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Preface

The main objective of this book is to study Markov semigroups, starting from
the partial differential equations associated (parabolic and elliptic equations
involving a second-order elliptic operator which has unbounded coefficients).

The theory of Markov processes and of related transition semigroups has
numerous applications in many fields of science, engineering and economics.
Historically, in the mathematical literature the subject is studied using sev-
eral approaches, with ideas and methods from partial differential equations,
Dirichlet forms, stochastic processes, stochastic differential equations, martin-
gale theory.

Somehow the classical semigroup theory is unfit to study this particular
class of equations, as well as the classical theory of elliptic differential oper-
ators. Indeed, the fact that the coefficients of the operator are unbounded is
not merely a technical difficulty, but has significant consequences for the solu-
tions (nonuniqueness of continuous bounded solutions, semigroup not strongly
continuous, failure of regularity properties).

These facts lead to looking for specific techniques and results, and here we
describe some of them.

The semigroup is studied in spaces of continuous functions and in LP-spaces
of the invariant measure, which is the stationary distribution of the Markov
process and it exists under suitable assumptions.

In the first part of the book we study the general properties of the semigroup
in spaces of continuous functions: the existence of solutions to the elliptic and
to the parabolic equation, the uniqueness properties (and counterexamples to
uniqueness), the definition and the properties of the weak generator, which
is a specific notion that substitutes the infinitesimal generator of strongly
continuous semigroups.

We see also some properties of the associated Markov process and the con-
nection with the uniqueness of the solutions.

Then we focus on the proof of regularity results: global and pointwise esti-
mates of the space derivatives of the semigroup. In particular, first we prove
global estimates for the space derivatives and Schauder estimates, similar to
those for operators with bounded coefficients. Then, we prove a number of
pointwise estimates, which relate the derivatives of the semigroup at a point
with the semigroup applied to the derivatives of the function, or to the func-
tion itself, at the same point. These estimates are truly characteristic of this
class of operators and have interesting consequences (for instance in terms of

xi



xii

Liouville theorems).

We make the same analysis for boundary value problems in unbounded
domains, with Dirichlet or Neumann boundary conditions, and for problems
involving degenerate operators.

In the part about the invariant measure, we study some different approaches
to the problem of the existence of the invariant measure, and we study the
properties of the semigroup in LP-spaces, including the asymptotic behaviour,
the Poincaré inequality and the log—Sobolev inequality.

Besides we devote a chapter to the Ornstein—Uhlenbeck semigroup, the most
studied example of an operator with unbounded coefficients.
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Chapter 1

Introduction

Elliptic operators with bounded coefficients have been widely studied in the
literature both in RN and in open subsets of RY, starting from the 1950’s,
and nowadays they are well understood.

The study of operators with unbounded coefficients is a generalization of
this case and recently the interest in this class of operators has grown con-
siderably due to their numerous applications in many fields of science, engi-
neering and economics. The most famous example of an elliptic operator with
unbounded coefficients in RY (N > 1) is the Ornstein-Uhlenbeck operator,
defined on smooth functions by

Z qij IJSD + Z bl_]x_] 190 x € RN7

3,7=1 3,j=1

where (g;;) is a constant strictly positive definite matrix and (b;;) is a constant
real matrix whose eigenvalues have nonpositive real parts. Such an operator
displays all the main peculiarities of the operators with unbounded coeffi-
cients. For instance, the associated semigroup {T'(¢)} in BUC(RY) is neither
strongly continuous nor analytic, whereas the semigroups associated with op-
erators with bounded coefficients are analytic in C,(RY). Nevertheless, it has
smoothing effects similar to those enjoyed by analytic semigroups associated
with uniformly elliptic operators with bounded coefficients.

Starting from the pioneering papers [10, 76, 90, 91, 92, 93] the literature
on elliptic operators with unbounded coefficients has spread out considerably
and now we are able to treat uniformly elliptic operators of the type

N

qu Dijep(x) + ) bi(z) Digp(x) + c(z)p(),  (1.0.1)

3,j=1 i=1

under rather weak assumptions on the coefficients, both with analytic and
probabilistic methods.

The aim of this book is to present most of the old and recent results on
the Markov semigroups associated with elliptic operators with unbounded
coeflicients, using analytic methods. We mainly consider the case when the
coefficients of the operator A are defined in RY, but we also give some very re-
cent results in the case when they are defined in open and unbounded domains
of RV, The book is divided in three parts.

xvii



xviii Chapter 1. Introduction

Part 1

In the first part of the book, we are concerned with the following topics:

Existence of the Markov semigroup associated in C,(R") with the
operator A in (1.0.1). In the case when the coefficients of the operator
A are bounded, the natural way to construct analytically such a semigroup
consists in defining, for any f € C,(RY) (the space of bounded and continuous
functions defined in R™) and any ¢ > 0, T'(t) f as the value at ¢ of the classical
solution to the Cauchy problem

Du(t,z) — Au(t,z) =0, t>0, 2 € RV,
(1.0.2)

u(0,z) = f(x), r € RV,

To generalize this procedure to the case when the coefficients are unbounded,
we are led to prove existence results for the bounded classical solution of
the Cauchy problem (1.0.2), when A is given by (1.0.1). Here, by bounded
classical solution of (1.0.2), we mean a function w which is bounded and
continuous in [0, +00) x RY and admits first-order time derivative and first-
and second-order spatial derivatives, which are continuous in (0, +00) x R¥.
This has been done, first, by S. Itd in [76] and, more recently, by R. Azencott
in [10], under quite minimal regularity assumptions on the coefficients of the
operator A. The arguments used to prove the existence of a classical solution
(which we denote by uys) are very simple and elegant. They are based both
on an approximation argument with Cauchy-Dirichlet problems in bounded
and smooth domains, and classical Schauder estimates. In general, us is not
the unique classical solution to the problem (1.0.2). This is a typical feature
of elliptic operators with unbounded coefficients. Nevertheless, uy enjoys a
nice property: when f > 0, uy is the minimal positive solution to the problem
(1.0.2). This minimality property allows us to define the semigroup {7'(¢)} by
setting T'(¢) f = uy(¢,-) for any ¢ > 0.

In general, such a semigroup is neither strongly continuous nor analytic in
Cyp(RN). In fact, T(t)f converges to f as t goes to 0, uniformly on compact
subsets, but, in general, not uniformly in RY, and this happens even if f
is uniformly continuous. Some sufficient conditions on the coefficients of the
operator A which imply that the semigroup {T'(¢)} is (resp. is not) analytic
in Cy(RY) are known in the literature and here we describe some of them.

There is also a natural, purely probabilistic way to introduce the semigroup
{T(t)}. It is known that, under suitable assumptions on the coefficients of the
operator A, there exists a Markov process X in RY such that the semigroup
{T'(t)} is the transition semigroup of X, i.e.,

(T f)(x) = E Ler f(X0), t>0, zeRY, feC(RY), (1.0.3)

where 7 € (0,400] is the life time of X (X is defined for t € [0,7)), and
E is the expectation under the probability measure IP,. Note that Xg = x
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P,-almost surely. The process X associated with {T'(¢)} is equivalent under
the probability P, to the solution &7 of the stochastic differential equation

dgf = b(&f)dt + o (&)dWr, & =, (1.0.4)

where W; is a N-dimensional Brownian motion, b : RY — R is the coefficient
of Aand o : RV — L(RY) is such that Q(z) = Jo(z)o*(z), where Q(z) is
the matrix with elements g;;(x).

Conversely, the stochastic equation (1.0.4) can be the starting point for the
construction of {T'(t)}: if &7 is a solution of the equation (1.0.4) and {T'(t)} is
defined by (1.0.3) with X; = &7, then the function u = T'(-) f is a solution of
the parabolic problem (1.0.2). This follows using results from the stochastic
calculus (the It formula is the main tool).

The equation (1.0.4) can be considered a random perturbation of the ordi-
nary differential equation

d
e =b(ED) (10.5)

Of course, here it is not natural to assume that the function b is bounded; in
almost all the significant cases b is unbounded. This is an important reason
for studying operators with unbounded coefficients.

Note that, according to the formula (1.0.3), the properties of {T'(t)} may
be deduced from the study of the process X. This probabilistic approach has
been widely used in the literature (see, e.g., [30, 49, 53, 65, 75, 83, 88, 139)).

Under the same smoothness assumptions on the coefficients as above and
using similar approximation arguments by Dirichlet problems in bounded do-
mains, the existence of a solution vy € Dpax(A) to the elliptic equation

w—Av=f, A>co:= sup c(x), (1.0.6)

T€RN

can be proved for any f € C,(RY). Here,

Dinax(A) = {u cCG®RY)N () WEIRY): Auc Cb(RN)}. (1.0.7)

C
1<p<+oo

As in the parabolic case, the problem (1.0.6) may admit several solutions in
Dyyax(A). In any case, when f > 0, vy is the minimal positive solution.

As in the case when the coefficients of the operator A are bounded, there
is a connection between the functions uy and vy. In fact, for any A > cg, vy
is the Laplace transform of uy, in the sense that

—+oo
vi(z) = /0 e Muy(t, x)dt, reRN, (1.0.8)

The main difference with the classical case is that now, in general, the integral
term in the right-hand side of (1.0.8) does not converge in Cj,(R™).
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Since, in general, the semigroup {T'(t)} is neither strongly continuous nor
analytic, then the infinitesimal generator does not exist in the classical sense.
This gap is filled introducing the concept of a “weak generator”. In fact,
we can define a family {R()\), A > co} of bounded operators in C,(RY) by
setting R(A) f = vy. Such a family is the resolvent family associated with some
(closed) operator A. We call A the “weak generator” of the semigroup. The
reason for this name is due to the fact that A is a generalization of the classical
concept of the infinitesimal generator of a strongly continuous (or analytic)
semigroup. Indeed, the weak generator A can be defined, in a equivalent way,

-~

using the bounded pointwise convergence: a function f belongs to D(A) if and

only if
(T @) f)(x) = f(z)]
t

for some M > 0, and (T'(t)f — f)/t converges pointwise to some bounded and
continuous function g as t tends to 0T. In such a case A\f =g.

In general, D(A) is properly contained in Dy,ax(A) and A coincides with 4
on D(E) The previous set inclusion is actually a set equality if and only if
the elliptic equation (1.0.6) is uniquely solvable in Dyyax(A).

As in the classical case of bounded coefficients, it is possible to associate
a transition family {p(t,z;dy) : t > 0, x € RN} (or equivalently a Green’s
function G) to the semigroup, for which the following representations hold:

< M, te(0,1), z € RY,

(T )= | fplt,zdy)= [ Gt,z,y)f(y)dy, t>0, xRV

RN RN
(1.0.9)
The formula (1.0.9) is a keystone for proving some interesting and very
useful continuity properties of the semigroup, as well as for showing that the
semigroup can be extended to the space By(R™) of bounded Borel functions.
Such a semigroup, still denoted by {T'(¢)}, is both irreducible and strong
Feller.

All the previous results can be obtained without assuming the uniqueness of
the solutions to the problems (1.0.2) and (1.0.6), with the claimed regularity
properties. Of course, it is natural to investigate what conditions imply the
uniqueness of the classical solution to the Cauchy-Dirichlet problem and of
the solution to the elliptic equation in Dy,ax(.A). The two problems are not
independent of one another. In fact, there exists a unique solution to the
elliptic equation in Dyax(A) if and only if there exists a unique classical
solution to the problem (1.0.2), which is bounded in [0, 7] x RY for any T’ > 0.

In the case when the coefficients are bounded, the uniqueness results are
straightforward consequences of the classical maximum principles. If the co-
efficients of the operator A4 are unbounded, the classical maximum principle
may fail. This is the reason why, in general, the elliptic equation and the
parabolic Cauchy-Dirichlet problem admit more than one solution. Hence, to
prove uniqueness results some additional assumptions on the operator A need
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to be imposed. The typical assumptions which we assume are those that al-
low us to prove a generalized maximum principle: the existence of a so-called
Lyapunov function ¢, i.e., a sufficiently smooth function ¢ such that

(1) lim ¢(z) =400 and (it) sup Ap(z) — Ap(z) < 400,  (1.0.10)

|z|—+o00 z€RN

for some A > ¢o. At a first glance, the condition (1.0.10)(ii) may seem a
condition related merely to the growth rate of the coefficients at infinity, but
actually this is not the case. Indeed, the differential operators

Ap(x) = Ap(x) — |z|(x, Do(z)), zeRN (1.0.11)

and
Ap(z) = Ap(a) + |2l (v, Dp(a)), = €RY, (1.0.12)

differ just in the sign of the drift term, but this difference is essential. In-
deed, the Cauchy-Dirichlet problem associated with the first operator admits
a unique classical solution, while the Cauchy problem associated with the
second operator admits several classical solutions.

In the case when ¢ = 0, both the functions 1 (i.e., the constant function
identically equal to 1) and T'(-)1 solve the Cauchy problem (1.0.2). Hence,
T(t)1 = 1 for any ¢ > 0 is a necessary condition for the problem (1.0.2)
to admit a unique classical solution. Actually, such a condition is also suffi-
cient. When this condition is satisfied we say that the semigroup is conser-
vative or that the conservation of the probability holds. The reason for this
nomenclature is based on the fact that, in this case, the family of measures
{p(t,z;dy) : t >0, x € RN} consists of probability measures.

There are also some conditions under which the problem (1.0.2) admits
several classical solutions. For instance, this is the case when there exists a
nonnegative bounded and smooth function ¢ (still called a Lyapunov function)
such that Ap — Ap < 0.

The one-dimensional case is easier and has been studied by Feller (see [57]).
In such a setting there are necessary and sufficient conditions which give
uniqueness of the solution to the elliptic (and, consequently, to the parabolic
problem) which can be written in terms of the integrability at infinity of some
functions which are strictly related to the coefficients of the operator A.

The arguments that we have briefly described here are discussed in detail
in Chapters 2, 3, 4 and 10.

Study of the main properties of the semigroup {7'(¢)} in the space
Cy(RYN).  We discuss two main topics in this book. The first one is the com-
pactness of the semigroup in Cy(RY) which has been studied mainly by E.B.
Davies in [44] and by G. Metafune, D. Pallara and M. Wacker in [115], in the
case when ¢ = 0.

In the conservative case, the semigroup is compact if and only if, for any
t > 0, the family of measures {p(t,z;dy) : x € RN} is tight. This means
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that for any ¢ > 0 the measures p(t, x;dy) are e-concentrated in a compact
set, uniformly with respect to € RY. This, for instance, is the case when
there exist a nonnegative function ¢ € C?(R"Y) and a convex function g €
C1([0,+00)) such that

lim @(x) = 400, 1/gis integrable at +00, Ap(z) < —g(p(z)), = e RN,

|#]—o0

In the case when the family of measures {p(t,z;dy), * € RN} is tight for
any t > 0, the semigroup, besides being compact, enjoys another important
property: it is norm continuous in (0,400). This means that the function
t — T(t) is continuous with respect to the operator topology at any point
t > 0. Of course, one cannot expect continuity up to ¢t = 0 since the semigroup
is not, in general, strongly continuous.

In the nonconservative case, the compactness of the semigroup can be read,
roughly speaking, in terms of some regularity properties of the function 7'(¢)1.
Indeed, T(¢)1 belongs to Co(RY) (the space of continuous functions defined
in RY which vanish at infinity), for any ¢ > 0, if and only if the semigroup is
compact and maps Co(RY) into itself. In such a case, as in the conservative
one, the semigroup is norm continuous and R(A, /T) is compact as well.

Even though the semigroup {7'(¢)} may fail to be strongly continuous in
Cy(RY), the function t + T(t)f is continuous up to ¢t = 0, with respect
to the sup-norm, for any f € CO(RN ). Therefore, if the semigroup maps
Co(RY) into itself, then its restriction to Co(RY) gives rise to a strongly
continuous semigroup. So, it is important to determine suitable conditions on
the coefficients of the operator A which imply that Co(R”) is invariant under
the action of the semigroup. We do this in Sections 5.2 and 5.3.

Note that, in general, {T'(t)} does not map Co(RY) into itself. This is the
case, for instance, when the operator A is defined by

Ap(z) = Ap(x) — |2*(z, Dp(x)), z e RY,

on smooth functions ¢.
All the arguments that we have described here are discussed in Chapter 5.

Study of the smoothing effects of the semigroup. We pay attention
to the estimates of the space derivatives of T'(t)f when f € Cy(RY) or it is
smooth. These estimates can be split into two main families: uniform (in the
space variables) and pointwise estimates. Starting from the pioneering papers
on the Ornstein-Uhlenbeck semigroup it has become clear that under suitable
assumptions on the growth rate at infinity of the coefficients of the operator
A, the space derivatives of T'(¢) f should behave as in the case of the bounded
coefficients. Therefore, under reasonable assumptions on the coefficients, one
can expect that

k—h
ID*T(t) flloo < Ct 72 €' fllop ), t>0, (1.0.13)
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forany 0 < h <k, any f € Cgb (R™) and some positive constants C' and w.

We focus our attention on the case when k£ < 3. Indeed, in this case, the
estimates (1.0.13) are a fundamental tool in order to prove existence results
and Schauder estimates for the nonhomogeneous Cauchy problem and the
nonhomogeneous elliptic equation associated with the operator A.

The estimates (1.0.13) were first proved by A. Lunardi in [108] with analytic
methods and by S. Cerrai in [29, 30] with probabilistic methods. Recently
they have been improved in [18] in the case when ¢ = 0. Here, we describe
the results of [18]. The choice of focussing attention on the case when ¢ = 0 is
due to the fact that such an assumption is necessary for the validity of some
of the pointwise estimates that we present.

The method used to prove (1.0.13) is very easy and at the same time very
elegant. It consists in adapting to our situation the classical Bernstein method.
Unfortunately, to make such a method work, one needs to assume stronger
assumptions than those needed to construct the semigroup. In particular,
some dissipativity conditions are needed. More precisely, some bounds from

above on the sum
N

Z DZbJ(I)&f] I,€ S RN

ij=1

are essential to prove (1.0.13). Indeed, without any dissipativity assumption,
the estimates (1.0.13) may fail to hold even in the one-dimensional case. More-
over, here we have to assume the uniqueness of the solution to the homoge-
neous problem (1.0.2).

As it has been claimed, the previous estimates allow us to prove optimal
Schauder estimates for both the nonhomogeneous Cauchy problem and the
nonhomogeneous elliptic equation associated with the operator A. This is
obtained by an interpolation argument under the same assumptions on f and
g as in the case of bounded coefficients. As in this latter case, the solution to
the nonhomogeneous Cauchy problem

Dyu(t, ) — Au(t,z) = g(t,z), t>0, v € RV,
U(O,l‘) = f(x)v T e RNa

can be represented by means of the usual variation-of-constants formula
t
ut,x) = (T()f) () + / (T(t—s)g(t,)(@)ds,  ¢>0, x €RY, (1.0.14)
0

where now the integral term, in general, does not converge in Cy,(RY).
The optimal Schauder estimates may also be used to give a partial charac-
terization of D(A), showing that D(A) C C}T*(RY) for any a € (0, 1).

The latter type of estimates that we discuss in this book are pointwise
estimates. There are two types of pointwise estimates. The first ones are of
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the following type:
(DT ))@) < My (TSP + .+ IDEA) (@), (10.15)

for any t > 0, any x € RV, any f € CF(RY) (k=1,2,3),any p € (1, +0oc) and
some positive constant My, ,. They can be proved under the same hypotheses
used to get the uniform estimates. Under somewhat heavier assumptions on
the coefficients of the operator A, the estimates (1.0.15) can be improved,
eliminating the dependence on f2? from its right-hand side. In particular, it
can be shown that

IDT()f]? < ' T()(DFF),  ¢>0, (1.0.16)

for any p > 1. Note that for (1.0.16) to hold it is necessary that T'(¢f)1 = 1
for any t > 0 and, hence, ¢ = 0. Such more restrictive assumptions cover,
for instance, some cases when the coefficients have polynomial growth rate at
infinity.

The second type of estimate allows us to give an upper bound of the left-
hand side of (1.0.15) for any ¢ > 0 and any x € RY in terms of

() (TOWSE +-.+ D) (a),

1 being a positive function which behaves like t=%7/2 near t = 0 and it is
bounded or decreases exponentially at infinity. Then, iterating the arguments
and taking the semigroup property into account, we can derive the estimates

pk
[(DFT (1) f)(@)P < Crpt™ 2 rp(O(T (@) (| 7)) (2), t>0, z€RY,
(1.0.17)
for any k =1, 2, 3, where the function 1)y, is bounded at 0 and it behaves like

t% or it decreases exponentially to 0 at 4o00. This latter estimate improves
the uniform estimates (1.0.13), since now wy, may be a negative constant.
Consequently, the estimates (1.0.17) allow for a better asymptotic analysis of
the semigroup at infinity.

In general, the estimates (1.0.15) cannot be extended to the case p = 1, as
a well-known counterexample by Wang shows. However, in the particular case
when A = A + Zf\il b;(-)D; and the b;’s satisfy suitable growth conditions
at infinity, they can be extended also to the case p = 1. The importance of
obtaining such estimates with p = 1 will be clarified later on in this introduc-
tion. On the other hand, we stress that the estimates (1.0.17) with p = 1 may
fail also in the case when the coefficients of the operator A are bounded. A
very easy counterexample is given by the Gauss-Weierstrass semigroup.

Liouville type theorems are an important consequence of the previous gra-
dient estimates. Indeed, in the case when w; , < 0 in (1.0.17), one can show
that if u € Diax(A) satisfies Au = 0, then w is constant. But this is not the
only application of these estimates. Other important applications will be seen
in the next paragraph.

All the arguments discussed here are contained in Chapters 6 and 7.
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Study of both the invariant measures associated with the semigroup
and the regularity properties of the semigroup in LP-spaces related
to this measure. By definition, an invariant measure is a probability mea-
sure p such that

/ T(t)fdu:/ fdu, t>0, (1.0.18)
RN RN

for any f € By(RY).

The spaces LP(RY, ;1) are the “right” LP-spaces for {T'(t)}. Indeed, if an
invariant measure exists, then {7'(t)} maps LP(R", i) into itself. Note that, in
general, this property fails for the LP-spaces related to other measures, even
in the case of the Lebesgue measure. In such LP-spaces, {T'(¢t)} is a strongly
continuous semigroup for any p € [1,400). Note that, if ¢ = 0 and an invariant
measure exists, then the semigroup is conservative. So, from the probabilistic
point of view, an invariant measure is a stationary distribution for the Markov
process X.

When it exists, the invariant measure of {T'(t)} is unique and is absolutely
continuous with respect to the Lebesgue measure. Moreover, its density is a
positive and continuous function (not necessarily bounded). In general, an
explicit expression of the density of u is not available. In any case, in some
situations (e.g., in the case when A is in divergence form), under suitable
integrability and smoothness assumptions on the coefficients, one can prove
some global L? and Sobolev regularity properties of the density.

So, the main problem consists in determining suitable conditions ensuring
the existence of the invariant measure. The main result in this direction is the
Khas'minskii theorem. It states that if there exists a regular function ¢ such
that

© >0, lim Ap(z) = —oo,
2| =00
then the invariant measure of {T'(t)} exists.

Let L, be the infinitesimal generator of {T'(¢)} in LP(R™, 1). As far as we
know, there are only a few situations in which a complete characterization of
D(L,) is available. This is, for instance, the case of the Ornstein-Uhlenbeck
semigroup. In any case, one can prove that Dpax(A) is always a core of D(Lp).
This means that Dyax(A) is dense in D(L,) which is endowed with the graph
norm. Moreover, if the pointwise estimate (1.0.17) holds, one can partially
characterize the domain of L,, showing that it is continuously embedded
in WHP(RY, i) (the set of all the functions whose first-order distributional
derivatives are in LP(RY, u)).

In the case when p = 2, a description of the asymptotic behaviour of the
semigroup is available. In fact, for any f € L%(RY, 1) we have

lim (T(t)f — f)*du =0, (1.0.19)

t—>+OO ]RN
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where f is the projection of f on the subspace of the constant functions.
This subspace is the eigenspace corresponding to the eigenvalue A = 0 of the
operator A.

If there exists a spectral gap, i.e., if

7(L2) \ {0} C {Re A < —3}, (1.0.20)

for some 0 > 0, the convergence in (1.0.19) is of exponential type. This is the
case, for instance, when the Poincaré inequality

/ \f = flPdp < C/ |Df|dp, fe W3RN, n), (1.0.21)
RN RN

is satisfied. A sufficient condition for the validity of the Poincaré inequality is
the compactness of the embedding W12(RY ;1) ¢ L2(RY, ). In turn, this is
implied by the validity of the log-Sobolev inequality:

/ Plog|fldi < [ fI310g] fl2 + C / DfPdu,  f e WRERN, p).
RN RN

(1.0.22)
For instance, this happens whenever the gradient estimate (1.0.16), with p = 1
and 0; = —a < 0, hold. Here, we see the importance of the pointwise gradient

estimates with p = 1 and exponentials of negative type.
We summarize the relations up to now determined in the following scheme.

(DT () f)(2)| < e *(T(t)|Df)(z), t>0, 2 €RY, a>0,

4

log-Sobolev inequality (1.0.22)
U

WL2(RYN, ) € LR, ) with a compact embedding

4

Poincaré inequality (1.0.21)
I

spectral gap (1.0.20) |<=-| exponential convergence to f

f

T(t) is compact in Cp(RY) for any ¢t > 0
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The log-Sobolev inequality (1.0.22) implies that f2log | f| is integrable when-
ever f € WH2(RY ). This Sobolev-type result is very sharp, as an exam-
ple of L. Gross shows: if 1 is the Gaussian measure, there exists a function
f € WH2(RN | 1) such that f2(log f)(loglog f) is not integrable. In particular,
one cannot expect any Sobolev embedding, such as W12(RY, u) ¢ LP(RY, ),
when p > 2.

In the case when
Ap(x) = Ap(x) — (DU(x), Do(z)), z e RN, (1.0.23)

on smooth functions ¢, and U is a smooth function such that e~V is integrable
in RY, the previous scheme can be improved a bit. Up to a normalization
factor, the invariant measure of the associated semigroup is given by

dp = e V@ g,

In this symmetric case, the log-Sobolev inequality (1.0.22) is equivalent to
the hypercontractivity of {T'(t)}, that is

IT® gy < Ifl2s alt) =1+€*, fe L*RY, p), (1.0.24)

where |||, is the norm in L"(R™, 1) and A = 2/C. The hypercontractivity was
first proved by E. Nelson (see [121]) for the Ornstein Uhlenbeck semigroup,
while the equivalence with the log-Sobolev inequality was proved by L. Gross
(see [69]). On the other hand, D. Bakry and M. Emery (see [12]) showed the
hypercontractivity of {T'(t)} when the operator A is given by (1.0.23) with U
satisfying

(D*U(2)¢,€) > alef?, 6 RV,

for some a > 0. Their proof needs the gradient estimate (1.0.16) with p =1
and o1 < 0.

Thus, when A is given by (1.0.23) we can complete the scheme above with
the following part:

Ao = Ap — (DU, Dy), D*U>a>0
I
(DT#)f)(z)| < e YT #)|Df)(x), t>0, z€RY a>0

U
log-Sobolev inequality (1.0.22)

i)

hypercontractivity of T'(t)
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The arguments described here are discussed in detail in Chapter 8.

Finally, due to its importance, we devote Chapter 9 to describe most of
the significant results on the Ornstein-Uhlenbeck semigroup both in Cy(RY)
and in the LP-space related to its invariant measure. We mainly focus on the
nondegenerate Ornstein-Uhlenbeck operator, but some of the results that we
describe hold also in the degenerate case.

To conclude this first part of the introduction, we summarize, in the follow-
ing table, the results that can be proved assuming the existence of a noniden-
tically vanishing Lyapunov function ¢ € C?(RY). For simplicity we assume
¢ = 0, even though some results hold in the general case. We denote by A and C'
positive constants. Moreover, the notation ¢,/ 400 means lim| |+ ©() =

+-00. Similarly the notation ¢ \, +00 means lim,|_ o @(7) = —0c0.
1 ¢ / +oo Ap—dp < C uniqueness
2 0<p<C Ap—Ap >0 nonuniqueness
3 p>0,p€ C()(]RN) Ap —Ap < -C T(t)]l S C()(RN)
¢/ +0o0,
:R — R convex T'(t) compact,
4 9 ’ Ap(x) < — T
1 #l@) < —9(p(@)) Co(R™) not invariant
— integrable at +o0o
g
© >0, p € Co(RY) Ap —Ap <0 Co(RY) invariant
=0 Ap N\, —oo 3 invariant measure
Part 1II

In this part of the book, we consider the case when R is replaced with an open
and unbounded domain of RY and we associate homogeneous Dirichlet and
Neumann boundary conditions with the operator A. In these two situations
the geometry of the open set ) plays a crucial role in proving the existence
of a semigroup associated with the operator A. In all the cases when we
guarantee the existence of the semigroup, we can also prove some uniform
gradient estimates (and pointwise gradient estimates in the case of Neumann
boundary conditions).

The case when homogeneous Neumann boundary conditions are associated
with the operator A and ) is a convex set is the easiest one to handle. The
existence of the semigroup is proved by approximating the Cauchy-Neumann
problem with a sequence of Cauchy-Neumann problems in suitable bounded
and convex domains (),. Using the same arguments as in the case when
Q = RY, one can show that the solutions u,, to such approximating prob-
lems converge to a smooth function u, with normal derivative vanishing on
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00, satisfying the parabolic equation Dyu,, — Au, = 0 in ,,. Showing the
continuity of w up to t = 0 is much more difficult than in the case when
Q = RY, since the sequence u, does not satisfy any monotonicity property.
The key point to overcome such a difficulty consists in determining uniform
gradient estimates for the solution u, (similar to those of the case Q = RV),
where the constants appearing in the estimates are independent of n. Once
such estimates are available, a localization argument shows that « is contin-
uous up to t = 0. The uniform gradient estimates can be proved by adapting
the Bernstein method and applying it to the functions u,,. Here, the convexity
of ), plays a crucial role in making this machinery work.

Unfortunately, the Bernstein method cannot be adapted to prove the esti-
mates for the higher order derivatives and, to the best of our knowledge, such
estimates are available only in the case when  is an exterior domain (see
Section 13.5).

The semigroup {7'(¢)} is not strongly continuous and, in general, it is not
analytic in C,(Q). In any case, as in Chapter 2, it is possible to define its weak
generator and to give a partial characterization of it.

As it has been already remarked, the other two situations considered in the
second part of the book are much more involved. This is essentially due to the
fact that it is not immediate to adapt the Bernstein method as in the previous
situation.

Part II1

Finally, in this part of the book, we describe how the approach used in the
first part of the book can successfully be applied also to a few cases in which
the operator A is degenerate (and with the coefficients defined on the whole of
R™M). More precisely, we consider degenerate elliptic operators A of the type

r N
Ap(z) = Z ¢ij(x)Dije(x) + Z bijx;Dip(x), reRY (1.0.25)

i,7=1 i,j=1

when N/2 < r < N and the matrix (g;;) is strictly positive definite. It is
possible to associate a semigroup {7'(¢)} with the operator A and to prove
uniform estimates for the space derivatives of the function T'(t)f up to the
third-order, when f € C,(RY). Such estimates are used to prove Schauder
estimates for the distributional solutions to both the elliptic equation and the
nonhomogeneous Cauchy problem associated with the operator A.
Unfortunately, the techniques used in the nondegenerate case cannot be
easily adapted to this situation. Indeed, such techniques rely essentially on
interior Schauder estimates that are not available in the degenerate case.
The construction of the semigroup associated with the problem (1.0.2) and
the determination of the uniform estimates are two topics to be treated simul-
taneously: we need a priori estimates on the behaviour of the space derivatives
of the function T'(¢)f in order to guarantee its existence. This forces us to as-
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sume stronger assumptions on the coefficients than those in the nondegenerate
case.

The underlying idea used to solve the problem is simple: we approximate the
operator 4 by a sequence of uniformly elliptic operators A. (¢ > 0) converging
to the operator A in a sense to be made precise later. With each of such
operators we can associate a semigroup of bounded linear operators {7, (¢)}.
We prove uniform estimates for {7.(¢)}, with constants being independent
of &, and, then, letting ¢ go to 0, we can show that {7.(#)} converges to
a semigroup of bounded operators. Such a semigroup is associated with the
operator A, in the sense that T'(-)f turns out to be the (unique) smooth
function satisfying Dyu — Au = 0 in (0, +00) x RY and the initial condition
u(0,-) = f, which is bounded in [0,7] x RY for any T > 0.

