m in C2(K) and T (1/m)Avn converges to T (1/m)Av in C(K) for any
compact set K ⊂ RN . This finishes the proof.

The results of Theorem 14.4.1 can be improved if f is smoother. In such a
case it can be proved that the function u = R(λ, Â)f is a classical solution
to the equation (14.4.1), in the sense that all the derivatives involved in the
definition of Au exists in the classical sense and they are bounded and con-
tinuous in RN . Since the proof of the next corollary is similar to, and even
simpler than the proof of Corollary 14.4.11, we do not go into details.

Corollary 14.4.10 Suppose that f ∈ Cθ
b (RN ) for some θ > 1/3. Then, the

function u = R(λ,A)f belongs to C
θ+2/3
b (RN ) and there exists a positive

constant C, independent of f , such that

||u||
C

θ+2/3

b
(RN )

≤ C||f ||Cθ
b
(RN ).

Now, we consider the parabolic nonhomogeneous Cauchy problem (14.4.2).
We are going to show that its unique distributional solution, with the reg-
ularity properties claimed in Theorem 14.4.1, is the function u given by the
variation-of-constants formula

u(t, x) = (T (t)f)(x) +

∫ t

0

(T (t− s)g(s, ·))(x)ds, t ∈ [0, T ], x ∈ R
N .

(14.4.49)

As a first step we observe that the convolution term in (14.4.49) is well
defined. Of course, it suffices to check that for any x ∈ RN , the function
w : [0, T ]× [0, T ] → R defined by w(r, s) = (T (r)f(s))(x) for any r, s ∈ [0, T ] is
continuous. For this purpose we observe that, by Theorem 14.2.7, the function
w(·, s) is continuous for any s ∈ [0, T ], and by Proposition 14.3.1, w(r, ·) is
continuous in [0, T ], uniformly with respect to r ∈ [0, T ].

We are now in a position to prove Theorem 14.4.2.

Proof of Theorem 14.4.2. (Existence). Of course, according to Theorem
14.2.7, we can restrict ourselves to proving the assertion in the case when
f ≡ 0. For this purpose, we begin by proving that the function

v(t, x) =

∫ t

0

(T (t− s)g(s, ·))(x)ds, t ∈ [0, T ], x ∈ R
N (14.4.50)

is a distributional solution to (14.4.2) (with f ≡ 0). For this purpose, we
introduce a sequence {gn} ∈ C1,2

b ([0, T ] × RN ) converging locally uniformly
in [0, T ] × RN to g, and we denote by vn the function defined by (14.4.50)
with g being replaced with gn. Using the estimate (14.2.34) with h = k = 2
we can show that vn is a classical solution to the problem (14.4.2), where we
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take f ≡ 0 and we replace g with gn (see also the proof of the forthcoming
Corollary 14.4.11). Moreover, vn converges to v uniformly in [0, T ] × K for
any compact set K ⊂ R

N . Indeed,

sup
(t,x)∈[0,T ]×K

|vn(t, x) − v(t, x)|

= sup
(t,x)∈[0,T ]×K

∣∣∣∣
∫ t

0

(T (s)(gn(t− s, ·) − g(t− s, ·)))(x)ds

∣∣∣∣

≤ sup
x∈K

∫ T

0

(
sup

r∈[0,T ]

|gn(r, ·) − g(r, ·)|
)
(x)ds

(recall that {T (t)} is an order preserving semigroup, see Theorem 14.2.7).
Since supt∈[0,T ] |gn(r, ·) − g(r, ·)| converges to 0 locally uniformly in RN , as n
tends to +∞, Proposition 14.3.1 implies that the last side of the previous chain
of inequalities vanishes as n tends to +∞. Hence, vn tends to v uniformly in
[0, T ]×K.

Now, we observe that, for any smooth function ϕ ∈ C∞
c ((0, T )× RN ),

∫

(0,T )×RN

gnϕdt dx =

∫

(0,T )×RN

(Dtvn −Avn)ϕdt dx

=

∫

(0,T )×RN

vn(−Dtϕ−A∗ϕ) dt dx,

where A∗ is given by (14.3.9). Letting n go to +∞ we deduce that v is a
distributional solution of (14.4.2), with f ≡ 0.

The regularity properties of u and the estimate (14.4.4) can be proved
arguing as in the proof of Proposition 6.2.6, taking Proposition 14.4.7 into
account.

(Uniqueness). Let us now prove that the function u in (14.4.49) is the unique
distributional solution to the problem (14.4.2) which is twice continuously dif-
ferentiable in [0, T ]×RN with respect to the space variables xj (j = 1, . . . , r).
We adapt to this situation the proof of Theorem 14.4.1. For this purpose, let
w be a solution to the Cauchy problem (14.4.2) with f ≡ 0 and g ≡ 0, such
that w,Diw,Dijw ∈ Cb([0, T ] × R

N ) for any i, j = 1, . . . , r. We extend w by
continuity to R×RN by setting w(t, ·) = 0 for any t < 0 and w(t, ·) = w(T, ·)
for any t > T . The so extended function is as smooth as w is, i.e., Diw and
Dijw are continuous in R × RN for any i, j ≤ r. Then, we regularize w by
convolution by setting

wn(t, x) = (w ⋆ (̺nϕn))(t, x) :=

∫

R×RN

w(t− s, x− y)̺n(s)ϕn(y) ds dy,

(14.4.51)

with ̺n(s) = n̺(ns), ϕn(x) = nNϕ(nx), where ̺ ∈ C∞
c (R) and ϕ ∈ C∞

c (RN )
are such that χ(−1/2,1/2) ≤ ̺ ≤ χ(−1,1), χB(1/2) ≤ ϕ ≤ χB(1), and ||̺||L1(R) =
||ϕ||L1(RN ) = 1.
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Let us show thatDtwn−Awn converges to 0 locally uniformly in (0, T )×RN .
For this purpose, we observe that the smoothness of w implies that Aw ∈
C([0, T ]×R

N ) and that Awn converges to Aw locally uniformly in (0, T )×R
N .

Here, Dtw − Bw is meant in the sense of distributions. Therefore, we can
restrict ourselves to showing that (Dt − B)wn converges to (Dt − B)w ∈
C([0, T ]×RN ) locally uniformly in (0, T )×RN . To show such a property, we
first prove that

(Dt − B)wn = (Dtw − Bw) ⋆ ̺nϕn + Tr(B)wn + w ⋆ (̺nB(ϕn)), (14.4.52)

in (1/n, T − 1/n) × RN , where Dtw − Bw denotes any continuous extension
of Dtw − Bw to the whole of R × RN .

An integration by parts shows that (14.4.52) holds true in the case when
w ∈ C1,2

b ([0, T ]×RN). In the general case, we approximate w by a sequence of

smooth functions {wm} ⊂ C1,2
b (R×RN ) converging to w locally uniformly in

R × RN , and we define the function wm
n (m,n ∈ N) accordingly to (14.4.51),

with w being replaced with wm. As it is immediately seen,

(Dt − B)wm
n = (Dtw

m − Bwm) ⋆ ̺nϕn + Tr(B)wm
n + wm ⋆ (̺nBϕn),

in [0, T ] × RN . Since wm converges to w locally uniformly, then the function
Tr(B)wm

n + wm ⋆ (̺nBϕn) converges to Tr(B)wn + w ⋆ (̺nBϕn), locally uni-
formly in [0, T ]×RN . As far as the term (Dtw

m −Bwm) ⋆ ̺nϕn is concerned,
we observe that

((Dtw
m − Bwm) ⋆ ̺nϕn)(t, x)

=

∫

[t−1/n,t+1/n]×(x+B(1/n))

(Dtw
m − Bwm)(s, y)̺n(t− s)ϕn(x− y) ds dy,

(14.4.53)

for any t > 0 and any x ∈ RN . Suppose that t ∈ (1/n, T − 1/n). Then the
function ̺n(t− ·)ϕn(x− ·) is compactly supported in (0, T )×R

N . Therefore,
since Dtw

m − Bwm converges to Dtw − Bw ∈ C([0, T ] × RN ) in the sense of
distributions, letting m go to +∞ in (14.4.53), we deduce that

lim
m→+∞

((Dtw
m − Bwm) ⋆ ̺nϕn)(t, x)

=

∫

[t−1/n,t+1/n]×(x+B(1/n))

(Dtw − Bw)(s, y)̺n(t− s)ϕn(x− y) ds dy

=

∫

R×RN

(Dtw − Bw)(t− s, x− y)̺n(s)ϕn(y) ds dy,

for any t ∈ (1/n, T − 1/n) and any x ∈ RN . The formula (14.4.52) follows.
Now, arguing as in the proof of Lemma 14.4.9, from (14.4.52) we can con-

clude thatDtwn−Bwn converges locally uniformly in (0, T )×RN toDtw−Bw.
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Therefore, Dtwn −Awn converges to 0 locally uniformly in (0, T )×RN , as n
tends to +∞.

To conclude the proof, we observe that, for any n ∈ N and any t0 ∈ (0, T ),
the function zn = wn(· + t0, ·) is a classical solution to the Cauchy problem

{
Dtzn(t, x) = Azn(t, x) + fn(t+ t0, x), t ∈ [0, T − t0], x ∈ RN ,

zn(0, x) = wn(t0, x), x ∈ RN ,
(14.4.54)

where fn := Dtzn − Azn. Since fn ∈ C1,2
b ([0, T ] × RN ), the function hn :

[0, T − t0] × R
N → R defined by

hn(t, x) = (T (t)wn(t0, ·))(x) +

∫ t

0

(T (t− s)fn(t+ t0 − s, ·))(x)ds,

for any t ∈ [0, T − t0] and any x ∈ RN , is a classical solution to the Cauchy
problem (14.4.54) (see also the proof of Corollary 14.4.11). The maximum
principle (see Theorem 14.2.6) implies that hn = zn. Now, since zn, fn(·+t0, ·)
converge, locally uniformly in [0, T−t0]×RN to w(·+t0, ·) and 0, respectively,
taking Proposition 14.3.1 into account, we get

w(t+ t0, x) = (T (t)w(t0, ·))(x), t ∈ [0, T − t0], x ∈ R
N ,

for any t0 ∈ (0, T ). Letting t0 go to 0, and recalling that u(0, ·) = 0, we deduce
that w ≡ 0. This finishes the proof.

To conclude this section we show that the results in Theorem 14.4.2 can be
improved if f and g are smoother. In such a case the function u in (14.4.49) is
a classical solution to the Cauchy problem (14.4.2), in the sense that the time
derivative of u as well as all the space derivatives involved in the definition
of Au exist in the classical sense and they are bounded and continuous in
[0, T ]× RN .

Corollary 14.4.11 Suppose that the assumptions of Theorem 14.4.2 are sat-

isfied. Further, suppose that f ∈ C
θ+2/3
b (RN ), g(t, ·) ∈ Cθ

b (RN ) for some

θ > 1/3 and any t ∈ [0, T ], with

sup
t∈[0,T ]

||g(t, ·)||Cθ
b
(RN ) < +∞.

Then, the function u in (14.4.49) is once continuously differentiable in [0, T ]×
R

N with respect to the time and space variables. Moreover, for any t ∈ [0, T ],

u(t, ·) belongs to C
θ+2/3
b (RN ) and there exists a positive constant C, indepen-

dent of f and g, such that

sup
t∈[0,T ]

||u(t, ·)||
C

θ+2/3

b
(RN )

≤ C
(
||f ||

C
θ+2/3

b
(RN )

+ sup
t∈[0,T ]

||g(t, ·)||Cθ
b
(RN )

)
.

(14.4.55)
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Proof. As in the proof of Theorem 14.4.2, we can restrict ourselves to dealing
with the function v defined in (14.4.50). Using an interpolation argument
similar to that used in the proof of Proposition 14.4.7, from (14.2.1)-(14.2.3)
and (14.2.34) (with h = k) we deduce that, for any 0 ≤ α ≤ β ≤ 3 and any
ω > 0, there exist two positive constants C and ω such that

||T (t)||L(Cα
b

(RN ),Cβ

b
(RN )) ≤ Ceωtt−

3(β−α)

2 , t > 0. (14.4.56)

Now, arguing as in the proof of Proposition 6.2.6, we can prove that v(t, ·) ∈

C
θ+2/3
b (RN ) for any t > 0 and

sup
t∈[0,T ]

||v(t, ·)||
C

θ+2/3

b
(RN )

≤ C1 sup
t∈[0,T ]

||g(t, ·)||Cθ
b
(RN ), (14.4.57)

for some positive constant C1, independent of g. Therefore, (14.4.55) follows
from (14.2.34) and (14.4.57).

To conclude the proof, let us show that v is continuously differentiable with
respect to time in (0, T ] × R

N and Dtv = Av + g. This can be done arguing
as in the proof of Proposition 6.2.5, with minor changes. For this reason we
limit ourselves to sketching the proof, pointing out the main differences.

Using (14.4.5) with α = θ/3 and β = 2/3 + θ/6, we deduce that

||DijT (t− s+ r)g(s, ·)||∞ ≤ c(t− s) sup
t∈[0,T ]

||g(t, ·)||Cθ
b
(RN ), (14.4.58)

for any i, j ≤ r and some positive function c ∈ L1(0, T ). Now, (14.4.56) (with
(α, β) = (θ, 1)) and (14.4.58) imply that, for any compact set K ⊂ RN , there
exists a function ĉK ∈ L1(0, T ) such that

||AT (t− s+ r)g(s, ·)||C(K) ≤ ĉK(t− s) sup
t∈[0,T ]

||g(t, ·)||Cθ
b
(RN ). (14.4.59)

Hence, the same arguments as in the proof of Proposition 6.2.5 show that v is
differentiable from the right, with respect to the time variable, in (0, T )×RN

and D+
t v = Av + g in (0, T )× RN .

To conclude that v is continuously differentiable with respect to the time
variable in [0, T ]×R

N , we just need to show that Av is continuous in [0, T ]×
RN . Here, the proof differs a bit from that of Proposition 6.2.5. Hence, we go
into the details. Fix t0, t ∈ [0, T ]. From Proposition A.4.4 and the estimate
(14.4.4) we get

||v(t, ·, y) − v(t0, ·, y)||C2(B(R))

≤ CR||v(t, ·, y) − v(t0, ·, y)||
θ

2+θ

C(B(R))
||v(t, ·, y) − v(t0, ·, y)||

2

(2+θ)

C2+θ

b
(B(R))

≤ 2C′
R||v(t, ·, y) − v(t0, ·, y)||

θ
2+θ

C(B(R))
,

for any R > 0 and any B(R) ⊂ Rr. Since v ∈ Cb([0, T ] × RN ), we deduce
that the functions t 7→ Div(t, x, y) and t 7→ Dijv(t, x, y) (i, j = 1, . . . , r) are
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continuous in [0, T ], uniformly with respect to (x, y) in bounded subsets of
RN . Therefore, Div,Dijv ∈ Cb([0, T ] × RN). Similarly, taking the estimate
(14.4.57) into account, one can show that Div ∈ Cb([0, T ] × R

N ) for any
j > r. It follows that Av ∈ C([0, T ]× RN ) and we are done.
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Appendix A

Basic notions of functional analysis

in Banach spaces

In this appendix we collect a few basic results on linear operators, and on
elementary spectral theory that we use in this book. For more details and
for the proofs of the results that we present, we refer the reader mainly to
[81, 147].

A.1 Bounded, compact and closed linear operators

Let X and Y be two Banach spaces. We denote by L(X, Y ) the vector space
of linear and bounded operators T : X → Y . We endow it with the norm

||T ||L(X,Y ) = sup
x∈X

||x||=1

||Tx||Y = sup
x∈X\{0}

||Tx||Y
||x||X

. (A.1.1)

If Y = X , we write L(X) instead of L(X, X).
The norm in (A.1.1) makes L(X, Y ) a Banach space.

An operator T ∈ L(X, Y ) is called compact if it maps the closed ball B(1)
of X into a relatively compact set in Y .

Proposition A.1.1 ([147], Chapter 10, Section 2) Let X, Y, Z be three

Banach spaces. Then, the following properties are met:

(i) the set of all the compact operators from X to Y is a closed subspace of

L(X, Y );

(ii) for any compact operator L : X → Y and any bounded operator M ∈
B(Y, Z) (resp. M ∈ B(Z, X)), the operator M ◦ L (resp. L ◦ M) is a

compact operator.

A very useful criterion for the convergence of a given sequence of bounded
linear operators is given in the following proposition.

Proposition A.1.2 Let {Mn} ∈ L(X) be a sequence of bounded operators

with supn∈N
||Mn||L(X) < +∞ and such that Mnx converges in X, as n tends

467
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to +∞, for any x in a dense subspace of X. Then, Mn converges pointwise

in X to a bounded linear operator M which satisfies ||M ||L(X) ≤ C.

We now introduce another class of linear operators which we use in this
book. If D(A) is a vector subspace of X and A : D(A) ⊂ X → Y is a linear
operator, we say that A is closed if its graph

GA = {(x, y) ∈ X × Y : x ∈ D(A), y = Ax}

is a closed subset of X × Y . As it is easily seen, A is closed if and only if,
for any sequence {xn} ⊂ D(A) such that xn and Axn converge, respectively,
to some elements x ∈ X and y ∈ Y , as n tends to +∞, then x ∈ D(A) and
y = Ax.

In general, a closed operator is not continuous in (X, || · ||). It turns out to
be bounded if we endow D(A) with the graph norm

||x||D(A) = ||x||X + ||Ax||Y , x ∈ D(A). (A.1.2)

Note that D(A) is a Banach space when it is endowed with the graph norm.
An operator A : D(A) ⊂ X → Y is said to be closable if there exists

a (closed) operator A whose graph coincides with the closure of GA. The
operator A is called the closure of A. In such a case any x ∈ D(A) is the limit
of a sequence {xn} ⊂ D(A) which is a Cauchy sequence with respect to the
graph norm (A.1.2). Moreover, Ax := limn→+∞ Axn.

Equivalently, A is closable if, for any sequence {xn} ∈ D(A) converging to
0 in X and such that Axn converges to some y ∈ Y as n tends to +∞, then
y = 0.

Now, let X be a Hilbert space with inner product 〈·, ·〉X .
For any linear operator A : D(A) ⊂ X → X with dense domain, the adjoint

A∗ of A is the operator A∗ : D(A∗) ⊂ X → X defined as follows:

D(A∗) = {x ∈ X : ∃y ∈ X s.t. 〈Az, x〉X = 〈z, y〉X , ∀z ∈ D(A)}, A∗x = y.

The operator A : D(A) ⊂ X → X is said to be self-adjoint if D(A) = D(A∗)
and A = A∗.

Finally, A : D(A) ⊂ X → X is nonpositive if 〈Ax, x〉X ≤ 0 for any x ∈
D(A).

A.2 Vector valued Riemann integral

In this section we define the Riemann integral for vector-valued functions. For
more details and for the proof of the results that we present here, we refer the
reader to [46, Chapter 2], [48, Chapter 3] and [72, Chapter 3].
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Definition A.2.1 A bounded function f : [a, b] 7→ X (−∞ < a < b < +∞) is

said to be integrable on [a, b] if there exists x ∈ X with the following property:

for any ε > 0 there exists δ > 0 such that, for any partition P = {a = t0 <
t1 < . . . < tn = b} of [a, b], with maxi=1,...,n(ti − ti−1) < δ, and for any choice

of the points ξi ∈ [ti−1, ti], we have

∣∣∣∣

∣∣∣∣x −
n∑

i=1

f(ξi)(ti − ti−1)

∣∣∣∣

∣∣∣∣ < ε.

In this case we define
∫ b

a

f(t)dt = x.

Arguing as in the real-valued case, one can easily check that the set of
functions that are integrable in [a, b] is a vector space and that the integral over
[a, b] is a linear operator in this vector space. In particular, if f : [a, b] → X
is continuous, then it is integrable. Moreover, if f is integrable in [a, b], then
the map t 7→ ||f(t)||X is integrable in [a, b] as well. Finally, if f is integrable
in [a, b], then it is integrable in any [c, d] ⊂ [a, b] and

∫ b

a

f(t)dt =

∫ c

a

f(t)dt +

∫ d

c

f(t)dt,

for any c ∈ (a, b).
As in the real-valued case, the definition of Riemann integral can be easily

extended to the case of unbounded intervals or unbounded functions.

Definition A.2.2 Let I ⊂ R be an interval with endpoints a and b (−∞ ≤
a < b ≤ +∞) with a and b not necessarily in I. Moreover, let f : I → X be

Riemann integrable in [c, d] for any a < c < d < b. We say that f admits an

improper integral in I if, for any t0 ∈ I, the limits

lim
c→a+

∫ t0

c

f(t)dt, lim
d→b−

∫ d

t0

f(t)dt

exist in X. In this case we set

∫

I

f(x)dx = lim
c→a+

∫ t0

c

f(t)dt + lim
d→b−

∫ d

t0

f(t)dt.

Note that the previous definition is independent of t0.

We now recall the definition of the integral of vector-valued functions of a
complex variable, along a smooth curve γ.
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Definition A.2.3 Let Ω be an open subset of C, f : Ω → X be a continuous

function and γ : [a, b] → Ω be a piecewise C1-curve. The integral of f along γ
is defined as follows:

∫

γ

f(z)dz =

∫ b

a

f(γ(t))γ′(t)dt.

As in the case of vector-valued functions defined in a real interval, we can
define the improper complex integrals in an obvious way.

Definition A.2.4 Let Ω ⊂ C be a (possibly) unbounded open set. Moreover,

let I = (a, b) be a (possibly unbounded) interval and γ : I → C be a (piecewise)
C1 curve in Ω. We say that f admits an improper integral along γ if for any

t0 ∈ (a, b) the limits

lim
s→a+

∫ t0

s

f(γ(τ))γ′(τ)dτ and lim
s→b−

∫ b

t0

f(γ(τ))γ′(τ)dτ

exist in X. In such a case, we set

∫

γ

f(z)dz = lim
s→a+

∫ t0

s

f(γ(τ))γ′(τ)dτ + lim
s→b−

∫ s

t0

f(γ(τ))γ′(τ)dτ.

Note that the definition of the improper integral is independent of the choice
of t0. Moreover, when I is bounded and the integral of f along γ exists, then
f admits an improper integral along γ and the two integrals coincide.

A.3 Spectrum and resolvent

In this section, we recall the notions of resolvent and spectrum of a linear
operator.

Definition A.3.1 Let A : D(A) ⊂ X → X be a linear operator. The resol-
vent set ρ(A) and the spectrum σ(A) of A are defined by

ρ(A) = {λ ∈ C : ∃ (λI − A)−1 ∈ L(X)}, σ(A) = C \ ρ(A). (A.3.1)

The complex numbers λ ∈ σ(A) such that λI−A is not injective are called the

eigenvalues of A, and the elements x ∈ D(A) such that x 6= 0 and Ax = λx are

called the eigenvectors (or eigenfunctions, when X is a function space) of A
relative to the eigenvalue λ. The set σp(A) whose elements are the eigenvalues

of A is called the point spectrum of A.

If λ ∈ ρ(A), the operator R(λ, A) := (λI − A)−1 is called the resolvent

operator.
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Let us recall some simple properties of resolvent and spectrum. First of all,
since the inverse of a bounded operator is a closed operator, it is clear that,
if ρ(A) 6= ∅, then A is closed.

The family of operators {R(λ, A) : λ ∈ ρ(A)} satisfies the so-called resolvent

identity

R(λ, A) − R(µ, A) = (µ − λ)R(λ, A)R(µ, A), λ, µ ∈ ρ(A). (A.3.2)

Such a formula characterizes the resolvent operators, as specified in the fol-
lowing proposition.

Proposition A.3.2 ([147], Section 8.4) Let Ω ⊂ C be an open set, and let

{F (λ) : λ ∈ Ω} ⊂ L(X) be a family of linear operators verifying the resolvent

identity

F (λ) − F (µ) = (µ − λ)F (λ)F (µ), λ, µ ∈ Ω.

If the operator F (λ0) is invertible, for some λ0 ∈ Ω, then there exists a closed

linear operator A : D(A) ⊂ X → X such that ρ(A) contains Ω, and R(λ, A) =
F (λ) for any λ ∈ Ω.

As the following proposition shows, the spectrum of an operator A is always
closed in C.

Proposition A.3.3 Let λ0 be in ρ(A). Then, |λ − λ0| < ||R(λ0, A)||−1
L(X) im-

plies that λ belongs to ρ(A) and the equality

R(λ, A) = R(λ0, A)(I + (λ − λ0)R(λ0, A))−1 (A.3.3)

holds. As a consequence, ρ(A) is open and σ(A) is closed.

Further properties of the resolvent operator are listed in the next proposi-
tion.

Proposition A.3.4 The function R(·, A) is holomorphic in ρ(A). Moreover,

the domain of analyticity of the function λ 7→ R(λ, A) is ρ(A) and the estimate

||R(λ, A)||L(X) ≥
1

dist(λ, σ(A))
, λ ∈ ρ(A) (A.3.4)

holds.

As a consequence of Proposition A.3.4 we obtain the following Laurent
expansion of R(·, A) in a neighborhood of an isolated point of σ(A).

Proposition A.3.5 ([81], Chapter 3, Section 6.5) Suppose that λ ∈ C

is an isolated point in σ(A). Then, there exists r > 0 such that

R(µ, A) =

+∞∑

n=0

(µ − λ)nSn+1 + P +

+∞∑

n=1

Dn

(µ − λ)n+1
, (A.3.5)
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for any 0 < |µ − λ| < r. Here, P is the projection defined by

P =
1

2πi

∫

γ

R(ξ, A)dξ, (A.3.6)

where γ is the boundary of the ball λ+B(r) (oriented counterclockwise), such

that λ + B(r)∩ σ(A) = {λ}. The operators D and S are defined, respectively,

by

D = (λI − A)P, S = lim
ξ→λ

R(ξ, A)(I − P ).

In particular, λ is the unique element of the spectrum of the restriction of

A to P (X), whereas the spectrum of the restriction of A to (I − P )(X) is

σ(A) \ {λ}. Finally, X = P (X) ⊕ (I − P )(X).

The next theorem gives an estimate from above of the norm of the resolvent
set of a densely defined operator A : D(A) ⊂ X → X , in terms of its numerical
range

r(A) = {〈x′, Ax〉 : x ∈ D(A), ||x|| = 1, x′ ∈ X ′, ||x′|| = 1, 〈x′, x〉 = 1}.

Theorem A.3.6 ([123], Chapter 1, Theorem 3.9) Let A : D(A) ⊂ X
→ X be a densely defined closed operator in X. If λ ∈ C \ r(A), then the

operator λI −A is one to one and has closed range. Moreover, if Σ is a com-

ponent of C \ r(A) which intersects ρ(A), then the spectrum of A is contained

in C \ Σ and

||R(λ, A)||L(X) ≤
1

dist(λ, r(A))
, λ ∈ C \ Σ.

In the case when R(λ, A) is a compact operator for some (and, hence,
for any) λ ∈ ρ(A), then σ(A) has a very easy structure, as the following
proposition shows.

Proposition A.3.7 Let A : X → X be a closed operator with σ(A) 6= ∅ and

compact resolvent operator. Then, the following properties are met:

(i) σ(A) consists of an at most countable set of points. Any λ ∈ σ(A) is an

eigenvalue of A and the corresponding eigenspace has finite dimension;

(ii) for any λ ∈ σ(A), the vector space of the generalized eigenvectors of A
(i.e., the vector space of all x ∈ X such that (λI − A)kx = 0 for some

k ∈ N) has finite dimension;

(iii) any λ ∈ σ(A), is a pole of the function R(·, A) whose order coincides

with the dimension of the vector space of all the generalized eigenvectors

associated with the eigenvalue λ. Finally, the order of the pole coincides

also with the index iλ(A) of the eigenvalue λ (i.e., with the smallest

integer k such that Ker((λI − A)k) = Ker((λI − A)k+1).
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Proof. The proof can be obtained combining the results in [81, Chapter 3,
Sections 6.4, 6.5 and 6.8]. For the reader’s convenience we give some details
of how this can be done.