A fundamental tool for such a machinery work is given by the maximum
principle which must hold for both of the operators A and A..

The behaviour of the derivatives of T'(¢) f is worse than in the nondegenerate
case. For instance, for any w > 0, one can show that there exists a positive
constant C' such that

Ct-tevt, i<,
| DT () flloe < . (1.0.26)
Ct=ze¥t, i>r,

for any ¢t > 0. This situation is not surprising at all, since this is just what
happens for the degenerate Ornstein-Uhlenbeck operator defined by (1.0.25)
with constant diffusion coefficients. In such a case, the estimates (1.0.26) are
known to be optimal near ¢t = 0.

Most of the results holding in the nondegenerate case can be recovered also
in this situation. In particular, it is still possible to associate a weak generator
with the semigroup and, taking advantage of the uniform estimates, one can
(at least partially) characterize its domain. Further, one can deal with the
elliptic equation

M — Au = f € Cp(RY)

whose continuous distributional solution is still formally given by the Laplace
transform of the semigroup, where the integral, as in the nondegenerate case,
is meant in pointwise sense.

Similarly, the continuous distributional solution to the nonhomogeneous
Cauchy problem

Dyu(t,z) — Au(t,z) = g(t,z), t>0, xRN,
U(O,l‘):f(l'), :L'E]RNa
when f and g are sufficiently smooth, is still given by the variation-of-constants
formula (1.0.14). Such a formula allows us, also in this situation, to determine
Schauder estimates for the solution u to the Cauchy problem via an interpo-
lation argument.
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With the aim of making the book as self-contained as possible, we collect in
four appendices all the classical results of functional analysis and of the theory
of partial differential equations, as well as some properties of the distance
function. Finally, in the fifth appendix, we collect all the function spaces that
we use in this book.
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Chapter 2

The elliptic equation and the Cauchy
problem in Cy(RY): the uniformly
elliptic case

2.0 Introduction

In this chapter we consider linear elliptic and parabolic problems in Cy(RY)
associated with the differential operator A defined by

N

Z gij (x)Diju(z) + Z bi(z)Dsu(x) + c(z)u(x), z e RN,

7,j=1 =1

on smooth functions. We assume the following hypotheses on the coefficients
of the operator A.

Hypotheses 2.0.1 (i) ¢;; =¢j; for any 4,5 =1,...,N and

un )66 > w(@)Ef?, k() >0, &xeRY;

1,7=1
(ii) qij, b; (i,5 =1,...,N) and ¢ belong to C2_(RY) for some a € (0,1);
(ili) there exists ¢o € R such that
c(x) <ecy, x€ RY.

Besides, we introduce the realization A of A in C,(RY), with domain Di,ax (A),
defined as follows:

Dinax(A) = {u cC®Y)N () WEPRY): Aue Cb(RN)}, Au = Au.
1<p<+4oo
(2.0.1)
In Section 2.1 we prove that, for any A\ > ¢y and any f € C,(RY), the
elliptic equation

u(z) — Au(z) = f(z), xRV, (2.0.2)
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admits a solution u € Dpax(A). The idea of the proof is the following. For
each n € N we consider the Dirichlet problem

{Aun@) ~ Aun(z) = f(z), =€ Bln),
un(z) =0, x € 0B(n),

(2.0.3)

in the ball B(n) = {# € RY : |z| < n}. This problem has a unique solution
u, € C(B(n)) (in Section C we recall the results about elliptic and parabolic
problems in bounded domains that we need throughout this chapter). Using an
interior estimate (see Theorem C.1.1), we prove that we can define a function
u:RY — R by setting
u(z) := lim wu,(x),
n—-+o00

for any € RY. The function u belongs to Dpax(A) is a solution of the
equation (2.0.2) and it satisfies the estimate

1
0o <
luloe < =

1 Nloo-

We stress that, in general, u is not the unique solution of the equation
(2.0.2) in Dpax(A). It is the unique solution provided further conditions on
the coefficients are satisfied. The problem of the uniqueness of the solution to
the equation (2.0.2) will be treated in Chapter 4. At any rate, if f > 0 then
w is the minimal positive solution of (2.0.2) in Duyax(A).

Next, we prove that u is given by the formula

u(x) = . Kx(z,y)f(y)dy, xcRY, (2.0.4)

where Ky is a positive function; K is the so-called Green’s function associated
with the problem (2.0.2). To prove (2.0.4) we recall that the solution w, of
(2.0.3) is given by the formula

n() = / K (.9 f()dy, = € B(n),
B(n)

where K7 is the Green’s function associated with (2.0.3). Using the classi-
cal maximum principle we prove that the sequence {K7} is increasing (with
respect to n € N). This leads to the formula (2.0.4) with

Kx(z,y) = lim KX(zy),  z,ycRY.

Thus for any A > ¢y we can define the linear operator R(\) in Cy(RY) by
setting

(RN f)(x) = . Kx(z,y)f(y)dy, xRN
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R(}) is a bounded operator, with |[R()|(c, @)y < (A —co)~'. In Section
2.3 we see that the operators {R()\) : A > ¢} are the resolvent operators
of a linear operator A in Cy(RYN). The operator A is called weak generator.
This terminology is justified by the theory of parabolic problems and it will
be much clearer later on in this chapter.

The parabolic problem that we consider is the following

Diu(t,x) — Au(t,z) =0, t>0,zeRY,
(2.0.5)

U(O,Z):f(l'), QCERN,

with f € Cp(RY). In Section 2.2 we prove the existence of a classical solution of
such a problem (i.e., a function u € C([0, +00) x RM) N CL2((0, +00) x RY)),
which is bounded in [0,7] x RY for any 7' > 0 and satisfies Dyu, D?*u €
C’O‘/2’O‘((O7 +00) x RY). The idea of the proof is similar to that used in the

loc
elliptic case. More precisely, for each n € N we consider the Cauchy-Dirichlet

problem

Dyun(t, z) — Aun(t,z) =0, t >0,z € B(n),
un(t, ) =0, t >0,z € dB(n), (2.0.6)
un(o,ﬂ?):f(l'), :cEB(n),

in the ball B(n). By classical results for parabolic Cauchy problems in bounded
domains we know that the problem (2.0.6) admits a unique solution u, €

O([0,+00) x B(n) \ ({0} x 8B(n))) N Cut*** (0, +00) x B(n)). Using
Schauder interior estimates (see Theorem C.1.4) and a compactness argument,

we prove that we can define a function u : [0, +00) x RY — R by setting

u(ta :L') = nEIJIrloo Un(ta :L')a

for any ¢ € [0, +00) and any z € RY. Such a function belongs to C([0, +00) x
RM) N C’1+a/2’2+a((0, +00) x RY), is a solution of the problem (2.0.6) and

loc
satisfies the estimate

|u(t, )| < exp(cot)] floos t>0, zcR".

In general, as in the elliptic case, u is not the unique classical solution of
the problem (2.0.5) which is bounded in [0,7] x RY for any 7' > 0. It turns
out to be the unique solution under further assumptions on the coefficients
(see Chapter 4). Even though w is not the unique solution to the problem
(2.0.5), at any rate it has an intrinsic meaning: in fact, for any f > 0, u is
the minimal solution to the problem (2.0.5) in the sense that, if v is another
positive solution to the same Cauchy problem, then v > u. This is shown in
Remark 2.2.3.
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Then, we prove that u can be represented by the formula

uta) = [ Gl iy >0, 2eRY, (2.0.7)

where G is a positive function, called the fundamental solution. To prove
(2.0.7) we argue as in the elliptic case, recalling that the solution u,, of the
problem (2.0.6) is given by the formula

un(t,x) = Gn(t,z,y)f(y)dy, t>0, z€ B(n),
B(n)

where G, is the fundamental solution of (2.0.6). Using the classical maximum
principle we prove that the sequence {G,,} is increasing with respect to n € N.
This gives the formula (2.0.7) with

G(t,w,y) = lim Gu(t,z,y), t>0, z,y €RY,
and it allows us to define the linear operator T'(t) in C,(RY), for any ¢ > 0,
by setting

(T@t)f)(x) = - G(t,z,y)f(y)dy, t>0, xRN,

We prove that the family {T'(¢)} is a semigroup of linear operators in Cj,(R™).
In general, {T'(t)} is a strongly continuous semigroup neither in Cy(R") nor
in BUC(RY) (see Proposition 9.2.6 and [148, Theorem 4.2]). Nevertheless,
T(t)f tends to f as t tends to 0, uniformly on compact sets. Then, we show
that if f vanishes at infinity, then, actually, T'(¢)f tends to f as ¢ tends to
0, uniformly in RY. But this does not mean that the restriction of {T'(t)} to
Co(RY) is a strongly continuous semigroup, because, in general, Co(RY) is
not invariant for {T'(¢)} (see Section 5.3).

In Section 2.3 we study the relation between the semigroup {7'(¢)} and
the weak generator A introduced above. In fact, A is the generator of {T'(t)}
with respect to the bounded pointwise convergence. This means that, for

-~

any f € D(A), the function (t,z) — {(T(¢)f)(xz) — f(x)}/t is bounded in

(0,1) x RN and
(T NH) = fx) _ 2

Jm, ; = (Af)(=),

for any € RV . Further, A is also the generator of the semigroup with respect
to the mixed topology, which is the finest locally convex topology which agrees
on every norm-bounded subsets of Cy(RY) with the topology of the uniform
convergence on compact sets. A sequence of functions converges in the mixed
topology if and only if it is bounded and it converges locally uniformly. Thus,
the convergence in the mixed topology is very similar to the bounded pointwise
convergence.
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In general, D(A\) is a proper subset of Dyax(A). It turns out to coincide
with Dmax(AA) whenever the elliptic equation (2.0.2) has a unique solution in
Dinax(A).

It is immediate to see that the semigroup {7'(¢)} can be extended to the
space Bp(RY) of Borel measurable and bounded functions. We prove that
{T(t)} is irreducible and it has the strong Feller property in B,(RY) (see
Definition 2.2.11). These properties are useful for the theory of the invariant
measures treated in Chapter 8.

In the case when ¢ = 0, the semigroup {T'(¢)} is associated with a transition
function. This leads to the existence of a Markov process associated with
{T'(t)}. We briefly deal with the probabilistic approach in Section 2.4. Of
course, there is a huge literature on the subject. Here, we just recall the
definitions and the main properties of the Markov processes associated with
the semigroup. Among them, we see the Dynkin formula and the link with
the theory of differential stochastic equations.

2.1 The elliptic equation and the resolvent R(\)

In this section we consider the elliptic equation (2.0.2) with f € C,(RY) and
A > ¢o. We prove that such an equation admits at least a solution u belonging
to the domain Dyyax(A) defined in (2.0.1).

Theorem 2.1.1 For any f € Cy(RY) there exists u € Dyax(A) which solves
(2.0.2). Moreover, the following estimate holds:

(2.1.1)

lulloo <

>\
Finally, «f f >0, then u > 0.

Proof. For any n € N, we denote by A,, the realization of the operator A
with homogeneous Dirichlet boundary conditions in C'(B(n)). By Proposition
C.3.4, the elliptic problem (2.0.3) admits a unique solution u,, = R(\, A,)f
N N<peioo W2P(B(n)). Moreover, by (C.2.3), u, satisfies the estimate

(2.1.2)

lunlloo < )\

Let us prove that the sequence {u,} converges uniformly on compact sets,
and in W2P(RV), to a function u € Dypax(A) which satisfies the statement.
For this purpose, consider first the case when f > 0. By the maximum prin-
ciple, the functions u,, and u,+1 — u, are nonnegative in B(n) for any n € N,
that is the sequence {u,} is nonnegative and increasing. Therefore, it con-

verges pointwise to some nonnegative function u : RY — R. By (2.1.2) it
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follows that wu satisfies (2.1.1). Moreover, according to Theorem C.1.1 and
(2.1.2), the sequence {u,,} is bounded in W2?(B(R)) for any p € [1, +00) and
any fixed R > 0. Then, by the Sobolev embedding theorems (see [2, Theorem
5.4]), it is bounded in C'(B(R)) too, and the Ascoli-Arzela Theorem implies
that it converges to u in C(B(R)). Besides, applying again Theorem C.1.1 to
the function wu,, — u,,, we deduce that u belongs to W??(B(R)) and that u,,
converges to u in W2P(B(R)), for any p € [1,+00).

Since Au,, = Au, — f in B(n), it follows that « € Dyax(A) and Au = Au—f.

This concludes the proof in the case when f > 0. For an arbitrary f €
Cyp(RYN), it suffices to split f = f+ — f~ and

Up = R(Av An)(f+) - R()‘a An)(f_) = Up,1 + Un,2,

and to apply the previous arguments separately to the sequences u,,; and
Un,2- |

Remark 2.1.2 In general, the equation (2.0.2) admits more than one solution
in Dyax(A). In Chapters 3 and 5 we show some situations in which the elliptic
equation Au — Au = 0 admits a nontrivial solution in Dp,.x(A) (see Examples
3.2.5 and 5.2.5). Nevertheless, in the case when the datum f is nonnegative
the solution u provided by Theorem 2.1.1 can be characterized as the minimal
positive solution. Indeed, if v is another positive solution, by the maximum
principle it follows that v(z) > u,(x) for any x € B(n) and any n € N. Letting
n go to 400 gives v > wu.

We now prove that we can associate a positive Green’s function with the
equation (2.0.2). This will then allow us to define the resolvent operator R(\)
for any A > cg.

Theorem 2.1.3 For any \ > cq there exists a linear operator R(\) in Cy(RY)
such that for any f € Cy(RY) the solution of the equation (2.0.2), provided
by Theorem 2.1.1, is represented by

u(z) = (RN f)(x), =RV, (2.1.3)
The family of operators {R(X): X > co} satisfies the estimate
RO | < 5= fls £ € Co(RY) (2.1.4)

and the resolvent identity
RA)f = R(p)f = (n = NRWRA)f, co <A <p. (2.1.5)

Moreover, R(\) is injective for any X\ > co. Finally, there exists a positive
function Ky : RN x RN — R such that

(RN f)(x) = o K(z,y)f(y)dy, = €RYN, feCyRY). (2.1.6)
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Proof. Let K} be the Green’s function associated with the realization A,
of the operator A in C(B(n)) with homogeneous Dirichlet conditions (see
Proposition C.3.4). With any nonnegative function f € Cy(B(n)), let

vn(z) = / (K3 (2,y) — K§(0,9)f(9)dy, @ € B(n).
B(n)

Since f > 0 and v, = up41 — upn, by Proposition C.2.3, we have v, (z) > 0 for
any = € B(n). The arbitrariness of f > 0 implies that

K;H_l(xay) - K;l(l‘,y) 2 07

for any x € B(n) and any y € E,(z), where E,(x) is a measurable set such
that B(n) \ E(z) is negligible. Hence, for any z € RY and any y € E,(z),
{K}(z,y)} is an increasing sequence. Therefore, we can define the function
Ky :RY x RY — R by setting

Kx(z.y) = lim K}(x,y), zeRN, ye () En. (2.1.7)
neN

This limit is not infinite. Indeed estimate (C.2.3) with f = 1 yields

1
/ K@)y < ——, e Bn), neN,
B(n )\_CO

and, then, by monotone convergence

1
/ K(z,y)dy < 7 z € RY,
RN A Co

so that, for any z € RY, K(z,y) is finite for almost any y € R". Besides,
since K7 is strictly positive in B(n) x B(n) for any n € N, also K is.

Now, we observe that the solution of the equation (2.0.2) given by Theorem
2.1.1 can be represented by

u(z) = lim </ K(z,y) " (y)dy — /Kxxy ()dy),

for any x € R™. Since both f* and f~ are nonnegative, the monotone con-
vergence theorem implies that

u(@) = | Kx(z,9)f(y)dy, @R,
R
Thus, the operator R(A) in (2.1.6) is well defined and (2.1.3) holds. Clearly,
R()) is linear, and, by virtue of (2.1.1), it satisfies (2.1.4). Moreover, R(\)
is injective. Indeed, if u = R(A)f = 0, then f = 0 since R(\)f solves, by
construction, the elliptic equation A\u — Au = f.
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To conclude the proof, it remains to prove the resolvent identity (2.1.5). To
prove it, we fix f € C,(R™), n € N and we observe that

RN An)f — R(p, An) f = (p = N RN, An)R(ps An) fy 1> A > co,

(see Sections A.3 and C). By virtue of (C.3.8), this can be rewritten as

K (z,y)f(y)dy — K (z,y)f(y)dy
B(n) B(n)

—-N [ dy [ KK ()
B(n) B(n)
Letting n go to 400, the dominated convergence theorem gives

Kx(x’y)f(y)dy—/ Ku(z,y)f(y)dy
RN RN

== [y [ Kue B2 Gz,

that is (2.1.5). n

2.2 The Cauchy problem and the semigroup

We now prove that for any f € Cy(RY) there exists a solution u € C([0, +00) x
RN) N CHHe/2:2+2((0, +00) x RY) of the Cauchy problem (2.0.5).

Theorem 2.2.1 For any f € Cy(RY), there exists a solution u € C([0, +00)x

RN) of the problem (2.0.5). The function u belongs to Cllota/lwa((o, +00) X
RYN) and
lu(t, )| < exp(cot)| f|oos t>0, zecRY, (2.2.1)

Proof. We split the proof into two steps. First, we show that there exists a
solution u € Cllotaﬂ 2T((0,400) X RN) to the differential equation in (2.0.5),
and it satisfies (2.2.1). Then, in Step 2, we show that u is continuous up to

t =0, and u(0,-) = f.

Step 1. For any n € N, let u,, € C([0,+00) x B(n) \ ({0} x 0B(n ))} N
C12((0,+00) x B(n)) be the solution of the Cauchy-Dirichlet problem (2.0.6)
(see Proposition C.3.2), which is given by

un(t,x) = (T () f)(x), t>0, x € B(n),
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where {T,(t)} is the semigroup in C(B(n)) associated with the Cauchy-
Dirichlet problem (2.0.6). From Proposition C.3.2 (see (C.3.4)), for any n € N
we have

|un(t, z)| < exp(cot)|fleo, t>0, x € B(n). (2.2.2)

Now, fix M € N and set D(M) = (0, M) x B(M) and D' (M) = [1/M, M| x
B(M —1). From the interior Schauder estimate (C.1.15) we deduce that

lunllcivarz2tapraryy < CumlunlLepmry) < Cum(exp(coM) V 1)||floos
(2.2.3)
for any n > M, where Cj; > 0 is a constant independent of n € N. Fix

B € (0, ). By (2.2.3) there exists a subsequence {U%M)} of {u,} converging in
CHHB/2248( D' (M) to some function uSy!) € Cl+a/22+e(D/(M)). Without

loss of generality we can assume that {U%MH)} is a subsequence of {U%M)}.
Thus, the functions uéﬁﬂ and uéﬁ”” coincide in the domain D’(M) and,

therefore, we can define the function v € C’llota/ 2.2 +a

((0, +00) x RN) by setting
u=u in D'(M).

Moreover, the diagonal subsequence defined by

Uy = uSI”), n €N,

converges to u in C1+A/22+8 ([T Ty] x K) for any compact set K C RY and
any 0 < Ty < Ts. Hence, letting n go to +oo in the differential equation
satisfied by 4, it follows that u satisfies the equation

Dyu(t,x) — Au(t,x) =0, t>0, x € RV,

Besides, (2.2.1) follows from (2.2.2).

Step 2. To complete the proof we must show that u € C([0,+00) x RY)
and u(0,2) = f(z). For this purpose, we take advantage of the semigroup
theory. In particular, we will use the representation formula of solutions to
Cauchy-Dirichlet problems in bounded domains through semigroups.

Fix M € N and let ¥ be any smooth function such that

0<y <1, ¥9=1in B(M —1), ¥ =0 outside B(M).

For any n > M, let v, = Jty,. As it is easily seen, the function v, belongs to
C(]0,+00) x B(M)) and is the solution of the Cauchy-Dirichlet problem
Dy (t,2) — Avn(t, ) = ¢n(t,z), t>0, ze€ B(M),
vn(t, ) =0, t>0, € dB(M),
Un(oam):ﬂ(x)f(m)a QCEB(M),
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where 1), is given by

N N
Un = — Z 4§ (2D;tn, D0 + G Dij0) — Uiy Z b;D; 9.
hi=1 i=1

For any ¢t > 0 and any « € B(M) we have

N
[n(t,2)] < Kor (expleot)If|oo + 3 1Didin(t, V= (sury ), (22:4)

i=1
where Ky > 0 is such that
N N
Z Igi; Dij Ol Lo (B(rr)) + Z [6: D0 Lo (B(ar)) < Kt
ij=1 i=1

N
22 lai; DO\ Le By < Kny  i=1,...,N.
=1

We consider again the interior estimate of Theorem C.1.4. By (C.1.16), the
function w,, satisfies the estimate

VD (t,2)| < Clin] L= (parr1) < Clexp(co) V 1| f]oo,

for any x € B(M), any t < 1 = dist (B(M),0B(M + 1)) and some positive
constant C, independent of n. This yields

[ Ditin (L, )| Lo (B(ar)) < 720 ooy, <1,

for any i = 1,..., N, where C' = C(exp(cg) V 1). Then, by (2.2.4) it follows
that

[t (£, )] < Koy (14 72)] oo, te (0,1], = € B(M), (2.2.5)

for any n > M, where K}, > 0 is a constant independent of n. Therefore,
b € LY(0,T,Co(B(M))) and we can represent v, by means of the variation-
of-constants formula

v (t) = Ty (8)(9f) +/O Tr(t — s)n(s)ds, t>0,

where, as usual, {Ty(t)} is the semigroup in C(B(M)) associated with the
operator A with homogeneous Dirichlet conditions on 0B(M). Since vy, = Uy,
and ¥ =1in B(M — 1), by (2.2.2) and (2.2.5) it follows

[in(t, ) = f(2)| < [Tm(B)(0F) = 0floo + wa||f||oo/0 et (1 4+ 577)ds,
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for any ¢t > 0 and any x € B(M — 1). Letting n go to 400 (and taking (C.3.4)
into account) we get

t
lu(t, ) — f(2)] < [Tar () (9f) = O f oo + Kyl Floo /0 et (1 4 57 %)ds,

which shows that w is continuous at t = 0 and = € B(M —1). Since M € N is
arbitrary, we have u € C([0, +o0) x RY) and u(0,-) = f. [ ]

Remark 2.2.2 We note that the maximum principle implies that, if f > 0,
the sequence {u,} is positive and increasing. Therefore, u is positive and the
whole sequence {u,} converges to u. In the general case where f € Cy(RY),
we write f = f* — f7, and conclude again that the whole sequence {u,}
converges to u in C'1A#/22+8([Ty Ty] x K) for any 3 € (0,a), any compact
set K € RN and any 0 < T} < Tb, applying the previous argument to the
functions u s+ and uy- which are the solutions to the problem (2.0.5) provided
by Theorem 2.2.1, corresponding, respectively, to the data f* and f~.

Remark 2.2.3 If f > 0, then the solution w given by Theorem 2.2.1 is the
minimal positive solution of the problem (2.0.5). Indeed, if v is another positive
solution, the maximum principle yields v(t,x) > wu, (¢, z) for any ¢ > 0, any
z € B(n) and any n € N, and, eventually, v > w.

We stress that, in general, the problem (2.0.5) is not uniquely solvable in
Cy(]0, +00) x RY) ﬂC’llota/ZHa((O, +00) x RY). Indeed, in Example 3.2.5 (see
also Proposition 4.1.1) it is proved that the Cauchy problem (2.0.5) associated
with the one-dimensional operator Au = u” 4234’ admits a nontrivial solution
u satisfying u(0, ) = 0.

We now recall the definition of transition function as it is given in [49]. Here
B(E) denotes the o-algebra of Borel sets of a topological space E.

Definition 2.2.4 A family of Borel measures {p(t,x;-): t >0, v € E} is a
transition function if the function p(t,; B) : E — R is Borel measurable for
any t >0 and any B € B(E), and

(i) p(t,z; E) <1 for anyt >0 and any x € E;
(i) p(0,z; E\ {z}) =0 for any x € E;

(iii) p(t+s,x;B) = / p(s,y; B)p(t,z; dy) for any s,t > 0, any x € E and
E
any B € B(E).

A transition function is normal if lim;_q+ p(t,x; E) =1 for any x € E; it is
stochastically continuous if for any open set U C E it holds that

li t,x;U) =1,
A pe w0

whenever x € U.
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Theorem 2.2.5 There exists a semigroup of linear operators {T(t)} defined
in Cp(RN) such that, for any f € Cy(RYN), the solution of the problem (2.0.5),
giwen by Theorem 2.2.1, is represented by

u(t,z) = (T@H)f)(z), t>0, 2RV, (2.2.6)
For any t > 0, T'(t) satisfies the estimate
I7()fle < expleot)| flos  f € Co(RY). (2.2.7)

Moreover, there exist a family of Borel measures p(t,z;dy) in RN such that

(T f)(x) = - fyp(t,z;dy), t>0, z€ RY, (2.2.8)

and a function G : (0,+00) x RN x RN — R such that
p(t, x; dy) = G(t, z,y)dy, t>0, z,yeRY. (2.2.9)

The function G is strictly positive and the functions G(t,-,-) and G(t,x,-)
are measurable for any t > 0 and any x € RN. Further, for almost any fived
y € RN the function G(-,-,y) belongs to the space C’llota/2’2+a((0, +00)xRY),
and it is a solution of the equation Dyu — Au = 0.

Finally, if co < 0 then p(t,z;dy) is a stochastically continuous transition

function.

Proof. Step 1: definition and properties of G. For any k € N let Gy €
C((0,+00) x B(k) x B(k)) be the fundamental solution of the equation Dyu —
Au = 0 in B(k), given by Proposition C.3.2. We extend the function G to
(0, +00) x RY x RY with value zero for o,y ¢ B(k) and still denote by Gy
the so obtained function. A straightforward computation shows that for any
fixed ¢t € (0, +00) and any x,y € RV, the sequence {G}(t,z,y)} is increasing.
Indeed, for any positive f € C(B(k)), the function

U)(t,l‘) - o) f(y)(GkJrl(ta 1'7y) - Gk(ta 1'7y))dya t>0, z€ RNa
is positive as well by virtue of Remark 2.2.2. Recalling that, for any ¢ > 0
and any x € B(k), the function Gri1(t,z,-) —Gg(t,z,-) is continuous in
B(k), we easily deduce that Gi41(t, z,y) > Gi(t,x,y) for any ¢t > 0 and any
x,y € B(k), implying that the sequence {G(t, x,y)} is increasing. Hence, we
can define the function G : (0, +00) x RY x RY — R by setting

G(t,l‘,y) = kgrfoo Gk(t,ﬂ?,y), t> 07 T,y € RN'

The function G is finite almost everywhere. Indeed, the estimate (C.3.4) with
f = 1yields

/ Gr(t,2,y)dy < explcot), >0, € B(k), k€N,
B(k)
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and then, by monotone convergence,

G(t,z,y)dy < exp(cot), t>0, € R, (2.2.10)
RN

so that G(t,z,y) is finite for any t > 0, any € RY and almost any y € RY.
Since G (t,x,-) > 0 almost everywhere in B(k) for any ¢ > 0 and any z €
B(k), then G is strictly positive.

Of course, G(t,-,), G(t,z,-) and G(t, -, y) are measurable functions for any
t > 0 and any z,y € RY since they are the pointwise limit of measurable
functions.

We now prove the regularity properties of G. Fix R, T > 0, 9 € B(R) and
let yo € RY be such that G(T, o, yo) < +00; actually we have seen that this
holds for almost any yo € RY. If h, k € N satisfy R+1 < h < k, the functions
Gr(+,,yo) and Gg(-,-,yo) are solutions of the equation Dyu — Au = 0 in
(0,4+00) x B(R + 1) (see Theorem C.1.4), and hence Gx(-,-,y0) — Gr(-, -, %0)
is as well. Moreover, Gi(+,-,y0) — Gn(*,+,y0) is positive and, for any fixed
0 < tp <t1 <T, it satisfies the following Harnack inequality (see [99]):

sup{Gx(t,z,y0) — Gu(t, x,50), (t,2) € [to,t1] x B(R)}
< Cinf{Gk(TaxayO) - Gh(Ta z, y0)7 T e E(R)}
< C(Gk(Ta Zo, yO) - Gh(Ta Zo, yO))a

where C > 0 is a constant, independent of h and k. Since G(T', xo,yo) < +00,
then {G,(-,,y0)} turns out to be a Cauchy sequence in C([to,t1] x B(R)).
Since it converges pointwise to the function G(t,z,y0), we conclude that
G(+,,yo) € C([to, t1] x B(R)). Moreover, from Theorem C.1.4 it follows that,
for any ¢, > tg, any #; < t; and any R’ < R, the sequence {G,(-,",v0)}
converges also in C1HA/22+8([¢h +'] x B(R')) for any § € (0,a). Hence,
G(- -, y0) € CHa/22a([th '] x B(R')). Since T, R, R, to, t),t1,t), > 0 are
arbitrary, we get G(-,-,y0) € Cllota/Q’Ha((O, +00) x RM).

Finally, since D;G,,—AG,, = 0, as n goes to +00, it follows that D;G—AG =
0.

Step 2: definition and properties of p(t,x;dy) and {T(t)}. Now, for any
t > 0 and any 2 € RY we define the measure p(t, z; dy) by (2.2.9), while for
t =0 we set p(t,x;dy) = 0,. Then, for any ¢ > 0, we define the operator T'(¢)
by (2.2.8).

Let us prove that, for any f € Cy(RY), the solution u of the problem (2.0.5),
found out in Theorem 2.2.1, is given by (2.2.6). Indeed,

ult,z) = lim - F)Gr(t, z,y)dy, t>0, zeRY,
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and we can split it as

U’(ta I) = kEI-l{loo . f+(y)Gk(t,x,y)dy

—kgrfoo RNf (y)Gr(t,z,y)dy.

By the monotone convergence theorem we immediately deduce that

u(t,x) = f*(y)G(w,y)dy—/ [~ W)G(Et z,y)dy
RN

RN

= f(y)G(tvxvy)dyv
RN
that is (2.2.6).
To show that {T'(¢)} is a semigroup it suffices to observe that from (C.3.5),
using the monotone convergence theorem, it follows that

G(t+s,z,y) = / G(s,z,2)G(t,z,y)dz, t,s>0, z,y € RN, (2.2.11)
RN

Moreover, (2.2.7) is an immediate consequence of (2.2.1) and (2.2.6).

It remains to prove that, if cg < 0, {p(t,z;dy) : t > 0, x € RN} is a
stochastically continuous transition function. The condition (i) in Definition
2.2.4 follows immediately from (2.2.10), and the condition (ii) is obvious. The
condition (iii) will follow from (2.2.11) once we have proved that the function
p(t,-; B) is Borel measurable in RY, for any fixed t > 0 and any B € B(RY).
So, let us prove this property. If £ = 0 the property is clear. If ¢ > 0, consider
a sequence of functions {f,} C Cy(RY) converging almost everywhere to
x5(z) and such that 0 < f,, <1 for any n € N. For instance, if B has finite
positive Lebesgue measure, one can take, up to a subsequence, f, = p, x xB
(n € N), where p is a standard mollifier and “x” denotes convolution. If B
has infinite Lebesgue measure, one can consider the sequence of bounded
Borel sets By, = B N B(M) and a subsequence {f}}ren of the sequence
M = p, % x5, (n € N) pointwise converging a.e. in RY to yp,, as n tends
to 400, and assume that, for any M € N, {f%“}keN is a subsequence of
{ f,% }rken. Then, one can define the wished sequence by setting f, = f. By
the dominated convergence theorem we have

plta;B) = Bm | fal)ptesdy) = lim (T(0)fa)@), @€ RY.
Hence p(t,-; B) is Borel measurable, being the pointwise limit of a sequence
of continuous functions.

Finally we show that p(t, z;dy) is stochastically continuous; clearly this
implies that it is also normal. For this purpose, for any zq € RY and any
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R > 0, we introduce the function f,, ., : RN — R defined by
L—7r Yo —x0|, €m0+ B(r),

faor (@) =
0, x ¢ xo + B(r).