Since, for any ξ ∈ ρ(A), R(ξ, A) is a compact operator then, according to
Proposition A.1.1, the projection P in (A.3.6) is a compact operator as well.
Hence, P (X) is a finite dimensional subspace of X (see [81, Chapter 3, Section
4]).

Now, the arguments in [81, Chapter 3, Section 6.5] show that any λ ∈ σ(A)
is a pole of the resolvent operator, with finite multiplicity that coincides with
the dimension m of P (X). According to the decomposition theorem (see [81,
Chapter 3, Theorem 6.17]), λ is the unique element in the spectrum of the
restriction of A to P (X), and it belongs to the resolvent set of the restriction of
A to (I −P )(X). It follows that P (X) is the space of generalized eigenvectors
of A corresponding to λ. Now, the equality iλ(A) = m follows observing
that iλ(A) = iλ(Ã), since, according to a well-known result of linear algebra,
iλ(Ã) = m.

A.4 Some results from interpolation theory

In this section we recall some results from the interpolation theory. For the
proof of the results that we present here, if not otherwise specified, we refer
the reader to [104] and [141].

Let us introduce the interpolation spaces (X, Y )θ,∞.

Definition A.4.1 Let X, Y be two Banach spaces with Y continuously em-

bedded in X. Moreover, let K : (0, +∞) × X → R be the function defined

by

K(ξ, x) = inf
x=a+b

(||a||X + ξ||b||Y ) , ξ > 0, x ∈ X.

For any θ ∈ [0, 1], the interpolation space (X, Y )θ,∞ is defined by

(X, Y )θ,∞ = {x ∈ X : sup
0<ξ<1

ξ−θK(ξ, x) < +∞},

and it is normed by

||x||θ,∞ := sup
0<ξ<1

ξ−θK(ξ, x), x ∈ (X, Y )θ,∞. (A.4.1)

For any θ ∈ [0, 1], (X, Y )θ,∞ is a Banach space when it is endowed with the
norm in (A.4.1) and

Y ⊂ (X, Y )θ,∞ ⊂ X (A.4.2)
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with continuous embeddings.
The topological inclusions in (A.4.2) and the following proposition show the

reason why (X, Y )θ,∞ are called interpolation spaces.

Proposition A.4.2 Let X1, X2, Y1, Y2 be four Banach spaces with Yj contin-

uously embedded in Xj for j = 1, 2. Moreover, let T ∈ L(X1, X2) ∩L(Y1, Y2).
Then, for any θ ∈ (0, 1), T ∈ L((X1, Y1)θ,∞, (X2, Y2)θ,∞). Moreover,

||T ||L((X1,Y1)θ,∞,(X2,Y2)θ,∞) ≤ ||T ||1−θ
L(X1,X2)

||T ||θL(Y1,Y2)
. (A.4.3)

We now introduce the definition of spaces of class Jθ and Kθ (θ ∈ [0, 1])
which play a central role in the interpolation theory.

Definition A.4.3 Let X, Y, Z be a triplet of Banach spaces such that Y ⊂
Z ⊂ X with continuous embeddings. Moreover, let θ ∈ [0, 1]. We say that Z
belongs to the class Jθ between X and Y (in short Z ∈ Jθ(X, Y )) if there

exists a positive constant C = C(θ) such that

||x||Z ≤ C||x||1−θ
X ||x||θY , x ∈ Z.

Similarly, we say that Z belongs to the class Kθ between X and Y (in short

Z ∈ Kθ(X, Y )) if Z ⊂ (X, Y )θ,∞ with a continuous embedding.

Abstract and concrete examples of spaces of class Jθ are given in the fol-
lowing two propositions.

Proposition A.4.4 Let 0 < θ < α and let Ω ⊂ RN (N ≥ 1) be an open set

with boundary uniformly of class Cα (possibly Ω = RN ). Then, Cθ
b (Ω) belongs

to the class Jθ/α between Cb(Ω) and Cα
b (Ω).

Proposition A.4.5 For any θ ∈ [0, 1] and any pair of Banach spaces X and

Y , with Y continuously embedded in X, (X, Y )θ,∞ ∈ Jθ(X, Y ) ∩ Kθ(X, Y ).

The next proposition show some interesting properties of the spaces of class
Jα.

Proposition A.4.6 Let Y ⊂ Z ⊂ X be a triplet of Banach spaces such that

Z ∈ Jα(X, Y ) for some α ∈ (0, 1). Further, let I ⊂ R be an interval. Then,

the following properties are met:

(i) if u ∈ B(I; Y ) ∩ Cθ
b (I; X) for some θ ∈ [0, 1), then u ∈ C

θ(1−α)
b (I; Z).

Moreover, there exists a positive constant C such that

||u||
C

θ(1−α)

b
(I;Z)

≤ C||u||1−α
Cθ

b
(I;X)

||u||αB(I;Y );
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(ii) if u ∈ B(I; Y ) ∩ Lip(I; X), then u ∈ C1−α
b (I; Z). Moreover, there exists

a positive constant C such that

||u||C1−α

b
(I;Z) ≤ C||u||1−α

Lip(I;X)||u||
α
B(I;Y ).

We now state one of the most useful tools from interpolation theory: the
so-called reiteration theorem.

Theorem A.4.7 Let 0 ≤ θ1 < θ2 ≤ 1. Suppose that Zj ∈ Kθj
(X, Y ) (j =

1, 2). Then, for any θ ∈ (0, 1)

(Z1, Z2)θ,∞ ⊂ (X, Y )(1−θ)θ1+θθ2,∞,

with a continuous embedding. Similarly, if Zj ∈ Jθj
(X, Y ) (j = 1, 2), then,

for any θ ∈ (0, 1)

(X, Y )(1−θ)θ1+θθ2,∞ ⊂ (Z1, Z2)θ,∞,

with a continuous embedding. In particular, if Zj ∈ Jθj
(X, Y ) ∩ Kθj

(X, Y )
(j = 1, 2), then

(X, Y )(1−θ)θ1+θθ2,∞ = (Z1, Z2)θ,∞,

with equivalence of the corresponding norms.

Using the interpolation theorem some spaces of Hölder continuous functions
can be characterized as interpolation spaces.

Theorem A.4.8 For any 0 ≤ α < β and any θ ∈ (0, 1) it holds that

(Cα
b (RN ), Cβ

b (RN ))θ,∞ = Cα+θ(β−α)
b (RN ), (A.4.4)

with equivalence of the corresponding norms. Moreover,

(BUC(RN ), Cβ
b (RN ))θ,∞ = Cθβ

b (RN ). (A.4.5)

Proof. For the proof of (A.4.4) see [104, Theorem 1.2.17 & Corollary 1.2.18].
The last part of the theorem follows from the previous one through the reit-
eration theorem, recalling that BUC(RN ) belongs to J0(Cb(R

N ), Cβ
b (RN )) ∩

K0(Cb(R
N ), Cβ

b (RN )).

To conclude this section we state the Riesz-Thorin interpolation theorem.
For the proof we refer the reader to [133, Theorem IX.17].

Theorem A.4.9 (Riesz-Thorin interpolation theorem) Let (Ω1,µ1) and

(Ω2, µ2) be two σ-finite spaces. Moreover, let T be a linear operator such that

T ∈ L(Lp0(Ω1, µ1), L
q0(Ω2, µ2)) ∩ L(Lp1(Ω1, µ1), L

q1(Ω2, µ2)),
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for some p0, p1, q0, q1 ∈ [1, +∞]. Then,

T ∈ L(Lpθ (Ω1, µ1), L
qθ (Ω2, µ2)), θ ∈ (0, 1),

where
1

pθ
=

1 − θ

p0
+

θ

p1
,

1

qθ
=

1 − θ

q0
+

θ

q1
.

Moreover,

||T ||L(Lpθ (Ω1,µ1),Lqθ (Ω2,µ2))

≤ ||T ||1−θ
L(Lp0(Ω1,µ1),Lq0(Ω2,µ2))||T ||θL(Lp1(Ω1,µ1),Lq1(Ω2,µ2))

.



Appendix B

An overview on strongly continuous

and analytic semigroups

In this appendix we recall the definitions and the main properties of strongly
continuous and analytic semigroups that we use in this book. If not otherwise
specified, we refer the reader to [51, 72, 104, 123] for the proofs of the results
of this appendix.

To begin with we give the definition of semigroup of bounded linear oper-
ators. Throughout this appendix, if not otherwise specified, X will denote a
Banach space.

Definition B.0.1 A one-parameter family {T (t)} of linear bounded operators

in X is said to be a semigroup of bounded linear operators if

T (t + s) = T (t) ◦ T (s), s, t ≥ 0. (B.0.1)

We simply write T (t)T (s) for T (t) ◦ T (s) when there is no damage of con-
fusion.

B.1 Strongly continuous semigroups

We begin this section with the definition of the strongly continuous semi-
groups.

Definition B.1.1 A semigroup {T (t)} of bounded linear operators, defined

in X, is strongly continuous if, for any x ∈ X, T (t)x tends to x as t tends to

0 from the right.

Using the semigroup rule (B.0.1), one can see that, if {T (t)} is a strongly
continuous semigroup, then the function t 7→ T (t)x is continuous in [0, +∞)
for any x ∈ X . Moreover, it is also possible to show that there exist two
constants M ≥ 1 and ω ∈ R such that

||T (t)||L(X) ≤ Meωt, t > 0. (B.1.1)

When ω = 0 and Mω = 1, we say that {T (t)} is a strongly continuous

semigroup of contractions in X .

477
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For any strongly continuous semigroup we define its exponential growth

bound as the infimum of the set of all the ω ∈ R such that (B.1.1) holds for
some M ≥ 1. It is possible to show that the exponential growth bound of
{T (t)} coincides with the spectral bound s(A) of its infinitesimal generator,
where

s(A) = sup {Re λ : λ ∈ σ(A)}.

See, e.g., [8, Theorem 5.3.1]).

Remark B.1.2 If {T (t)} is a strongly continuous semigroup, then the map-
ping (t, x) 7→ T (t)x is locally uniformly continuous in [0, +∞) × X . See, e.g.,
[51, Chapter 1, Lemma 5.2]. As a consequence, for any compact set K ⊂ X
and any T > 0, the mapping t 7→ T (t)x is continuous in [0, T ], uniformly with
respect to x ∈ K.

We can now give the definition of the infinitesimal generator of a strongly
continuous semigroup.

Definition B.1.3 Let {T (t)} be a strongly continuous semigroup in X. The

infinitesimal generator of {T (t)} is the operator A : D(A) ⊂ X → X defined

by 




D(A) =

{
x ∈ X : ∃g ∈ X s.t. g = lim

t→0+

T (t)x − x

t

}
,

Ax = lim
t→0+

T (t)x − x

t
.

(B.1.2)

It is easy to see that the function t 7→ T (t)x is continuously Fréchet dif-
ferentiable in [0, +∞) with values in X if and only if x ∈ D(A). In this case
DtT (t)x = AT (t)x = T (t)Ax for any t ≥ 0.

As the following proposition shows, the infinitesimal generator characterizes
uniquely the strongly continuous semigroups.

Proposition B.1.4 Let {S(t)} and {T (t)} be two strongly continuous semi-

groups in X and denote by A and B their infinitesimal generators. If A = B,

then S(t) ≡ T (t) for any t > 0.

The Hille-Yosida theorem is a keystone in the theory of strongly continu-
ous semigroups since it allows us to give a complete characterization of the
infinitesimal generators of strongly continuous semigroups.

Theorem B.1.5 (Hille-Yosida) A linear operator A : D(A) ⊂ X → X is

the infinitesimal generator of a strongly continuous semigroup {T (t)} satisfy-

ing (B.1.1) for some M ≥ 1 and some ω ∈ R, if and only if

(i) A is closed and its domain is dense in X;
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(ii) the resolvent set ρ(A) contains the half line (ω, +∞) and, for any λ > ω
and any n ∈ N,

||R(λ, A)||L(X) ≤
M

(λ − ω)n
.

The proof of the Hille-Yosida theorem shows a connection between the
resolvent operator and the semigroup. In fact, the resolvent operator is the
Laplace transform of the semigroup, namely

R(λ, A)x =

∫ +∞

0

e−λtT (t)xdt, Re λ > ω, x ∈ X. (B.1.3)

Hence, many properties of R(λ, A) can be deduced from the corresponding
properties of the semigroup.

Another important result in the theory of strongly continuous semigroups
is the Lumer-Phillips theorem. It provides an alternative characterization of
the infinitesimal generators of strongly continuous semigroups of contractions.

Definition B.1.6 Let A : D(A) ⊂ X → X be a linear operator. A is dissi-

pative if

||λx − Ax||X ≥ λ||x||X , λ > 0, x ∈ D(A).

Theorem B.1.7 (Lumer-Phillips) Let A : D(A) ⊂ X → X be a linear

operator with dense domain. Then, the following properties are met:

(i) if A is dissipative and there exists λ0 > 0 such that the range of the

operator λ0I−A is X, then A is the infinitesimal generator of a strongly

continuous semigroup of contractions;

(ii) if A is the infinitesimal generator of a strongly continuous semigroup of

contractions in X, then the range of the operator λI − A is X for any

λ > 0. Moreover, A is dissipative.

A straightforward consequence of the Lumer-Phillips theorem is the follow-
ing proposition.

Proposition B.1.8 Let A : D(A) ⊂ X → X be a dissipative operator. Then,

the following properties are met:

(i) if A is closable, then the closure A is also dissipative;

(ii) if D(A) is dense in X and (λI −A)(D(A)) is dense in X for some (and

hence all λ > 0), then the closure A is the infinitesimal generator of a

strongly continuous semigroup of contractions.
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To conclude this section, we recall the definition of a core of a linear operator
A and we provide a useful sufficient condition guaranteeing that a set E is
a core of A, when A is the infinitesimal generator of a strongly continuous
semigroup. Finally, we state the famous Trotter-Kato theorem.

Definition B.1.9 Let A be a linear operator in a Banach space X with do-

main D(A). A subspace E of D(A) is a core of A if E is dense in D(A) in

the graph norm (see (A.1.2)).

Proposition B.1.10 Let A : D(A) ⊂ X → X be the generator of a strongly

continuous semigroup of contractions {S(t)} in X. Moreover, let E be a sub-

space of D(A) dense in X such that S(t)(E) ⊂ E for any t > 0. Then, E is

a core of A.

Theorem B.1.11 (Trotter-Kato) Let {T (t)}, {Tn(t)} (n ∈ N) be strongly

continuous semigroups of contractions in X, with infinitesimal generators A :
D(A) ⊂ X → X and An : D(An) ⊂ X → X, respectively. Further, let D be a

core of the operator A such that D ⊂ D(An) for any n ∈ N. If, for any x ∈ D,

Anx tends to Ax in X, as n tends to +∞, then R(λ, An)x tends to R(λ, A)x,

as n tends to +∞, for any λ ∈ C with positive real part.

B.1.1 On the closure of the sum of generators of strongly
continuous semigroups

Here we briefly recall some results on the sum of closed operators that we use
in Chapter 9. Throughout the subsection we make the following hypotheses.

Hypotheses B.1.12 (i) A : D(A) ⊂ X → X is a closed operator such
that −A is the infinitesimal generator of a strongly continuous semigroup
of contractions in X ;

(ii) 0 ∈ ρ(A).

The analyticity of the function λR(λ, A) in ρ(A) implies that ρ(A) contains
a sector Σϕ := {λ ∈ C \ {0} : |argλ| < ϕ} for some ϕ ∈ [0, π) and that
there exists a positive constant Cϕ such that ||λR(λ,−A)||L(X) ≤ Cϕ for any
λ ∈ Σϕ.

Therefore, one can introduce the spectral angle ϕA of A, defined by

ϕA = inf {ϕ > 0 : Σπ−ϕ ⊂ ρ(−A) and Cϕ < +∞}.

Moreover, for s ∈ R\{0}, one can define the operator Ais through the formula

Aisx = −
sin(iπs)

π

{
i
x

s
+

1

1 + is
A−1x +

∫ 1

0

λis+1R(−λ, A)A−1xdλ

+

∫ +∞

1

λis−1R(−λ, A)Axdλ

}
, x ∈ D(A)
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(see [86, 87]). Ais is a closed and densely defined operator for any s 6= 0 but,
in general, it is not bounded in R.

If the operators Ais are bounded for any s 6= 0 and the map s 7→ Ais

(A0 := I), is locally bounded in R, we say that A admits bounded imaginary
powers or simply that A ∈ BIP(X).

If A ∈ BIP(X), then the limit

θA := lim
|s|→+∞

|s|−1 log (||Ais||L(X)) (B.1.4)

is well defined and it is called the power angle of A.
We summarize in the following proposition a few properties of the class

BIP(X). For a proof, we refer the reader to [34, Theorem 5.8], [35], [131] and
[132, Theorem 3].

Proposition B.1.13 The following properties are met:

(i) if A ∈ BIP(X), then ωI+A ∈ BIP(X) for any ω > 0 and θωI+A = θA;

(ii) if A ∈ BIP(X), then θA ≥ ϕA;

(iii) if A : D(A) ⊂ Lp(RN , µ) → Lp(RN , µ) (µ being a σ-finite measure,

and p ∈ (1, +∞)) is the generator of a strongly continuous semigroup

of contractions {T (t)} such that T (t)f ≥ 0 for any f ≥ 0, then, for any

ω > 0, ωI − A ∈ BIP(Lp(RN , µ)) and θωI−A ≤ π/2;

(iv) if A is the realization in Lp(RN , dx) (p ∈ (1, +∞)) of the uniformly

elliptic operator Au =
∑N

i,j=1 qijDiju with constant coefficients, then

θωI−A = 0 for any ω > 0;

(v) if X is a Hilbert space and A : D(A) ⊂ X → X is a self-adjoint operator

such that −A generates a strongly continuous semigroup of contractions

in X, then A ∈ BIP(X) and θA = 0.

The property (iii) in Proposition B.1.13 is known as the transference prin-

ciple. The property (iv) holds for a more general class of elliptic operators in
divergence form than those we considered here. We refer the reader to [132,
Theorem C] for more details.

We now introduce a class of Banach spaces, the so-called ξ-convex spaces.

Definition B.1.14 A Banach space X is said to be ξ-convex if there exists

a function ξ : X × X → R such that

(i) ξ is convex with respect to both the variables;

(ii) ξ(0, 0) > 0;

(iii) ξ(x + y) ≤ |x + y| for any x, y ∈ ∂B(1).
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Examples of ξ-convex Banach spaces are the Lp-spaces (p ∈ [1, +∞)) rele-
vant to σ-finite measures in RN . In particular Lp(RN ) are all ξ-convex Banach
spaces.

For further results on the operators which admit bounded imaginary powers
and on ξ-convex Banach spaces, we refer the reader to [141, Chapter 1, Section
15], [47, Appendix], the survey paper [23] and the monograph [130].

To conclude this subsection we state two theorems which guarantee the
closedness of the sum of n sectorial operators which admits bounded imaginary
powers. The first one deals with the sum of n operators Ai commuting in the
resolvent sense (i.e., R(λ, Ai)R(µ, Aj) = R(µ, Aj)R(λ, Ai) for any λ ∈ ρ(Ai),
any µ ∈ ρ(Aj) and any i, j = 1, . . . , N). It extends a well known result by
Dore and Venni (see [47]).

Theorem B.1.15 ([132], Corollary 4) Let X be a ξ-convex space and let

Ai : D(Ai) ⊂ X → X (i = 1, . . . , N) belong to BIP(X) and commute in the

resolvent sense. Further, suppose that the power angles θi satisfy θi + θj <
π for any i, j = 1, . . . , n, i 6= j, and there is only one index j such that

θj = maxi=1,...,n θi. Then, the operator A =
∑n

i=1 Ai with domain D(A) =⋂n
i=1 D(Ai) is closed, it belongs to BIP(X) and there exists a positive constant

C such that
n∑

i=1

||Aix||X ≤ C||Ax||X , x ∈ D(A). (B.1.5)

The second theorem deals with the case of two operators which do not
commute in resolvent sense. In such a case the noncommutativity of the re-
solvent operators of A and B is balanced by a suitable assumption on their
commutators.

Theorem B.1.16 ([120], Corollary 2) Let X be a ξ-convex Banach space

and let A, B ∈ BIP(X). Further suppose that the power angles θA and θB

satisfy θA + θB < π and that there exist C > 0, α, β satisfying 0 ≤ α < β ≤ 1
and ϕA, ϕB with ϕA > θA, ϕB > θB and ϕA + ϕB < π such that

||AR(λ,−A)[A−1, R(µ,−B)]||L(X) ≤
C

(1 + |λ|1−α)|µ|1+β
, (B.1.6)

for any λ, µ ∈ C \ {0} such that |arg λ| < π−ϕA and |arg µ| < π−ϕB. Then,

the operator A + B with domain D(A + B) = D(A) ∩ D(B) is closed in X.

B.2 Analytic semigroups

In this section we introduce the analytic semigroups and we describe their
main properties.
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Definition B.2.1 A linear operator A : D(A) ⊂ X → X is said to be sec-

torial if there exist three constants ω ∈ R, θ ∈ (π/2, π), M > 0 such that






(i) ρ(A) ⊃ Sθ,ω = {λ ∈ C : λ 6= ω, |arg(λ − ω)| < θ},

(ii) ||R(λ, A)||L(X) ≤
M

|λ − ω|
, λ ∈ Sθ,ω.

(B.2.1)

For any t > 0, the conditions (B.2.1) allow us to define a bounded linear
operator T (t) on X as follows. For any r > 0 and any η ∈ (π/2, θ], let γr,η be
the curve

{λ ∈ C : |argλ| = η, |λ| ≥ r} ∪ {λ ∈ C : |argλ| ≤ η, |λ| = r},

oriented counterclockwise. We set

T (t) =
1

2πi

∫

γr,η+ω

etλR(λ, A) dλ, t > 0, T (0) = I. (B.2.2)

It is easy to check that the integral in (B.2.2) is well defined and it is
independent of r > 0 and η ∈ (π/2, θ).

In the following theorem we summarize the main properties of T (t) for
t > 0.

Theorem B.2.2 Let A be a sectorial operator and let T (t) be given by (B.2.2),
for any t > 0. Then, the following properties are met:

(i) the family of bounded operators {T (t)} is a semigroup;

(ii) T (t)x ∈ D(Ak) for any t > 0, any x ∈ X and any k ∈ N. Moreover, if

x ∈ D(Ak), then

AkT (t)x = T (t)Akx, t ≥ 0;

(iii) there exists a constant M > 0 such that

||T (t)||L(X) ≤ Meωt, t > 0, (B.2.3)

where ω is the number in (B.2.1). Moreover, for any ε > 0 and any

k ∈ N, there exists a positive constant Ck,ε such that

||tkAkT (t)||L(X) ≤ Ck,εe
(ω+ε)t, t > 0; (B.2.4)

(iv) the function t 7→ T (t) is analytic in (0 + ∞) with values in L(X) and

dk

dtk
T (t) = AkT (t), t > 0, k ∈ N. (B.2.5)
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We can now give the following definition.

Definition B.2.3 Let A be a sectorial operator. The semigroup {T (t)} de-

fined by (B.2.2) is called the analytic semigroup generated by A (in X).

The property (iv) in Theorem B.2.2 implies that {T (t)} is norm continuous
in (0, +∞) according to the following definition.

Definition B.2.4 A semigroup of bounded linear operators {T (t)} in X is

said to be norm continuous in the interval I ⊂ [0, +∞) if the map t 7→ T (t)
is continuous in I with respect to the topology of L(X).

The norm continuity of the semigroup allows us to write

R(λ, A) =

∫ +∞

0

e−λtT (t)dt, (B.2.6)

for any λ ∈ C, with Reλ > ω, where the integral converges in the topology of
L(X).

In the following proposition we exploit the behaviour of the function t 7→
T (t)x at t = 0.

Proposition B.2.5 The following properties are met:

(i) if x ∈ D(A), then limt→0+ T (t)x = x. Conversely, if y = limt→0+ T (t)x
exists, then x ∈ D(A) and y = x;

(ii) if x ∈ D(A) and Ax ∈ D(A), then limt→0+(T (t)x − x)/t = Ax. Con-

versely, if z := limt→0+(T (t)x − x)/t exists, then x ∈ D(A) and Ax =
z ∈ D(A);

(iii) if x ∈ D(A) and Ax ∈ D(A), then limt→0+ AT (t)x = Ax.

Remark B.2.6 Let x ∈ X and denote by u : [0, +∞) → X the func-
tion defined by u(t) = T (t)x for any t > 0 and u(0) = x. Combining
the results in Theorem B.2.2 and Proposition B.2.5, we easily deduce that
u ∈ C([0, +∞); X) if and only if x ∈ D(A). Similarly, u ∈ C([0, +∞); D(A))
(i.e., both u and Au belong to C([0, +∞); X)) if and only if x ∈ D(A) and
Ax ∈ D(A). Since, according to Theorem B.2.2, u is differentiable in (0, +∞)
and u′(t) = Au(t) for any t > 0, then u ∈ C1([0, +∞); X) if and only if
x ∈ D(A) and Ax ∈ D(A). Moreover, u ∈ C1([0, +∞); D(A)) if and only if
x ∈ D(A2) and A2x ∈ D(A).

As a straightforward consequence of Proposition B.2.5(i), we deduce that
an analytic semigroup {T (t)} fails to be strongly continuous in X unless D(A)
is dense in X .

Useful criteria to establish if an operator A : D(A) ⊂ X → X is sectorial
are given by the following three theorems.



B.2. Analytic semigroups 485

Theorem B.2.7 Let A : D(A) ⊂ X → X be a linear operator such that ρ(A)
contains the halfplane {λ ∈ C : Re λ ≥ K} for some K ≥ 0, and

||λR(λ, A)||L(X) ≤ M, Re λ ≥ K, (B.2.7)

for some M ≥ 1. Then, A is sectorial.

Theorem B.2.8 Let {T (t)} be a strongly continuous semigroup in X such

that the function t 7→ T (t)x is differentiable in (0, +∞) with values in X for

any x ∈ X and there exists a positive constant M such that t||T ′(t)||L(X) ≤ M
for any t ∈ (0, 1). Then, {T (t)} is analytic.

Theorem B.2.9 Let X be a Hilbert space and A : D(A) ⊂ X → X be a

self-adjoint dissipative operator. Then, A is sectorial in X and it satisfies the

conditions (B.2.1) with ω = 0 and arbitrary θ < π.

Next, we recall the following classical perturbation result for analytic semi-
groups.

Theorem B.2.10 If A : D(A) ⊂ X → X is sectorial and B : D(B) ⊂ X →
X is a linear operator such that

(i) D(A) ⊂ D(B);

(ii) there exist θ ∈ (0, 1) and C > 0 such that

||Bx|| ≤ C||x||θD(A)||x||
1−θ
X , x ∈ D(A).

Then, A + B : D(A + B) := D(A) → X is sectorial. Moreover, if A satisfies

(B.2.1) with θ > 3π/4, then the operator −A2 is sectorial as well.

We now introduce the interpolation spaces DA(α,∞) (α ∈ (0, 1)), which
play a crucial role in the theory of analytic semigroups.

Definition B.2.11 Let α ∈ (0, 1). We set DA(α,∞) = (X, D(A))α,∞ (see
Section A.4) and we call it the interpolation space of order α.