As it is easily seen,

f:co,r(IO) - (T(t)fxg,'r')(xo) =1- /]RN fxo,v-(y)p(t7$0;dy)

=1- / faor(Y)p(t, 05 dy)
zo+B(r)

> 1—p(t,xo;x0 + B(r)).
Hence, letting ¢ go to 07, Theorem 2.2.1 yields
tlir(l)l+ p(t, ;w0 + B(r)) = 1. (2.2.12)
Now, we fix an arbitrary open set U C RY. Then, with any z € U, we
associate an open ball 2 + B(r) contained in U. Since
1> p(t,a;U) = p(t,z;z + B(r)),

from (2.2.12) we deduce that p(t,z;U) tends to 1 as t tends to 07 and we are
done. [ |

Theorem 2.2.6 For any A > ¢y we have
+oo
Ky(z,y) = / e MG(t, z,y)dt, z,y € RY, (2.2.13)
0
and, for any f € Cy(RY),

+oo
(RO f)(x) :/0 e M(T () f)(x)dt, zeRY, (2.2.14)

Proof. The equality (2.2.13) is a consequence of (C.3.9) with Q = B(n),
(2.1.7) and the monotone convergence theorem. Then, (2.2.14) follows from
(2.2.8), (2.2.13) and the Fubini theorem. [ |

In general, {T(t)} is not a strongly continuous semigroup neither in Cy,(RY)
nor in BUC(RY) (see [148, Theorem 4.2] and Proposition 9.2.6). Nevertheless,
as a straightforward consequence of Theorems 2.2.1 and 2.2.5, we deduce
that, for a general f € Cy(RY), T'(t)f converges to f as t tends to 0, locally
uniformly in RY. Actually, as next proposition shows, if f vanishes at infinity,
then T'(t)f converges to f in Cy(RY), as ¢ tends to 0.
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Proposition 2.2.7 ([116], Prop. 4.3) For any function f € Co(RN), T(t)f
tends to f in Cp(RYN), as t tends to OF.

Proof. We prove the statement assuming that f € C°(RY). The general
case then will follow by density. So, let us fix f € C°(RY) and # € RY,
Moreover, let k& € N be such that B(k) contains both x and supp(f). Then
(Arf)(x) = (Af)(z), where, as usual, Ay denotes the realization of the opera-
tor A in C(B(k)) with homogeneous Dirichlet conditions. Let uy () = Tk (t)f,
where {Ti(t)} is the analytic semigroup generated by Ag. For any ¢t > 0 we
have

ug(t,z) — f(x) :/0 %uk(s,x)ds

- / (AxTi(s) f)()ds

0

- / (Th(s) Af) (x)ds

t
_ / ds [ Gils,z,y)Af (y)dy,
0 RN

where we have extended Gy (t, z, -) to the whole of RY by setting G (¢, z,y) =
0 for any y ¢ B(k). Letting k go to 400 from the dominated convergence
theorem it follows that

(T@)f)(x) = f(2)] = '/O (T'(s)Af)(x)ds| < “Af”oo/o exp(cos)ds.

Since € RY is arbitrary, we conclude that

IT®) — Floe < 1Aflne / exp(cos)ds,

which proves the proposition. [ |

Remark 2.2.8 The results of the previous proposition do not imply that the
restriction of the semigroup to Co(RY) gives rise to a strongly continuous
semigroup. Indeed, as it is shown in Section 5.3, in general, {T'(¢)} does not
map Co(RY) into itself.

Taking advantage of Theorem 2.2.5 we can prove some interesting properties
of the semigroup {T'(¢)}.

Proposition 2.2.9 Let {f,} C C,(RY) be a bounded sequence of continuous
functions converging pointwise to a function f € Cp(RY) as n tends to +oco.
Then, T(-) fn tends to T(-)f locally uniformly in (0, +o00) x RV.
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Further, if f, tends to f uniformly on compact subsets of RN, then T(t)f,
converges to T(t)f locally uniformly in [0, +00) x RN as n tends to +oc.

Proof. To prove the first part of the proof, we fix 0 < T} < T3, R > 0, a
sequence {f,} C Cy(RY) converging pointwise to f € Cy(RY) and we prove
that T'(-)f, converges to T(-)f in [Ty, T] x B(R) as n tends to +oo. As it
is immediately seen from (2.2.8) and the dominated convergence theorem,
T(-)fn converges pointwise to T'(:) f in (0, +00) x RV as n tends to +oc.

Now let K > 0 be such that sup,en | fnlloc < K. Then, taking (2.2.7)
into account, we easily deduce that sup, ey |T(¢) fnloo < K (%7 V1) for any
t € [0,T]. The interior Schauder estimates in Theorem C.1.4 then imply that
the sequence {T'(:)f,} is bounded in C**+/2:2+e ([T}, Ty] x B(R)). Hence, by
the Ascoli-Arzela Theorem, there exists a subsequence {T,, (-)} converging
uniformly in [T1, T3] x B(R) to a function v € C*+e/22+a ([T}, Ty] x B(R)).
Since, T'(-) f» converges pointwise to T'(-) f in (0, 4+o0c) x RY, we deduce that
v =T(-)f and the whole sequence {T'(-)f,} converges to T(-)f uniformly in
[Tl,Tg] X B(R)

Now, we suppose that the sequence {f,} C Cy(RY) converges uniformly to
f on compact subsets of RY and we show that, for any R, T > 0, T(-) f,, tends
to T'(-) f uniformly in [0, T] x B(R). Possibly replacing f, with f, — f, we can
suppose that f = 0. Moreover, without loss of generality, we can also assume
that sup, ey || < 1.

For any n € N, let ¢, € Co(R™) be a nonnegative function such that
XB(n—1) < ¥n < XB(n)- Moreover, for any € > 0, let C¢ g be the set defined
by

C.r= {5 >0: IneN sit. (T(t)(pn — 1)) (z) > —E}.

inf
(t,x)€[0,s] x B(R)

Let us prove that C. g = [0, +00), for any € > 0. For this purpose, we will show
that C. g is both an open and closed interval. Note that C, r is nonempty
since it contains 0. To show that C. g is closed, we fix s € C; g, s # 0.
Then, there exists a sequence {s,} C C. g converging to s as n tends to +oc.
Without loss of generality, we can assume that {s,} is either decreasing or
increasing. Of course, if {s,} is decreasing, then s € C; r. So, let us consider
the case when {s,} is increasing. Since s1 € C. g, there exists n; € N such
that

(T(t)(on, — 1)) (x) > —e, te0,s1], x€ B(R). (2.2.15)

Recalling that {yy} is an increasing sequence, it turns out that (2.2.15) is
satisfied by any n > ny.

By the first part of the proof, we know that T'(-)(¢n, — 1) converges to 0
uniformly in [s1, s] X B(R). Therefore, we can determine ng € N such that

(T(t)(on — 1) (x) > —e, t €[s1,8], €B(R), n>ng.
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Now, if we take n = ng V ny, we deduce that
(T(t)(pn— D)) > -2,  tels], €BR).

Hence, s € C; .

To show that C; is open in [0, +00), we fix s € C; g and prove that, for any
d >0, [s,6] C C¢ gr. For this purpose, it suffices to argue as above, observing
that T(-)(¢n — 1) converges to 0, uniformly in [s,d] x B(R).

Now, since p(t, z; B(m)) > (T (t)¢m)(x) for any t > 0, any x € RY and any
m € N, and C; r = [0, +00), we easily deduce that, for any arbitrarily fixed
T > 0 and any R > 0, there exists m € N such that

p(t,z; B(m)) > (T()1)(x) — e = p(t,;RY) — ¢, te€0,T], =€ B(R).

Therefore,

(T () fu) ()] < /B ) + / Fn()lp(t 2 dy)dy

N\B(m)

< sup |fu(y)| + p(t, ;RN\ B(m))
y€B(m)

< sup |fu(y)| +e,
yEB(m)

for any t € [0,T] and any = € B(R). Now, the assertion follows. [ |

Remark 2.2.10 Using the formula (2.2.8), the semigroup {T'(¢)} can be ex-
tended to a semigroup (which we still denote by {T'(¢)}) in the space By(R")
of all the bounded Borel measurable functions, and, for any f € By(RY) and
any bounded sequence {f,,} € C,(RY) converging pointwise to f, (T(t)f.)(z)
converges to (T'(t)f)(x) for any t > 0 and any x € RY. Moreover, by (2.2.9)
and (2.2.10) it follows that the estimate (2.2.7) holds also for f € B,(RY).
Similarly, if { f,,} € By(RY) is a bounded sequence converging pointwise to f €
By(RY), then T(-) f,, converges to T'(-) f pointwise in [0, +00) x RYV. Actually,
taking the forthcoming Proposition 2.2.12, into account, we can easily show
that T'(+) f, converges locally uniformly in (0, +00) x R, Indeed, if [a,b] x K
is a compact set in (0, +00) x RN, we can split T(t)f,, = T(t — a/2)T(a/2) fn
for any ¢t > a/2. By the above result and Proposition 2.2.12, the sequence
{T(a/2)f,} is contained in Cy(RY), is bounded and it converges pointwise
to T'(a/2)f, as n tends to 4+oco. Proposition 2.2.9 now implies that T'(-)f,
converges to T'(-) f in [a,b] x K, as n tends to +oc.

Let us now prove that {T'(¢)} is irreducible and has the strong Feller prop-
erty. For this purpose, we recall the following definition.
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Definition 2.2.11 A semigroup {S(t)} in By(RY) is irreducible if for any
nonempty open set U C RN it holds that

(S(t)xv)(x) >0,

for any t > 0 and any x € RN. It has the strong Feller property if S(t)f €
Cy(RN) for any f € By(RY).

Proposition 2.2.12 {T'(t)} is irreducible and has the strong Feller property.

Proof. Showing that the semigroup is irreducible is easy due to the fact that
G is strictly positive (see Theorem 2.2.5).

To prove that {T(t)} is strong Feller, fix f € By(RY) and let {f,,} € Cp(RY)
be a bounded sequence converging pointwise to f as n tends to +o0o. Applying
the interior Schauder estimates in Theorem C.1.4 we deduce that for any
compact set F' C (0,+00) x RY there exists a positive constant C' = C(F)
such that

17C) frllcrrarzaramy < Cllfalloo n e N.

Since sup,,cy | frnloo is finite, and (T'(¢) fr)(x) converges to (T'(t) f)(z) for any
t € [0,+00) and any x € RY (this follows immediately applying the domi-
nated convergence theorem to the formula (2.2.9)), we deduce that T'(¢)f is
continuous in RY for any ¢ > 0. [ |

Remark 2.2.13 The strictly positiveness of G actually implies that
(T(t)xe)(z) >0, t>0, r €RY,

for any Borel set £ C RV with positive Lebesgue measure.

2.3 The weak generator of T(t)

Since {T'(t)} is not strongly continuous in C,(RY) and in general is not
strongly continuous in either Co(RY) or BUC(RY), we cannot define the
infinitesimal generator in the usual sense. Nevertheless, we can still associate
a “generator” with {T'(t)}, the so-called weak generator, which has properties
similar to those of the infinitesimal generator.

We will provide three equivalent definitions of the weak generator. The
first definition that we give was considered in [28] and in [77]: the resolvent
operators { R(A) : A > ¢g} given by Theorem 2.1.3 satisfy the resolvent identity
(2.1.5) and R()) is injective in Cy(RY) for any A > co. Hence, by a classical
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result of functional analysis (see Proposition A.3.2), we can define the weak
generator as the unique linear operator A; in C,(R™) such that

R(\) = R\ Ay) and Im(R(N) = D(A1), > co. (2.3.1)

The second definition is based on the bounded pointwise convergence: a
sequence {f,} C Cy(RY) is said to be boundedly and pointwise convergent to
f € Cy(RY) if there exists a positive constant C such that | f,[c < C for any
n € N and if f,(z) converges to f(x) for any x € RY (see [53]). This notion
of convergence leads to the following definition of the weak generator which

was introduced in [125, 126]:

D(Az) = {f € Cy(RY) : s(up) w < 400 and 3g € Cp(RY):
te(0,1
Tim (T(t)f)(f;) —flx) _ o(z) Va € RN}7
(A2 f)(z) = Jim (T(t)f)(f) - f(x), reRY,  feD(A4).

(2.3.2)
The third definition is based on the notion of mixed topology introduced in
[145]. The mixed topology 7 is the finest locally convex topology which
agrees on every norm-bounded subset of C,(R™) with the topology of the
uniform convergence on compact sets. Equivalently, it can be defined by the
family of seminorms

Pt (F) sup{an sup |f<z>|}, f e ChRY),
neN zeK,

where {a,} is any sequence of positive numbers converging to zero and {K,,}
is any sequence of compact subsets of RY. Given a sequence {f,} C Cy(RY)
and a function f € C,(RY) we have

{ [fallo < C, mneN,
[

(2.3.3)
fn — f locally uniformly.

For results on transition semigroups and mixed topology we refer the reader
to [68].

Thus, we can define the generator of the semigroup in the mixed topology,
i.e., the operator Az : D(A3) — Cy(RY) defined by

D(s) = { € CuRY): g € RN s 7 i TOIZS gL
Asf = TMithr(I)lJr %’ fe D(A3)
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Proposition 2.3.1 The three operators A1, As and Az coincide.

To prove Proposition 2.3.1, we need two preliminary lemmata.

Lemma 2.3.2 For any f € C,(RY), any t > 0, any x € RN and any A > ¢
we have

+o0
(TR f)(z) = /0 e M (T(t + 5)f)(x)ds. (2.3.5)

Proof. We prove first that for any 6 > 0

T(t)(/; e—AST(s)fds) (z) = /06 e M(T(t+5)f)(w)ds, >0z eRY.

(2.3.6)
To see it, it suffices to observe that, for any = € RY, we have
Py 1 k—1 ]
| e @en@is = Jin 13 IHIG M)
i on(f)(x)

As it is immediately seen, (T'(t)o(f))(x) converges to foé e M (T(s+t) f)(z)ds
as k tends to +o0o. On the other hand, since {0 (f)}ken is a bounded sequence
in Cy(RY), then (T(t)ok(f))(z) converges to T(t)(f(;S e T (s)f)(z)ds as k
tends to +oo, by Proposition 2.2.9. Thus, (2.3.6) follows.

Now, (2.3.5) follows from (2.3.6) letting ¢ tend to +oco and using again
Proposition 2.2.9. [ |

Lemma 2.3.3 For any f € D(Az2), any t > 0 and any X\ > ¢y the func-
tions T(t)f and R(A)f belong to D(Az). Moreover, AsT(t)f = T(t)Azf,
AsR(A)f = R(A)Azf.

Proof. Fix f € D(A2), t > 0 and K > 0 such that

w <K, he(0,1). (2.3.7)

Then, taking (2.2.7) into account, we get
IT(WT ()~ T() e _ HT(” <T(h)f f) H Cek he()
h - — Y ) N

h

Moreover, since (T'(h)f — f)/t converges to Asf pointwise as h tends to 0T,
from (2.3.7) and Proposition 2.2.9 we deduce that (T'(h)(T(t)f — T(t)f)/h
converges pointwise to T'(t) Az f as h tends to 0F. That is, T'(t) f € D(A2) and
AT () f = T(t)Asf.
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Next, from (2.3.5) we deduce that

(T(RN ) (@) — (RN(x) _ /*‘” os (L0 £ 8)f) (@) = (T(9)f)(@) |
h 0 h

_ /O T ener(s) (%) (w)ds,

for any A > ¢g and any € RY. Thus, by (2.3.7) we get

IT(M BN — BN fls K
h ~“X—co’

S

h e (0,1). (2.3.8)

Finally, by Proposition 2.2.9 and the dominated convergence theorem it fol-
lows that (T'(h)R(X)f — R(A) f)/h converges pointwise to R(A)Az f as h tends
to 0F. This implies that R(\)f € D(A2) and A2 R(\)f = R(\)Asf. |

Proof of Proposition 2.3.1. Let us prove the inclusion A; C As. For this
purpose, fix A > ¢p and f € Cp(RY). Taking (2.3.5) into account, we get

(T RN ) (x) = (RN ) (x)
t

L[ e nnwas— [ e asnws)

H(/ " A0 (s) ) a)ds / - TN @)

- S RONE@ -5 [ e n@as (239)

for any t € (0, 4+0c) and any = € RY. From (2.3.8), we deduce that the function
(t,z) — t" YT #)R(\)f — R(\)f)(z) is bounded in (0,1] x RY. Moreover, the
right-hand side of (2.3.9) tends to AR()\)f — f locally uniformly in RV as t
tends to 0F. Indeed, for any R > 0 and any x € B(R) it holds that

e)\t t
< [ eraeneis- e
e)\t t t
< T/O e N (T'(s)f)(x) — f(x))ds| + % /O (ef)‘(sft) — 1) f(x)ds

I A
< e sup IT(5)f = oo + 1o /O<e AT —1)ds, (2.3.10)
se|0,

and the last side of (2.3.10) converges to 0 as ¢ tends to 0. By the characteri-
zation (2.3.3), it follows that (T'(¢)R(A\)f — R(\)f)/t converges to AR(A)f — f
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in the mixed topology. This implies that R(\)f € D(As) and

(A3R(A) f)(z) = MR f)(x) = f(x) = (ALR(AN)f)(2), z e RY.
(2.3.11)
Therefore, we conclude that A; C As.
The inclusion Az C Az is clear from the characterization (2.3.3).
Thus, we conclude the proof by proving that As C A;. For this purpose, let
f € D(Az) and fix A > ¢p. From Lemma 2.3.3 and (2.3.11) we deduce that

f=MA=A1)RAN)f=A-A2)RA)f = RA)Af — Azf),

implying that f € D(4;) and Ay f = Aaf. [ ]

Definition 2.3.4 The operator A=A = Ay = As, as defined in (2.3.1),
(2.3.2) and (2.3.4), is called the weak generator of {T'(t)}.

The weak generator fulfills the following further properties.

Proposition 2.3.5 For any f € D(/T) and any fived v € RN, the function
(T'()f)(x) is continuously differentiable in [0,4+00) and

%(T(t) f@) = (TWAf) (),  t>o0. (2.3.12)

For any sequence {f,} C D(/T) such that f, and ﬁfn converge boundedly
and pointwise to some functions f,g € Cy(RY), respectively, it holds that
fe D(/T) and /Tf =g.

Finally, D(ﬁ) is dense in Cy(RN) in the mived topology.

Proof. Fix f € D(ﬁ) and z € RY. By Lemma 2.3.3 the right derivative

dr — i (LU (@) = (TOf)()
2 L@ f)(z) = lim o

exists at any ¢ > 0 and

dr ~

= T ) @) = (TO)Af)(2).

Moreover, by Theorem 2.2.5 the function ¢ — (T'(t)Af)(z) is continuous in

[0,400). Hence, (T'(-)f)(z) is differentiable in [0, 4+00) and (2.3.12) holds.
Next, let {f,} C D(/T) be as in the statement. By the previous step, for any

r € RY and any n € N, the function (7(-)f,)(z) is differentiable in [0, +00)

and
d

TG @) = (T&Af)@), 520
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Integrating such an equation with respect to s € [0, ] gives

(L) fn)(x) = falz) _ 1/0 (T(s)Afo)(@)ds, >0

4 4

Letting n go to 4+o0co and taking Proposition 2.2.9 into account, from the
dominated convergence theorem we get

From such an equality we immediately deduce that f € D(A\) and A f=g9
Finally, to prove that D(A\) is dense in Cp(R™) in the mixed topology it
suffices to observe that any bounded and continuous function can be approx-
imated by a sequence of functions f, € C(RY) (n € N), bounded in the
sup-norm and converging locally uniformly to f as n tends to +o0. [ |

Next proposition shows the connections between Dpax(-A) and D(A).

Proposition 2.3.6 We have
Dinax(A) N Co(RY) € D(A) C Dyax(A), (2.3.13)

where Diax(A) is the set defined in (2.0.1).
Moreover, the following conditions are equivalent:

(i) X € p(A) for some A > ¢y, i.e., the equation (2.0.2) has a unique bounded
solution u € Dpax(A);

(i) (co,+00) C p(A);
(le) (Aa Dmax(A)) - (A\v D(A\»

Proof. To prove the inclusion Dyax(A) N Co(RY) C D(A) we fix a function
U € Dpax(A) N Co(RY), A > ¢p and set f = Mu — Au. As it is easily seen
f € Cp(RYN). For any n € N, let u,, be, as in the proof of Theorem 2.1.1, the
solution of the elliptic problem

Ay, — Auy, = f,  in B(n),
up =0, on 0B(n).

The function w,, — u solves the differential equation Av — Av = 0 and u,, —u =
—u on OB(n). By the classical maximum principle, it follows that

lun — U||c<§(n)) = sup |u(z)]
|z|=n

and, consequently, u, converges to u as n tends to 400, locally uniformly in
RY. On the other hand, from the proof of Theorem 2.1.1 we know that wu,,
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converges to the function R(\)f as n tends to 400, locally uniformly in R*.

-~

It follows that R(A)f = w and, consequently, u € D(A).

The inclusion D(A\) C Dpax(A) follows from Theorems 2.1.1 and 2.1.3.

Now, we prove the second part of the proposition. We limit ourselves to
showing that “(i) = (iii)” and “(iii) = (ii)”, since “(ii) = (i)” is trivial.

“(i) = (iii)”. By Theorems 2.1.1 and 2.1.3 it follows immediately that Ac
A. Hence, we only need to prove that A C A\.A For this purpose, fix u €
Dmax(A) and set f = A — Au and v = R(A\ A)f. Since A C A, we have
A — Av = f. From the property (i), it follows that v = v € D(/T), and,
therefore, the property (iii) follows.

“(iii) = (ii)”. We observe that the property (iii) implies that p(4) = p(A),
which yields the property (ii) by virtue of Theorems 2.1.1 and 2.1.3. [ ]

We will give some examples of situations in which Dpax(A) # D(A\), in
Chapter 4, showing that, in general, the problem (2.0.5) is not uniquely solv-
able in C,(RY).

2.4 The Markov process

In this section we briefly consider the Markov process associated with the
semigroup {T'(t)} and we show the Dynkin formula. In the whole section we
assume that

c(r) <0, r e RV, (2.4.1)

We introduce a few notations. Let E be a topological space and let B be the
o-algebra of Borel subsets of E. Moreover, let 2 be an arbitrary set, F be
a o-algebra on it and 7 : Q — [0, +00] be a F-measurable function. For any
t > 0, we denote by F; a o-algebra on the set Q; = {w: ¢t < 7(w)}, such that
(f5)|ﬂt CF C Fforany 0<s<t.

Next, we denote by X = {X; : Qs — E, t > 0} a family of functions
defined in  such that, for any w € Q, X;(w) € F is a trajectory defined for
t € [0,7(w)) and such that X; is Fi-measurable on ;. Finally, let {P, : = €
E} be a family of probability measures on (€2, Fo) such that the function

x— p(t,x; B) = P, (X; € B) (2.4.2)
is Borel measurable for any fixed t > 0 and B € B, and such that P,(Xy =

x)=1.
The following definition of Markov process is taken from [49)].

Definition 2.4.1 X is a Markov process if for any r € E, any s,t > 0 and
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any B € B we have
P.(Xi4s € B|F) =Px,(Xs € B), Pg-a.s., (2.4.3)

and for any w € § there exists W' € Q such that T(w') = T(w) —t and
Xo(') = Xppo(w) for any s € [0, 7(w")).

We say that X is continuous if all the trajectories are continuous. Moreover,
we say that two Markov processes are equivalent if they have same transition
probabilities {p(t, z;dy)}.

Definition 2.4.2 A random variable 7" with values in [0,400] is a Markov
time of a Markov process X if 7 < 1 and {t < 7'} € F; for anyt > 0.

The family of measures {p(t, z; dy)} defined in (2.4.2) is a transition function
(see Definition 2.2.4). Indeed, the conditions (i) and (ii) in Definition 2.2.9
are straightforward, while the condition (iii) follows from (2.4.3). Indeed, for
any B € B we have

p(t+ s,2;B) = Pp(Xi4s € B)
= E,P,(Xrs € BIF)

= /Ep(s,y;B)p(tvxédy)-

Conversely, given a transition function {p(t, z;dy)}, we say that a Markov
process X is associated with it if (2.4.2) holds. It is known that for any
normal transition function there exists an associated Markov process; see [49,
Theorem 3.2]. In particular, as far as the semigroup {7'(t)} is concerned, we
have the following result.

Theorem 2.4.3 There exists a continuous Markov process X associated with
the semigroup {T'(t)}. We have

(T f) (@) = Eoxear [(Xt), t>0, xRV, (2.4.4)

and

(RN f)(z) =E, /OT e M f(X,)ds, A>0, 2 €RY, (2.4.5)

for any f € By(RN).

Proof. The existence of X is proved in [49, Theorem 3.2], using the fact
that the transition function of {T'(¢)} is normal (see Theorem 2.2.5). See also
[65, Theorem 1.6.3]. The continuity of X is proved in [10].

Then (2.4.4) is straightforward: if f = xp is the characteristic function of
a Borel set B C RV, then (2.4.4) is just (2.4.2). By linearity, (2.4.4) can be
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extended, first, to any simple function f and, then, to any f € B,(RY), by
approximating with simple functions.

Finally, (2.4.5) follows from the resolvent formula (2.2.14) and from (2.4.4),
applying the Fubini theorem. [ |

For any set U C RY, we define the first exit time of X from U by
w=inf{t: X, ¢ U}, zeU, (2.4.6)

and we denote by XV the process induced by X in U, that is

XU: Xt, t<TU,
! 00, tZTUa

and we recall the following result (see [10]).

Theorem 2.4.4 Let U C RV be a reqular bounded domain. Then XU is the
Markov process associated with the semigroup {TY (t)}.

In the next theorem we state the Dynkin formula, in a slightly different
form from the one in [49, Theorem 5.1].

Theorem 2.4.5 Let U € RN be a reqular bounded domain, let 7" < 1 be a
Markov time, and let A > 0. Let u € W/li’f(RN) for any p € [1,+00) be such
that Au € C(RY); then we have

’

w(z) = E e u(Xn) + Em/ e M\ — Au)(Xo)ds, xeU. (2.4.7)
0

Proof. Let U; € RY be a regular bounded domain such that U C Uy, and
let ¥ € C°(Uy) be a function such that ¥ = 1 in U. Define v’ = Ju and
fr =M/ — Av'. Then we have ' € C.(Uy) and v’ = R(\, Ay,)f’, where
R(\, Ary, ) is the resolvent operator of {TU1(t)}.

In [10, Theorem 1.6] the author proves that X is a strong Markov process;
see also [65, Theorem 1.6.3]. Then also XUt is strong Markov. So we can apply
[49, Theorem 5.1] to X1, and we have the formula

o (z) = Exe_)‘Tlu'(XT/) +Ex/ e M f(X,)ds, x € Uy.
0

Since 7/ < 7y and since u = v’ and f’ = Au — Au in U, the restriction of this
formula to z € U gives (2.4.7). [ |

Notice that, taking 7" = 71y in (2.4.7), it follows that the solution of the
boundary value problem

Au(z) — Au(z) = f(x), xe€U,
u(z) = h(x), x € U,
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with h € C(dU), f € C(U) and A > 0, can be represented by the formula

TU
u(z) =E e MUA(X,,) — Ez/ e Mf(Xy)ds, zel. (2.4.8)
0

2.5 The associated stochastic differential equation

In this section we consider the stochastic differential equation associated with
the differential operator A.

Let {W; : t > 0} be a N-dimensional Wiener process and let {F}V : ¢t > 0}
be the filtration generated by W;. For any x € RY | let o(z) € L(RY) be the
unique positive definite matrix such that Q(z) = Zo(z)o(x)*. We consider
the stochastic differential equation

2

{d&f = b(&F)dt + o (& )dWy,  t >0, 251)

& =,

where z € R¥ is fixed. This equation is a short writing of the integral equation

t

t
& =x+ [ b(ET)ds +/ o(€)dW,,  t>0. (25.2)
0 0

We say that & is a solution of the problem (2.5.1) if it is a continuous
real process, defined for any ¢ > 0, adapted to the filtration {F}V'} and such
that (2.5.2) holds almost surely. Moreover, the continuity of & ensures the
existence of the stochastic integral in (2.5.2). Note that the continuity of &F
ensures the existence of the stochastic integral in (2.5.2).

Let us assume the following hypothesis.

Hypothesis 2.5.1 The functions b and ¢ are continuous and satisfy
lo(z) —a(y)l3+2(b(x) = b(y), = —y) < Krlz—y[?, z,y € B(R), (2.5.3)
AL+ |z?) = o (@)]3 + 2(b(x), z) < K(1+ [2]?), zeRY,  (254)

where K, Kg > 0 are constants and |o|3 = Tr (oc0*).

Theorem 2.5.2 Assume Hypothesis 2.5.1. Then, there exists a unique (up
to equivalence) solution &F of the problem (2.5.1), which is equivalent to the
Markov process X .

Proof. For the proof of the existence and uniqueness of the solution & of
the equation (2.5.1) we refer the reader to [53, Theorems 3.7 & 3.11] or [88,
Theorem V.1.1]. Then, using the Itd formula we can see that £ is equivalent
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to X;. Indeed, fix to > 0 and define v(t,z) = (T'(to —t)f)(z) for t € [0,t0] and
r € RN, For any n € N, let 7,,(7) be the first exit time of ¢ from the ball
B(n). Since &7 is continuous and defined for any ¢ > 0, we have

lim 7, (z) = +oo, r € RV, (2.5.5)

n—-+o00

almost surely. Since Dyv + Av = 0 in (0,t0) x RV, the It6 formula gives

tATH ()
V(A T(@),Err () = 000, 2) + / o(65)Du(s, E5)AW,,  (2.5.6)

for any t € [0,t] and any x € B(n). If ¢ < to, then, for any s € (0,¢ A 7,(z)),
we have

lo(E¥)Du(s, &) < sup o] sup |Dv| < +oo
B(n)  [0,]xB(n)

and, therefore,

tATH ()
B[ o€ Duls, )Pds < +ox.
0
Then, the expectation of the stochastic integral in (2.5.6) is zero and we get

Ev(t A7 (2), §iar, () (7)) = v(0,2) = (T'(to) f)(x),

for any t < to, x € B(n), n € N. Letting n tend to 400, from (2.5.5) and the
dominated convergence theorem it follows that

Ev(t, &) = (T(to)f)(x), t < to,

and finally, letting ¢ tend to to, we get E f(£F) = (T'(to) f)(x). This is equiva-
lent to say that P(¢F € B) = p(t, x; B) for any ¢ > 0 and any x € RY and any
Borel set B, where {p(t,z;dy)} is the transition function of X. Therefore, &
and X are equivalent. [ |






Chapter 3

One-dimensional theory

3.0 Introduction

The one-dimensional case is particular and easier. It has been studied by Feller
([67]). Here, we consider the case when the second-order differential operator
A is defined by

Ap(x) = q(x)¢" () + b(z)¢' (), z €R,

on smooth functions under the following assumptions on the coefficients ¢ and
b.

Hypothesis 3.0.1 The coefficients ¢ and b are continuous in R. Moreover
q(z) >0, z € R.
Under such a hypothesis, the existence of a solution of the elliptic equation,
Au— Au = f, (3.0.1)

in Dyax(A) = Cp(R) N CZ(R) can be proved. Note that Hypothesis 3.0.1 is
weaker than those in Chapter 2.
A deep analysis of the solutions to the homogeneous equation

Au— Au =0

allows us to prove that, for any f € Cp(R), there exists at least a solution
u = Ry f to the equation (3.0.1) which is in C,(R) N C?(R). We see that the
boundedness at infinity of the solutions to the homogeneous equation is strictly
connected to the integrability at infinity of some functions ¢ and R which
depend on the coefficients ¢ and b. This analysis will allow us to determine
(integral) conditions on the coefficients which guarantee the uniqueness of the
solution u € Cy(R) N C%(R) to the equation (3.0.1).

Then, we show that the arguments used in Chapter 2 to find out a solution
u = R(A)f € Dmax(A) to (3.0.1) apply also in this situation in which the
coefficients are less regular. Moreover, we show that Ry f and R(\)f actually
coincide.