According to Proposition A.4.2, and Theorem B.2.2, one can easily see that,
if x ∈ DA(α,∞), then the function t 7→ gx(t) := t−α(T (t)x−x) is bounded in
a right neighborhood of t = 0. Actually, as the following proposition shows,
the function gx is bounded near t = 0 if and only if x ∈ DA(α,∞).

Proposition B.2.12 The interpolation space DA(α,∞) is the set of all the

x ∈ X such that

[[x]]DA(α,∞) := sup
0<t≤1

t−α||T (t)x − x||X < +∞.
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Moreover, the norm

x 7→ ||x||X + [[x]]DA(α,∞)

is equivalent to the norm || · ||(X,D(A))α,∞
defined in (A.4.1).

Equivalently, DA(α,∞) can be defined as the set of all the x ∈ X such that

[[[x]]]DA(α,∞) := sup
0<ξ≤1

||ξ1−θAT (ξ)x||X < +∞.

Moreover, the norm

x 7→ ||x||X + [[[x]]]DA(α,∞)

is equivalent to the norm || · ||(X,D(A))α,∞
.

As a consequence of Theorem B.2.2 and Proposition B.2.12, it follows that
the function u = T (·)x belongs to Cα([0, T ]; X) for some (and hence any)
T > 0 if and only if x ∈ DA(α,∞). Similarly, u ∈ Cα([0, T ]; D(A)) (or,
equivalently, u ∈ C1+α([0, T ]; X)) if and only if x ∈ DA(1 + α,∞), where

DA(1 + α,∞) := {x ∈ D(A) : Ax ∈ DA(α,∞)}.

To conclude this section, let us consider the abstract Cauchy problem

{
u′(t) = Au(t) + f(t), t ∈ (0, T ],

u(0) = x,
(B.2.8)

where f : [0, T ] → X is a given continuous function and x ∈ X .

Definition B.2.13 We say that u : [0, T ] → X is a strict solution to (B.2.8)
if u ∈ C1([0, T ]; X) ∩ C([0, T ]; D(A)) and it satisfies (B.2.8).
Similarly, a function u : [0, T ] → X is a classical solution to (B.2.8) if u ∈
C1((0, T ]; X) ∩ C((0, T ]; D(A)) ∩ C([0, T ]; X) and it satisfies (B.2.8).

We have seen that, in the case when f = 0 and x ∈ D(A), the function
u = T (·)x is a classical solution to (B.2.8) and it is strict provided that
x ∈ D(A) and Ax ∈ D(A). Actually, one can show that the previous one is
the unique classical (resp. strict) solution to (B.2.8) with f = 0. Indeed, if
f ∈ C((0, T ]; X) and the function t 7→ ||f(t)||X is integrable in (0, T ), then
any classical (resp. strict) solution u to (B.2.8) is given by the variation-of-
constants formula

u(t) = T (t)x +

∫ t

0

T (t − s)f(s)ds, t ∈ [0, T ]. (B.2.9)

Whenever the integral in (B.2.9) does make sense, the function u defined by
(B.2.9) is said to be a mild solution of (B.2.8).



Appendix C

PDE’s and analytic semigroups

In this appendix we recall some classical results on PDE’s of elliptic and
parabolic problems that we use in this book. Namely, we state some well-
known (interior) Schauder estimates, some maximum principle and we see the
relations between the theory of PDE’s and the theory of analytic semigroups.

Throughout this appendix, by A we denote the elliptic operator defined on
smooth functions by

Au(x) =

N∑

i,j=1

qij(x)Diju(x) +

N∑

i=1

bi(x)Diu(x) + c(x)u(x), (C.0.1)

with real coefficients qij , bi (i, j = 1, . . . , N) and c defined in an open set Ω.
We do not assume any smoothness assumption on the domain Ω unless it is
explicitly mentioned.

The following condition is always assumed in this appendix.

Hypothesis C.0.1 qij ≡ qji for any i, j = 1, . . . , N and

N∑

i,j=1

qij(x)ξiξj ≥ µ0|ξ|
2, ξ ∈ Ω, x ∈ Ω,

for some positive constant µ0.

C.1 A priori estimates

In this section we recall some classical Lp- and Schauder interior estimates for
solutions to elliptic and parabolic problems in bounded domains Ω or in the
whole of RN .

We begin with the elliptic case and recall well-known interior Lp-estimates
and Lp-estimates up to a part of the boundary of Ω, where homogeneous
Neumann boundary conditions are prescribed.

Theorem C.1.1 ([66], Theorems 9.11 & 9.19) Let Ω be an open set and

p any real number in the interval (1,+∞). Then, the following properties are

met:

487
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(i) if the coefficients of the operator A are bounded and continuous in Ω,

then, for any open set Ω′ ⊂⊂ Ω, there exists a positive constant C,

depending on p, Ω, Ω′, µ0 and the moduli of continuity of the coefficients

qij in Ω′ (i, j = 1, . . . , N), such that

||u||W 2,p(Ω′) ≤ C(||u||Lp(Ω) + ||Au||Lp(Ω)),

for any u ∈ Lp(Ω) ∩W 2,p
loc (Ω) such that Au ∈ Lp(Ω);

(ii) if the coefficients qij, bi (i, j = 1, . . . , N) and c are locally Lipschitz con-

tinuous in Ω, u ∈ W 2,p
loc (Ω) and Au ∈ W 1,p

loc (Ω), then u ∈ W 3,p
loc (Ω) and,

for any Ω′ ⊂⊂ Ω′′ ⊂⊂ Ω, there exists a positive constant C̃, depending

on p, Ω′, Ω′′ and the coefficients of the operator A, such that

||u||W 3,p(Ω′) ≤ C̃(||u||Lp(Ω′′) + ||Au||W 1,p(Ω′′)).

We also recall the following Lp-estimates up to the boundary of Ω.

Theorem C.1.2 Let p ∈ (1,+∞) and let Ω be an open set of class C2.

Moreover, let Ω0 and Ω1 be two bounded subsets of Ω, with Ω1 of class C2,

such that their boundaries intersect the boundary of Ω and dist(Ω0,Ω\Ω1) > 0.
Further, assume that the coefficients of the operator A are continuous in Ω.

Then, there exists a positive constant C, depending on p,N, µ,Ω0,Ω1, the sup-

norm of the coefficients of the operator A and the modulus of continuity of

the leading coefficients in Ω1, such that

||u||W 2,p(Ω0) ≤ C
(
||Au||Lp(Ω1) + ||u||Lp(Ω1)

)
,

for any function u ∈ W 2,p(Ω) such that
∂u

∂ν
= 0 on ∂Ω ∩ ∂Ω1.

To conclude the analysis of the elliptic case, we consider the following result
concerning the regularity of distributional solutions to elliptic equations. Such
results are essentially due to S. Agmon (see [3] and [4], in the case when p = 2),
which deals with the case when RN is replaced with a bounded set Ω. Since
as far as we know they seem not to be written, at least in the most used
textbooks, in the form that we need, for the reader’s convenience we provide
a proof of them. Such a proof is a variant of a proof due to G. Metafune, D.
Pallara and A. Rhandi.

Theorem C.1.3 Assume that Hypothesis C.0.1 is satisfied. Moreover, let p ∈
(1,+∞), denote by p′ the conjugate exponent to p (i.e., 1/p′ = 1 − 1/p ) and

set

A =

N∑

i,j=1

qijDij +

N∑

i=1

biDi.

Then, the following properties are met:
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(i) if qij ∈ C1
b (RN ), bi ∈ Cb(R

N ) (i, j = 1, . . . , N) and u ∈ Lp(RN ) satisfies

the estimate ∣∣∣∣
∫

RN

uAϕdx

∣∣∣∣ ≤ C||ϕ||W 1,p′ (RN ), (C.1.1)

for any ϕ ∈ C∞
c (RN ), then u belongs to W 1,p(RN );

(ii) if qij ∈ C1(RN ), bi ∈ C(RN ) (i, j = 1, . . . , N) (not necessarily bounded)
and u ∈ Lp

loc(R
N ) satisfies (C.1.1) for any ϕ ∈ C∞

c (RN ), then u ∈

W 1,p
loc (RN );

(iii) if qij ∈ C2
b (RN ), bi ∈ C1

b (RN ) (i, j = 1, . . . , N), div b ∈ Lp(RN ) and

f, u ∈ Lp(RN ) are such that
∫

RN

uAϕdx =

∫

RN

fϕdx, (C.1.2)

for any ϕ ∈ C∞
c (RN ), then u ∈ W 2,p(RN ). In the case when A =∑N

i,j=1 Di(qijDij) +
∑N

i=1 biDi the same result holds under the weaker

assumptions qij , bi ∈ C1
b (RN ) (i, j = 1, . . . , N);

(iv) if qij ∈ C2(RN ), bi ∈ C1(RN ) (i, j = 1, . . . , N) (not necessarily bounded)
and f, u ∈ Lp

loc(R
N ) satisfy (C.1.2) for any ϕ ∈ C∞

c (RN ), then u ∈

W 2,p
loc (RN ). In the case when A =

∑N
i,j=1Di(qijDij) +

∑N
i=1 biDi the

same result holds under the weaker assumptions qij , bi ∈ C1(RN ) (i, j =
1, . . . , N).

Proof. We begin by proving the property (i). For this purpose, let A1 :
W 2,p′

(RN ) → Lp′

(RN ) be the operator defined by

A1v =
N∑

i,j=1

qijDijv, (C.1.3)

for any v ∈ W 2,p′

(RN ). From (C.1.1) we deduce that, for any ϕ ∈ C∞
c (RN ),

∣∣∣∣
∫

RN

uA1ϕdx

∣∣∣∣ ≤ C||ϕ||W 1,p′ (RN ). (C.1.4)

For any h ∈ RN , set τhu = |h|−1(u(·+h)−u). An explicit computation shows
that

∫

RN

τhuA1ϕdx =

∫

RN

uA1(τ−hϕ) dx +

∫

RN

u(τ−hqij)Dijϕ(· − h) dx,

for any ϕ ∈ C∞
c (RN ). Using the boundedness of the diffusion coefficients qij

in RN (i, j = 1, . . . , N) and (C.1.4), we obtain
∣∣∣∣
∫

RN

τhu(λϕ−A1ϕ)dx

∣∣∣∣ ≤ C1||ϕ||W 2,p′ (RN ), (C.1.5)
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for any ϕ ∈ C∞
c (RN ), any λ > 0 and some positive constant C1 = C1(λ),

independent of ϕ and h. Since u ∈ Lp(RN ), by density, (C.1.5) extends to any
function inW 2,p′

(RN ). We fix a large λ so that the operator λ−A1 is invertible
from W 2,p′

(RN ) to Lp′

(RN ) (see the forthcoming Theorem C.3.6(i)), and we
set ϕ = R(λ,A1)(τhu|τhu|p−2). The function ϕ satisfies

||ϕ||W 2,p′ (RN ) ≤ C2||τhu||
p−1
Lp(RN )

, (C.1.6)

for some positive constant C2, independent of h. Then, plugging this particular
ϕ into (C.1.5) and taking (C.1.6) into account, we obtain

∫

RN

|τhu|
pdx ≤ C3, (C.1.7)

with C3 being independent of h. Now, from (C.1.7), we immediately deduce
that u ∈W 1,p(RN ).

Proof of (ii). Let us fix r > 0 and let ϕ, ψr ∈ C∞
c (RN ) be two smooth

functions with χB(r) ≤ ψr ≤ χB(2r). Since

ψrAϕ = A(ψrϕ) − ϕAψr − 2

N∑

i,j=1

qijDiϕDjψr, (C.1.8)

we immediately deduce that

∫

RN

uψrAϕdx =

∫

RN

uA(ϕψr)dx −

∫

RN

uϕAψrdx

−2

∫

RN

u

N∑

i,j=1

qijDiϕDjψrdx.

Hence from (C.1.1), it follows that

∣∣∣∣
∫
uψrAϕdx

∣∣∣∣ ≤ C||ϕ||W 1,p′ (RN ).

Now, we consider a function η ∈ C∞
c (RN ) such that χB(2r) ≤ η ≤ χB(4r) and

we introduce the operator Ã =
∑N

i,j=1 q̃ijDij +
∑N

i=1 b̃iDi, where

q̃ij = ηqij + (1 − η)δij , b̃i = ηbi, i, j = 1, . . . , N. (C.1.9)

Of course, ∫
uψrAϕdx =

∫
uψrÃϕdx

and the operator Ã is uniformly elliptic in RN and has the diffusion and the
drift coefficients belonging, respectively, to C1

b (RN ) and to Cb(R
N ). Hence,
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we can apply the property (i) to the function uψr, obtaining that uψr ∈
W 1,p(RN ) and, consequently, that u ∈ W 1,p(B(r)). The arbitrariness of r > 0
implies that u ∈W 1,p

loc (RN ).

Proof of (iii). We first assume that A is not in divergence form. According
to the property (i), we know that u ∈ W 1,p(RN ). Therefore, taking (C.1.2)
into account, we get ∫

RN

uA1ϕdx =

∫

RN

f1ϕdx, (C.1.10)

for any ϕ ∈ C∞
c (RN ) where A1 is given by (C.1.3), f1 = f + u div b +∑N

i=1 biDiu belong to Lp(RN ). Hence,

∫

RN

u(λϕ −A1ϕ)dx =

∫

RN

gϕdx (C.1.11)

for any ϕ ∈ C∞
c (RN ), where g = λu − f1 belongs to Lp(RN ). By density, we

can extend (C.1.11) to any function ϕ ∈ W 2,p′

(RN ). Now, we fix λ in the
resolvent sets of both the operator A1 and its adjoint A∗

1 defined by

A∗
1u =

N∑

i,j=1

qijDiju+ 2
N∑

i,j=1

DjqijDiu+
N∑

i,j=1

(Dijqij)u,

for any u ∈ D(A∗
1) = W 2,p(RN ) (see again the forthcoming Theorem C.3.6(i)).

To prove that u ∈ W 2,p(RN ), we show that u = R(λ,A∗
1)g. For this purpose,

it suffices to observe that (C.1.11) is satisfied if we insert R(λ,A∗
1)g in place

of u. Therefore, the function z = R(λ,A∗
1)g − u satisfies

∫

RN

z(λϕ−A1ϕ)dx = 0, (C.1.12)

for any ϕ ∈ W 2,p′

(RN ). Since λI − A1 is surjective from W 2,p′

(RN ) into
Lp′

(RN ), it is now immediate to check that z = 0.
In the case when A is in divergence form, repeating the same computations

as above (with the obvious changes), one can easily check that the same result
holds also in the case when qij (i, j = 1, . . . , N) belong to C1

b (RN ). Indeed, in
the above proof, the second-order derivatives of the diffusion coefficients qij
(i, j = 1, . . . , N) appeared only in the definition of the adjoint operator A∗

1.
In the case when A is in divergence form the operator A∗

1 is given by

A∗
1u =

N∑

i,j=1

Di(qijDju), u ∈ D(A∗
1) = W 2,p(RN )

and, therefore, there is no need of requiring the existence of the second order
derivatives of the diffusion coefficients.
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Proof of (iv). We just consider the case when A is not in divergence form,
since, as it has been pointed out at the end of the proof of the property (iii), the
other case is completely similar. According to the property (ii), u ∈W 1,p

loc (RN ).
Therefore, also in this situation, u satisfies (C.1.10) for any ϕ ∈ C∞

c (RN ),
where now f1 ∈ Lp

loc(R
N ). Fix r > 0 and let ψr be as in the proof of the

property (ii). Taking (C.1.8) (written with A1 instead of A) into account, one
can easily show that the function v = uψr satisfies

∫

RN

(λϕ −A1ϕ)vdx =

∫

RN

gϕdx, (C.1.13)

for any ϕ ∈ C∞
c (RN ) and any λ > 0, where

g = λv − ψr

(
f + u div b+

N∑

i=1

biDiu

)
+ uA1ψr − 2

N∑

i,j=1

Di(qijuDjψr)

belongs to Lp(RN ). As it is immediately seen the function v satisfies the

formula (C.1.13) also if we replace A1 with the operator Ã1 =
∑N

i,j=1 q̃ijDij

when the coefficients q̃ij (i, j = 1, . . . , N) are given by (C.1.9). Now, since
q̃ij ∈ C2

b (RN ) (i, j = 1, . . . , N), according to the property (iii), v ∈W 2,p(RN )
so that u ∈ W 2,p(B(r)) and the arbitrariness of r > 0 allows us to conclude.

We now consider the parabolic problems associated with the operator A.
For this purpose, we denote by d : [0,+∞)× Ω → R the function defined by

d(t, x) = d(t, x) = dist(x, ∂Ω) ∧
√
t, t > 0, x ∈ Ω.

Theorem C.1.4 ([60], Thms. 3.5, 3.10 and [101]) Assume that the co-

efficients qij, bi (i, j = 1, . . . , N) and c of the operator A belong to Cα
b (Ω) for

some α ∈ (0, 1). Further assume that u ∈ C
1+α/2,2+α
loc ((0, T )×Ω) is a bounded

(with respect to the sup-norm) solution of the equation

Dtu(t, x) −Au(t, x) = 0, t ∈ (0, T ), x ∈ Ω.

Then, the following properties are met:

(i) there exists a positive constant C1, depending only on the coefficients of

A, such that

|d0, u|α +

N∑

i=1

|d,Diu|α +

N∑

i,j=1

|d2, DiDju|α + |d2, Dtu|α ≤ C1 sup
(0,T )×Ω

|u|,

(C.1.14)
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where

|dm, u|α = sup
(t,x)∈(0,T )×Ω

|(d(t, x))mu(t, x)|

+ sup
(t,x),(s,y)∈(0,T )×Ω

(t,x)6=(s,y)

(d(t, x)∧d(s, y))m+α |u(t, x) − u(s, y)|

(|x− y|2 + |t− s|)α/2
.

In particular, for any open set Ω′ ⊂⊂ Ω and any s ∈ (0, T ), there exists

a positive constant C2 depending on s, the coefficients of the operator

A, Ω, Ω′ and T , such that

||u||C1+α/2,2+α([s,T )×Ω′) ≤ C2 sup
(0,T )×Ω

|u|. (C.1.15)

Moreover, if dist(Ω,Ω′) >
√
T , then

sup
(t,x)∈(0,T )×Ω′

(
t

1

2 |Du(t, x)| + t|D2u(t, x)|
)
≤ C3 sup

(t,x)∈(0,T )×Ω

|u(t, x)|,

(C.1.16)

for some positive constant C3, depending on the coefficients of the op-

erator A, Ω, Ω′ and T ;

(ii) let the coefficients qij , bi and c belong to Ck+α(Ω) for any i, j = 1, . . . , N
and some k ∈ N. Then, u is continuously differentiable in ΩT up to the

(k + 2)-th-order, with respect to the space variables. Moreover, Dku ∈

C
1+α/2,2+α
loc ((0, T ) × Ω) and

||Dku||C1+α/2,2+α([ε′,T ]×Ω′) ≤ C4 sup
(t,x)∈[ε,T ]×Ω

|u(t, x)|, (C.1.17)

for any ε, ε′ > 0 (ε < ε′ < T ), any open set Ω′ ⊂⊂ Ω and some positive

constant C4, depending on ε, ε′, T , Ω,Ω′, ||qij ||C1+α(Ω) and ||bi||C1+α(Ω)

(i, j = 1, . . . , N) and ||c||C1+α(Ω).

Finally, if dist(Ω′,Ω) ≥
√
T , then

sup
(t,x)∈(0,T )×Ω′

t
3

2 |D3u(t, x)| ≤ C sup
(t,x)∈(0,T )×Ω

|u(t, x)|. (C.1.18)

The next theorem provides us with Schauder estimates up to (a part of)
the boundary of Ω.

Theorem C.1.5 ([94], Theorem 4.10.1) Let Ω be an open subset of RN

with boundary of class C2+α for some α ∈ (0, 1), and let Ω′ and Ω′′ be two

bounded subsets of Ω such that Ω′ ⊂ Ω′′ ⊂ Ω and dist(Ω′,Ω \ Ω′′) > 0.
Moreover, assume that the coefficients qij , bi (i, j = 1, . . . , N) and c of the

operator A belong to Cα
loc(Ω). Finally assume that u ∈ C1+α/2,2+α([T1, T2] ×

Ω
′′
) solves the differential equation Dtu − Au = 0 in (T1, T2) × Ω′′ for some

0 ≤ T1 < T2. Then, the following properties are met:
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(i) if u ≡ 0 (resp. ∂u
∂ν ≡ 0)) on (T1, T2) × ∂Ω′′, then, for any T ∗ ∈ (T1, T2),

there exists a positive constant C = CT∗,T1,T2,Ω′,Ω′′ such that

||u||C1+α/2,2+α([T∗,T2]×Ω
′
) ≤ C||u||L∞((T1,T2)×Ω′′); (C.1.19)

(ii) if T1 = T ∗ = 0, u ≡ 0 (resp. ∂u
∂ν ≡ 0)) on (0, T2)×∂Ω′′, then there exists

a positive constant C = CT1,T2,Ω′,Ω′′ such that

||u||C1+α/2,2+α([0,T2]×Ω
′
) ≤ C

(
||u||L∞((0,T2)×Ω′′) + ||u(0, ·)||C2+α(Ω′′)

)
.

(C.1.20)

C.2 Classical maximum principles

In this section we collect the classical maximum principles for continuous
solutions to both the elliptic equations (C.2.1), (C.2.2) and for the parabolic
Cauchy problems (C.3.2) and (C.3.3) that we use in this book. For the proofs
we refer the reader to [22], [89, Chapter 8] and [129].

We make the following assumptions on Ω and on the coefficients of the
operator A.

Hypotheses C.2.1 (i) Ω is either an open bounded set with boundary of
class C2 or Ω = RN ;

(ii) qij , bi (i, j = 1, . . . , N) and c belong to Cb(Ω);

(iii) Hypothesis C.0.1 is satisfied.

Moreover, we set
c0 = sup

x∈Ω
c(x)

and denote by ν = ν(x) the outward unit normal vector to ∂Ω at x ∈ ∂Ω.

Theorem C.2.2 Let λ > c0 and suppose that u ∈ W 2,p
loc (Ω) for any p ∈

(1,+∞) satisfies the differential inequality λu −Au ≥ 0. Then, the following

properties are met:

(i) if u ≥ 0 on ∂Ω, then u ≥ 0 in Ω;

(ii) if
∂u

∂ν
≥ 0 on ∂Ω, then u ≥ 0 on Ω.

Moreover, if λ > c0, f ∈ Cb(Ω) and u ∈
⋂

1≤p<+∞W 2,p
loc (Ω) solves the problem

{
λu(x) −Au(x) = f(x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω.
(C.2.1)
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or 




λu(x) −Au(x) = f(x), x ∈ Ω,

∂u

∂ν
(x) = 0, x ∈ ∂Ω,

(C.2.2)

then

||u||∞ ≤
1

λ− c0
||f ||∞. (C.2.3)

Concerning the parabolic equation Dtu − Au = 0 we have the following
result.

Proposition C.2.3 Fix T > 0. Then, the following properties are met:

(i) if z ∈ Cb([0, T ]× Ω) ∩ C1,2((0, T ] × Ω) satisfies





Dtz(t, x) −Az(t, x) ≤ 0, t ∈ (0, T ], x ∈ Ω,

z(t, x) ≤ 0, t ∈ (0, T ], x ∈ ∂Ω,

z(0, x) ≤ 0, x ∈ Ω,

then z ≤ 0 in [0, T ]× Ω.

(ii) if z ∈ Cb([0, T ]× Ω) ∩ C0,1((0, T ] × Ω) × ∩C1,2((0, T ] × Ω) satisfies





Dtz(t, x) −Az(t, x) ≤ 0, t ∈ (0, T ], x ∈ Ω,

∂z

∂ν
(t, x) ≤ 0, t ∈ (0, T ], x ∈ ∂Ω,

z(0, x) ≤ 0, x ∈ Ω,

then z ≤ 0 in [0, T ]× Ω.

(iii) If z ∈ Cb([0, T ] × Ω) ∩ C0,1((0, T ]× Ω) × ∩C1,2((0, T ]× Ω) satisfies

Dtz(t, x) −Az(t, x) ≤ 0, t ∈ (0, T ], x ∈ Ω,

and z attains its maximum value M in (0, T ]×Ω at some point (t0, x0),
then z = M in [0, t0] × Ω.

Further, if Ω satisfies the interior sphere condition and z attains its

maximum value at some point (t, x) ∈ (0, T ] × ∂Ω, then ∂z/∂ν > 0 at

(t, x).

C.3 Existence of classical solution to PDE’s and analytic

semigroups

Here, we make the following assumptions on Ω and on the coefficients of the
operator A.
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Hypotheses C.3.1 (i) Ω is an open set with a boundary which is uni-
formly of class C2+2α for some α ∈ (0, 1) (or, possibly, Ω = RN );

(ii) qij , bi (i, j = 1, . . . , N) and c belong to C2α
b (Ω);

(iii) qij ≡ qji for any i, j = 1, . . . , N and

N∑

i,j=1

qij(x)ξiξj ≥ µ0|ξ|
2, ξ ∈ R

N , x ∈ Ω,

for some positive constant µ0.

For notational convenience, we set

c0 = sup
x∈Ω

c(x), (C.3.1)

and we denote by ν = ν(x) the exterior unit normal vector to ∂Ω at x ∈ ∂Ω.






Dtu(t, x) −Au(t, x) = 0, t > 0, x ∈ Ω,

u(t, x) = 0, t > 0, x ∈ ∂Ω,

u(0, x) = f(x), x ∈ Ω

(C.3.2)

and the Cauchy-Neumann problem






Dtu(t, x) −Au(t, x) = 0, t > 0, x ∈ Ω,

∂u

∂ν
(t, x) = 0, t > 0, x ∈ ∂Ω,

u(0, x) = f(x), x ∈ Ω.

(C.3.3)

More precisely, the following results can be proved (see also [74], [78], [79],
[94, Chapter 4, Theorem 5.2] and [140, Chapter 5, Sections 3 & 5]).

Proposition C.3.2 Let Hypotheses C.3.1 be satisfied. For any f ∈ Cb(Ω),
problem (C.3.2) admits a unique solution u ∈ C([0,+∞)× Ω \ ({0} × ∂Ω)) ∩
C1,2((0,+∞) × Ω), which is bounded in [0, T ] × Ω for any T > 0. Moreover,

it satisfies

||u(t, ·)||∞ ≤ ec0t||f ||∞, t > 0; (C.3.4)

and

t
k
2 ||DkT (t)f ||∞ ≤ C||f ||∞, t ∈ (0, T ),

for any T > 0 some constant C = C(T ), independent of f , and any k = 1, 2, 3.
Here, c0 is given by C.3.1.
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Moreover, there exists a unique function GΩ ∈ C((0,+∞)×Ω×Ω) such that

u(t, x) =

∫

Ω

GΩ(t, x, y)f(y)dy, t > 0, x ∈ Ω.

The function GΩ is called the fundamental solution of the problem (C.3.2), it

is positive in (0,+∞) × Ω × Ω and satisfies

GΩ(t+ s, x, y) =

∫

Ω

GΩ(s, x, z)GΩ(t, z, y)dz, (C.3.5)

for any s, t > 0 and any x, y ∈ Ω. Moreover, for any t > 0 the function

G(t, ·, ·) is bounded in Ω × Ω.

Finally, if f ∈ C0(Ω), then u ∈ C([0,+∞)×Ω)∩C1+α,2+2α
loc ((0,+∞)×Ω);

if f ∈ C2+α
c (RN ), then u ∈ C1+α/2,2+α([0, T ] × Ω) for any T > 0, and, if

f ∈ C2+k+α
c (Ω) and Ω is of class C2+k+α for some k ∈ N, then all the space

derivatives of u up to the k-th order belong to C1+α/2,2+α([0, T ]× Ω) for any

T > 0.