Finally, under suitable additional hypotheses on ¢ and b, we prove that

Diax(A) = {u € CZ(R) : qu”,bu’ € Cy(R)}.

33
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3.1 The homogeneous equation

In this section, for any fixed A > 0, we study the homogeneous equation
Au — (qu” + bu') = 0. (3.1.1)

Remark 3.1.1 Let u € C?(R) be a solution to the equation (3.1.1). Then,
u can attain neither a positive maximum nor a negative minimum. Indeed,
suppose for instance that zp € R is a positive maximum of the function w.
Then, u/(z0) = 0 and u”(x¢) < 0. From (3.1.1) we get Au(zo) = q(zo)u’ (zg) <
0, which leads us to a contradiction. If u has a negative minimum it suffices
to apply the previous argument to the function —u. As a consequence, if u
solves (3.1.1) and vanishes at two different points z¢ and x1, then u vanishes
identically in R.

The following lemma is a crucial step in order to understand the behaviour
of the solutions of (3.1.1) in a neighborhood of —oo and +oc.

Lemma 3.1.2 There exist a positive decreasing function uy; and a positive
increasing function Tz, which solve the equation (3.1.1).

Proof. To prove the existence of a positive decreasing solution w; to the
equation (3.1.1), we introduce the set

B ={beR: Ju, solution to (3.1.1) with uy(0) =1, uy(0) =b
and up(z) = 0 for some x > 0}. (3.1.2)

Let us prove that B is an interval. First of all, we observe that B is not empty.
Indeed, denote by v; and vs two linearly independent solutions to the equation
(3.1.1). Then, the more general solution to (3.1.1) is given by v = cv1 + cavs2.
By the last part of Remark 3.1.1 the matrix whose rows are (v1(0),v2(0))
and (vi(xo),v2(xg)) is invertible for any z¢ > 0, since v = 0 is the unique
solution to the equation (3.1.1) such that v(0) = v(xg) = 0. This implies that
for any xo > 0 there exists a unique solution v to (3.1.1) such that v(0) = 1,
v(xo) = 0. Hence, a = v’(0) belongs to B.

To prove that B is an interval, we show that, if b € B, then (—o0,b] C B.
For this purpose we observe that, if ¢ < b, then u. < up in (0, +00). Indeed,
since u,,(0) < uy(0), there exists at least an interval (0,z1) in which u. < .
Suppose that z7 < +o0o. Then, up(x1) = uc(x1). This would imply that the
function v = up—u,, which solves the equation (3.1.1), should have two zeroes.
Hence it should be constant in R, which is a contradiction. Therefore, u, < uy
in (0,400) and, consequently, u. vanishes at some point = € (0, +00), so that
ce B.

We now show that, if b € B, then u, is decreasing in R. As a consequence
we deduce that B C (—o0,0]. Let b € B and let z > 0 be the unique zero of
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the function wuy. Then, uy is decreasing in (—oo, ), otherwise it should have
a positive maximum. Similarly, u; is decreasing in [z, +00). To check it, we
observe that uy(z) < 0. Indeed, if uj(z) = 0, then u should coincide with the
null solution. Therefore, uy is strictly decreasing in a neighborhood of x. If uy
were not decreasing in (x,400) it should have a negative minimum, which is
a contradiction.

We now set b = sup B, and w; = ug. Observe that w; is decreasing in R.
Indeed, up converges to @y in C?([—~M, M]) for any M > 0, as b tends to b
from the left. Since ug <0 for any b < b, it follows that ) <0 as well. Let us
now prove that @, is positive in R. This is equivalent to proving that b ¢ B.
By contradiction, suppose that b € B. Let 2 > 0 be a positive zero of @, and
let u be the solution to (3.1.1) such that «(0) = 1 and u(2z) = 0. Arguing as
above, we can show that u > ;. Hence, u/(0) > b, and this, of course, leads
us to a contradiction.

Finally, to prove the existence of a positive increasing solution to (3.1.1) it
suffices to set Uz (x) = v(—=x) for any © € R, where v is the positive solution to
the equation Av(z) — g(—z)v” (z) + b(—z)v'(x) = 0, provided by the previous
arguments. [ |

The following proposition describes the behaviour of the solutions to the
equation (3.1.1). For this purpose, we introduce the functions

=exp | — " bls) s x
W(zx) = exp ( /0 q(s)d > , eR, (3.1.3)
1 xr
R(z) = W(Jc)/0 mds7 x €R. (3.1.5)

Moreover, we observe that u € C?(R) is a solution to the equation (3.1.1) if
and only if u solves the differential equation

(UW/)/ - Aqu' (3.1.6)

Therefore, any solution u of (3.1.1) satisfies

() =W(z) [ Tus) s x
u'(x) = W(x) ( (0) +>\/O q(s)W(s)d > ) eR. (3.1.7)

Remark 3.1.3 Notice that
Uy (z)us(z) — Ul (z)ue(z) = woW (z), r € R, (3.1.8)

for some positive constant wp. The formula (3.1.8) is immediately checked
since the function W~1(w 1w — w)uz) is positive (by virtue of Lemma 3.1.2)
and its first-order derivative identically vanishes in R.
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Proposition 3.1.4 The following properties are met:

(4) all the solutions to (3.1.1) admit finite limit at +oo if and only if the
function R belongs to L*(0,+00);

(it) if @ € L*Y(0,400) and R ¢ L'(0,+00) then any positive decreasing
solution to (3.1.1) satisfies
L w(@)
1

(iii) if Q, R belong to L1(0,+00) then, for any solution u to (3.1.1), the limits
limg s 4 oo w(x) and limy oo v/ (2) /W () exist and are finite. Moreover,
there exist two decreasing solutions u and v of (3.1.1) such that

N (@)
(1)  lim wu(x)=0, lim = -1,

g v'(x) o
(i) 1ll>r-il-1<>o v(@) =1, oo W(z) 0

() the equation (3.1.1) admits a decreasing solution with limy_, 4 oo u(z) > 0
if and only if Q € L*(0,+00).

Proof. (3). Since any solution to (3.1.1) is given by a linear combination of
the functions @; and s, and u; is decreasing (see Lemma 3.1.2), it suffices to
show that lim, o U2(7) € R if and only if R € L*(0, +00). For this purpose,
we observe that, since Uy is increasing and w(0) = 1, then

’ 7H2(S) s < Us(x x x
R(z) gW(x)/O s < (@) R () >0, (3.1.10)
Moreover, by (3.1.7) we can write
[T = ) [ @ ’ L(S) s x
uh(z) = W(x) ( 2(0) + A ; q(s)W(s)d ) ) > 0. (3.1.11)

Suppose that s is bounded in a neighborhood of +o0o. Then, the two terms
in the right-hand side of (3.1.11) are in L'(0, +00), since they are both posi-
tive. Therefore, from (3.1.10) it follows that R € L'(0, +o0).

Conversely, suppose that R € L'(0,+o0). Then, plugging (3.1.10) into
(3.1.11) we see that uy satisfies the differential inequality

uh(z) < uH(0)W(z) + AR(z)uz(z), x> 0.
Therefore, the Gronwall Lemma yields

To(z) < exp ()\ /O ’ R(t)dt) {1 +7,(0) /O W) exp (—)\ /O t R(s)ds) dt} ,

(3.1.12)
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for any « > 0. Since R is integrable in (0, +00) and

-1

W(z) < </01 mds) R(x), x> 1,

we easily deduce that W € L'(0,+00). Therefore, from (3.1.12) it easily fol-
lows that @y is bounded in (0, +00).

(#). Let u be a positive decreasing solution to (3.1.1). Then, the equation
(3.1.6) implies that the function u’/W is negative and increasing in R. There-
fore, there exists £ < 0 such that

(@)
1 .
a0 W (z)

k=

Let us prove that k£ = 0. For this purpose, we observe that, integrating (3.1.6)
from z to ¢ and, then, letting ¢ go to +oo, gives

u(x) = W(x) (k—A/:OO %ds), r €R. (3.1.13)

Since Q € L'(0,+00), the Fubini theorem implies that the function x +—
W (z) f;oo(q(s)W(s))’lds is integrable in (0, +00). The boundedness of v in
(0, +00) yields the integrability of the function z — f;oo u(s)/(q(s)W(s))ds
in (0,400). Therefore, from (3.1.13) it follows that, if k& # 0, the function W
is integrable in (0, +00). Since

-1
1 /1
——— < W(s)ds) Q(x), x> 1, (3.1.14)
q(z)W(z) ( 0

then the function 1/(¢W) is integrable in (0, +00). But this implies that R is
integrable in (0,400) as well. Hence, we get a contradiction.

(iii). Let us prove that, if Q, R € L'(0,+00), then any solution to (3.1.1)
is such that w and «//W admit finite limits at +oo. By the property (i) we
can limit ourselves to showing that the limit lim,_, o u'/W is finite for any
solution u of (3.1.1). For this purpose we observe that, from (3.1.14) and the
boundedness of u at +oo, it follows that u/(¢WW) is integrable in (0, +00).
Therefore, dividing both the sides of (3.1.7) by W (z) and letting = go to +o0,
we obtain that the limit lim,_, 4o v/ (x)/W (z) is finite.

Let us now set & = u; —cuy where ¢ is a constant such that lim,_, 4o @(z) =
0. Let us observe that ¢ € [0,1). Of course, ¢ > 0 since w; (j = 1,2) is positive
in R. Moreover, Tz > u in [0,+00) and T1(0) = w2(0) = 1. If ¢ > 1, then
% should have a negative minimum and if ¢ = 1 it should have a positive
maximum or a negative minimum. Of course, these are all contradictions
by Remark 3.1.1. Therefore, ¢ € [0,1). It follows that @(0) > 0 and, since
lim, oo a(x) = 0, Remark 3.1.1 implies that @ is decreasing in R.
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Arguing as in the proof of the property (ii) we see that @ (x)/W (x) tends
to a nonpositive limit k as = tends to +o0. If k = 0, from (3.1.13) we would

get
T W) (a1
- Aw)/m W™= W“/x W™
(3.1.15)

for any « € R. As it has been shown in the proof of the property (ii) the
last side of (3.1.15) is integrable in (0, +o00) since Q@ € L'(0,+00). It follows
that the function log(@) is bounded from below in (0, +00) and, consequently,
lim, oo @(x) =1 > 0. Since this is a contradiction, k should be strictly neg-
ative. Therefore, setting u = —@/k, we obtain a solution to (3.1.1) satisfying
(3.1.9)(i).

Now, let us show that the problem (3.1.1) admits a positive decreasing
solution v satisfying (3.1.9)(ii). For this purpose, let w be the solution to
(3.1.1) satisfying w(0) = 0 and w’(0) = 1. According to Remark 3.1.1, w is
increasing in R. Therefore, from (3.1.6) it follows that w'/W is increasing as
well and, consequently, lim,_, o w'(x)/W(z) € (1/W(0), +00).

Let us set 7 = u+dw where u satisfies (3.1.9)(i) and d is a positive constant
such that lim, 4 7' (x)/W(z) = 0. Since T is nonnegative, by (3.1.6) we now
easily see that T is decreasing in R. Moreover, since lim,_, 4 o 7' (z) /W (z) = 0,
the previous arguments show that [ := lim,_, ;. U(z) is strictly greater than
0. Thus, the function v = 7/l is a solution to (3.1.1) satisfying (3.1.9)(ii).

(). Let u be a decreasing solution such that limg,_,4 o u(z) =1 > 0. Then,
arguing as in the proof of the property (ii), we can show that there exists
k < 0 such that

. w(@)

1
and u' is given by (3.1.13). It follows that the function u/(¢gW) is inte-
grable in (0,+00). Since all the terms in the right-hand side of (3.1.13)
are nonpositive, and the left-hand side is integrable in (0,+00), then the
function z — W(x) f+°o u(s)/(q(s)W(s))ds is integrable in (0, +00) as well.

Since u is positive afld u > 1 in (0,400), it follows that also the function
x — W(z) f;oo(q(s)W(s))’lds is integrable in (0, +00). Using the Fubini
Theorem, we see that this implies that Q € L(0, +00).

Conversely, let us suppose that Q € L'(0,+00) and let us prove that the
equation (3.1.1) admits a positive decreasing solution u with lim,_, o u(z) =
I >0.If R € LY(0,+0c0), the property (iii) gives us the wished function u.
If R ¢ LY(0,+00), then any positive and decreasing solution u to (3.1.1) is
given by (3.1.13) and k& = 0 by the property (ii). Hence v'/u satisfies (3.1.15)
and, consequently, arguing as in the proof of the property (iii), we see that
limg 4o u(x) =1>0. [ |

k=

Concerning the behaviour of the solution to (3.1.1) in a neighborhood of
—00, we have the following result.
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Proposition 3.1.5 The following properties are met:

(4) all the solutions to (3.1.1) admit finite limit at —oo if and only if the
function R belongs to L*(—00,0);

(it) if Q € L'(—00,0) and R ¢ L'(—o0,0) then any positive increasing
solution to (3.1.1) satisfies

L u(@)
W) 0;
(i) if Q, R belong to L'(—00,0) then any solution to (3.1.1) is such that
the limits limy_,_ oo u(z) and limy_,_ o v/ (z) /W (x) exist and are finite.
Moreover, there exist two increasing solutions u and v of (3.1.1) such

that
. . ./ (x)
1 lim wu(z) =0, lim =1,
( ) r——00 ( ) T — —00 (I)
o - v(x)
1 =1 1 =0
(¢) lim o(r)=1, Tim W =

(iv) the equation (3.1.1) admits an increasing solution with lim,_, o u(zx) >
0 if and only if Q € L*(—00,0).

Proof. Let A be the second order differential operator defined by Au =
gu’ + bu’ where G(z) = q(—z), and (;(x) = —b(—x) for any € R. Let W, Q
and f? be defined according to (3.1.3)-(3.1.5) with ¢, b being replaced with ¢
and b. As it is easily seen, W (z) = W(—z), Q(z) = —Q(—z), R(z) = —R(—x).
Therefore, W, Q and R are integrable in a neighborhood of —oc if and only
if W, @ and R are integrable in a neighborhood of +oco. Moreover, u solves

Au — Au = 0 if and only if the function z + v(x) := u(—x) solves the
differential equation Av — Av = 0. Now the assertion follows from Proposition
3.1.4. [ |

We now give the following definitions.

Definition 3.1.6 The point 400 is said

regular, i.e., Q € L'(0,+00), R € L*(0,+00),

accessible if
exit, i.e., Q¢ L'(0,+00), R € L0, 400),

entrance, i.e., Q € L'(0,4+00), R ¢ L'(0,+00),

unaccessible if
natural, i.e., Q ¢ L*(0,4+00), R ¢& L'(0,+o0).
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Similarly, the point —oo is said

reqular, i.e., Q € L*(—00,0), R € L*(—00,0),

accessible if
exit, i.e., Q¢ L'(—00,0), R € L(—00,0),

entrance, i.e., Q € L'(—0,0), R ¢ L'(—o0,0),

unaccessible if
natural, i.e., Q ¢ L'(—00,0), R ¢ L'(—0,0).

The results in Propositions 3.1.4 and 3.1.5 can be rephrased as follows.

Proposition 3.1.7 The following properties are met:

(i) 400 (resp. —o0) is regqular if and only if the differential equation (3.1.1)
admits two positive decreasing (resp. increasing) solutions uy and us

such that
. . o uj(x) S
IEIEOOUJ(Z):]fL zglfoo W($) :72+]a j:172a
resp. lim wu;(z)=7—1, lim u;(@) =2—-3, j=12].
T— —00 J r— —00 W(x)

In this case all the solutions to (3.1.1) are bounded in (0,+00) (resp. in

(—00,0));

(i) 400 (resp. —o0) is an exit if and only if all the solutions of (3.1.1) are
bounded in (0, 400) (resp. in (—o00,0)) and any positive decreasing (resp.

increasing) solution u vanishes at 400 (resp. at —o0);

1) 400 (resp. —oo) is an entrance if and only if the differential equation
(i) (resp. —o0) y q
(3.1.1) admits a positive decreasing (resp. increasing) solution u such

that o)
. u'(x
132100”@) =1 1—1>I-ir-loo Wi(x) 0,
- . w(x)
(ot v =1 iy <o),

and any other solution of (3.1.1), which is independent of u, is un-

bounded in (0,+00) (resp. in (—o0,0));

(i) +oo (resp. —o0) is natural if and only the differential equation (3.1.1)

admits a positive decreasing (resp. increasing) solution u such that

lim wu(z) =0, u(z)

=0
z—+00 1—1>I-ir-loo W(x) ’
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(i u=0. i ot o),

and any other solution of (3.1.1), which is independent of u, is un-
bounded in (0, +00) (resp. in (—00,0)).

Proof. We just prove the property (iv) since the other properties follow easily
from Propositions 3.1.4 and 3.1.5. Moreover, we limit ourselves to dealing with
the case when the point +o0o is natural, since the case when —oo is natural can
be then deduced from this one using Proposition 3.1.5 instead of Proposition
3.14.

As a first step we observe that, according to Proposition 3.1.4(iv), u; van-
ishes at +oo.

Let us now prove that w}/W vanishes at oo as well. For this purpose,
we begin by observing that, from (3.1.6) written with @; instead of u, we
easily deduce that u} /W admits finite (and nonpositive) limit as z tends to
400 since it is negative and increasing. By contradiction, we assume that the
previous limit is negative and we denote it by k. Since any solution of (3.1.1)
is a linear combination of u; and %, and, according to Proposition 3.1.4(i),
the equation (3.1.1) admits solutions which are unbounded in a neighborhood
of 400, it follows that ua(z) tends to +oo as x tends to +oo. Taking Remark
3.1.3 into account, we can write

W) 1 Ué(x)ﬂ 2 a’l(x)ﬂ N )
C W) wo (W(:L’) 1@) W(z) o ))7 > 0.

Recalling that @, and w; are positive in R and taking the limit as = tends to
400, we are led to a contradiction.

Conversely, let us assume that there exists a positive decreasing solution u
to the problem (3.1.1) vanishing at +o00 together with the function @’/W and
that any other solution to (3.1.1), independent of %, is unbounded at +oo.
According to Proposition 3.1.4(i), it is clear that R ¢ L'(0,+oc0). To show
that Q ¢ L'(0,+00), we observe that, denoting by v a solution to (3.1.1)
linearly independent of u, then any solution u to the problem (3.1.1) is given
by u = c1u + cov, for some ¢y, ¢y € R. Therefore, u is bounded at +oo if and
only if ¢ = 0. But in such a case, u vanishes at +o0o0. Therefore, Proposition
3.1.4(iv) implies that Q ¢ L(0,+00) and we are done. [ |

3.2 The nonhomogeneous equation

In this section we study the solutions u € C?(R) of the nonhomogeneous
equation

A — Au = f, (3.2.1)
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when f € Cy(R).
By the classical theory of ordinary differential equations, it is easy to check
that the more general solution to the differential equation (3.2.1) is given by

u(zr) = — /OI(W(I)WI(t)eg, eﬁmdt + a1t (z) + coua(z), zr €R,

q(t)
(3.2.2)
where ¢y, co are arbitrary real constants, e; = (1,0), ea = (0,1), Ty, Uz are as
in Lemma 3.1.2 and W is the wronskian matrix

Taking (3.1.8) into account, from (3.2.2) we can write

=1\c L xif(t) U up (@
o) = (o455 [ s ) 7o

C —i x&a oz
+(2 wo Jy a®OWE) 1(t)dt) 2(2), (3.2.3)

for any = € R.
We can now prove the following result.

Proposition 3.2.1 For any f € Cp(R) and any X > 0, the function u = Ry f
defined by

+oo
(Raf)(z) = [ Ga(z,s)f(s)ds, z €R, (3.2.4)
where G : R? — R is given by
w)um@)
Crlons) — | POIETVE TS
’ w(z)ua(s)
woq(s)W(s)’ =7

belongs to C,(R)NC?(R) and solves the differential equation (3.2.1). Moreover,
the operator Ry : Cy(R) — Cy(R) is bounded and |Ry|| (o, @~y < 1/

Proof. Observe that a formal computation shows that

_uw(x) [T (s (z) [T () s)ds
w0 =5 e e [ e oo

for any = € R. So, let us prove that the integral terms in the right-hand side
of (3.2.5) are well defined for any x € R.
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Since the function W17} is positive and increasing in R (as it easily follows
from (3.1.6)), then, for any ¢ < x, we have

r\a
[l
—
=l
—
==
-
N
Py
—
V2]
Pt
=8
Vo)
IN
=
8
r\a
—~
» |
N}
—
=%
—|
Vo)
SN~—
QU
Vo)

1 AT
30 [ (52) s

1 uh(z
< —||f||oo< 2
X

< Sl

(3.2.6)

Hence, the first integral in the right-hand side of (3.2.5) is well defined. A
similar argument shows that, for any ¢ > z,

|

/C Wv(;)@ |£(s)lds < §||f||oo§é53. (3.2.7)

Hence, also the other integral is well defined. Of course, they both define
continuous functions in R. Therefore, Ry f is a continuous function in R and
it is bounded since (3.2.6) gives

(Ban) (@)l < 11l (S5 T2 - B D) Ly,

for any = € R. Finally, a straightforward computation shows that R) f solves
the differential equation (3.2.1). This finishes the proof. [ |

Thanks to Propositions 3.1.7 and 3.2.1, it is now easy to solve the problem
of the uniqueness of the solution u € Cy(R) N C?(R) to the equation (3.2.1).

Theorem 3.2.2 The elliptic equation (3.2.1) is uniquely solvable in Cyp(R) N
C?(R) for any A > 0 and any f € Cy(R) if and only if —oco and +oo are
unaccessible. If both —oo and +o0o are accessible, then any solution u € C%(R)
to (3.2.1) is bounded in R.

In Chapter 2 we have seen that if the coefficients ¢ and b belong to C% (R),

then a solution u € C.F*(R) can be obtained by approximating the equation

(3.1.1) with the Dirichlet problems

{ Au(z) — q(x)u’ (x) — b(x)u' (z) = f(x), z € (=n,n), (3.2.8)
u(~n) = u(n) = 0,
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and, then, letting n go to 0. Now two questions arise naturally. Does this ap-
proximation argument work also in the case when the coefficients are merely
continuous in R and, if this is the case, what are the relations between the so-
lution provided by this method and the solution given by (3.2.4)? The answers
to the previous two questions are contained in the following proposition.

Proposition 3.2.3 For any f € Cy(R), let u,, be the solution to the problem
(3.2.8). Then, u, converges to the function Rxf (see (3.2.4)) in C?([—a,a))
for any a > 0, as n tends to +oo.

Proof. Throughout the proof, u; and us will denote the functions in Lemma
3.1.2. Moreover, to simplify the notation we write u(+00), respectively u(—o0),
to denote the limit of u at 400, respectively at —oo, whenever these limits
exist. Finally, for any fixed function f € C4(R), we denote by gf and h the
functions defined by

RS A (O JRE S A ()
o10) =5 [ g Ot e =g [ o

for any x € R. First of all, we prove that the sequence {u,} converge in
C?([~a, a)), for any a > 0, to a function u € C2(R) N Cy(R). For this purpose,
we observe that a simple computation shows that u, is given by (3.2.3), with
¢ = c1(n) and co = co(n) satisfying

{ (c1(n) + hy(n))wi(n) + (c2(n) — gr(n))uz(n) =0,

(3.2.9)
(c1(n) + hy(=n))ai(—n) + (c2(n) — g¢(—n))u2(—n) = 0.

Moreover, by the classical maximum principle (see Theorem C.2.2(i)) it follows
that 1
sup  |un(2)] < <) floo> n € N. (3.2.10)
z€[—n,n]

Thus, writing (3.2.3) at x = 1, we deduce that |c;(n)T; (1) +c1(n)u2(1)| and
|e1(n)uy (—1) + c2(n)u2(—1)| are bounded by a positive constant, independent
of n. Since the matrix A, whose rows are (u1(—1),%u2(—1)) and (T (1),u2(1)),
is invertible, it follows that |ci(n)| and |cz(n)| are bounded uniformly with
respect to n € N. Therefore, up to a subsequence, we can assume that c;(n)
and ca(n) converge to some real numbers c¢1(400) and co(+00). Now, from
(3.2.3) is immediate to check that u, converges in C?([—a,a]) to some func-
tion u € C?(R) which, of course, satisfies the differential equation (3.2.1).
Moreover, the estimate (3.2.10) implies that « is bounded in R. Therefore,
the function R(A)f is well defined for any f € Cp(R).

Let us now prove that R(A)f = Ry f, where Ry f is given by (3.2.4). For
this purpose, it suffices to show that ¢1(n) and ca(n) converge as n tends to
+o00 and

c1(400) = —hy(—00), ca(+00) = gf(+00). (3.2.11)
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Of course, according to Theorem 3.2.2 it suffices to consider the case when at
least one between —oo and +o0 is accessible.

To begin with we observe that, from (3.2.6) and (3.2.7), we easily deduce
that the function @;/(¢W) is integrable in (0, +o00), whereas the function
Ua/(gW) is integrable in (—o0,0). Therefore, g¢(4+00) and hy(—00), as well
as g1(+00) and hy(—o0), exist and are finite. Moreover, if T (+00) = 0 and
Ug(+00) is finite, then (hfu1)(4+00) = 0. Indeed,

pstwmm = 20| [* IOz
m(n) [* W)
< fll / qt)W()dt

T VA / o)

< ||f||oo{ Bl [ () ) — ) .

for any = > 0. Therefore, letting n go to +0o we get

limsup |y (n)ur(n)] < || flloouz(+00) (g1(4+00) — g1(x)) -

n—-+o00

Then, letting « go to 400, we get limsup,_, . hy(n)ui(n) = 0, namely
(h#t1)(400) = 0. Similarly, if @ (—o0) is real and Tz(—o00) = 0, then
i To(-n)gs(—n) = 0.

To complete the proof we need a deeper analysis of the functions w; and
. For this purpose we split the remainder of the proof into several steps.

The case when +0o0 and —oo are both accessible. In such a situation, the
functions w; and 4y are bounded in R and u;(4+00) = uz(—o0) = 0. The
boundedness of w; and Ty follows immediately from the properties (i) and
(i) in Proposition 3.1.7. Let us now show that @;(+oc0) = 0. This is clear
by Proposition 3.1.7(ii) if 400 is an exit point. So, let us assume that +oo
is regular. A similar argument then can be used to show that Ta(—oc0) = 0
when —oo is natural. For this purpose, let u be a decreasing solution of (3.1.1)
with u(400) = 0, provided by Proposition 3.1.7. Then, we set v = u/u(0).
As it is immediately seen, v vanishes at +oo and v(0) = 1. We claim that
v > Wy in (0,400). Since u; > 0 in R, it then follows that @;(+o00) = 0. By
contradiction suppose that there exists x > 0 such that @ (z) > v(z). Then,
up > v in (0,+00). Indeed if this were not the case, then there should exist
a point x1 > 0 such that %y (z1) = v(x1). By the last part of Remark 3.1.1 it
would follow that @, = v: a contradiction. Therefore, if @ (x) > v(x) for some
x >0, then w; > v in (0, +00). But this implies that @} (0) > v’(0). Since B is
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an interval, this would imply that @} (0) # sup B: a contradiction. Therefore,
u; <win (0,+00) and v'(0) ¢ B (see (3.1.2)).

Now, from (3.2.9) it easily follows that ¢;(+00) and c(400) exist finite and
are given by (3.2.11).

The case when +o0o is accessible and —oo is unaccessible. According to
the properties (i) and (ii) in Proposition 3.1.7, and arguing as in the previous
step, it follows that @y (+00) = 0, Uy (—00) = 400, Uz(+00) € (0, +00). Hence,
letting n go to +oo in the first equation in (3.2.9) we deduce that co(+00)
is given by (3.2.11). To prove that ¢;(+00) is given by (3.2.11), we begin by
studying the behaviour of us at —oo. For this purpose, we observe that we can
write Ue = diU; + dou where u is an increasing solution to (3.1.1) satisfying
limg__ oo/ (x)/W(x) =0 and u(—o0) = 0, if —oo is natural, and u(—o0) = 1,
if —oo is an entrance. Since Uz(—0o0) is real, we easily see that d; = 0 and
consequently Ty = u/u(0). Therefore, Ta(—o00) = 0 if —oo is natural whereas
Ua(—00) > 0 if —co is an entrance. In any case, u,/W tends to 0 as z tends
to —oo. Therefore,

A

R I NN L A0
195 (=n)f2(=n) < =, Tl )/_HQ(t)W(t)dt
N flloo T2(=n) (_, wy (—n)

Therefore,

i
nig}oo U (—n)

Thus, letting n go to +00 in the second equation in (3.2.9), we now easily see
that ¢q(400) is given by (3.2.11).

The case when 400 is unaccessible and —oo is accessible. By changing z
to —z, we go back again to the previous case (see the proof of Proposition
3.1.5). Hence, also in this case ¢;(+00) and co(+00) are given by (3.2.11).
This finishes the proof. [ |

Now, we consider some examples.
Example 3.2.4 Let A be the operator defined by
Ap(z) = ¢ (2) — 2°¢(z), z€R,

on smooth functions . Let us show that 400 and —oo are both unaccessible.
By Theorem 3.2.2 this will imply that the equation \u — Au = f is uniquely
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solvable in Cy(R) N C%(R) for any f € Cp(R). A straightforward computation
shows that

r T
W(z)=e"/t Qz) = e_x4/4/ e'/tds,  R(z)= €x4/4/ e~ /4ds,
0 0

for any x € R. It is readily seen that R ¢ L'(—o0,0) U L'(0, +00). Moreover,
using De L’Hopital rule it can be seen that

. 3 o
Hence Q € L'(—00,0) N L'(0, +00). We conclude that +o0o and —oco are en-
trance points.

We will generalize this example to the N-dimensional setting in Chapter 4
(see Example 4.1.13).

Example 3.2.5 Let A be the one-dimensional differential operator defined
by
Ap(z) = ¢"(2) +2°¢'(z),  z€R,

on smooth functions . In this case

4 4

W(zx) = e*wT, Qz) = eT / e*%ds, R(z) = e*% / e%ds.
0 0

Arguing as in the previous example, it follows that Q ¢ L'(—o0,0)UL(0, +00)
and R € L'(—o0,0)NLY(0, +00). We conclude that +00 and —oo are both exit
points. Therefore, according to Theorem 3.2.2, for any f € Cy(R) the equation
Au — Au = f admits more than one solution belonging to C,(R) N C?(R).

We will generalize this example to the N-dimensional setting in Chapter 5
(see Example 5.2.5).

Remark 3.2.6 These two examples show us that the uniqueness of the so-
lution 4 € Dpax(A) to the elliptic equation Au — Au = f does not depend
merely on the growth at infinity of the coefficients of the operator A. In fact,
the operators defined in Examples 3.2.4 and 3.2.5 differ only in the sign of the
drift term, but this difference is crucial. Indeed, using the notation of Chapter

-~

2, we have D(A) = Dpax(A), if A is the operator in Example 3.2.4 whereas
D(A\) is properly contained in Dpax(A) if A is the operator in Example 3.2.5.

See also Example 5.2.5 and [88, Section 5.2] for a discussion about these
two previous examples in the probabilistic framework.

We study the problem of the uniqueness of the solution u € Dyax(A) to
the elliptic equation Au— Au = f, and of the classical solution to the homoge-
neous Cauchy problem associated with the operator A (in the N-dimensional
setting), in Chapter 4.
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To conclude this section we characterize Dmax(A) under some additional
assumptions of the coefficients ¢ and b. The following theorem has been proved
in [58].

ko for any x € R and

Theorem 3.2.7 Suppose that ¢ € C(R) and q(z) >
b e CY(R) satisfies

some positive constant kq. Further assume that
q(z)V' (z) < 1 + ca(b(x))?, z €R, (3.2.12)

for some constants c; € R and co < 1. Finally, assume that +00 and —oo are
both unaccessible. Then,

Diax(A) = {u € C2R) : qu”,bu’ € Cy(R)}. (3.2.13)

Proof. According to Theorem 3.2.2 and Proposition 3.2.3, for any f € Cy(R),
the elliptic equation

u—Au=f (3.2.14)

admits a unique solution u in Dy« (A). Therefore, to prove the assertion it
suffices to show that u actually belongs to the space defined in the right-
hand side of (3.2.13). For this purpose, for any n € N, we denote by u,, €
C?([—n,n]) the solution to the Cauchy problem

{u(ac) — Au(z) = f(z), x € (—n,n),

u'(—n) =u/(n) = 0.
According to Theorem C.2.2(ii), we have

lunlc-nmp < 1fle-nmn); lAwnlc(nn) < 20 leenny,  (3:2.15)

for any n € N.