Similar results hold for the Cauchy-Neumann problem (C.3.3). Here, we
limit ourselves to stating the results that we actually need in this book.

Proposition C.3.3 For any f ∈ Cb(Ω), there exists a unique solution u ∈

C([0,+∞)×Ω)∩C1+α/2,2+α
loc ((0,+∞)×Ω) to the Cauchy-Neumann problem

(C.3.3), which is bounded in [0, T ]× Ω for any T > 0. Moreover,

||u(t, ·)||∞ ≤ ec0t||f ||∞, t > 0; (C.3.6)

and

t
k
2 ||Dku(t, ·)||∞ ≤ C||f ||∞, t ∈ (0, T ),

for any T > 0, any k = 1, 2, 3 and some positive constant C = C(T ). Here,

c0 is given by (C.3.1).

Concerning the elliptic equation λu−Au = f , we have the following results.

Proposition C.3.4 Under Hypotheses C.3.1, for any f ∈ Cb(Ω) and any

λ > c0, there exists a unique solution u ∈
⋂

1≤p<+∞W 2,p(Ω) to the Dirichlet

problem {
λu(x) −Au(x) = f(x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω.
(C.3.7)

The function u can be represented by

u(x) =

∫

Ω

KΩ
λ (x, y)f(y)dy, x ∈ Ω, (C.3.8)
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where KΩ
λ , the so-called Green’s function, is given by

KΩ
λ (x, y) =

∫ +∞

0

e−λtGΩ(t, x, y)dt, x, y ∈ Ω. (C.3.9)

Proposition C.3.5 Under Hypotheses C.3.1, for any f ∈ Cb(Ω) and any

λ > c0, there exists a unique solution u ∈
⋂

1≤p<+∞W 2,p(Ω) to the Neumann

problem 




λu(x) −Au(x) = f(x), x ∈ Ω,

∂u

∂ν
(x) = 0, x ∈ ∂Ω.

(C.3.10)

Most of the results of this section may be rephrased in terms of analytic
semigroups. Indeed, the following theorem holds.

Theorem C.3.6 Under Hypotheses C.3.1, the following properties are met:

(i) for any p ∈ (1,+∞) the operator Ap : D(Ap) → Lp(RN ), defined by

Apu = Au for any u ∈ D(Ap) := W 2,p(RN ), is sectorial in Lp(RN ) and

D(Ap) is dense in Lp(RN );

(ii) let Ap be the operator defined by




D(Ap) = W 2,p(Ω) ∩W 1,p

0 (Ω),

Apu = Au, u ∈ D(Ap).

Then, Ap is sectorial in Lp(Ω), and D(Ap) is dense in Lp(Ω);

(iii) for any p ∈ (1,+∞) let Ap be the operator defined by






D(Ap) =

{
u ∈ W 2,p(Ω) :

∂u

∂ν
= 0 on ∂Ω

}
,

Apu = Au, u ∈ D(Ap).

Then, the operator Ap is sectorial in Lp(Ω) and D(Ap) is dense in

Lp(Ω). Moreover, ρ(A) ⊃ (c0,+∞);

(iv) let A : D(A) → Cb(Ω) be defined by




D(A) =

{
u ∈

⋂
1≤p<+∞W 2,p

loc (Ω) : u|∂Ω = 0, Au ∈ Cb(Ω)
}
,

Au = Au, u ∈ D(A).
(C.3.11)

Then, A is sectorial in Cb(Ω) and D(A) = C0(Ω) = {u ∈ Cb(Ω) : u =
0 on ∂Ω}. Moreover, ρ(A) ⊃ (c0,+∞) and

DA(α,∞) =

{
u ∈ C2α

b (Ω) : u∣∣∂Ω
= 0

}
,
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DA(1 + α,∞) =

{
u ∈ C2+2α

b (Ω) : u∣∣∂Ω
= (Au)∣∣∂Ω

= 0

}
.

Finally, {u ∈ C1
b (Ω) : u∣∣∂Ω

= 0} belongs to the class J1/2 between Cb(Ω)

and D(A).

All the previous results hold also in the case when Ω is replaced with

RN , provided we drop out any boundary condition.

(v) Let A : D(A) → Cb(Ω) be defined by






D(A) =

{
u ∈

⋂

1≤p<+∞

W 2,p
loc (Ω) :

∂u

∂ν
= 0, on ∂Ω, u, Au ∈ Cb(Ω)

}
,

Au = Au, u ∈ D(A).
(C.3.12)

Then, A is sectorial in Cb(Ω) and its domain is dense in C(Ω). More-

over,

DA(α,∞) =






C2α
b (Ω), α ∈ (0, 1/2),

{
u ∈ C2α

b (Ω) :
∂u

∂ν
= 0 on ∂Ω

}
, α ∈ (1/2, 1);

(C.3.13)

DA(1 + α,∞)

=






{
u ∈ C2+2α

b (Ω) :
∂u

∂ν
= 0 on ∂Ω

}
, α ∈ (0, 1/2),

{
u ∈ C2+2α

b (Ω) :
∂u

∂ν
=
∂(Au)

∂ν
= 0 on ∂Ω

}
, α ∈ (1/2, 1).

(C.3.14)

Finally, {u ∈ C1
b (Ω) : ∂u/∂ν = 0 on ∂Ω} belongs to the class J1/2

between Cb(Ω) and D(A).

For the proof we refer the reader to [1, 4, 5, 6, 24, 25, 137, 138].

Remark C.3.7 The properties (ii) and (iii) in Theorem C.3.6, combined with
the results in Section B.2, show that the classical solution to problem (C.3.2)
(resp. (C.3.3)) in Proposition C.3.2 (resp. in Proposition C.3.3) is given by
u = T (·)f , where {T (t)} is the analytic semigroup generated in Cb(Ω) by the
realization of the operator A with homogeneous Dirichlet boundary conditions
(resp. with homogeneous Neumann boundary conditions).

Similar results hold for the solutions to the elliptic equations considered
in Propositions C.3.4 and C.3.5. Namely, the solution u to (C.3.7) (resp. to
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(C.3.10)) is given by u = R(λ,A)f , where R(λ,A) is the resolvent operator as-
sociated with the operator A in Theorem C.3.6(iv) (resp. Theorem C.3.6(v)).



Appendix D

Some properties of the distance

function

In this appendix we collect some regularity results of the distance function
d(x) = dist(x, ∂Ω), when ∂Ω is the boundary of a smooth open subset Ω of
RN . We limit ourselves to state them in the case when Ω is bounded since
they are classical results (see, e.g., [66, Section 14.6]). Moreover, we show that
most of them may be extended also to the case where Ω is unbounded. The
results we present here are taken from [59].

Definition D.0.1 We say that an open subset Ω of RN is uniformly of class

C2+α, for some α ∈ [0, 1), if there exist a countable open covering {Un} of

∂Ω and a family of diffeomorphisms gn : Un → B(1) of class C2+α, such that

gn(Un ∩ Ω) = {x ∈ B(1) : xN > 0}, gn(Un ∩ ∂Ω) = {x ∈ B(1) : xN = 0}
(where xN denotes the N -th component of the vector x) and, moreover,

(i) there exists k ∈ N such that
⋂

n∈J Un = ∅ if card (J) > k;

(ii) there exists ε > 0 such that {x ∈ Ω : d(x, ∂Ω) < ε} ⊂
⋃

n∈N
Vn, where

Vn = g−1
n (B(1/2));

(iii) there exists C > 0 such that ||gn||C2+α + ||g−1
n ||C2+α ≤ C, for any n ∈ N.

Remark D.0.2 It is possible to show that if Ω is uniformly of class C2+α,
then the diffeomorphism gn (n ∈ N) can be chosen so that

(Jac gn)(x)ν(x) = −αneN , x ∈ Un ∩ ∂Ω, n ∈ N,

for some positive function αn, where ν denotes the unit outward normal and
eN = (0, . . . , 0, 1)). Roughly speaking, the diffeomorphisms gn leave the nor-
mal direction unchanged. We refer the reader to [146, Chapter 1, Section 2.4]
for the proof of this property.

Remark D.0.3 As a consequence of the condition (iii) in Definition D.0.1,
the principal curvatures λ1, . . . , λN−1 of ∂Ω are bounded both from above and
below with respect to x, hence

M0 := inf
x∈∂Ω

{
∂ν

∂τ
(x) · τ, |τ | = 1, τ · ν(x) = 0

}
> −∞,

since, locally, ∂ν/∂τ · τ = λ1τ
2
1 + · · · + λN−1τ

2
N−1.
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Definition D.0.4 The open set Ω is said to satisfy the uniform interior

sphere condition if, for any point z0 ∈ ∂Ω, there exists a ball B(z0, rz0
) ⊂ Ω

such that B(z0, rz0
) ∩ ∂Ω = {z0}, and infz0∈Ω rz0

> 0.

As the following proposition shows, if ∂Ω is uniformly of class C2, then Ω
satisfies the interior sphere condition.

Proposition D.0.5 ([59], Prop. B.2) If ∂Ω is uniformly of class C2, then

it satisfies a uniform interior sphere condition.

Proof. Let y0 ∈ ∂Ω and let j ∈ N be such that y0 ∈ Vj . Further, denote by
ν(y0) and Ty0

, respectively, the unit inward normal vector and the tangent
space to ∂Ω at y0. By the implicit function theorem and by a rotation of
coordinates, we may assume that the xN axis lies in the direction ν(y0) and
that ∂Ω∩Vj is given by the equation xN = ψj(x

′), where x′ = (x1, . . . , xN−1)
and ψj is of class C2+α. Moreover Ω ∩ Vj ⊆ {xN < ψj(x

′)}. Now, let B be
a tangent ball to Ty0

at y0 lying in the set {xN < ψj(x
′)}. Taking a smaller

radius r0 if necessary, we find that B ⊆ Ω and B ∩ ∂Ω = {y0}. Moreover,
comparing the curvatures of T (y0),B, and ∂Ω at y0 we have 0 < 1/r0 ≤ ki(y0),
where ki for i = 1, . . . , N − 1 denote the so-called principal curvatures of ∂Ω.
Since ki are related to the second order derivatives of ψj (see [66, (14.93)])
which are uniformly bounded, we obtain that ki(y0) ≤ C, hence r0 ≥ C−1.

Now, we are ready to prove the main result of this appendix.

Proposition D.0.6 ([59], Proposition B.3) Let ∂Ω be uniformly of class

C2, Further, fix δ = 2/C and set Ωδ = {y ∈ Ω | d(y) < δ}. Then,

(i) for any x ∈ Ωδ there exists a unique y = y(x) ∈ ∂Ω such that |x− y| =
d(x);

(ii) d ∈ C2
b (Ωδ);

(iii) Dd(x) = ν(y(x)), for any x ∈ Ωδ.

Proof. We limit ourselves to proving the property (i). Indeed, the proof of
the properties (ii) and (iii) relies on the property (i) and the implicit function
theorem, and it is completely similar to that given in [66, Section 14.6] in the
case when Ω is bounded.

Of course, the existence part in (i) is obvious. To prove the uniqueness of
the point y = y(x) at any x ∈ Ωδ, let y ∈ ∂Ω be such that d(x) = |x − y|.
According to Proposition D.0.5, there exists a ball B = ξ + B(ρ) such that
B ⊂ Ω and B ∩ ∂Ω = {y}. Moreover from the definition of δ it follows that
x ∈ B. It is easy to see that x and ξ lie on the normal direction ν(y) and
that the balls x+B(d(x)), ξ+B(ρ) are tangent at y. Then, x+B(d(x)) still
verifies the interior sphere condition at y. It follows that for any z ∈ ∂Ω\{y},
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one has z /∈ x + B(d(x)), so that y is actually the unique point such that
|x− y| = d(x).





Appendix E

Function spaces: definitions and main

properties

In this appendix we collect all the function spaces that we consider in this
book.

E.1 Spaces of functions that are continuous or Hölder

continuous in domains Ω ⊂ RN

E.1.1 Isotropic spaces

Given an open set Ω ⊂ RN (even Ω = RN ), we denote by Cb(Ω) (resp. Cb(Ω))
the space of bounded and continuous functions f : Ω → R (resp. f : Ω → R)
and we endow it with the sup-norm, i.e.,

||f ||∞ = sup
x∈Ω

|f(x)|, f ∈ Cb(Ω) (resp. f ∈ Cb(Ω)).

Let Ω be bounded, C0(Ω) denotes the subspace of Cb(Ω) of functions f :
Ω → R such that f = 0 on ∂Ω. When Ω is unbounded, C0(Ω) denotes the
subset of Cb(Ω) of functions f : Ω → R such that f = 0 on ∂Ω and

lim
|x|→+∞

x∈Ω

f(x) = 0.

Next, for any k > 0, we denote by Ck
b (Ω) the space of functions f : Ω → R

which are continuously differentiable in Ω up to the [k]-order and such that
Dαf ∈ Cb(Ω) for any |α| ≤ [k] ([k] denoting the integer part of k) and Dαf is
(k− [k])-Hölder continuous for any |α| = [k]. We endow Ck

b (Ω) with the norm

||f ||Ck
b (Ω) =

∑

|α|≤[k]

||Dαf ||∞ +
∑

|α|=[k]

[Dαf ]Ck−[k](Ω), f ∈ Ck
b (Ω), (E.1.1)

where

[f ]Ck−[k](Ω) = sup
x,y∈Ω

x6=y

|f(x) − f(y)|

|x − y|k−[k]
.

Similarly, Ck
loc(R

N ), (k ∈ R+), is the set of functions f : RN → R which are
continuously differentiable up to the [k]-th-order in RN and have k-th-order
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derivatives which are (k − [k])-Hölder continuous in K for any compact set
K ⊂ RN .

We say that f ∈ BUCk(RN ) (k ∈ N) if f ∈ Ck
b (RN ) and Dαf is uniformly

continuous in RN for any |α| = k. We endow it with the norm in (E.1.1).
Moreover, for any open set Ω ⊂ RN and any k ≥ 0, we denote by Ck

c (Ω)
(resp. Ck

c (Ω)) the subset of Ck
b (Ω) of functions f : Ω → R compactly sup-

ported in Ω (resp. in Ω). We endow both Ck
c (Ω) and Ck

c (Ω) with the norm of
Ck

b (Ω). We say that f ∈ C∞
c (Ω) if f ∈ Ck

c (Ω) for any k ∈ N.
Finally, for any smooth open set Ω, we denote by C1

ν (Ω) the set of functions
f ∈ C1

b (Ω) such that the normal derivative ∂f/∂ν identically vanishes on ∂Ω.

Sometimes we also consider spaces of vector-valued continuous functions.
For any k ∈ [0, +∞), and any m ∈ N, we denote by Ck(Ω, Rm) (resp.
Ck

loc(Ω, Rm)) the set of functions f = (f1, . . . , fm) : Ω → Rm such that
fj ∈ Ck(Ω) (resp. fj ∈ Ck

loc(Ω)) for any j = 1, . . . , m.

E.1.2 Anisotropic Hölder spaces in R
N

We now define the anisotropic Hölder spaces that we use in this book. For
this purpose, for any r ∈ {1, . . . , N − 1}, we split RN := Rr × RN−r.

To define the spaces C3θ,θ
b,r (RN ), let us introduce the Zygmund spaces Cα

b (Rm)

(m ∈ N). For any γ ∈ (0, 1], the Zygmund space Cγ
b (Rm) is the set of functions

f ∈ Cb(R
m) such that

[f ]Cγ
b (Rm) = sup

x,y∈Rm

x6=y

|f(x) − 2f
(

x+y
2

)
+ f(y)|

|x − y|γ
< +∞.

Cγ
b (Rm) is a Banach space when it is endowed with the norm

||f ||Cγ
b (Rm) = ||f ||∞ + [f ]Cγ

b (Rm), f ∈ Cγ
b (Rm).

For γ > 1 such that γ /∈ N,

Cγ
b (Rm) =

{
f ∈ C

[γ]
b (Rm) : Dαf ∈ Cγ−[γ]

b (Rm) for any |α| = [γ]
}

,

and it is normed by

||f ||Cγ
b (Rm) = ||f ||

C
[γ]

b (Rm)
+

∑

|α|=[γ]

[Dαf ]
C

γ−[γ]

b (Rm)
.

Finally, if γ ∈ N, γ > 1,

Cγ
b (Rm) =

{
f ∈ Cγ−1

b (Rm) : Dαf ∈ C1
b (Rm), for any |α| = γ − 1

}

and it is normed by

||f ||Cγ
b (Rm) = ||f ||Cγ−1

b (Rm) +
∑

|α|=γ−1

[Dαf ]C1

b (Rm).
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We can now define the space C3θ,θ
b,r (RN ) for any θ ∈ (0, 1], by setting

C3θ,θ
b,r (RN ) =

{
f : R

N → R : f(·, y) ∈ C3θ
b (Rr) ∀y ∈ R

N−r,

sup
y∈RN−r

||f(·, y)||C3θ
b (Rr) < +∞,

f(x, ·) ∈ Cθ
b (RN−r) ∀x ∈ R

r, sup
x∈Rr

||f(x, ·)||Cθ
b (RN−r) < +∞

}

and we norm it by

||f ||C3θ,θ
b,r (RN ) = sup

y∈RN−r

||f(·, y)||C3θ
b (Rr) + sup

x∈Rr

[f(x, ·)]Cθ
b (RN−r).

Similarly, we define and norm the spaces C3θ,θ
b,r (RN ), replacing everywhere

the Zygmund spaces Cα
b with the usual Hölder spaces Cα

b .

When no confusion may arise, we simply write C3θ,θ
b (RN ) and C3θ,θ

b (RN ).

Remark E.1.1 It is well known (see, e.g., [104, Proposition 0.2.2]) that the
spaces Cγ

b (Rm) and Cγ
b (Rm) coincide when γ /∈ N and the corresponding norms

are equivalent, whereas, if γ ∈ N, Cγ
b (Rm) is properly continuously embedded

in Cγ
b (Rm). It follows that C3θ,θ

b,r (RN ) = C3θ,θ
b,r (RN ) with equivalence of the

corresponding norms, if θ ∈ R+ \ (1
3N), while C3θ,θ

b,r (RN ) is properly and

continuously embedded in C3θ,θ
b,r (RN ) otherwise.

Remark E.1.2 By interpolation, it is easy to check that, if f ∈ C3θ,θ
b,r (RN )

and 3θ > 1, then all the derivatives of f , with respect to the first r variables
and up to the [3θ]-order are (bounded and) continuous in RN . Indeed, for any
x ∈ RN split x = (y, z) where y = (x1, . . . , xr) and z = (xr+1, . . . , xN ), and
let k ∈ N be such that k < 3θ. Since there exists a positive constant C such
that

||g||Ck
b,r(Rr) ≤ C||g||

1− k
3θ

Cb(Rr)||g||
k
3θ

C3θ
b (Rr)

, g ∈ C3θ
b,r(R

r)

(see Proposition A.4.4), we easily deduce that

||f(·, y2) − f(·, y1)||Ck
b (Rr)

≤ C||f(·, y2) − f(·, y1)||
1− k

3θ

Cb(Rr)||f(·, y2) − f(·, y1)||
k
3θ

C3θ
b (Rr)

≤ 2C||f ||C3θ,θ
b,r (RN )|y2 − y1|

θ− k
3 , (E.1.2)

for any z1, z2 ∈ R
N−r. From (E.1.2) we deduce that the k-th derivatives

of f with respect to the first r variables belong to C3θ−k,θ−k/3
b,r (RN ), so, in

particular, they are continuous in RN .
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E.2 Parabolic Hölder spaces

Given any interval I ⊂ (0, +∞), any set D ⊂ R
N with nonempty interior

part, and two integers h, k ∈ N ∪ {0}, h ≤ 1, we denote by Ch,k(I × D), the
set of functions f : I × D → R which are continuous in I × D, continuously
differentiable in the interior of I ×D up to the h-th order with respect to the
time variable and up to the k-th order with respect to the space variables and
such with all the derivatives which can be extended by continuity to I × D.
When I × D is bounded, we norm Ch,k(I × D) by setting

||f ||Ch,k
b (I×D) =

h∑

j=0

||D
(j)
t f ||∞ +

∑

0<|α|≤k

||Dαf ||∞. (E.2.1)

Moreover, when I × D is unbounded we write Ch,k
b (I × D) to denote the set

of functions belonging to Ch,k(I ×D) which are bounded together with their

derivatives. We endow Ch,k
b (I × D) with the norm in (E.2.1).

We denote by C∞
c (I × D) the set of functions f : I × D → R compactly

supported in I × D, which admit classical derivatives Dj
t D

αf of any order in
I × D.

Next, for any α ∈ (0, 1) and any k ∈ N∪{0}, we denote by C1+α/2,2+α(I×D)
the subspace of C1,2(I×Ω) of functions f : I×D → R such that the functions
Dtf, Dβ

xf (|β| ≤ 2) are bounded and satisfy

||f ||C1+α/2,2+α(I×D) := sup
x∈D

||f(·, x)||
C

1+α/2

b (I)
+ sup

t∈I
||f(t, ·)||C2+α

b (D) < +∞.

(E.2.2)
It is a Banach space when endowed with the norm in (E.2.2).

Similarly, we say that f ∈ C
1+α/2,2+α
loc (I ×D) if f ∈ C1+α/2,2+α(F ) for any

open set F := (a, b) × Ω′ with compact closure in I × D.

Let Y be a subspace of Cb(Ω). By B(I; Y ) and Ck
b (I; Y ) (k ≥ 0) we denote

the set of functions f : I → Y which are, respectively, bounded in I and
differentiable in I (with values in Y ) up to the [k]-th order, with bounded
derivatives, f ([k]) being Hölder continuous in I with exponent k − [k]. We
norm these spaces by setting

||f ||B(I;Y ) = sup
t∈I

||f(t, ·)||Y ,

and

||f ||Ck(I;Y ) =

[k]∑

j=0

||f (j)||B(I;Y ) + sup
s,t∈I
s6=t

||f(t) − f(s)||Y
|t − s|k−[k]

.

Sometimes, we identify a bounded and continuous function f : I → Ω → R

with an element of the space C(I; Cb(Ω)) in the natural way. Modulo this
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identification, we can say that f ∈ C1+α/2,2+k+α(I × Ω) (k ∈ N ∪ {0}) if and
only if f ∈ C1+α/2(I; Cb(Ω)) ∩ C(I; C2+k+α

b (Ω)).

E.3 L
p and Sobolev spaces

Given an open set Ω ⊂ RN (possibly Ω = RN ), we denote by Bb(Ω) the space
of bounded Borel measurable functions defined in Ω.

We now define the usual Sobolev spaces. Let µ be a positive measure defined
on the σ-algebra of all the Borel sets of Ω. We denote by Lp(Ω, µ) (p ∈ [1, +∞))
the space of Borel measurable functions f : Ω → R such that

||f ||Lp(Ω,µ) :=

(∫

Ω

|f |pdµ

) 1

p

< +∞, (E.3.1)

if p < +∞ and

||f ||∞ = min {Λ > 0 s.t. |f(x)| ≤ Λ, µ − a.e. in Ω} . (E.3.2)

Lp(Ω, µ) (p ∈ [1, +∞]) is a Banach space when endowed with the norm in
(E.3.1) and (E.3.2).

By Lp(Ω) (p ∈ [1, +∞]) we denote the usual Lp spaces related to the
Lebesgue measure defined on the σ-algebra of the Lebesgue measurable sets.

By Lp
loc(Ω) (p ∈ [1, +∞]) we denote the space of functions f which belong

to Lp(F ) for any open set F ⊂ RN with compact closure.
The Sobolev space W k,p(Ω, µ) (k ∈ N, p ∈ [1, +∞]) is the subspace of

Lp(Ω, µ) of functions f which admits distributional derivatives up to the k-
th-order in Lp(Ω, µ). It is a Banach space when endowed with the norm

||f ||W k,p(Ω,µ) =
∑

|α|≤k

||Dαf ||Lp(Ω,µ), f ∈ W k,p(Ω, µ).

As above, we simply write W k,p(Ω) when the underlying measure is the
Lebesgue measure.

We say that u ∈ W k,p
loc (Ω) (k ∈ N, p ∈ [1, +∞]) if u ∈ W k,p(F ) for any open

set F ⊂ RN with compact closure.
For more details on Lp and Sobolev spaces we refer the reader to [2].
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variant measures and of transition probabilities of singular diffusions.
Dokl. Akad. Nauk, 376(2):151–154, 2001. (Russian).

[21] V.I. Bogachev, N.V. Krylov, and M. Röckner. On regularity of transition
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[105] A. Lunardi. An interpolation method to characterize domains of gen-
erators of semigroup. Semigroup Forum, 53(3):321–329, 1996.

[106] A. Lunardi. On the Ornstein-Uhlenbeck Operator in L2 spaces with
respect to invariant measures. Trans. Amer. Math. Soc., 349(1):155–
169, 1997.

[107] A. Lunardi. Schauder estimates for a class of degenerate elliptic and
parabolic operators with unbounded coefficients in RN . Ann. Scuola

Norm. Sup. Pisa Cl. Sci. (4), 24(1):133–164, 1997.

[108] A. Lunardi. Schauder theorems for linear elliptic and parabolic problems
with unbounded coefficients in Rn. Studia Math., 128(2):171–198, 1998.

[109] P. Malliavin. Stochastic analysis, volume 313 of Grundlehren der Math-

ematischen Wissenschaften. Springer-Verlag, Berlin, 1997.

[110] M. Manfredini. The Dirichlet problem for a class of ultraparabolic equa-
tions. Adv. Differential Equations, 2(5):831–866, 1997.

[111] M. Manfredini and A. Pascucci. A priori estimates for quasilinear de-
generate parabolic equations. Proc. Amer. Math. Soc., 131:1115–1120,
2003.

[112] G. Metafune. Lp-spectrum of Ornstein-Uhlenbeck operators. Ann.

Scuola Norm. Sup. Pisa Cl. Sci. (4), 30(1):97–124, 2001.

[113] G. Metafune, D. Pallara, and E. Priola. Spectrum of the Ornstein-
Uhlenbeck operators in Lp spaces with respect to invariant measures.
J. Funct. Anal., 196(1):40–60, 2002.

[114] G. Metafune, D. Pallara, and A. Rhandi. Global properties of invariant
measures. J. Funct. Anal., 223(2):396–424, 2005.

[115] G. Metafune, D. Pallara, and M. Wacker. Compactness properties of
Feller semigroups. Studia Math., 153(2):179–206, 2002.



520 References

[116] G. Metafune, D. Pallara, and M. Wacker. Feller semigroups on RN .
Semigroup Forum, 65(2):159–205, 2002.

[117] G. Metafune and E. Priola. Some classes of non-analytic Markov semi-
groups. J. Math. Anal. Appl., 294(2):596–613, 2004.

[118] G. Metafune, J. Prüss, A. Rhandi, and R. Schnaubelt. The domain of
the Ornstein-Uhlenbeck operator on an Lp-Space with invariant mea-
sure. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5), 1(2):471–485, 2002.

[119] G. Metafune, J. Prüss, A. Rhandi, and R. Schnaubelt. Lp-regularity for
elliptic operators with unbounded coefficients. Adv. Differential Equa-

tions, 10(10):1131–1164, 2005.

[120] S. Monniaux and J. Prüss. A theorem of Dore-Venni type for noncom-
muting operators. Trans. Amer. Math. Soc., 349(12):4787–4814, 1997.

[121] E. Nelson. The free Markoff field. J. Funct. Anal., 12:211–227, 1973.
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