The main step of the proof consists in proving that the C2-norm of u,, and
the sup-norm of qu! and bu/, are uniformly bounded with respect to n. Then,
a compactness argument will allow us to show that u,, converges to a solution
of the equation (3.2.14) belonging to the space defined by the right-hand side
of (3.2.13).

To begin with, let us prove that there exists a positive constant C, inde-
pendent of n, such that

lqunlc-nnp + Wbunlo-nn < Clfleq-nn) < Clflo,  n€eN.
(3.2.16)
For this purpose, let 9 = z¢(n) be a point in [—n, n] such that [b(ze)u,, (zo)| =
|bunllc(=n.n))- Up to replacing w, with —u, and f with —f, we can as-
sume that xp is a maximum of the function bu!,. Moreover, we can also
assume that g € (—n,n) and b(zg) # 0, otherwise b(xg)ul,(xg) = 0 and
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(3.2.16) would follow immediately. Since (bu.,) (xg) = 0, we have u!'(xg) =
—b'(20)(b(z0)) " tu!,(z0). Hence, (3.2.12) implies that

Unl20) 5 ey 400 _ pagyu, (wo).

q(zo)uy (x0) = —q(x0)b' (o) b(zo) = b(xo)

Therefore, taking (3.2.15) into account, we deduce that

2||f||C([fn,n) > _f( ) + Un($0)
= q(@o)uy (w0) + b(wo)uy, (o

> (1= ea)b(zo)uy,(z0) — 1

(3.2.17)

Multiplying the first and the last sides of (3.2.17) by b(x)ul,(xo) we get

2lbuplo—nan I loqnmny = (1= e)lbup | —nmy = c1(up(0))®

> (1= ) [bul |2 nmp) — € N |2 n))-

If we set

T = ”bu%”C([—n,n])a Q= 1 —n,n])s 6 = 1 —162 ”ufn”%‘([—n,n])a

we obtain that z satisfies the inequality 2> < oz + §, which implies that
z < a+ /B or, equivalently,

bu! _ <
lovwr lc=nmy) < o

Vo
— I lo(-na (1 d ) o nny. (32.18)
Now, we observe that there exists a positive constant C', independent of n,
such that

”v/”C([—n,n]) < Cllvllg([,n,n])II’U”IIZ([,n,n])’ (3.2.19)

for any v € C%([—n,n]) and any n € N. Indeed, if n = 1 the estimate (3.2.19)
follows from the Landau inequality applied to any extension w € Cg (R) of
v. To get (3.2.19) for a general n, with a constant being independent of n,
it suffices to apply the Landau inequality with n = 1 to the function w :
[-1,1] — R defined by w(z) = v(nz) for any « € [—1,1].

Now, from (3.2.19) it follows immediately that, for any € > 0, there exists
a positive constant C., independent of n, such that

lur e (=nn)) < elunllc=nn)) + Celtnle=nn)

< elluploqnny + Cel fulloq—n.mn)s (3.2.20)
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for any n € N. Next we observe that, taking (3.2.15) into account, we can
write

1
lunlc(=nn)) < K—OHQUZHC([—n,n])

< — (Munllc=nn) + lburllc=nn))

1
Ko

< (”bU’{n”C([fn,n]) + 2||fn||C([7n7n])) . (3.2.21)

L
Ko
Therefore, from (3.2.18), (3.2.20) (with € small enough) and (3.2.21), we easily
get (3.2.16).

Now we observe that from (3.2.21) we obtain

lomnnp < Afler mEN.
Ko

Therefore, according to (3.2.15) and (3.2.19) it follows that [[u,|c2((—n,n)) is
bounded by a positive constant independent of n. Now, using a compactness
argument similar to that used in the proof of Theorem 2.1.1, we can easily
show that, up to a subsequence, u,, converges to a function u € C1(RV) as n
tends to +o00, locally uniformly in R. Since qu!’ = u, — f —bu!, and ¢ > k¢ > 0,
we then deduce that u!, converges locally uniformly in R as well. Therefore,
u € C?*(R) and, since the sequence {u,} is bounded in CZ(R), u belongs to
CZ(R) as well. Moreover, qu” and bu’ are bounded in R, thanks to (3.2.16).
Therefore, u belongs to the space defined by the right-hand side of (3.2.13).

To complete the proof it suffices to observe that since u, solves, for any
n € N, the differential equation (3.2.14) in [—n,n], then u satisfies such a
differential equation in R. Therefore, u = R; f and we are done. [ ]



Chapter 4

Uniqueness results, conservation of
probability and maximum principles

4.0 Introduction

In this chapter we deal with the problem of the uniqueness of the solution of
the elliptic equation

M(z) — Av(z) = f(x), e RV, (4.0.1)
(f € Cy(RY)) which belongs to
Dinax(A) = {u cCG®Y)N () WEPRY): Aue Cb(RN)}, (4.0.2)
1<p<+o0
and of the solution to the parabolic problem

Diu(t,z) — Au(t,z) =0, t>0,z€ RN,
(4.0.3)

U(O,Z):f(lﬂ), JS‘ERN,
which belongs to C([0, +00) x RY) N C12((0, +00) x RY) and it is bounded
in [0, 7] x RY for any T > 0.

Throughout the chapter, we assume that the hypotheses of Chapter 2 are
satisfied. For the reader’s convenience, we state them again.

Hypotheses 4.0.1 (i) ¢;; = g;s,

N
Y a(@)68 > w@)EP, k(@) >0, LazeRY;

ij=1

(ii) qij, b; (i,5 =1,...,N) and c belong to C2_(R") for some a € (0,1);
(iii) there exists ¢ € R such that

c(z) <cy, zT€ RN,

o1
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Under the previous hypotheses, in Chapter 2 we have proved the existence of
solutions to the problems (4.0.1) and (4.0.3), with the regularity properties
claimed above, for any f € Cy(RY) and any A > 0 (see Theorems 2.1.1 and
2.2.1).

The two problems of uniqueness are strictly connected. We exploit this
connection in Proposition 4.1.1 (in the general case) and in Proposition 4.1.10
(in the case when ¢ = 0).

The following assumption is often considered to get uniqueness results (see,
e.g., [83, 104, 139]).

Hypothesis 4.0.2 There exists a positive function ¢ € C?(RY) satisfying

lim ¢(z) = 400, Ap(z) — Mop(r) <0, xRN, (4.0.4)

|z]—+o0

for some \g > cp.

Remark 4.0.3 Observe that one can equivalently assume that there exists
¢ € C?(RY) such that

lim  ¢(x) = +oo, Ap(x) —lop(z) <C, xRV, (4.0.5)

|z|—+o0

for some C' € R. Indeed, if ¢ satisfies (4.0.5), then the function ¢+ M satisfies
Hypothesis 4.0.2 provided the constant M is sufficiently large.

A function ¢ € C%(RY) satisfying (4.0.4) or (4.0.5) is usually called a
Lyapunov function for the operator A.

The condition (4.0.5) can be made clearer with a particular choice of ¢. For
instance, if we take p(x) = log(m+ |z|?), where m is a positive constant, then
(4.0.5) reads as follows:

(m + |z*)Tr Q(z) — 2(Q(x)x, ) + (m + |z[*)(b(x), z)

4D (4 o) log(m + Jo) (4.0.6)

2
< Ao 232 2 c 242 N
< (o) log(m + o) + Sn+ 2P, xRV,

Assuming Hypotheses 4.0.1 and 4.0.2 we prove some maximum principles for
the elliptic equation and for the parabolic problem. The maximum principles
yield the uniqueness of the bounded and continuous solution of the elliptic
equation (4.0.1) and the uniqueness of the classical solution of the parabolic
problem (4.0.3), which is bounded in [0, 7] x RY for any T > 0.

Afterwards, we focus our attention on the case when ¢ = 0. In such a case
the function u; = 1is clearly a bounded solution of the problem (4.0.3) with
initial value f = 1. Also the function ug = T'(-)1 is a bounded solution of
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the same problem. Therefore, if the problem (4.0.3) admits a unique bounded
solution for any f € Cp(RY), then, necessarily,

T(t)1=1, t>0. (4.0.7)

In general, we only have 0 < T'(¢)1 < 1. In Proposition 4.1.10 we prove that,
actually, (4.0.7) is also a sufficient condition guaranteeing the uniqueness of
the classical solution to the problem (4.0.3), which is bounded in [0, 7] x RY
for any T' > 0. In this case also the equation (4.0.1) has a unique solution in
Diax(A), for any f € Cp(RY).

When (4.0.7) holds, we say that {T'(t)} is conservative or that conservation
of probability holds.

Finally, in Section 4.2 we give a nonuniqueness result. In the case when
¢ = 0, some other sufficient conditions implying that the problem (4.0.3) is
not uniquely solvable are given in Section 5.2.

4.1 Conservation of probability and uniqueness

The following proposition describes the relation between the uniqueness of
the elliptic equation (4.0.1) and the parabolic problem (4.0.3).

Proposition 4.1.1 Consider the following conditions:

(i) for any XA > co and any f € Cp(RYN), the function u = R(\)f is the
unique solution of the elliptic equation (4.0.1) in Dyax(A);

(i) for any f € Cp(RYN), the function w = T(-)f is the unique solution of the
parabolic problem (4.0.3) which belongs to Cy([0, T)x RN )NCH2((0,T) x
RN) for any T > 0;

(iii) for any f € Cy(RYN), the function v = T(-)f is the unique solution of
the parabolic problem (4.0.3) in C([0,+o0c) x RN)NCL2((0,+00) x RY)
satisfying |u(t,x)] < M exp(cot) for some M > 0, any t > 0 and any
r € RV,

Then “(i) = (i91)” and “(it) = (i)”.

Proof. “(i) = (iii)”. Let u € C([0,+00) x RY) N C¥2((0,+00) x RY) be a
solution of the parabolic problem (4.0.3) with (0, -) = 0, satisfying

lu(t,z)| < Mexp(cot), t>0, z€ RN, (4.1.1)
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for some M > 0. Let us prove that u(¢,z) = 0 for any ¢t > 0 and any = € RY.
For this purpose, fix A > ¢g, and consider the functions

+oo
Voo () = / e Mu(t,x)dt, xcRY,
0

vp(x) = /1/ e Mu(t,x)dt, xRN neN.

Taking (4.1.1) into account, we easily deduce that v, € Cy(RY) for any n €
NuU{0} and

M
”’Un”oo < m, TLGNU{O}. (4.1.2)

We now observe that, for any z € RY and any n € N, we have

Avn(x):/ e MAu(t, z)dt
1

/n
= / e MDyu(t, x)dt
1/n
= e Mu(n, x) — e N u(1/n, z) + Aoy (z), (4.1.3)

which implies that Av, € Cy(RY), so that v, € Duax(A). Moreover, by
(4.1.1), (4.1.2) and (4.1.3) it follows that there exists a constant C' > 0 such
that || Avp|eo < C for any n € N, and

lim Av, () = Moo (), (4.1.4)

n—-+4oo
for any € RY. We now define, for any n € N, the function ¢, : RV — R by

setting ¢, = Av, — Av,. By the above results we deduce that ¢, € Cy(RY)
and, by (i),

vn(@) = (BA)gn)(@) = [ (@ 9)en(y)dy, zeRY,  (415)

where R(\) and K are given by Theorem 2.1.3. Moreover, as we can easily
see, there exists a constant C’ > 0 such that ¢y, | < C’ for any n € N. Thus,
letting n go to oo in (4.1.5), from (4.1.4) and the dominated convergence
theorem, we get
lim w,(x) =0, e RN,
n—-+4oo

that is veo (x) = 0 for any € RY. Since A > ¢q is arbitrary, by the uniqueness
of the Laplace transform, we conclude that u(t,z) = 0 for any ¢t > 0 and any
r € RN,

“(ii) = (i)”. Let v € Dpax(A) be a solution of the equation Av — Av = 0;
let us prove that v = 0. By local regularity results for elliptic equations in
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bounded domains, we know that v € C2L*(RN). Then, the function
u(t, ) = eMu(z), t>0, 2 € RY,

belongs to u € C([0, +00) x RY) N CH2((0,4+00) x RY), and it is immediate
to check that it is a solution of the problem (4.0.3), with «(0, -) = v; besides u
is bounded in [0, T] x R for any T' > 0. By (ii), we have u(t,x) = (T(t)v)(z)
for any ¢t > 0 and any € RY, and, then, by Theorem 2.2.5,

lu(t, z)| < exp(cot)|v]oos t>0, zcRY.

Since sup, cgpn |u(t, )| = exp(At)|v]oo and A > ¢, we conclude that |v[s = 0.
]

4.1.1 Maximum principles

In this subsection we prove two maximum principles which provide us with
uniqueness results for the solution to the equation (4.0.1) and the Cauchy
problem (4.0.3). First we prove the following lemma which is a local maximum
principle for functions in Wli’Cp(RN ).

Lemma 4.1.2 Assume Hypotheses 4.0.1 and suppose that u € WIQO’CP(RN),
for any p € [1,+00), and that Au € C(RN). If xq is a local mazimum (resp.
minimum) of u, then

Au(zo) — c(xo)u(zo) <0,  (resp. Au(xg) — c(xo)u(zg) > 0).

Proof. We limit ourselves to considering the case when zq is a local max-
imum point for u, since the case when xq is a local minimum follows easily
from this one replacing u with —u. Moreover, without loss of generality, we
can suppose that c¢(z) = 0 for any x € RV. The general case follows from this
one replacing the operator A with the operator Ag = A— c¢. Possibly replacing
u with u(- — x¢) + C for a suitable constant C' > 0, we can also assume that

2o = 0 and u(0) > 0. Let 7 > 0 be such that u|§m attains its maximum value

at 0. Moreover, let ¢ € C2°(RY) be such that XB(r/2) < ¥ < XB(r)- Thus, 0
is a global maximum point of the function v = u. Moreover, the function

Av = Y Au + uAyp + 2(QDu, D)
belongs to C,(RY) since, by the Sobolev embedding theorems (see [2, Theorem
5.4]), u € CYRY). Therefore, v € Dpyax(A) N Co(RY) and, consequently,
Proposition 2.3.6 implies that v € D(A). Now, since ¢ = 0, the family of

measures {p(t,z;dy) : t >0, 2 € RV}, introduced in Theorem 2.2.5, defines
a transition function and, by (2.2.8), we have

(T(t))(0) — v(0) < / (0(y) — 0(0))p(t, 0; dy) < 0.

B(r)
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Taking Proposition 2.3.6 into account, we now deduce that

Au(0) = Av(0) = Av(0) = lim LHVO =v(O0) _

t—0t t

The proof of Lemma 4.1.2 strongly relies on the representation formula
(2.2.8) and on the characterization of D(A). We now give an alternative proof
of Lemma 4.1.2 which has the advantage that it can be easier extended to
the case when R is replaced with an open set Q and u € ﬂ1<p<+oo W2’p(Q)

loc
satisfies A\u — Au < 0 in Q.

A second proof of Lemma 4.1.2. As in the other proof, we deal only with
the case when z( is a relative maximum. Moreover, we assume that ¢ = 0,
zo = 0 and u(z) > 0 for any « € B(r) and some r > 0.

Let us fix a function ¢ € C°(RY) compactly supported in B(r) and such
that 1(0) = 1, Dy(0) = 0, D?¢(0) = 0 and 0 < ¢(x) < 1 for any x € B(r) \
{0}. As it is easily seen, = 0 is the unique maximum point of the function
v = u, and Av € C(RY). Moreover, since D1(0) = 0 and D%)(0) = 0, we
deduce that Au(0) = Av(0).

Now let ¢ € C2°(RY) be a smooth function such that 0 < p(x) < 1 for any
z € RY, supp(p) C B(1), and with |¢] 71 g~y = 1. For any n € N we set

on(x) = nNcp(n:c), Up = Qp %V € CSO(RN),

where “x” denotes the convolution operator. Since v € Cy (RN ), then v,, con-
verges to v, uniformly in RY, as n tends to 4+o00. Moreover, for any n € N, v,
has an absolute maximum at some point x,, € B(r+1/n) so that Av,(z,,) < 0.
Since D;vy, = @p*Dyv and D;v, = ppxDjjv for any 4,5 = 1,..., N, it follows
that

N N

Avy () = Z ¢ij(z)Dijop(x) + ij(x)Djvn(ac)
ij=1 N =1

= [ o0 X e~ 0)Disola ~ )y

bj(z —y)Djv(x — y)dy

M=

+/RN</>n(y)
+/RN‘/’"(y)., 1

+ /RN en(y)

<.
Il
—

WE

(qij(x) = gij(z — y)) Dijv(z — y)dy

<
Il

(bj(2) = bj(x — y))Djv(x — y)dy

-

<
Il
—_
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= (pn x Av)(2)
N
" /B(l/n) #nl) Z-;l(q” () = a5(= ~u) Dygolw = y)dy (4.1.6)
N
n bj(z) —bj(xr —y))Djv(xz — y)dy,
g 20 200 = e =)Dt

for any z € RY. Since Av € Co(RY), it follows that ¢, x Av tends to Av
uniformly in RY as n tends to +oo. As far as the remaining terms in the
last side of (4.1.6) are concerned, we observe that they vanish as n tends to
+00, uniformly with respect to € RY. Indeed, if p > N/a (a being as in
Hypothesis 4.0.1(ii)), then

N

N
" bj (@) = bj(x = y))Djv(x — y)d
+/B(1/n>“" <y>;< (2) — by — 1)) Doz — y)dy

< C1n” % gnll Lo @y I Dl Lo ey + Con™*[onll Lo vy | DV o e

= O 2] L ) | D0 ooy + Con™ NP0l ot v [ D] o ey -

Here 1/p+1/p' =1,

N N
CY = [4ijlee(Biria C3 = [bilge(er2)
ig=1 =1

and |Dul,, |D?ul, denote the LP-norms of the functions

1/2 1/2

N N
v (S Du@R ] . and  ae [ S IDpu@R]
j=1

ij=1

respectively.
Summing up, we have proved that v, and Av, converge, respectively, to v
and Av uniformly in RY as n tends to +oo.

Since {x,} is a bounded sequence, using a compactness argument we easily
see that, up to a subsequence, we can assume that {xn} converges to some
point & € B(r) as n tends to +oc. By continuity, v(z,,) tends to v(#) as n
tends to +oo. Hence,

v(Z) = ngr}rloov(mn) = ngr}rloo Un(n) = ngr}rloo lvnlloe = [vllec = v(0),
where the second equality follows from the fact that v,, converges uniformly
in RN to v. Recalling that 0 is the unique point where v attains its maximum
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value, it follows that & = 0. Since Awv, < 0 for any n € N and it converges
uniformly to Av, we immediately deduce that Av(0) < 0, and the assertion
follows. |

Theorem 4.1.3 Assume Hypotheses 4.0.1 and 4.0.2. Fiz T > 0, f € C(RY),
g :(0,T] x RN — R. Further suppose that the function u € C([0,T] x RY)
is such that Dyu € C((0,T] x RN), u(t,-) € WEP(RN), Au(t,-) € C(RN) for

loc
any t € (0,T] and any p € [1,400) and it solves the Cauchy problem
Dtu(t7x) - Au(t,x) = g(t,x), te (OaT]7 T e RNv (4 1 7)
u(0,z) = f(x), zeRN. o

Then, the following properties are met:
(i) If

sup f(z) < +oo, g <0in (0,7] x RY,
zeRN

and u satisfies

t
lim sup ( sup u( ,x)) <0, (4.1.8)
|z|—+o0o \ t€[0,T] o()

then

u(t, z) < e max {0,supf} ., tel0,T], zeRN.  (4.1.9)
RN

inf f(z)> —o0, g>0in (0,7] x RY,
zERN

u satisfies

lim inf ( inf ) >0,
lz| =400 \t€[0,T] @(x)
then

u(t,r) > e min {O,iRI}fo} ,  te[0,7], zeRY. (4.1.10)

(iii) In particular, for any f € C(RN) such that
flz) _

1m =
|| —+o0 @(T)

there exists at most one solution of the parabolic problem (4.1.7) (with
g = 0) in C([0,4+00) x RN) such that Dyu € C((0,T] x RY), u(t,-) €
W2P(RN), Au(t,-) € C(RN) for any p € [1,+00) and any t € (0,T),

and such that (4.1.8) holds for any T > 0.
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Proof. We limit ourselves to proving (4.1.9), since (4.1.10) can be obtained
applying (4.1.9) to the function —u, whereas the last part of the statement is
a straightforward consequence of (4.1.9) and (4.1.10).

We make some reductions. First, we assume that ¢y < 0. Indeed, in the case
when ¢y > 0, it suffices to consider the function @ : [0,7] x RY defined by
a(t, z) = e~“tu(t, z) for any t € [0, T] and any x € RY which satisfies (4.1.8)
as well as the equation

Dya(t, x) — Aga(t, x) = e~ g (t, x), te (0,7, zeRY,

where Agu = Au — cou has nonpositive zero-order coefficient and it satisfies
Hypothesis 4.0.2 with the same Lyapunov function ¢ and the same \g. Thus,
from the case ¢y = 0 it follows that

ﬂ(t,x)gmaX{O,supf}, te[0,T], z € RY,
]RN

which yields (4.1.9).

Besides, we can also assume that supgy f < 0. Indeed, in the case when
supgpn~ f > 0, it suffices to consider the function w = u — supgp~ f that has a
nonpositive initial value and it satisfies the equation

Dyu(t, z) — Au(t,x) = c(z)sup f + g(t, ), te (0,T], z € RY,
RN
where the right-hand side is nonpositive. Then, from the case supp~y f < 0 we

get w < 0, that is (4.1.9).
Taking these reductions into account, we introduce the function

o(t, x) = e Mlu(t, z), te[0,T], zeRY,

where )¢ is as in Hypothesis 4.0.2, and, for any k£ € N, we introduce the
functions vy, : [0,7] x RN — R defined by

1
vt z) = v(t, z) — Ego(x), tel0,T], xRN,

We prove that
v (t, ) <0, tel0,T], xRN, (4.1.11)

First we observe that, by Hypothesis 4.0.2,
1
Deog(t, )= (A=Xo)or(t, 2) = g (t,2)+ 1 (Ap() ~dog()) <0, (4.1.12)

for any ¢ € (0, 7] and any = € R". Moreover, by Hypothesis 4.0.2 and assump-
tion (4.1.8) we deduce that for any k¥ € N the function v has a maximum
point (tg,zx) in [0, 7] x RN, If ¢4 = 0 then (4.1.11) follows, since f < 0 and
© > 0. If instead ¢ € (0,T], then by Lemma 4.1.2 we have

(A = c(wg))vg(ty, o) <0, 0 < Dyvp(te, zx,),
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which, combined with (4.1.12), yields
(.A — c(ack))vk (tk, wk) < (.A — )\Q)Uk(tk, k).

Since Ag > ¢(zk), we conclude that vy (¢, 2;) < 0, and (4.1.11) follows.

Now, (4.1.11) implies that v(t,2) < k~p(x) for any t € [0,T], any z € RY
and any k € N. Letting k go to 400, we get v < 0, and then also u < 0, that
is (4.1.9). ]

Remark 4.1.4 The maximum principle in Theorem 4.1.3 implies, in partic-
ular, that, under Hypotheses 4.0.1 and 4.0.2, the function v = T'(:)f is the
unique classical solution of the Cauchy problem (4.0.3).

Next, we prove two maximum principles for the elliptic equation (4.0.1). The
former holds for any A > ¢y and gives uniqueness of the bounded solution,
while the latter holds only in the case when A > \g (recall that Ay > ¢, see
Hypothesis 4.0.2) but it ensures uniqueness also for unbounded solutions.

Theorem 4.1.5 Let Hypotheses 4.0.1, 4.0.2 be satisfied and let u € C(RN)N
W2’p(RN), for any p € [1,+00), be such that Au € C(RYN). Further, fiz

loc

A > co. If u satisfies

sup u(zr) < o0 (4.1.13)
T€RN
and
u(z) — Au(z) <0, z e RN, (4.1.14)
then u > 0.
Similarly, if u satisfies
inf > — 4.1.15
inf (@) > —oc (4.1.15)
and
Au(z) — Au(z) > 0, z e RV, (4.1.16)
then u > 0.

se

In particular, for any f € Cy(RY) and any X > co, the function R(\)f (see
4.0.1)

Theorem 2.1.3) is the unique bounded solution to the elliptic equation (
m Dmax(-A)-

Proof. We prove the first part of the statement since the second part follows
applying the first one to the function —u, while the last part is a straightfor-
ward consequence of the two previous parts. Thus, we assume (4.1.13) and
(4.1.14).

Consider the function 4 : [0, +00) x RY — R defined by

a(t,x) = eMu(x), t>0, xcRN,
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As it is easily seen, u satisfies the regularity assumptions in Theorem 4.1.3,
the condition (4.1.8) and the equation

Dyii(t, x) — Au(t, x) = e*(Mu(z) — Au(z)) <0, t>0, xRV
Therefore,
u(z) < e(c0=Mt max {O,supu} , t>0, xeRV.
RN
Letting t go to +o00, we conclude that u < 0. [ |

Theorem 4.1.6 Assume Hypotheses 4.0.1 and 4.0.2. Further, assume that
u e CRN)NWEP(RN), for any p € [1,+00), is such that Au € C(RN),

£
—

8
~

lim sup <0 (4.1.17)
and
Mu(z) — Au(z) <0, z e RN, (4.1.18)
for some A > Xg. Then u < 0.
If u satisfies
timint 42 > g (4.1.19)
|| —+o00 @(T)
and
u(z) — Au(z) >0, xRN, (4.1.20)

for some A > Ao, then u > 0.

Proof. We prove the first part of the statement; then the second part follows
applying the first one to the function —u.

Without loss of generality we can assume that ¢y < 0. Indeed, in the case
when ¢g > 0, it suffices to replace the operator A with the operator A9 = A—cq
which has a nonpositive zero order coefficient. Then, the Lyapunov function
 satisfies

Aop(z) = (Ao — co)p(x) <0, xRV,

and the function v satisfies
(A —co)u(z) — Apu(z) <0, xRN,

Therefore, from the case ¢y < 0 it follows that u < 0.
So, let us assume that ¢y < 0. Then, Hypothesis 4.0.2 implies that, for any
A Z )\07
Ap(z) — Ap(z) <0, xRN, (4.1.21)
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Now, for any k£ € N, we consider the function

u(e) = u(z) - ole), weRY.

By (4.1.18) and (4.1.21) we have
Mg () — Aug(x) <0, xRN, (4.1.22)

Moreover, by (4.1.17) and Hypothesis 4.0.2, the function uj has a maximum
point z; in RY. By Lemma 4.1.2,

(A —c(zr))ur(zx) <0,
which, jointly with (4.1.22), yields
Aug(zr) < e(xg)ug(zr).

Since A > c¢(zy), it follows that ug(xr) < 0. This means that ug(z) < 0 for
any z € RY and any k € N and, therefore, u < 0. [ ]

4.1.2 The case when ¢ =0

We now consider the case when ¢ = 0. Note that in this case both the functions
u,v : [0,+00) x RN — R defined by u(t,z) = (T(-)1)(z) and v(t,z) = 1 for
any t € [0,400) and any * € RY are bounded solutions of the parabolic
problem (4.0.3) with initial value f = 1. In general, they can differ at some
point z € RY. In any case, we have 0 < T(t)1 < 1 for any ¢ > 0, as follows
from Remark 2.2.3.

With this remark in mind we give the following definition.

Definition 4.1.7 We say that {T'(t)} is conservative, or that the conserva-
tion of probability holds, if T(t)1=1 for any t > 0.

Let us prove the following preliminary result.

Lemma 4.1.8 Assume Hypotheses 4.0.1 and let ¢ = 0. For any fized x €
RN the functions t — (T(t)1)(z) and X — MR(N)1)(z) are, respectively,
decreasing and increasing in (0, +00).

Proof. To prove the first part of the lemma, we observe that for any ¢,s > 0
and any x € RN, we have (T'(t + s)1)(z) = (T(t)T(s)1)(z) < (T(t)1)(x). The
inequality follows easily observing that, since T'(¢) maps nonnegative functions
into nonnegative functions for any ¢ > 0, then, for any pair of functions f;
and fo with f1 < fa, it holds that T'(¢) f1 < T'(¢t) f for any ¢t > 0.
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To prove the last part, we begin by observing that, according to Theorem
2.1.3, 0 < AR(M)1 < 1 for any A > 0. Let us now fix 0 < A < u. From the
resolvent identity (2.1.5) we have

AR = pR(p) 1 = AR(u)1+ (1 = M R(p) R(A)T) — pR(p)1
= (A= pwR(E)1+ A(p = AN R(u)RAM)1

< A= pRE)1+ (n— A)R(u)1 = 0.

Remark 4.1.9 As the proof shows, the lemma holds also in the case when
¢ < 0. We will use this generalization of Lemma 4.1.8 in Chapter 5.

Now, we can prove the following proposition.

Proposition 4.1.10 Assume Hypotheses 4.0.1 and suppose that ¢ = 0. Then,
the following conditions are equivalent:

()) T(t)1=1 for somet > 0;

(44)

(i5) R(A\)1= 1/ for some A > 0;
) R(A)1=1/X for any A > 0;

{T(t)} is conservative;

(4w

(v) for any f € Co(RYN), the function u = T(-)f is the unique solution of the
parabolic problem (4.0.3) which belongs to Cy([0, T] x RM)NCY2((0,T) x
RN) for any T > 0;

(vi) for any X > 0 and any f € Co(RYN), the function u = R(\)f is the
unique solution of the elliptic equation (4.0.1) in Dmax(A).

Proof. Showing that “(ii) = (i)”, “(iv) = (iii)” and “(vi) = (iv)” is trivial,
while the implication “(v)=>(vi)” has been shown in Proposition 4.1.1. Hence,
we can limit ourselves to showing that “(i)=-(ii)”, “(iii) = (ii)” and “(ii) =

(V).

“(i) = (ii)”. Fix 2 € RN. If T(tp)1 = 1 for some ty > 0, then, according to
the semigroup law, the function ¢t — (T'(¢)1)(z) is periodic, with period ty. By
Lemma 4.1.8 it is also decreasing. Hence, it is constant.

“(iit) = (ii)” follows from (2.2.14). Indeed, if (T'(¢)1)(x) were less than 1 for
some t > 0 and z € RV, from (2.2.14) it would follow that (R(A\)1)(z) < 1/A.

“(ii) = (v)”. Let u be a solution of the parabolic problem (4.0.3), with f =0,
which belongs to Cy,([0, 7] x RN)NCY2((0,T) x RY) for any T > 0. We prove
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that v = 0. On the contrary, suppose that u # 0. By changing sign and
multiplying « by a suitable constant if needed, we can assume that

sup u >0, sup |u| < 1.
(0,T) xRN (0,T) xRN

Set v = 1 — u. Then v(t,x) > 0 for any ¢ > 0 and any = € R, and

inf wv<l1.
(0,T) xRN

Moreover, v is a bounded solution of the problem (4.0.3) with initial value
v(0,-) = 1. Then, by Remark 2.2.3, we have T'(-)1 < v. This implies that
infgnx T'(t)1 < 1 for some ¢ € (0,T), which is in contradiction with statement
(i). |

The following proposition is an immediate consequence of the formula (2.2.8)
with f = 1.

Proposition 4.1.11 Let {p(t,z;dy) : t > 0, z € RN} be the transition
function associated with the semigroup {T'(t)} (see Theorem 2.2.5). Then,
{T(t)} is conservative if and only if p(t,z;RN) =1 for any t > 0 and any
r € RV,

Similarly, taking Theorem 4.1.3 into account, the following sufficient con-
dition, ensuring that {T'(¢)} is conservative, follows.

Proposition 4.1.12 Suppose that ¢ = 0 and assume Hypotheses 4.0.1 and
4.0.2. Then, the conservation of probability holds.

Example 4.1.13 Consider the operator A defined on smooth functions by
Af =Af+ (), Df),

where b € C2 (RY) for some a € (0,1). Choosing ¢(x) = log(m + |z|?) for

some m > 1, the condition (4.0.5) becomes
(b(x),z) < M(m+ |z|*)log(m + |z|?), zeRY, (4.1.23)

for some M > 0 (see (4.0.6)). Therefore, if (4.1.23) holds the corresponding
semigroup {7'(t)} is conservative.

For instance, this is the case when b(z) = —x|z|? for any € RY. Note
that the one-dimensional version of the operator A, with b(x) = —® for any
x € R, has been already considered in Chapter 3 (see Example 3.2.4), where,
in fact, we proved, with a different argument, that the associated semigroup
is conservative.
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Remark 4.1.14 Let us notice that the papers [9, 19, 50] contain some unique-
ness results for the classical solution to the problem (4.0.3), with a prescribed
growth rate at infinity. In particular such results apply to prove the unique-
ness of the bounded solution to the problem (4.0.3). We stress that the results
in [9, 19, 50] apply to operators with diffusion coefficients with an at most
quadratic growth at infinity.

4.2 Nonuniqueness

By the results in Chapter 3 (see Theorem 3.2.2), in the one-dimensional set-
ting, one can give necessary and sufficient conditions for the elliptic equation
(4.0.1) to be not uniquely solvable in Dyax(A). Such conditions can be ex-
pressed in terms of integrability properties at £oo of the functions @ and R
in (3.1.4) and (3.1.5).

In this section we prove a sufficient condition for the nonuniqueness of the
solution v € Dpax(A) of the elliptic equation (4.0.1) in the N-dimensional
setting (see [83, Section 3.4], or [116, Remark 3.16]). According to Proposi-
tion 4.1.1, this result will imply that the parabolic problem (4.0.3) admits
several solutions belonging to C([0, +00) x RY) N CH2((0, +00) x RY) which
are bounded in [0, 7] x RY for any T > 0. Here, we do not assume that ¢ = 0.

Proposition 4.2.1 Suppose that there exists a nonidentically vanishing func-
tion p € C2(RY), such that

0<p<C, Ap — Ap <0, (4.2.1)

for some A > ¢y and some C' > 0. Then, there exists a bounded, continuous
and nonidentically vanishing solution of the equation \u — Au = 0.

Proof. For any n € N consider the solution u,, € C(B(n)) of the Dirichlet
problem

{)\un(fﬂ) — Au, () =0, z € B(n),
Un(2) = [¢f oo, x € 9B(n).

From (4.2.1) and the maximum principle it follows that

@ < tn < [¢loe. (4.2.2)

Moreover, {u,} is a decreasing sequence. Indeed, the function v = w41 — uy,
solves the problem

{ Mv(z) — Av(z) =0, x € B(n),
v(@) = uny1(2) = ¢l <0,z €IB(n)



66 Chapter 4. Uniqueness results, conservation of probability...

and, then, it is negative, still by virtue of the maximum principle. Thus, we
can define the function u : RV — R by setting

u(z) := lim wu,(z), r e RV,
n—-+00
By (4.2.2), u is bounded. Taking the a priori interior estimates of Theorem
C.1.1 into account and arguing as in the proof of Theorem 2.1.1, it follows

that w is a continuous and nonidentically vanishing solution of the equation
A — Au =0 in R,

Remark 4.2.2 In Section 5.2 we will see other conditions implying nonunique-
ness of the bounded solutions. Actually, we will see sufficient conditions en-
suring that T'(t)(Cy(RY)) C Co(RY) for any ¢ > 0. It is clear that, in such a
situation when ¢ = 0, uniqueness does not hold, since we have T'(¢)1 # 1.



Chapter 5

Properties of {T'(t)} in spaces of
continuous functions

5.0 Introduction

In this chapter we study several properties of the semigroup {T'(¢)} in C,(RY).
More precisely, we deal with: the compactness of the semigroup in Cj(RY),
the inclusion T'(¢)(Cy(RY)) € Co(RYM) and the invariance of Co(R™) under
the action of the semigroup.

Compactness. In Section 5.1 we study the compactness of {T'(¢)} in
C’b(RN ). First, we consider the conservative case and, then, the nonconser-
vative one. In the conservative case T'(t) is a compact operator, for any ¢ > 0,
provided that the family {p(t,z;dy) : @ € RN} is tight for any ¢t > 0 (see
Definition 5.1.2). Here, {p(t,x;dy) : t > 0, x € R} is the transition family
defined in Theorem 2.2.5. In such a case the function ¢ — T'(¢) is continuous
in (0, 4+00) with respect to the operator topology.

We show that the family {p(t,z;dy) : = € RN} is tight for any ¢ > 0 if
there exist a strictly positive function ¢ € C?(RY) and a convex function
g : [0, +00) — R such that
| llir{l|r @(x) = 400, 1/gis integrable at 400, Ap(z) < —g(p(z)), = € RV,
x| —-+oo
It is not difficult to give sufficient conditions on the coefficients of the operator
A guaranteeing that the previous conditions are satisfied. For instance, this
is the case of the semigroup generated by the operator

Ap(z) = Ap(x) — [2*(z, Dp(x)), =€ RY.

In the nonconservative case, we show that there are some connections be-
tween the compactness of T'(t) (¢ > 0) and the fact that T'(t) maps Cy(RY)
into Co(RY). More precisely, we show that T'(t) is compact and maps Co(R™)
into itself, for some ¢ > 0, if and only if 7'(#)1 belongs to Co(RY). In such a
case (see Proposition 5.1.12), the resolvent operator R(\, A\) (see Sections 2.1
and 2.3 for the definitions of A and the resolvent operator R(), A)) is compact
for any A > 0 and the semigroup is norm-continuous.

The inclusion T'(t)(Cy(RY)) € Co(RYN). It is not always true that 7(t)
maps Cp(RY) into Co(RY) for any ¢t > 0, since it is not always true that

67
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Co(RY) is invariant under {T'(¢)}. For instance, if, for some ¢t > 0, T'(t) is
conservative and compact, then Co(R?) is not invariant under 7'(t). In fact,
T(t) maps Cy(RY) into Co(RY), for some ¢ > 0, if and only if T(t)1 € Co(RYN).

As it is shown in Proposition 5.2.2, T'(t) maps Cj,(R") into Co(RY) for any
t > 0, if and only if the resolvent operator R(\) = R()\,/T) does, for some
(and, hence, for any) A > 0 or, equivalently, if and only if Co(RY) N Dyyax(A)
is the domain of the weak generator A of the semigroup {T'(t)}.

A sufficient condition implying that T'(£)1 € Co(RY) is given in Proposition
5.2.4 in the case when there exists a function ¢ € C?(RY) N Cp(RY), which
is positive outside a compact subset K and satisfies

xe}}gr]lvf\K()\go(ac) —Ap(x)) =a>0,

for some X\ > ¢q, where, as usual, ¢g = sup,epn~ c(z).

Invariance of Cy(RY). As it has already been remarked above, it is not
always true that T'(t)(Co(RY)) C Co(RY) for any ¢t > 0. This occurs, for
instance, when there exists a strictly positive function ¢ € C2(R™) N Cy(RY)
such that

for some A > 0. In such a case the operator Ao, defined by Agu = Au for any
u € D(Ag) = {t € Dinax(A) N Co(RY) : Au € Co(RM)} (i.e., the part of A in
Co(RY)), is the generator of a strongly continuous semigroup.

5.1 Compactness of {T'(t)}

In this section we study the compactness of the semigroup {T'(¢)} in the space
Cy(RY) of bounded and continuous functions. The results that we present here
are taken from [44] and [115]. In this and in the subsequent sections we assume
that the coefficients of the operator A, defined on smooth functions by

N N
AU = Z qijDiju -+ Z bij’U, -+ Ccu,
i,j=1 j=1

satisfy the same hypotheses of Chapter 2. For the reader’s convenience we
state them again.

Hypotheses 5.1.1 (i) ¢;; = ¢js,

N
3 gii(@)&E > k(@)EP, K@) >0, LaeRY;

ij=1
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(ii) gsj, b; (3,5 =1,...,N) and ¢ belong to C2

loc

(RY) for some a € (0,1);
(iii) there exists ¢y € R such that
e(z) < ¢, z € RV,

We consider both the cases when the semigroup is conservative and non-
conservative.

5.1.1 The conservative case

We begin this subsection recalling that the semigroup {T(¢)} is conservative
whenever T'(t)1 = 1 for any ¢t > 0 or, equivalently, whenever the elliptic
equation

u(z) — Au(z) = f(z), xRV, (5.1.1)
and the Cauchy problem
Dyu(t,x) — Au(t,z) =0, t>0,z€RY,
(5.1.2)
u(0,2) = f(x), z € RN,

are uniquely solvable, respectively, in

Dipax(A) = {u €C,®Y)N (] Wil®RY): Auc Cb(RN)}
1<p<+o0

and in Cy([0,T] x RY) N Cl+a/2’2+a((0,+oo) x RN), for any T > 0 (see

loc
Proposition 4.1.10). Of course, if {T'(¢)} is conservative then, necessarily, ¢ =

0.

We also recall that we can associate a transition family {p(¢,z;dy) : t >
0, € RY} with the semigroup (see Definition 2.2.4 and Theorem 2.2.5).
The connection between the semigroup and the transition family is explained
by the formula (2.2.8) which allows us to write T'(t)f for any ¢ > 0 and
any f € Cp(R™) in terms of the Borel measures p(t, x; dy). For the reader’s
convenience we rewrite here such a formula:

TOf))= [ fpt,zdy), t>0, zeR, f € CyRY).

RN
(5.1.3)
With all these remarks in mind we can now show that the compactness of
the semigroup {7'(¢)} is equivalent to the tightness of the family of measures
{p(t,z;-) : x € RN} for any ¢+ > 0, and it implies that the semigroup is
norm-continuous in (0, +00) (see Definition B.2.4).

Definition 5.1.2 A family of Borel probability measures {iia}acr is said to
be tight if for any € > 0 there exists p > 0 such that po(B(p)) > 1 —¢ for any
acF.
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Proposition 5.1.3 Assume that the semigroup {T(t)} is conservative. Then,
T(t) is compact in Cy(RN), for anyt > 0, if and only if the family of measures
{p(t,z;-) : @ € RN} is tight for any t > 0. In this case the semigroup is norm-
continuous in (0,+00), and the resolvent R()\,;l\) is compact for any A > 0.

Proof. Fix t,e > 0 and suppose that T'(¢) is compact. Let { f,} be a sequence
of bounded and continuous functions in R such that y Bn-1) < fa < XB(n)
for any n € N. By Proposition 2.2.9 we deduce that T'(¢) f,, tends to T'(t)1 =1
as n tends to +00, locally uniformly in RY. Since T'(t) is compact, then T'() f,,
tends to 1 uniformly in RY. Indeed, if this were not the case one could find
out a positive number €y and a subsequence { f,, } such that

”T(t)fnk - ]l”oo > €9.

Hence, no subsequences uniformly converging in RV could be extracted from
the sequence {T'(t) fn, }, contradicting the compactness of T'(¢). It follows that
the family of measures {p(t,x;-) : * € RN} is tight for any ¢ > 0, since (see
(5.1.3))
p(t,z; B(n)) > (T(t) fn) (), zeRY.
Conversely, assume that, for any ¢ > 0, the family {p(¢,z;-) : z € RV} is
tight. Fix ¢ > 0 and let p,, > 0 be such that

p(t/2,2;B(p,)) >1—-n"1, 2RV, (5.1.4)
Define the operator S; ,, in C,(RY) by
Sind)@) = [ (/2N ple/2 35,
B(pn)
for any x € RY and any f € C,(RY). By (5.1.4), we have
(T(@)f)(@) = (Senf)(2)] < / [(T(t/2) /)W) |p(t/2, 25 dy) < n™ Y| flloo,
RN\B(pn) (5.1.5)

for any f € Cy(RY) and any x € RY, since {T'(t)} is a semigroup of con-
tractions (see (2.2.7)). Moreover, Sy, is compact for any n € N. Indeed, we
have

Stn =GpoRyoT(t/2), n €N,

where R, : Cy(RY) — C(B(pn)) is the restriction operator (i.e., Ry f(z) =
f(z) for any z € B(p,) and any f € Cp(RY)) and G,, : C(B(p,)) — Cy(RY)
is the bounded operator defined by

(Guh)(z) = /B P2 ) = TC2) s, R,
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for any h € C(B(py,)). We observe that G,,h € Cy(RY) for any h € C(B(pn)),
since {T'(t)} has the strong Feller property (see Proposition 2.2.12). By the
interior Schauder estimates in Theorem C.1.4, we deduce that R, o T'(t/2) is
bounded from Cy(RY) into C2+*(B(p,,)), and the Ascoli-Arzela Theorem im-
plies that R, oT(t/2) is compact. It follows that S; , is compact as well. Since
{S:,n} is a sequence of compact operators converging to 7'(¢) in the operator
topology (see (5.1.5)), we deduce that T'(¢) is, itself, a compact operator. Due
to the arbitrariness of ¢ > 0, it follows that T'(¢) is compact for any ¢ > 0.

Let us now prove that T'(¢) is norm-continuous for any ¢ > 0. We begin
by showing that T'(t)f is continuous in (0,+oc0) for any f € Cp(RY) with
[ floo < 1. For this purpose, we fix € > 0, ty > 0 and let p be sufficiently large
such that

p(to, ;RN\ B(p)) < e, reRY,

Then, for any A > 0 it holds that
(T'(to + h)f) (@) — (T(to) f)(x)

= f(y)p(to+h,fc;dy)—/ f()p(to, z; dy)
RN RN

- /B( )((T(h)f)(y)—f(y))p(tow;dy)

s @) - 1) plta.widy)
RN\B(p)

<|TM)f = flem)) + 2 (5.1.6)

and the right-hand side of (5.1.6) is less than 3¢ provided h is sufficiently
small since T(-)f € C([0,+00) x RY) and T(0)f = f (see Theorems 2.2.1,
2.2.5). Hence,

Tim [T (to +h)f = T(to) |oe = 0.

For negative values of h we fix § € (0,t). Then, for any h € (§ — to,0) we
split
T(to+h)f —T(to)f =T(to+h—0)(TO)f —T(—h)f).

Hence,
IT(to + h)f = T(to)floo = |T(to +h = 0) (T(0)f —T(6 = h)f) oo
S|T@)f =T = h)fle
and letting h go to 0~, by the previous step, we get

lim T(to +h)f =T(to)f. (5.1.7)

Hence,
}llin%) |T(to + h)f —T(to) flleo =0, t > 0. (5.1.8)
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We can now show that (5.1.8) and the compactness of the semigroup imply
that ¢ — T'(¢) is norm-continuous in (0, +00). Suppose by contradiction that
T(t) is not norm-continuous in (0, +00). Then, we can find out tg,e > 0 two
sequences {fn} C Cp(RY), with ||fno]ec = 1, for any n € N, and {t,} C
(0, +00), tending to to as n tends to +oo, such that

I(T(tn) = T(to)) fulloo > €, neN. (5.1.9)

Without loss of generality, we can assume that {t¢,,} is a monotone sequence.
We first assume that it is decreasing and we set a,, = t,, — to for any n € N.
Since T(to) is a compact operator, up to a subsequence we can assume that
T(to)fn converges uniformly to a function g € C,(RY) as n tends to +oo.
Hence, from (5.1.9), we get

I(T(an) = Dgloo = [(T'(an) = T (t0) frlloo = (T(an) = I)(g = T(to) fn)lo
> &= 2[g = T(to) fnloo-
Letting n go to 400, we get

limsup |(T(a,) ~ Dglo > .

n—-+oo

which contradicts (5.1.8). Therefore, limy ¢ T(t) = T(to) in L(Cp(RY)). Now
to prove that T'(t) is norm continuous from the left in (0, +00), it suffices to
argue as in the proof of (5.1.7).

To conclude the proof, we observe that, since T'(¢) is norm-continuous and
bounded in (0, 4+00), the integral

+oo
/ e MT(t)dt
0

converges in the operator topology to R(A), for any A > 0. Since T'(¢) is
compact for any ¢ > 0, the operator R(\) is compact as well. [ |

Now, we prove a lemma.

Lemma 5.1.4 Suppose that {T(t)} is conservative. Let o € C*(RYN) be any
function such that

lim  ¢(z) = +oo, Ap(z) < K, r e RN,

|| =00

for some K > 0. Then, we have

(T(t)p)(a) = / o)p(t a3 dy) € R, (5.1.10)

(T(t)Ap)(x) == / Ap()plt, 73 dy) € R, (5.1.11)
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for any t > 0 and any x € RN. Moreover, the function T(-)y belongs to
C’llota/2’2+0‘((07 +00) x RV) N C([0, +00) x RY) and
0
lim (T'(t)¢)(x) = ¢(x), (ET(t)sD) (x) < (T()Ap)(x), t>0, xRV,
(5.1.12)

Proof. Without loss of generality, we can suppose that ¢ > 0. Indeed, if this
is not the case, we replace ¢ with o —inf, cgn @(x). Observe that inf ,cpv @(x)
is a real number, since ¢ goes to +o00 as |z| goes to +oo. Moreover, Ap =
A(p —inf,cpn @(x)), since the zero-order coefficient of A identically vanishes
in RV,

For any n € N, let ¥, € CZ([0,+00)) be any function such that

TPn(S)ZSa ERS [ ]a 1/)n(8):7l+1, 52n+2a
0<vl(s) <1, Pl(s)<0 se€0,+00).

Then 1, oy is bounded and, in particular, it is constant outside some compact
set of RY. Consequently, the function A(v, o ) has compact support. This
implies that ,, 0 ¢ € Dpax(A). By Propositions 2.3.6 and 4.1.10, we know

that Dyax(A) = D(A) (see Section 2.3). Hence, by Lemma 2.3.3 we deduce
that

T(t) At 0 ) = T(t)A(th, 0 ) = AT (t) (¢ 0 @) = AT(t) (¢ 0 ), > 0.
5.
Now, let

un(tam) = (T(t)(wn © <p))(x) = . wn((p(y))p(ta$§dy)a t>0, ze RY.

Thanks to our assumptions on the functions v, (n € N), we easily deduce
that the sequence {t,(s)} is increasing to ¢(s) for any s € R. Hence, the
monotone convergence theorem yields

Jim (b x) = T [ (p0)p(t 7 dy) = ult, 7) = (T (2),
(5.1.14)

for any ¢t > 0 and any x € RY. Now, from (5.1.13) we deduce that, for any
5 >0 and any € RV,

Dtun(svx) - Aun(sa 1') = (T(S)A(wn © (p))(l‘)

= [ Ao 9 A¢ + (50 9)(QDe, D)} pls,asdy)

< / (Y 0 @) App(s, z;dy) < K, (5.1.15)
RN
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where Q(y) = (gi;(y)). Integrating (5.1.15) with respect to s € [0,¢], and
recalling that the semigroup is positivity preserving, gives

0 < un(t,z) < (o)) + Kt < o(z) + Kt, t>0, zcRY, (5.1.16)
for any n € N. Then, letting n go to 400, we get
0 <u(t,z) < pz)+ Kt < o0, t>0, z€RY,

and (5.1.10) follows.
We now prove (5.1.11) and (5.1.12) and, at the same time, we show that

u € C’llota/2’2+a((0, +00) x RY). By (5.1.16) and Theorem C.1.4, the sequence
{un} is bounded in C1+*/2:2+([¢ T] x F) for any &, T > 0 and any compact
set ' C RY. From (5.1.14) and the Ascoli-Arzela Theorem, we deduce that
u € C1e/22ta([g T] x F) and u, converges to u in C'*+8#/22+8([c T] x F)
for any ( < «. In particular,

lim Dyun(t,z) = Deu(t, x), (5.1.17)

n—-+4oo

for any t > 0 and any x € RY. From (5.1.15) it follows that

Dyun(t, ) < / U (1) Ap(y)p(t, z; dy)
{Ap>0}

4 / U (o) App(t,z;dy).  (5.1.18)
{Ap<0}

As n tends to +o0o, by (5.1.17) and the monotone convergence theorem, we
get (5.1.11) and (5.1.12). Note that the first integral in the right-hand side of
(5.1.18) converges for any = € R, since 0 <], <1 for any n € N, and Ay is
bounded from above. Therefore, the second integral in the right-hand side of
(5.1.18) converges as well for any z € RY and the second formula in (5.1.12)
follows.

To show that w is continuous up to ¢ = 0 we argue as in the proof of
Theorem 2.2.1. For this purpose, we fix m € N and introduce a cut-off function
9 =V € CF(RY) such that XB(m—1) < ¥ < XB(m). Then, we consider the
function v, = u, %, and we take n sufficiently large such that

n> sup |[p(z)l]
zEB(m)

This choice of n implies that 1, (p) = Y. As it is easily seen, v, solves the
Cauchy-Dirichlet problem

Dyvn(t,) = Avn(t,2) + ga(t.z), >0, 2 € B(m),
v (t,z) =0, t>0,x € dB(m),
un (0, ) = J(x)p(x), v € B(m),
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for any n > m, where

N N
gn = — Z qij(QDiunDjﬁ + unDijﬁ) — uy, Z b; D0
hi=1 i=1

satisfies

N
lgn(t,z)| < C1 <||90||Loo(3(m>) + ]z Bmy) + D [Diun(t, ')||L°°(B(m))> ;
i=1
for some positive constant C7, independent of n. The estimate (5.1.16) and
the interior estimates in Theorem C.1.4 (see (C.1.16)) yield

IVEDitwn (¢, )| Lo (B(m)) < Clltn]l Lo ((0,1)x Bm+1)
<G (||<P||L°°(B(m+1)) +K),

for any t € (0,1), any € B(m), any i = 1,..., N and some positive constant

(5, independent of n. Now, repeating step by step the last part of the proof of

Theorem 2.2.1, we deduce that u(t,-) tends to ¢ uniformly in B(m — 1), as ¢

tends to 0. Due to the arbitrariness of m, it follows that u € C([0, +-00) x RY).
[ |

Thanks to Lemma 5.1.4, we can now prove the following theorem which
gives a sufficient condition ensuring the compactness of T'(t) for any ¢ > 0.

Theorem 5.1.5 Assume that the semigroup {T(t)} is conservative and sup-
pose that there exist a strictly positive function p € C2(RN) and a convex
function g € C*([0,4+00)) such that

1
lim ¢(z) = +oo, — is integrable at +oo, Ap(z) < —g(p(z)), =€ RY.
)

|z|—+o0
(5.1.19)
Then, T(t) is compact in Cp(RYN) for any t > 0.

Proof. Without loss of generality, we can suppose that ¢(0) < 0. Indeed, if
this is not the case we replace g with g — C for some large enough positive
constant C. Let us set

u(t.a) = MW@ = [ plupltzidy), >0, 2 eRY.

Observe that, since g is convex and 1/g is integrable in a neighborhood of +oo,
then g(x) tends to +o00 as x tends to +o0o. In particular, g is bounded from be-
low in (0, 400). Hence, by (5.1.19), A is bounded from above. Consequently,
by Lemma 5.1.4, it follows that u € C12((0,+00) x RM) N C([0, +00) x RY).
Moreover,

%U(t,w) < - Ap(y)p(t, z; dy) < — /RN gleW))p(t, z; dy) < —g(u(t, x)),
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for any t > 0 and any 2 € RY, where the last inequality follows from Jensen’s
inequality.
For any fixed x € RY let z(-,x) be the solution of the Cauchy problem

{z'(t,x) =—g(z(t,z)), t>0,zcRN,

2(0,2) = o(a), e RV, A

Note that z(-, z) is defined in (0, +00). Indeed, if ¢(z) = x4, where x4 denotes
the zero of g, then z(-, z) = x4, whereas z(-, z) is increasing and greater than
x4 if @(x) > x4. Similarly, z(-, z) is decreasing and less than x4 if p(z) < z4.
In any case, z(-, z) exists in [0, +00).

Let us now prove that z(-,z) is bounded from above in [r,+00) for any
7 > 0, uniformly with respect to z € RY. First, we assume that o(x) > z4.
Integrating the differential equation (5.1.20) gives

z(t,z) dz
- / Ly
Therefore,

400 d +o00 d z(t,z) d z(t,x) d
/ _Z:/ _37/ _sz/ ZE s (51.21)
z(t,x) g(2) () g(2) o(x) 9(2) o(z) 9(2)
Note that all the integral terms are finite since the function 1/g is integrable

in a neighborhood of +oc0. Since 1/g is not integrable in a neighborhood of
x4, there exists a unique value z = Z(7) > x4 such that

too dz
/2 i (5.1.22)

The positivity of g in (x4, +00), (5.1.21) and (5.1.22) imply that
z(t,x) < Z, t>r. (5.1.23)

Now, suppose that ¢(z) < z,. In such a case, z(t,z) < x4 for any ¢t €
(1,400). Summing up, we have proved that z(t,z) < max(Zz,z,) = Z for any
t> 7 and any z € RV,

Now, we fix ¢ > 0 and let p > 0 be such that p(x) > z/e for any = €
RN\ B(p). Then, we have

p(t, ;RN\ B(p)) <ez* /RN\B( )<p(y)p(t,x;dy) <ez lu(t,x) <e,
p

for any 2 € RY and any t > 7. The compactness of T'(t), for any ¢ > 0, now
follows from Proposition 5.1.3 and the arbitrariness of 7 > 0. Note that the
proof of the quoted proposition shows that T'(¢p) is compact whenever the
family {p(to,z;dy) : x € RV} is tight. [ |
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Example 5.1.6 Consider the operator A defined by
Af(z) = Af(z) + (b(x), Df(x)), = €R,
on smooth functions, with the drift b satisfying
(b(z),z) < C — M|z|***, z €RY,

for some C € R, M, e > 0. Then, the associated semigroup {T'(¢t)} is compact.
To see it, it suffices to apply Theorem 5.1.5 with

o(x) = |z)?, =z ecRV, g(s) = —(2N + C) + Ms'*3, s> 0.
(5.1.24)

Finally, we give another condition implying that T'(¢) is a compact operator
for any ¢ > 0. For this purpose, we introduce the one-dimensional differential
operator C, defined on smooth functions by

Cu(r) = q(r) [u"(r) + r~'b(r)u' (r)] , r >0,
where
| X
q(r) = L uin (W 1-;1 qij(x)xixj) = min Q(z), (5.1.25)

.
b(r) = ;cé%%)({r) (Q(x) i=1(qm‘($) +bi(x)x;) — 1) = QEI%%%‘)B(:U). (5.1.26)

Proposition 5.1.7 If +o0 is an entrance point for the operator C (see Defi-
nition 3.1.6), then T(t) is a compact operator for any t > 0.

To prove the proposition we need two preliminary lemmata.

Lemma 5.1.8 Suppose that 400 is an entrance point for the operator C.
Then, for any R > 0, there exists a positive function ¢ € C*(RN \ B(R))
diverging to +00 as |z| tends to +oo and such that o — Ap > 0 in RV \ B(R)
As a consequence, if z € Cy([0,T] x RV \ B(R)) N C*2((0,T) x RN \ B(R))
satisfies

Dyz(t,x) — Az(t,z) >0, t€(0,T), z€RY\ B(R),
z(t,x) > 0, t € (0,T), x € 9B(R),
2(0,z) > 0, r € RV \ B(R),

for some R > 0, then z > 0.
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Proof. We limit ourselves to considering the case when R = 1, the general
case being completely similar.

Let us determine a function ¢ satisfying the assertion. For this purpose, we
observe that since +oo is an entrance, according to Proposition 3.1.7(iii), we
can determine an increasing positive solution ¢ : [1, +00) — R of the equation
1 —Ctp = 0 such that lim,_, o ¥(r) = +00. This can be done adapting to this
situation the proof of Proposition 3.1.4. The function ¢ can now be defined
by setting ¢(x) = ¢(|z|) for any z € RY \ B(1). Indeed, a straightforward
computation shows that

M@Awm¢wmguw@%m>+%§wﬂm0, r e RN\ B(1),

where Q and B are given by (5.1.25) and (5.1.26). Since ¢ and %’ are both
positive, it is now easy to check that

b([z])

]

1

D) (lzl) = 9" (|]) —

ola) — Aol = Qo) W) =0,
for any z € RV \ B(1).

To prove the last part of the lemma, for any € > 0, we introduce the
function z. defined by z.(t,z) = z(t,x) + ee'¢(z) + et for any ¢ € [0,7] and
any x € RV \ B(1). As it is immediately seen, Dyz. — Az. > ¢ in (0,7) x
(RV\ B(1)) and z. tends to +oo as |x| tends to +oo, uniformly with respect
to t € [0,T]. This implies that z. has an absolute minimum at some point
(to, o) € [0,T] x RN\ B(1). We cannot have tq > 0 and |zo| > 1, otherwise we
should have D,z (to,x0) — Az(to, zo) < 0 which is a contradiction. Therefore,
to = 0 or |zg| = 1. In any case we have z.(to,zo) > 0. Letting € go to 0 the
assertion follows. [ ]

Lemma 5.1.9 Fiz§ > 0. Then, for any f € Cy([d, +00)) the Cauchy-Dirichlet
problem
Dyu(t,x) = Cul(t,x), t>0,x >4,

u(t,5) =0, t>0, (5.1.27)
u(0,2) = f(x), x >0,
admits a solution u € Cy(([0,+00) x [8,+00)) \ {(0,8)}) N C12((0,+00) x
(6, +00)). Moreover,

lulloo < 1 lloo- (5.1.28)

Further, the family of linear operators {S(t)} defined by S(t)f = u(t,-) for any
t > 0, where u is as above, is a positive semigroup of contractions. Finally,
the function v = S(-)1 satisfies Dyv < 0 and Dyv > 0 in (0, +00) X (§,+00).
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Proof. Let us observe that a straightforward computation shows that the
coefficients of the operator C belong to C{ ([, +c0)). Moreover, the proof of
Lemma 5.1.8 shows that there exists a positive function v € C2([§, +00)),
blowing up as x tends to +o0, such that ¢ — C¢¥ = 0 in (J, +00). Therefore,
to prove the assertion, it suffices to apply the same arguments as in the proof
of the forthcoming Theorem 11.2.1.

Let us give just the proof of the last part of the lemma. We set u = S(-)1
and we prove that Diu and —D,u are nonpositive in (0, +00) X (d,+00). As
a first step we observe that, from the estimate (5.1.28), it follows that v < 1.
Now, using the positivity of the semigroup, we get

ult+s,-) =St+s)1=5(s)St)1 < SH)1 = u(t,-), s,t >0,

so that the function wu(-,7) is nonincreasing in (0,+o0) for any r > § and,
consequently, Dyu < 0 in (0, +00) X (§, +00).

Now we show that, for any ¢ > 0, the function wu(¢,-) is nondecreasing in
(0, +00). Since

Cu(t,r) = q(r)W(r)D, <DTUTM) (r), t>0, r>6,

where W is given by (3.1.3), we deduce that, for any 0 < r < s and any ¢t > 0,

D,u(t, s) 3 D,u(t,r) _ * Dyuf(t, §)
W(s) W) / ©wo™

Since Diu is nonpositive in (0, 400)x (4, +00), then the function w(t,-) :=
D,u(t,-)/W is nonincreasing in (d, +00), for any ¢ > 0. Set I, = lirf w(t,r).
T —T00

We claim that I; > 0 for any ¢ > 0. Of course, once the claim is proved, we
will immediately obtain that w > 0 and, consequently, D,u > 0 in (0, +00) x
(6, 4+00) since W is a strictly positive function. Suppose by contradiction that
l; < 0 for some t > 0. Then, there exist 7* > 0 and a negative constant ¢ such
that

Dyu(t,r) < cW(r), r >

Integrating in [r*,r| the previous inequality, we get
T T
v(t,r) = v(t, ) —|—/ Dqu(t, s)ds < u(t,d) + c/ W (s)ds.
r* r*

The boundedness of v in (0,400) X (J,4+00) implies that W is integrable in
(r*,+o0) and, consequently, in (J,400). But this is a contradiction. Indeed,
since @ is integrable in (§,400), then the function 1/(¢W) is integrable in
(0, +00) as well. The integrability of W in (, +00) should imply the integra-
bility of R in (4, +00), which contradicts our assumptions. [ ]

Now, we can prove Proposition 5.1.7.
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Proof of Proposition 5.1.7. According to Proposition 5.1.3, to prove that
T(t) is compact for any ¢ > 0, we show that the family of measures {p(t, x; dy) :
x € RN} is tight for any ¢ > 0., i.e. we fix ¢y > 0 and we prove that for any
€ > 0 there exists p > 0 such that

p(to, ;3 B(p)) > 1 —¢, reRN, (5.1.29)

Let {fn} C Cp(RY) be a sequence of continuous functions in RY such that
XB(n—1) < fn < XB(n) for any n € N. Observe that

plto,: () = |

p%wMMZ/ Ful0)plto, 7: dy) = (T(to) £) (),
B(n) RN

for any z € RY (see Theorem 2.2.5). Since f,, converges to the function f = 1
as n tends to +oo, locally uniformly in RY, by Proposition 2.2.9 it follows
that, the function T'(t)f, converges locally uniformly in RY to the function
1. Hence, it suffices to show that there exist p > 0 and n; € N such that

(T'(to) f)(@) 21—, z € RN\ B(p), (5.1.30)

for any n > ny. To prove (5.1.30) we use a comparison argument with radial
functions. For this purpose we split the proof into two steps. First, in Step 1,
we study the main properties of the function vs = S(:)1 that we need in the
sequel. Here {S(¢)} is the semigroup in Cy([d, +00)) defined in Lemma 5.1.9.
Then, in Step 2, by means of the function vs, we construct a radial function w
such that w(tp,-) > 1 —e and such that, for |z| and n large enough, it satisfies
(T'(to) fn) (@) = w(to, ).

Step 1. We claim that, for any ¢ sufficiently large,
0 <wvs(to,r) <m:=1—(1—¢e)/2 r>0. (5.1.31)

For this purpose, for any § > 0, we set

—+o0
Ps(r)=1-— / e tu(t,r)dt, r> 4.
0

The function s is well defined since v is bounded in (0,4o00) x (d,+00).
Moreover, 1)s satisfies

{w(s(r) —Cys(r) =0, r >0,
Ys(6) = 1.

Of course, 15(0) = 1 since v(¢,0) = 0 for any ¢t > 0. To show that 15 satisfies
the differential equation in (5.1.32), we introduce, for any n € N, the function
Ysm ¢ [0, +00) — R defined by

(5.1.32)

Yo,n(r) = / e~ tu(t,r)dt, >4
0
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It is immediate to check that 15, € C?((8,+00)) and it solves the differential
equation
Y5 (1) — Csn(r) =0, r > 0. (5.1.33)

Moreover, 15, converges uniformly to s in [§, +00). Let us now show that
s € C2%((8,+00)) and it solves the differential equation in (5.1.32) pointwise.
For this purpose, we observe that, since the sequence {1s,} is bounded in
Cy([0, +00)), using the same compactness arguments as in the proof of The-
orem 2.1.1, one can easily show that, up to a subsequence, 15, converges
to s in W2P(ry,7g) for any § < r; < 79 and any p € (1,+00). According
to the Sobolev embedding theorems (see [4, Theorem 5.4]), we deduce that
s € CH((6,+00)) and Y5, converges to g locally uniformly in (4, +-00). Now,
since q(r)yy,, (1) = Yo.n(r) — r~'q(r)b(r)yj,, (r) for any r € (3, +-00) and any
n € N, it follows that gi5,, (and consequently ¥, since ¢ does not vanish in
[6, +00)) converges locally uniformly in (8, +00). Therefore, 15 € C?((J, +00)).
Now, letting n go to +o0 in (5.1.33), we easily see that 15 solves the differential
equation in (5.1.32).
Let us now prove that d can be chosen sufficiently large so that

Ps(r) > 1 —ntoe ', r > 4. (5.1.34)

For this purpose, denote by ¢ the unique positive decreasing solution of the
equation ¢ — Cy = 0 in (1,400), such that lim,_, ;- ¢(r) = 1 (the existence
of such a solution can be established arguing as in the proof of the properties
(ii) and (iv) in Proposition 3.1.4). Then, ¥s = ¢/¢(d). Indeed, the same
arguments as in the proof of Proposition 3.1.4 show that, up to a multiplicative
constant, 15 is the unique bounded solution to the problem (5.1.32). It is now
clear that we can fix § such that s satisfies (5.1.34).
Now, let A, = e~ +m~! (m € N) and introduce the set

En={t>0:e" lim vs(t,r) > An}.

r—+00

Since v is bounded, the set E,, is bounded for any m € N and it is not empty
since it contains ¢ = 0. Moreover, using the Chebyshev inequality, we get

1 1
/ dr = —/ Amdr < —/ e lim wg(t,r)dt
Em Am Em Am Em r—+oo

1
. ngrnoo . e tug(t,r)dt
1

— : —t,,
=5 ngrnoo : e ‘vg(t,r)dt

m

IN

1
— limsup(1 — +;(r))
>\m T—~+00
%toe_t".

IN
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Therefore, due to the choice of A, the Lebesgue measure of E,, is strictly
less than ¢. From this fact, and recalling that vs(t,-) is increasing in [9, +-00)
for any ¢t > 4, it follows that we can determine ¢; ,,, < to such that

e tmys, st ) < Am, r > 4.

Since the sequence {t1 ,,} is bounded, up to a subsequence, we can assume
that t1 ,, converges to a point ¢; € (0,%] as m tends to +oo. Moreover, by
continuity .

e "u(ty,r) <e oy, r>0

and, consequently, vs(t1,-) < 7 in [5, +00). Since v;(+,7) is nonincreasing in
(0,400) for any r > 4, the estimate (5.1.31) follows.

Step 2. Now, we prove (5.1.30) with p = 5+1. Since, as it has already been
pointed out, T(t)f, converges locally uniformly in [0, +00) x RY to 1, we can
fix n1 € N such that

(T(t)fn)(x) 2 1777; le (OatO)a Z €§(8+1)7 n > mn.
Let us now introduce the function w : [0, +00) x (RN \ B(6 + 1)) defined by
w(t,z) = (1=n)(1 —vs(t,[a])), >0, zeRV\B@+1).

Of course, w € Cy([0, +00) x (RN \ B(§+1)))NCH2((0, +00) x (RN\B(5+1))),
it satisfies w < 1—7in [0, +00) x (RN \ B(6+1)), w(0,-) = 0 and, by (5.1.31),
w(ty,-) > (1—n)% = 1—e in RN\ B(641). Moreover, it satisfies the differential
equation Dyw — Aw = g, where

Pt _ b ot o) - EE) Do, )

Q) ||

for any ¢ > 0 and any # € RN\ B(§+1). Here, Q and B are defined by (5.1.25)
and (5.1.26). Since Dyv and —D,v are nonpositive in (0, +00) X (9, +00), we
deduce that

g9(t,z) = (n - 1)Q(x)

ot.2) < (n—1) (|( |) (Dyot, [z]) — Co(t, |2])) =

From all the results above, it follows that the function z = T'(-) f,, — w satisfies
Diz(t,x) — Az(t,z) >0, te (0,t), =€ RN\ B(6+1),
z(t,z) >0, te (0,t), € RN\ dB( + 1),
2(0,z) = fo(x), zeRNV\ B +1),

for any n > ny. The maximum principle in Lemma 5.1.8 implies that z > 0
in (0,t0) x (RV\ B(6 +1)) and (5.1.30) follows. [ ]
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5.1.2 The nonconservative case

We now consider the nonconservative case. In particular, here we do not as-
sume that the coefficient ¢ identically vanishes in RY.

The following theorem shows that T'(¢) is compact and maps Cp(RY) into
itself, for some ¢ > 0, if and only if it maps the function 1 into a function
vanishing at infinity. To prove such a result, we need the following lemma.

Lemma 5.1.10 Suppose that F is a bounded subset of Co(RN) such that for
any € > 0 there exist 6 > 0 with the property

sup sup |f(x)] <e.
FEF z€RN\B(5)

Further, suppose that, for any compact set H C RN and any € > 0, there
exists o > 0 such that

sup sup [f(z) = f(y)| <e.
fEF lo—yl<o
x,y€EH

Then, F is totally bounded in Co(RY).

Proof. Fix € > 0 and let 6 > 0 be such that |f(x)| < e for any |z| > ¢ and
any f € F. According to our assumptions and the Ascoli-Arzela Theorem,
the set ‘7:|B(25)’ of all the restrictions to B(2J) of the functions in F, is totally

bounded. Hence, we can find out k € N and gy, ..., gx € C(B(20)) such that

k
}—\E(za) L_J 9; + Ble

where g; + B(g) (j = 1,..., k) denotes the closed ball in C'(B(24)) with centre
at g; and radius €. Now let ¢ be any smooth function such that x5y < ¢ <
XB(26). Then,

k
U wg; + B(3¢)), (5.1.35)

h

where the closed balls ¢g;+B(3¢) are now meant in C,(RY). To check (5.1.35),
fix f € Fand let j € {1,...,k} be such that | f — gjllo(5(s)) < € Then, in
particular,

If = eg5lc@e)y <
Moreover,
If = egilc,@xpe)y < 1fle,@v\se) + 195llc@es) b))

< 2[fle,®n\n@) + 1f = 9ilc@es)
< 3e.



84 Chapter 5. Properties of {T'(t)} in spaces of continuous functions

Summing up, we have
If = wgilc,mry < 3e,
and (5.1.35) follows. [ |

We can now prove the following result.

Theorem 5.1.11 Fiz t > 0. Then T(t)1 € Co(RY) if and only if T(t) is
compact and Co(RY) is invariant for T(t).

Proof. Suppose that T'(t)1 € Co(RY). Then, using (2.2.8), we get

[(T(®)f) (@) =

Fnltsdn)| < Ul [ olt:s) = 11 (T@D(),
(5.1.36)
for any f € Cy(RY) and any z € RY. Therefore, T(t) maps Cy(RY) in
Co(RY). In particular, Co(RY) is invariant.
Let us now prove that T'(¢) is a compact operator. For this purpose, let

Boo(1) = {f € Gy(R") : | floo <1}

be the unit ball in Cy(RY). According to (5.1.36), T'(t)(Bw(1)) is a set of
functions vanishing uniformly at infinity. This implies that, for any ¢ > 0,
there exists § > 0 such that

RN

(T@) ()] <e, |z > 6, (5.1.37)

for any f € Buo(1). Moreover, from the interior Schauder estimates in The-
orem C.1.4, it follows that, for any p > 0, there exists a positive constant
C = C(p,t) such that

”T(t)f||c2+a(§(p)) < C||f||c(§(2p)) <C, (5'138)

for any f € Bso(1), where « is as in Hypothesis 5.1.1(ii). Therefore, the set
of all the restrictions of the functions in 7'(t)(Bs (1)) to B(p) is a bounded
set of equicontinuous functions. From (5.1.37), (5.1.38) and Lemma 5.1.10 it
follows that T'(t)(Boo(1)) is compact in Cj(RY).

Conversely, fix t > 0 and suppose that T(t) is compact and Co(RY) is
invariant for T'(t). Let {f,} be a sequence of continuous functions such that
XB(n—1) < fn < XB(n) for any n € N. By Proposition 2.2.9, (T'(t)f.)(x)
tends to (T(t)1)(z) for any = € RYM. Since T(t) is compact, then T(t)f,
tends to T'(t)1 uniformly in RY. Moreover, since Co(RY) is invariant, then
T(t)fn € Co(RYN) for any n € N, and, therefore, T'(t)1 € Co(RY) as well. N

In Section 5.2 we will determine some sufficient conditions implying that
T(t)1 € Co(RYN) for any ¢t > 0. By virtue of Theorem 5.1.11, such conditions
turn out to be sufficient conditions for the compactness of T'(¢) for any ¢ > 0.

We conclude this section with the following proposition.
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Proposition 5.1.12 Suppose that, for anyt > 0, T(t) is a compact operator
and Co(RN) is invariant under T(t). Then, the semigroup is norm-continuous
in (0,+00) and the resolvent R(\, A) is compact for any X > cp.

Proof. We limit ourselves to proving that the map ¢t — T'(¢)f is continuous
from the right in (0,+o0) for any f € Boo(1) = {f € Co(RY) : | fls < 1}.
Indeed, once this property is proved, repeating the proof of Proposition 5.1.3,
we can easily show that the map ¢ — T'(¢) is norm-continuous in (0, +o00) and
R(\, 2) is compact for any A > ¢p. Observe that, by Theorem 5.1.11, T'(¢)1 €
Co(RY) for any t > 0. Hence, applying (5.1.36), written for f € Cy(RY), we
easily see that 7(t) maps Cy(RY) into Co(RY) for any ¢ > 0. By Proposition
2.2.7, T(t)g tends to g uniformly in RV as ¢ tends to 0, for any g € Co(RY).
Hence,

lim [[(T'(h) = T () f]o =0,

h—0+
for any t > 0 and any f € Cp(RY), and this implies that ¢ — T(¢)f is
right-continuous in (0, +00). [ |

5.2  On the inclusion T'(t)(Cy(RY)) C Co(RY)

In this section we determine sufficient conditions implying that T'(t) maps
Cy(RY) into Co(RYN). If not explicitly specified, we do not assume that ¢ =
0. Let us observe that, without loss of generality, we can limit ourselves to
determining sufficient conditions which ensure that T(t)1 € Co(RY). Indeed,
as it has been already pointed out in the proof of Proposition 5.1.12, applying
(5.1.36) written for f € Cy(RY), we easily deduce that

[(T@) N @)] < 1 f loo (T ()1 (), t>0, zeR". (5.2.1)

Hence, if T(t)1 € Co(RY), then T(t) f € Co(RY) as well, for any f € C,(RY).
Using (5.2.1), we can easily show that

(RO A) ) (@)] < [ floo (RO, A D), zeRY, A>c, (5.2.2)

which implies that R(\, A) maps Cy(RY) into Co(RY) if and only if R(X, A)1 €
Co(RY). We recall that, for any f € Cy(RY),

~

+oo
(RO\ D) f) () = /O eI f)(@)dt, RV, (5.2.3)

where A is the weak generator of the semigroup. See Sections 2.1 and 2.3.
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The following proposition shows that 7'(t) maps Cp(RY) into Co(RY) if
and only if R(\, A) does for some (and hence all) A > 0. Before stating and
proving it, we consider the following lemma.

Lemma 5.2.1 Let, as usual, ¢co = sup,cpn~ c(x). Then, for any x € RN, the

function t — (S(t)1)(z) := e~ (T (¢)1)(x) is not increasing in [0, +00).
Proof. It can be obtained applying the proof of Lemma 4.1.8. See Remark

4.1.9. |

We can now prove the following proposition.

Proposition 5.2.2 The following properties are equivalent:

(i) T(t)1€ Co(RYN) for any t > 0;

() R(
(iii) R(X\, A)L e Co(RN) for some A > co;
D(A

(i)

Proof. We can limit ourselves to proving that “(i) = (ii)” and “(iii) = (i)”,
since the implication “(ii) = (iii)” is trivial and “(ii) < (iv)” follows imme-
diately, from Proposition 2.3.6, observing that (ii) and (5.2.2) imply that
R\ A)f € Co(RY) for any f € Cy(RY).

“(i)=(i1)”. Fix A > 0. Taking (5.2.3) and Lemma 5.2.1 into account, we
deduce that

R(A\, A)1 € Co(RN) for any A > co;

A) = Diax(A) N Co(RN), where D(A) is defined in Section 2.3.

+oo
_ / e~ =)t (§(¢)1) () dt
[ +oo
:/ e‘“‘cﬂ)t(S(t)]l)(x)dtqt/ e~ A=t (S(1)1)(x)dt

<e+(S(e))(x) /+oo e~ (A—eotyy

< e+ (S(E)(x) /Om e~ A—coltqy,

for any e > 0 and any z € R™, where we use the fact that {S(¢)} is a semigroup
of contractions. Since T'(g)1 € Co(RY), then S(e)1 € Cy(RY) as well. This
implies that R

limsup(R(\, A)1)(z) < e.

|z|—+o00
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From the arbitrariness of ¢ > 0 and the nonnegativity of the function R(\, A)1,
we deduce that R(\, A)1 € Co(RY).

“(iii) = (i)”. Fix ¢ > 0. Again by the formula (5.2.3) and Lemma 5.2.1 we
get

¢
> (S(t)]l)(x)/ e Ogs g eRY,
0
that is
0<sW1< (—229 Y rp AN
< S < 1T e—O—colt (A A)L
Thus, we conclude that S(¢)1 (and hence T'(¢)1) belongs to Co(RY). [ |

An interesting consequence of the fact that the semigroup maps Cy(R™)
into Cp(RY) is given by the next proposition.

Proposition 5.2.3 Suppose that ¢ = 0 and T(ty) maps Cy(RY) into Co(RY)
for some tg > 0. Then, |T(t)] 1(c,r~y) decreases exponentially to 0 ast tends
to +oo.

Proof. We begin the proof observing that, since T'(¢t)1 = T'(¢o)T(t — to)1 for
any t > to, then T'(t) maps Cp(RY) into Co(R™) for any ¢ > to. Now, we prove
that there exists a positive constant ko € (0,1) such that (T'(t0)1)(x) < ko
for any x € RY. For this purpose, we notice that, since T'(t)1 € Co(RY),
there exists 6 > 0 such that (T'(tp)1)(z) < 1/2 for any |z| > §. Moreover,
since T'(t)1 < 1 for any ¢t > 0, (T'(to)1)(z) < 1 for any x € B(d) otherwise by
the classical maximum principle (see Proposition C.2.3(iii)), T'(¢9)1 should be
constant in B(d) and equal to 1, which, of course, cannot be the case.

Now, the semigroup property allows us to show that |T'(t)]rc,®~) de-
creases to 0 exponentially as ¢ tends to +oo. For this purpose, we split
any t > tg as t = ntop +r with n € N and r € [0,t9). Recalling that
IT(r)|c,mryy = 1T (1) 1]oo < 1 for any r > 0, we get

1T zic,@ny = 1T ()" T (M) ULy @ny)
<T@ Z @y 1T () oo
< exp(nlog(ko)),

for any t > to. Now observing that n > t/typ — 1, we easily deduce that
exp(nlog(ko)) < ky 'e®t, where w = t; ' log(ko) < 0. This finishes the proof.
|
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The following result gives a sufficient condition which guarantees that 7'(¢t)1
belongs to Co(RY), in terms of a suitable Lyapunov function ¢.

Proposition 5.2.4 Suppose that there exist A\g > cg, a compact set K and a
function ¢ € C?(RN \ K)N Co(RN \ K) such that

() >0, zeRV\K, ]%nf\K (Mop(z) — Ap(z)) :=a >0, (5.2.4)
zeRN

Then, T(t)1 € Co(RYN) for any t > 0.

Proof. By virtue of Proposition 5.2.2, we can limit ourselves to proving that
R(Xo, A)1 belongs to Co(RY).

Let now ng be the smallest integer such that K C B(ng). Moreover, let
v = infrcoB(ny) ¢(x) > 0 and set 6 = min{a, (Ao — co)v}. We will prove that
R(Xo, A)d € Co(RN). Of course, this will imply that R(Xg, A)1 = 6~ R(\o, A)d
belongs to Co(RY). For this purpose, we recall that R(\o, ﬁ)é is the pointwise
limit of the sequence {u,, }, where, for any n € N, the function u, is the unique
solution in (<, o W2P(B(n)) to the problem

Aotn(x) — Aun(z) =9, x € B(n),
un(z) =0, x € dB(n).

Moreover, 0 < u,, < (Ao — ¢g)~1d; see the proof of Theorem 2.1.1.
Now, we observe that, for any n > ng, the function ¢ satisfies

Xop(x) — Ap(z) > a,  x € B(n)\ B(ng),
olx) >, x € 0B(ng),
e(x) >0, z € dB(n).

Therefore, the classical maximum principle (see Theorem C.2.2(i)) implies
that

p(x) = un(x), z € B(n) \ B(no).

Letting n go to 400, we get

0 < (R(Mo, A)0)(z) < p(x), z € RV \ B(ng).

Hence, R(\g, A)§ € Co(RM). [ |

Example 5.2.5 Consider the operator A defined on smooth functions by

Af(z) = Af(2) + (b(2), Df (), = €RY,
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where b € C2.(RY) (a € (0,1)). Moreover, let ¢ be the function defined by
o(x) = (1 + |z|>)7! for any z € RY. We have Dp(z) = —2(p(z))?z and
D2p(z) = —2(p(z))?Inxn + 8(0(z))3x @ = for any z € RY. Therefore,

Ap(z) =3[z (p())° —2N (p())*—2Ap(@)2(b(z), ), = €RY. (5.25)
The condition (5.2.4) reads as

\ 2
1+ |z[*)? - 30(1+|ac|2)—N+4L zeRV\ K,

(b(x),x) = 1+ [zf2’

[\CRES]

for some compact set K C R, some \g > 0 and some positive constant a.
Such a condition is satisfied, for instance, if

(b(x),) > C+ Mlal?, (5.2.6)

for some C' € R and M > a/2. In such a case, we can take any Ao > 0.
According to Proposition 5.2.4, the semigroup {7'(¢)}, associated with the
operator A, is such that T'(¢)1 € Co(RY) for any ¢ > 0.

The condition (5.2.6) is satisfied, for instance, when the operator A is given
by

Aif(z) = Af(z) + |2z, Df (), z € RY.

This example should be compared with Example 4.1.13, where we consid-
ered the operator

A_f(z) = Af(x) — |=*(z, Df(x)), z eRY,

and showed that the associated semigroup is conservative. The operators A
and A_ differ only in the sign of the drift term. The reason for the difference
in the behaviour of the two semigroups can be understood looking at the
stochastic equations associated with these two operators. The operator A_
satisfies the Hypotheses 2.5.3 and 2.5.4. Therefore, all the results in Section
2.5 hold. The stochastic equation associated with it is

d&f = —|€EF|2Exdt + AWy, t>0,

with the initial condition (& = x € RY. This equation has a solution defined
for any ¢ > 0. Heuristically, one can think of this equation as a perturbation
of the ordinary differential equation

d
E&f = 7|§;§C|2§;§C7 t> 0;

whose solutions exist for any ¢ > 0.
Repeating the same argument in the case of the operator A, leads to the

differential equation
d
Se = lgPe, >0,
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whose not vanishing solutions explode in a finite time. And also the solutions
of the stochastic equation

A&t = |7 1P&0dt + dW, t>0,

with the initial condition (& = o € RY, do not exist for all ¢ > 0. Indeed, the
life time of the Markov process associated with {T'(¢)} is finite since

Pt <7} =T (z) < 1.
Example 5.2.6 Let A be the one-dimensional operator defined by
Ap(z) = ¢"(z) + |2/ (2), zeR.

The associated semigroup {7'(t)} is not conservative. Indeed, using the nota-
tion of Chapter 3 (see the formulas (3.1.3), (3.1.4) and (3.1.5)), it is easy to
see that Q € L!(—o0,0), Q ¢ L*(0,+00), R ¢ L'(—00,0) and R € L'(0, +c0).
Therefore, the point —oo is entrance and, hence, unaccessible while the point
400 is exit and, hence, accessible. According to Theorem 3.2.2, we conclude
that the semigroup {7T'(¢)} is not conservative.

We now claim that R(, A)1 and T'(£)1 do not belong to Co(RY), for any
A > 0 and any ¢ > 0, respectively. To show that u = R(A, E)]l is not in Cp(R),
we observe that u is a solution of the elliptic equation

Mu(z) —u(z) — |zPPu/(x) =1, 2z €R, (5.2.7)

and it satisfies 0 < u < 1/A. Moreover, since the coefficients of the operator

A belong to C’IQOJCFQ (R) for any 6 € (0,1), it is readily seen that u € Cﬁ;e(R).
We claim that «/'(z) < 0 for any = € R. This, of course, will imply that

u ¢ Cy(R). By contradiction, suppose that w'(z) > 0 for any « € (a,b) for

some a,b € R. Let
ap =inf{a: u'(z) >0 Vz € (a,b)}.

If ap > —oo, we have u/(ag) = 0 and u/(z) > 0 for any x € (ag,b). Therefore,
for such values of x,

u(x) = Mu(z) — 1 — |z)>u'(x) < 0.

But this is a contradiction. Similarly, if ag = —oco we have u/(z) > 0 and
u”(z) <0 for any < b, so that
lim u'(z) >0,
T——00
which is a contradiction since u is bounded. We conclude that v/ < 0. Since
u does not identically vanish in R, then u ¢ Cy(R).

To prove that, for any ¢ > 0, T'(t)1 does not belong to Co(R”Y), we show that
D,T(t)1 < 0. For this purpose, let v = T'(-)1. According to Lemma 4.1.8 we
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know that Diu(t,x) <0 for any (¢,2) € Ry x R. Suppose that Dyu(t,x) > 0
at some point (t,2) € Ry x R. Then, we have

Dypu(t, ) = Dyu(t,x) — |z|* Dyu(t, z) < 0.

Repeating the same arguments as above, we see that the assumption on the
positiveness of D u(t, z) leads us to a contradiction. Therefore, D u(t,z) < 0
for any (t,x) € Ry x R. Since T(¢)1 does not identically vanish in RY, we
conclude that T(¢t)1 ¢ Co(RY).

5.3 Invariance of Cy(RY)

In this section we determine sufficient conditions implying that Co(RY) is
invariant under 7'(t) for some ¢t > 0. By the results in Section 5.2 we know
that this is the case if T'(¢)1 vanishes at infinity. But this is the case also under
weaker assumptions as the next propositions show.

In Proposition 5.2.2 we have seen that T'(t) maps Cj(RY) into Co(R"Y) for
any t > 0 if and only if R(}, A) does, for some (and hence all) A > 0. As we
are going to show, the same property holds true as far as the invariance of
Co(RY) is concerned. Moreover, in the case when Cp(RY) is invariant under
the semigroup, then the restriction of the semigroup to Co(RY) defines a
strongly continuous semigroup.

Proposition 5.3.1 Co(RY) is invariant under the semigroup {T(t)} if and
only if it is invariant under R()\,;l\) for any (equivalently, some) A > 0. In
such a case, the restriction of {T(t)} to Co(RY) defines a strongly continuous
semigroup. Its infinitesimal generator Ag is the part of/Al in Co(RY), i.e.,

D(Ag) = {u € Dipax(A) N Co(RY) : Au € Co(RM)}, -
Aou = Au,  for any u € D(Ap). (5.3.1)

Proof. Suppose that T'(t) maps Co(RY) into itself for any ¢t > 0. Then,
by Proposition 2.2.7 we deduce that the restriction of {T'(t)} to Co(RY) is a
strongly continuous semigroup in Co(RY). Since the resolvent operator asso-
ciated with the restriction to Co(RY) of {T'()} is the restriction of R(\, A)
to Co(RYN), we immediately deduce that R(), A) maps Co(RY) into itself for
any A > cg. R

Conversely, let us assume that R(\, A) maps Co(RY) into itself for any
A > cg. It is easy to show that, for any A > ¢y, the operator A\l — Ay with
domain (5.3.1) is bijective from D(Ag) into Co(RY). Moreover,

R(X\, Ag) = R(\, A A > ¢ (5.3.2)

)|co<RN>’
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and, consequently,

1

RN, o)l zco@ny) < R

. A> . (5.3.3)

-~

Indeed, if u € D(Ayp) is such that Au — Agu = 0, then u € D(A) (see (2.3.13))
and consequently Au — Au = 0, implying that u = 0. Now take f € Co(R™N).
The function u = R(\, A)f is the unique solution in D(A) of the equation
Au—Au = f. Since R(\, A) maps Co(RY) into itself, then u € D(A)NCo(RN)
and Au € Cp(RY). Still from (2.3.13) we deduce that u € D(Ap) and it solves
the equation Au — Agu = f. The formula (5.3.2) now easily follows. Similarly,
(5.3.3) follows recalling that

~ 1
IR, Al oy @y)) < g A > co;

see (2.1.4) and Section 2.3.

Now, the Hille-Yosida theorem (see Theorem B.1.5) implies that the opera-
tor Ap with domain (5.3.1) is the generator of a strongly continuous semigroup
{To(t)} in Co(RY). By general results for strongly continuous semigroups we
know that

+oo
R\, Ao)f = /O e MTo(t) fdt,

for any A > ¢, where the integral converges in Co(R™). Since R(\, Ap) is the
restriction of R(\, A) to Co(RY) and

-~

—+00
(RO, A)g)(x) = / T()g)(x)dt, =€ RY,

for any g € Cy(RY) (see (2.2.14), (2.3.1)), we deduce that

+oo
/0 e ((T() — To(0)f) (x)dt =0,

for any f € Co(RY), any z € RY and any A > co. The uniqueness of the
Laplace transform implies that T'(¢)f = To(t)f for any ¢t > 0. Hence, T'(¥)
maps Cp(RY) into itself for any t > 0.

Finally, we show that, if Co(RY) is invariant under R(Ag, A) for some Ao >
¢o, then it is invariant under R(\, /T) for any A > ¢g. For this purpose, we set

F = {X € (co, +00) : Co(RYN) is invariant under R(A, A)}

and prove that F is open and closed in (cg, +00). This will easily imply that
F = (¢p, +00), since, by assumptions, F is not empty. We begin by proving
that F is an open set. We fix \; € F, f € Co(R"™) and prove that, if \ is
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sufficiently close to A1, the equation Au—Au = f admits a solution u € D(Ayp).
As it is immediately seen, u € D(Ay) is a solution to the previous equation if
and only if

(A= A)R(A1, A)u+u = R(A, A)f. (5.3.4)
Since Co(RY) is invariant under R(Ay, A), the operator G = (A—A;)R(Ay, A)+
I is bounded from Co(RY) into itself. Moreover, if |\ — ;| < |A\; — co|, then
[(A—=A1)R(Aq, A\)”CO(RN) < 1 (see again Sections 2.1 and 2.3). Therefore, G is
bijective in Cy(R™) and the equation (5.3.4) is uniquely solvable in Co(R™).
This implies that R(X, A)f € Co(RN).
Let us now suppose that A € (cg,+00) is the limit of a sequence {\,} C
F. Then, for any n € N, R()\n,fl) is a bounded operator in Co(RY). Since
R(An, A) converges to R(A, A) in L(Cy(RY)), it follows that R(), A) belongs
to L(Co(RY)) as well, and F is closed. [ |

The next theorem gives a sufficient condition for the invariance of Co(RY).
It should be compared with Proposition 5.2.4.

Theorem 5.3.2 Suppose that there exist \y > 0, a compact set F' and a
strictly positive function p € C2(RN \ F) NCo(RN \ F) such that

Mop(z) — Ap(z) >0, zeRNV\F (5.3.5)
Then Co(RYN) is invariant under T(t) for any t > 0.

Proof. We prove that Co(RY) is invariant under R(Xg + 1, A). Then, the
conclusion will follow from Proposition 5.3.1.

We take a compactly supported function f € Co(R™) and prove that u =
R(Xo, E) f belongs to Co(RY). The general case will follow by density since
any function f € Co(R™) can be approximated uniformly in RY by a sequence
of compactly supported functions.

We fix ng € N such that B(ng) contains both F' and the support of f.
Moreover, replacing ¢ with dp for a sufficiently large positive constant §, we
can assume that

: -1
im0 2 Qo= o) | flee-
Finally, for any n € N, let u,, be the (unique) solutionin (), ., . W2P(B(n))
of the equation

Notn(2) — Aun(x) = f(z), @ € B(n),
un(z) =0, x € 0B(n).

According to the proof of Theorem 2.1.1, u is the pointwise limit of the se-
quence {u,} and

1
<
lunloo < Mo — o

I £lloo:
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for any n € N. Since f vanishes outside B(ng), the function w, = ¢ — uy,
satisfies Aow — Aw > 0 in B(n) \ B(ng) (n > ng), as well as the boundary
conditions w > 0 on dB(ng) UJdB(n). The classical maximum principle (see
Theorem C.2.2(i)) now implies that w > 0 in B(n) \ B(ng). Thus, letting n
go to +o00, we obtain that

0 < (R(ho, A)f)(z) <p(z),  aeRY\B(no).

This finishes the proof. [ |

Example 5.3.3 Consider again the operator A and the function ¢ defined
in Example 5.2.5. Taking (5.2.5) into account, it is immediate to see that the
condition (5.3.5) reads as

j/?

14 |z]?”

(b(x), x) z—%(1+|x|2)—N+4 r eRY,

for some \g > 0. If it is satisfied then Co(RY) is invariant. This holds, for
instance, if we have

(b(z),x) > C — M|z|?, xRN, (5.3.6)

for some C € R and M > 0. Indeed, it suffices to take Ao > 2M.

The condition (5.3.6) should be compared with the condition (5.2.6), which
guarantees that the semigroup associated with the operator A maps Cy(RY)
into Co(R™) and hence, in particular, leaves Co(R”) invariant.

We conclude this section with the following proposition which gives a suf-
ficient condition ensuring that Co(RY) is not preserved by the action of the
semigroup. It is a immediate corollary of Theorem 5.1.11.

Proposition 5.3.4 Fizt > 0. IfT(t)1 =1 and T(t) is compact, then Co(RY)
is not invariant for T(t).



Chapter 6

Uniform estimates for the derivatives

of T(t)f

6.0 Introduction

In this chapter we prove some uniform estimates for the derivatives of the
function T'(t)f, when f € Cp(RY) and {T'(¢t)} is the semigroup associated
with the uniformly elliptic operator

N N
A=Y @)Dy +)_bi(@)Dy,

i,j=1 j=1
with unbounded coefficients in RY.

The problem of estimating the derivatives of T'(t)f has been studied in
literature with both analytic ([13, 15, 108]) and probabilistic methods ([29,
30, 143]).

Here, we present the results of [18]. More precisely, we prove uniform es-
timates for the first-, second- and third-order derivatives of T'(t)f. First, we
show that, for any w > 0 and any k,l € N, with 0 < k£ <[ < 3, there exists a
positive constant Cy; = Cj;(w) such that

IT@) Floyeyy < Crat™ = I flesny.  fECERY), t>0. (6.0.1)

Although we limit ourselves to the case when [ < 3, the techniques that we
present work as well for [ > 3 under suitable additional assumptions on the
coefficients.

To prove (6.0.1) we use the Bernstein method (see [14]) and approximate
T'(t) f by solutions of Cauchy problems in bounded domains. We assume weak
dissipativity-type and growth conditions on the coefficients of A. We notice
that some dissipativity condition is necessary, because in general the estimate
(6.0.1) fails; see Example 6.1.11.

By interpolation, we can then extend the estimate (6.0.1) to the case when
k,le Ry, 0 <k <I<3. This allows us to prove optimal Schauder estimates
for the solution of the nonhomogeneous Cauchy problem

Dyu(t,z) = Au(t,z) + g(t,z), t>0,z€RN,
u(O,x) :f(.lﬁ), IERN7
as well as for the elliptic equation Au — Au = f, (A > 0).

95
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6.1 Uniform estimates

Throughout this section we assume the following hypotheses:

Hypotheses 6.1.1 (i) ¢;j(z) = g¢ji(z) for any ¢,5 = 1,...,N and any
x € RN, and

N
> g (@)6& > r(x)é), & xeRY,

ij=1

for some function & : RY — R such that

inf k(x) =Ko > 0;
rcRN () 0 ’

(ii) there exist a function ¢ € C?(RY) and two positive constants A\g and C
such that

lim ¢(z) =400, Ap(z) — hop(r) <C,  zeRY;

|z|—+o0

(iii) there exists a constant C' > 0 such that

N
Z ¢ (2)z;| < O+ |z)?)k(2), Tr(Q(x)) < C(1 + |z*)k (),
o (6.1.1)
N
Z bi(x)z; < C(1+ |z|*)k(x), (6.1.2)

forany x ¢ RN, i=1,...,N.

Moreover, in the next theorems we always assume that one of the following

hypotheses holds true:

(iv-1) gi;,b; € C’llot‘s(RN) for some § € (0,1) and any 4,5 = 1,..., N, and
there exist a positive constant C' and a function d : RY — R with
Ly = sup,cpn{d(z)/k(x)} < 400, such that |Dyg;;(z)| < Ck(z) for
any ¢,5,k=1,..., N and

N

> Dibj ()& < d(w)|¢), z,¢ € RY; (6.1.3)

ij=1
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(iv-2) ¢i;,b; € CQH(RN) for some 6 € (0,1) and any 4,5 = 1, ..., N; Hypothe-

loc
sis 6.1.1(iv-1) holds true and there exist a positive function r : RN — R

and three constants K1 € R, Lo, L3 > 0 such that

|Dﬁbj($)|§T(I), xERNa j:17"'7N7 |ﬁ|:2a
d(x) + Lor(z) < Lgk(x), r e RN
and
N N
Z Dipgij(x)miympr < Kik(x) Z Mgy z e RY,
i,4,h,k=1 hok=1

for any symmetric matrix M = (mpk);

(iv-3) qi;,b; € CIB(I‘S(RN) for some 6 € (0,1) and any 4,5 = 1,..., N; Hypoth-
esis 6.1.1(iv-2) holds true and there exists a constant C' > 0 such that
|DPbj(z)| < r(z) and |DPq;;(z)| < Ck(z) for any i,j = 1,..., N, any

|3| = 3 and any x € RY.

Remark 6.1.2 Differently from what we did in the previous chapters, here
we assume that the function « is far from zero.

Remark 6.1.3 We remark that in 6.1.1(iv-1) (I = 2,3) we can take
r(z) = La(1 + |d(2))),

for any L4 > 0. It is sufficient to fix Ly and Lj satisfying

d
Ly < L1, L3 = (14 LaLy) < sup dz)

JF
+ LoLyk;t
T€RN K(x)> 2 0

in (iv-2).

Remark 6.1.4 In some situation, Hypothesis 6.1.1(iii) is easily implied by
Hypothesis 6.1.1(iv-1). This is the case, for instance, when there exists a
positive constant K such that

/1 k(tx)dt < Kk(z), r eRY, (6.1.4)

We limit ourselves to showing that in such a situation, the condition (6.1.2)
follows from Hypothesis 6.1.1(iv-1). The same argument can be used to prove
that also (6.1.1) is a consequence of Hypothesis 6.1.1(iv-1).
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To show (6.1.2) we observe that taking (z, &) = (¢z, z) in (6.1.3) gives

N
d
- > bj(t2)z; < Lus(tz)|z)?, z e RV, (6.1.5)

J=1

Integrating (6.1.5) with respect to t € [0, 1] and taking (6.1.4) into account,
we get

N 1
S bi(2) < Db 00z + Lalel [ wtez)a

Jj=1
< [2]b(0)] + K L1 |2*(2)
< C'z|(1+ |2])k(2), (6.1.6)
for any z € RY, where b(0) = (b1(0),...,bx(0)), C" = max{|b(0)|xg ', KL}
Let us observe that (6.1.4) is satisfied, for instance, in the case when k() =
%(|z|) for any x € RV and some nondecreasing function % : R, — R, and in

the case when k() = c+&(z), ¢ and K being, respectively, a positive constant
and a nonnegative homogeneous function of degree a > 0.

In the sequel, for any n € N, we denote by u,, the (unique) classical solution
of the Cauchy-Dirichlet problem

Dyup(t,z) = Aup(t,z), ¢>0,z¢€ B(n),
up(t,x) =0, t >0,z € dB(n), (6.1.7)
Un(ovx) = f(x)v x € B(”)v

corresponding to f € Cy(RY) (i.e., the unique solution in Cy([0, 4+-00) x B(n))N
C12((0,+00) x B(n))). Here, 9,, : RNV — R is defined by

In(z) = p(|z|/n), zeRY, neN, (6.1.8)

¢ € C°(R) being any nonincreasing function such that x(_1/2,1/2) < ¢ <
X(-1,1)-

Remark 6.1.5 Repeating the same arguments as in Theorems 2.2.1 and in
Remark 2.2.3 and taking Remark 4.1.4 and Theorem 4.1.3 into account,
it is easy to check that wu, converges to u := T(:)f locally uniformly in
(0,4+00) x RY as n tends to +oo. From the interior Schauder estimate in
Theorem C.1.4(ii), we easily deduce that

lim sup |lun(t,) — u(t,-)|csB@) =0, (6.1.9)
n—-4o00 e<t<T

for any 0 < e < T and any k € N.
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To prove the main result of this section we need the following lemma.

Lemma 6.1.6 Let Q C RY be any smooth bounded open set. Assume that
Hypothesis 6.1.1(i) is satisfied in Q and that the coefficients belong to C*+*(Q)
for some a € (0,1) and k € {1,2,3}. Then, for any f € CI(Q) (j =0,...,k),
the function (t,x) — tF=D/2(DFT, () f)(x) is continuous in [0,T] x Qs for
any T >0 and any 6 > 0, where Qs = {x € Q: § <infyecpn |z —y|}.

Proof. The proof follows from a density argument. We limit ourselves to
proving it in the case when j = k = 3, the other cases being completely similar,
and even simpler. It is well known that for any f € C°(), the function
D*T,()f (k = 1,2,3) is continuous in [0,7] x © (see Proposition C.3.2).
Using a method similar to that used in the proof of the following Theorem
6.1.7, we can easily show that there exists a positive constant C = Cry,
independent of f, such that

IT(0) sy < Clflesy t€ 0T (6.1.10)

Now with any f € C2(£2) we associate a sequence of smooth functions {f,} C
C(Q) converging to f in C*(Q). Since, for any n € N and [ € {1,2,3}, the
function D'T(-)f, is continuous in [0,7] x Q for any T > 0, taking (6.1.10)
into account, we easily get the assertion. [ ]

Now, we prove the main result of this section.

Theorem 6.1.7 Let Hypotheses 6.1.1(4)-6.1.1(4i7), 6.1.1(iv-I) be satisfied for
some | € {1,2,3}. Then, for any w > 0 and any k = 0,...,1, there exist
constants Ci,; = Ci1(w) > 0 such that

_l=k
IT@) flloy@ny < Crat™ = e fllopmny, feCF®RM), t>0 (6.1.11)

holds true. In particular, if k =1 we can take w =0 in (6.1.11).

Proof. We begin the proof considering the case when k£ = 0 and [ = 3. For
any n € N, let 9, be the smooth function defined in (6.1.8). We fix w > 0 and
to > 0 such that

e3> 1, t> to, (6.1.12)

and define the function
V03,0 (t, ) = |un(t, z)|> + at¥? | Du, (t, 2)|? + a*t*9% | D?u,, (t, x)|?
+a3t398 | D3u, (t, x)|?,
for any ¢t € [0,%9] and any z € B(n), where u, = T,,(-)(J, f) is the solution

of the Cauchy-Dirichlet problem (6.1.7). For notational convenience, through-
out the rest of the proof, we drop out the dependence on n, when there is
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no damage of confusion. Observing that u, is in C([0, +00); C(B(n))) (see
Proposition B.2.5(1) and Theorem C.3.6(iv)) and taking Lemma 6.1.6 into
account, it follows that vg 3 is continuous in [0,%o] x B(n) and, with some
computations, one can see that vg 3 solves the Cauchy problem

Dyvos(t,x) = Avo 3(t,z) + g(t,x), te€ (0,%], x € B(n),
vo,3(t,x) =0, t € [0,t0], € dB(n), (6.1.13)

v0,3(0,2) = (9.f)*(2), z € B(n),

where g = Z?Zl g; with

N N
a1 = —2 Z q”DluDju — 2at192 Z qijDihuDjhu
i,j=1 i,j,h=1
N N
—2a*t*9* Z Gij DinkuDjpiu — 2a°t%9° Z @i DinkiuDjnriu,
,5,h, k=1 i,4,h,k,l=1
(6.1.14)
N N
go = —2at|Du|2 Z qijDﬂ?Djﬂ - 12a2t2192|D2u|2 Z qijDﬂ?Djﬂ
=1 =1
Wi N Wi (6.1.15)
- 30a3t3194|D3u|2 Z qijDiﬂDjﬁ‘,
i,7=1

3 = —2at9A(9)|Dul? — 4a*t*9% A(9)| D*ul* — 6a>t39° A(9)| D3 ul?

9
N N
—8atd Y qi;Dj0DpuDipu —16a**9°> > ;D0 DpguDingu
i,5,h=1 i,5,h,k=1
N
— 24a3t39° Z qiijﬂthluDihklu,
i,4,h,k,l=1
(6.1.16)
N N
91 =2at9> Y DpbjDjuDpu+4a*t*0* > Dypb;DjsuDpiu
i,h=1 jh,k=1
J N J (6.1.17)

+ 6a3t30° Z Dyb;DjruDpyu,
Jrhk,l=1
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N N

gs = 2at9? Z D;lqithuDiju+4a2t2194 Z DhqithkuDijku
i,j,h=1 i4.h k=1
N
+ 6a3t3196 Z DhqithkluDijklu,
ik l=1
(6.1.18)
N N
g6 = 2a2t2194< Z thqijDijuthu + Z thbijuthu)
iyj.h k=1 k=1
N N
+ 6a3t3196< Z Dhrgij DijiuDpgu + Z thbijlUthlU>7
ij hok, =1 Gihok =1
(6.1.19)

N N
g7 = 2a°t39° Z Dyt qiz DijuDpgiu + Z thlbijuthlu),
,9,h,k,I=1 j,h,k, =1
(6.1.20)

gs = a¥?|Du|* + 2a*t9*|D?u|? + 3a3t*95| D3u|?. (6.1.21)
Taking the ellipticity condition 6.1.1(i) into account, we easily deduce that
g1 < —2k|Dul? — 2at9*k| D*ul? — 2629 k| D3u|? — 2a3t39% k| D*ul? (6.1.22)

and that g2 < 0.
To estimate the function gs we observe that, by virtue of (6.1.1) and recall-
ing that ¢’ =0 in (—1/2,1/2), it can be easily shown that

| Tr(Q(2) D*0(x))]

< |/ (x| /m) (ﬁﬂ(@(m» L

(6.1.23)

+1¢ (2l /)| s Qo))
< Ck(z) sup

1+ |z 1+|ac|2

/

= e (jx|/n

o o' ||/ )l( 2l «Pn § |

+C1"(jal /) ”P'xl Z| A]
< 4C (14 2VN) ¢/ looki(2) + 4CVN ||sa"||oon<x> =: C'x(x),
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for any « € B(n) and any n > 1. Similarly,

Z gij(x

)| < Ch(z) sup <|<P'(|$|/n)|1+|x|>

) 3 <lal<n |z]n
< AC|¢ looki(z) =: C" K (), (6.1.24)
for any ¢ = 1,..., N. Using (6.1.2) and recalling that ¢’ is nonincreasing in

R, we obtain that

1 N
=D hDIE) =~ el Y
< Ch(z) sup < o/ (lz|/n)

Z<|z[<n

< C"k(x),

1+ |a)? (6.1.25)
|z[n >

for any x € B(n).
Taking (6.1.23), (6.1.24) and (6.1.25) into account and recalling that for
any a,b,e > 0 it holds that ab < (4¢)~a? + £2b?, we can now show that

g3 < 2aC"tkd| Du|? + 4a2C't2k93| D?ul? + 6a>C't3 k93| D3ul?

+ 2aC"tkd| Dul|? + 4a2C"t2 k93| D?u|? + 6a>C"t3k9°| D3u/?
" N 2 211M2,,12
+8aC"tk 4—€|Du| + e9*|D?u|
22, (N 92192 12 4113, 12
+16a°C"t°k 4—619 |Du|” + 9% | D u|
33, (N 941312 61794, 12
+ 24a°C"t°k 4—619 | D u|® 4 €9°| D u| (6.1.26)
! " //N 2
<2a|C"+C"+C . tk|Dul
! " " " N 211M2,,12
+4a (aC't +aC"t+2C"¢ + aC t? tk*| D% ul|

N
+ 2a? (3aC't +3aC"t +8C"e + 3aC’”t—) 2 k94| D3u?
5

+ 24a3C" ek | D*ul?.
Taking advantage of Hypothesis 6.1.1(iv-1), we deduce that

g4 < 2atd9*|Du|? + 4a*t*d 9*|D*ul? + 6a3t3d 9°| D3ul?. (6.1.27)
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The terms g5, g and g7 can be estimated in a similar way taking Hypothesis
6.1.1(iv-3) into account, and they yield

N
g5 < atC n|Du|2 +aCN (25 + at—> tr 92| D?ul?
N (6.1.28)
+a*CN (45 + 3at2—5> 2k 94| D3u|? + 6a3t3cC Nk 94| D ul?,

N? N
g6 < a2t21927°2—|Du|2 + a?t?9* [2K1/@ +N (25 + 3at2—) 7“} | D?u?
5 €

+ 603395 (K1k + eN1) | D3ul?,
(6.1.29)

g7 < a3t3192 |Du|2 +a t3194CIi |D2u|2
(6.1.30)
+ 2a3t31965N (CEN +7r) |D3u|2.

From (6.1.22), (6.1.26)-(6.1.30) we immediately deduce that for any ¢ €
(0, to] we have

N N2 N2
g<<—ko+a+r|-1+2at(C' +C"+C"—= )+ atC— + a*t>C—
€ 2¢e 2¢e
N2 9
+at 2d+at(1+atN)—2E r| ¢ |Dul
! 1! 1 1 N
+a{ﬁo+2a+n [1+4<a0t+a0 t+2C"e + aC t?)
N N3
+CN <2€ + at—) + 2K at + aQtQC’—}
€ 2e
N2
+at {4d+ (2EN + 3at2—€) r] } t9%| D?ul?
2 / 1" 1" 1" N
+a {n0+3a+ﬁ{1+2<3a0t+3a0 t+ 8C"¢ + 3alC t?)
N + 2
+ CN 4€+3at2—5 + 6atK|" + 2ateCN
+ 2at(3d + 4eNr) }t2194|D3u|2

+ 203 (=1 + 120" 4 3eCN) 35 95| D4ul2.
(6.1.31)
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We now choose (a, €), sufficiently small, satisfying the following set of inequal-
ities:

2

N
3a — kg <0, 4eN < 3Lo, ato(l + atoN)2— < 2Ls,
9

N2
2e N + 3at02— S 4L2,
193

N N2
—1+atg [4 <C’ +C" + C”? + L3> + C? + 2K1+}

N3
+2¢ (CN +4C") + a2t(2)02—€ <0,

N N?
—1+aty [6 <C’ +C" + C”? + K+ Lg) + 302—E + QECNQ}

+4e (CN +4C") < 0.

With such a choice of (a,e) we get g(t,z) < 0 for any ¢t € (0,%] and any
x € B(n). From the classical maximum principle we now deduce that

[v0,3,n (8 2)| < [9n fl3 < IF15, t €10,t0], x € B(n).

Taking the limit as n tends to 400, by (6.1.9) we deduce that (6.0.1) holds
for any ¢ € [0, to], some constant Cp 3 = Cp 3(to) > 0 and with w = 0. Using
the semigroup property we can then extend the estimate to all the positive ¢.
Indeed, taking (6.1.12) into account, we get, for any t > to,

1T#) flles@yy = 1T (t0)T(t —to) floz@ny < Costo * |1T(t —t0) fllos

_3 _3 _ 3
< Costy | flleo < Costy 2e“"t72 floo,

and, so, (6.0.1) follows with Cp 3(w) = max{Co s(to), 0073(t0)t63/2}.
In the other cases the proof is very similar. It suffices to apply the quoted
arguments to the function

l
Okt (t,2) = > alt0707 (9, (1)) | DIy (, 2) t € (0,to], x € B(n).
7=0

Let us just show that, if & = [, we can take w = 0 in (6.0.1). We only
consider the case when [ = 3. A straightforward computation shows that
v33n is a classical solution to the Cauchy-Dirichlet problem (6.1.13) with
33 (0,7) = X0 [DI(9,f)]? and g, being replaced with g, = Y7_; Fjn,
where g;n, (j = 1,...,7) are defined by the right-hand sides of (6.1.14)-
(6.1.20) after replacing each t, therein appearing as coefficients of u, or of
its derivatives, with ¢ = 1. Arguing as above we can easily show that g, can
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be estimated, for any ¢ > 0, by the last side of (6.1.31), where we set t = 1
and replace the terms —kg + a, —ko + 2a and —kg + 3a simply with —x. It
is now clear that we can take (a,e) such that g,(¢,2) < 0 for any ¢t > 0, any
x € RN and any n € N, and, consequently,

(03,30 (t, 2)| < [Of 12 + DO + ID* @)% + 1D (W), (6.1.32)

for any t € [0,9], any z € B(n) and any n € N. The estimate (6.1.32) yields
(6.0.1) taking the limit as n tends to +oo. [ |

Now, by interpolation, we can extend (6.0.1) to the case when at least one
between k and [ is not integer.

Theorem 6.1.8 Let Hypotheses 6.1.1(4)-6.1.1(4i7), 6.1.1(iv-I) be satisfied for
some | € {1,2,3}. Then, for any w > 0, any k,m = 0,...,1 — 1 and any
a,0 € [0,1] such that k + o < m + 0, there exist constants Ckiam+o =
Crta,m+o(w) > 0 such that

m+60—k—a

IT@) flom+o@ny < Croramsot™ 2 e flgrra gy, (6.1.33)

for any f € Cé”'“(RN) and any k =0, ...,m. In particular, if k+a=m+0
we can take w =0 in (6.1.33).

Proof. The proof follows from an interpolation argument. We limit ourselves
to sketching it in a particular case, since the same techniques can also be
applied to all the other cases. So, let us assume that k =m =2and 0 < a <
6 < 1. Moreover, fix w > 0 and ¢ > 0. Setting w’ = w/(§ — &), from (6.1.11)
with (k,1) = (2,2) and (k,1) = (2, 3), we deduce that

1T Lcz@yy,.czmny < Cope, 1T Lcz@yy,cp@mny < Cogt™ 3¢,
(6.1.34)
for any t > 0. Recalling that (CZ(RN); C3(RN))5.0 = C7TP(RN), for any
8 € (0,1) (see Theorem A.4.8), and applying Proposition A.4.2, we easily
see from (6.1.34) that T'(t) is bounded from CZ(RY) into C’b2+ﬁ (RY) for any
B€(0,1) and

_B gu
|7 2y cto@ny) < Caavpt™2e™ T, t>0, (6.1.35)

where C 245 = 02175%5,3.
Applying the same argument to (6.1.11), with (k, 1) = (3, 3) and to (6.1.35),
we deduce that T'(t) is bounded from C7T*(RY) into C§+ﬁ+(1_6)a(RN) and

_(1—a)B _ /
||T(t)||L(CZ+Q(RN)’C§+B+(173)Q(RN)) §02+a72+ﬁ+(17ﬁ)at (1-a) 3 p(1=a)fw t7
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where Cy o 2484(1-8)a = 021,51602%3' Now the assertion follows, taking § =
O—a)/(1-a). |

In some cases, we can extend Theorems 6.1.7 and 6.1.8 to the case when in
6.1.1(iv-j), the j-th-order derivatives of the coeflicients are merely continuous
in RY. As the following theorem shows, this is the case when the condition
(6.1.4) is satisfied and there exist m, M > 0 such that

1
/ d(tz + y)dt < Mrk(z+y), z € RN, yc B(m). (6.1.36)
0

As it is immediately seen, the previous condition is satisfied, for instance,
when d is bounded from above.

Theorem 6.1.9 Suppose that Hypotheses 6.1.1(3)-6.1.1(ii7), 6.1.1(iv-j) (j =
1,2,3) (with the j-th-order derivatives of the coefficients merely continuous in
RN) and the conditions (6.1.4) and (6.1.36) are satisfied. Then, (6.1.11) and
(6.1.33) hold true for any k,l e N, k <1< j.

Proof. The proof follows from a density argument. Of course, we can limit
ourselves to dealing with (6.1.11), since, as Theorem 6.1.8 shows, (6.1.33)
follows easily from (6.0.1).

For any € > 0 let ¢°(z) = e Ny(x/c), where p € C*(RY) is any non-
negative even function compactly supported in B(1) and with integral 1. We
denote by f€ the convolution between f and ¢°.

Let A° be defined as A with ¢;; and b; being replaced, respectively, with
q;; and b5 forany i,j =1,..., N. As it is immediately seen, q;; and b5 (i, =
1,..., N) satisfy Hypotheses 6.1.1(i) and 6.1.1(iv-j), with &, d, r being replaced
with k¢, d° and r°, and with C¢ = C, L = L; for i = 1,2,3, K§ = K; (if
j > 1) and K§ > Ko.

Let us check that gf; and b5 (i, = 1,..., N) satisfy Hypothesis 6.1.1(iii) for
some positive constant, independent of . For this purpose, we observe that
(6.1.4) implies that

|q1](1')| < |Qz](0)| +CK\/N|QC|K’(QC)7 T e RN} Za] = 17"'7N7

which yields (6.1.1).
A straightforward computation now shows that

lg; ()] < gi;(0)] +C’K\/N(|x| + &)k (x), zeRY, i,j=1,...,N,

so that the ¢;;’s satisfy the condition (6.1.1) with a constant being independent
of e € (0,1].

Similarly, we can show that the b5’s satisfy (6.1.2) with a positive constant
being independent of £ < m.
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Indeed, combining (6.1.6) and (6.1.36), we deduce that

/ df (tz)dt = / dy/ d(tz — y)¢® (y)dt
B(e)
< M/ dy/ k(x — (y)dt

= Mk®(z),
for any € RY and any ¢ < m. Now, arguing as in the proof of (6.1.6), we
get

N

N 1
> () < Zbg(@)xj+|x|2/o d° (tx)dt
j=1 =1

< sup |b(y)llz] + Mlz*s5 (2),
yEB(e)

for any x € RY, which yields (6.1.2) with a constant being independent of
e<m.

Now, applying the same arguments as in the proof of Theorem 6.1.7, we
can show that, for any w > 0 and any k,l € N, 0 < k <[ < 7, there exists a
positive constant Cy; = C ;(w), independent of € and n, such that

I —
175 flor By < Crat™ = € flor By t>0, feCy(B(n)),

where T¢(t) is defined as T'(¢) with A being replaced with A°. As n tends to
+oo, T (t)f tends to a solution u® =: T¢(t) f of the Cauchy problem

Du(t,z) = Au(t,z), t>0,xcRY,
u(0,z) = f(x), r €RY,
which satisfies
||T ( )f”cl(]RN) < Ck it = e ”f”ck (RN t>0. (6.1.37)

Theorem C.1.4 and the estimate (6.1.37) imply that there exists an infinites-
imal sequence {e,} such that T°"(t)f and its space derivatives up to the
(j—1)-th-order converge in 01104;6/2,2+5((0’ +00) xRY) to a function u =: S(t) f
satisfying

”S( )f”cl(RN) < Ck it 2 e ”f”ck (RN, t> 0. (6138)

Since the coefficients ¢;; and b; (¢,j = 1,...,N) are locally Lipschitz con-
tinuous, qf] and bj converge locally uniformly in RV as n tends to +oo,
respectively to ¢;; and b;, so that S(¢)f satisfies the differential equation
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Dyw — Aw = 0 in (0, 400) x RY. Moreover, for any f € CZ(RY), S(t)f con-
verges to f as t tends to 0, locally uniformly in x. This can be seen by a
localization argument similar to the one used in the proof of Theorem 2.2.1.
For this purpose, we fix £ € N and let ¢ = ¥4 be as in the proof of Theorem
6.1.7. Moreover, for any n € N, we set v, = 9T°"(-)f and observe that v,, is
a solution to the Cauchy problem

Do (t, ) = A5mv, (L, x) + (8, 2), t €]0,T], z € B(k),

vp(t,x) =0, t€[0,T], z € 0B(k),
v, (0,2) = I(x) f(x), r € B(k),
where
Pn(t,-) = =205 (t) f - A5 (9) — 2 Z @ DT (t)f - Dy,
7,j=1
Since the coefficients ¢f; and b5 (i,j = 1,..., N) converge locally uniformly

in RY, they are equibounded (with respect to n € N) in B(k) and there
exists a positive constant C < Cl9lc2 By for any

g€ C?(B(k)). Therefore, from (6.1.37) we deduce that there exists a constant
C, independent of n, such that

Wn(t,2)| <CE 3| floo,  t€(0,T), z€B(k), neN.  (6.1.39)

The estimate (6.1.39) implies that v, can be written by the usual variation-
of-constants formula as

Un(t, ) = Tkyn(t)(ﬂf) + /0 Tk,n(t - S)wn(sv )dsv te (OvT]a

where {7}, (t)} is the semigroup associated with the realization Ay ,, of A"
in C(B(k)) with homogeneous Dirichlet boundary conditions (see Theorem
C.3.6(iv)).

Since 9f € D(Akn) = {u € Ni<peioo W2P(B(k)) : A*»u € C(B(k))}, the
domain of the realization of A%» in C(B(k)) (see Theorem C.3.6) and {T% .}
is a semigroup of contractions in C(B(k)) for any n € N, then

T () 0) — 9l = H [ Tt 0105

C(B(k))
< A" OBy < CHIflez@ o)
for any t € (0,T), which readily yields

lim sup T () (O F) = O flo@may =0 (6.1.40)

t—0t
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From (6.1.39) and (6.1.40) we can now easily show that

li w(t) = Of | 5 = O.
Jim itégllv( ) = le@m)

Recalling that ¥ = 1 in B(k/2), we deduce that

(S ) () = f(2)|
< sup (T () f) (@) = 9() f(2)] + limsup [(T=" (¢) f) () — (SE)f)(2)]

n—-+oo

< sup [v(t, ) = Vflo@ ) (6.1.41)
neN

for any ¢t € (0,7) and any = € B(k/2). Taking the limit as ¢ tends to 0 in
both the first and the last side of (6.1.41) gives

lim sup |u(t,z)— f(z)| =0.
t—0+ z€B(k/2)

From the arbitrariness of k& € N, we deduce that S(t)f converges locally
uniformly (with respect to x) to f as t tends to 0. Hence S(t)f is a classical
solution to the problem

Dyw(t,z) = Aw(t,z), t >0,z € RN,
U)(O,l‘):f(l'), QCERN,

and Hypothesis 6.1.1(ii) and the maximum principle in Theorem 4.1.3 imply
that T'(t) f = S(t)f. Since CZ(RY) is dense in C} (R™) (which is endowed with
the sup-norm) we can extend the previous equality to all the f € C}(RY),
obtaining (6.0.1) in the case when k > 1.

Finally, with any f € C(RY) and any ¢ > 0 we write T'(t) = T(t/2)T(t/2)f
and observe that since T(t/2)f € CL(RYN), then T(t)f = S(t/2)T(t/2)f.
Applying (6.1.38) with (¢, ) being replaced with (¢/2,T(t/2)f), we easily get
(6.0.1) also in the case when k = 0. [ |

Remark 6.1.10 In Theorem 6.1.7 we have shown that the estimate (6.1.11)
holds true for some w > 0. In Chapter 7, we will show that, actually, we
can take w = 0 in (6.1.11) (and, consequently, in (6.1.33)) and that, under
somewhat heavier assumptions on the coefficients, we can also take w < 0.

To conclude this section we show that the estimates (6.0.1) may fail to hold

without any dissipativity assumption.

Example 6.1.11 Consider the following one-dimensional operator

/

Au(z) = u" () +p'(2)u/ (z) = e P (ep(x)u’(:c)) , x€R,
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where p € C1(R) is a function that will be chosen later on. For any f € C,(R),
the solutions of the equation Au = f are given by

x t
u(z) = Cy + / e P ((72 + / f(s)ep(s)ds) dt, (6.1.42)
0 0

where C1,Cy € R are arbitrary real constants. Suppose now that e? € L*(R)
and that

/ o f)ePDdt = 0. (6.1.43)

—0o0

+oo 0
Cy=— / f()er®dt = / f(t)erDat.
0

If 2 > 0 then, from (6.1.42), we formally get

+oo
=y — / *P“/ (s)eP®)ds dt

—Cy - / ep(s)f( )/ e P® dt ds.
0 0

Suppose now that the function

Q(s) = e”(s)/ e POdt, seR

0

Choose

belongs to L'(0,+0oc). Then, we get the estimate

“+o0
u(@)] < [C1] + [ flloo Q(s)ds, x>0,
0

which implies that u € C,([0, +00)). Similarly, assuming that Q € L*(—o0,0)
we get u € Cp((—o0, 0]).

Therefore, under the assumption @ € L!(R) we conclude that u € Dpax(A).
Note that the assumption Q € L*(R) implies e? € L*(R). The derivative of u
is given by

+o0o
u'(x) = 767;)(1)/ f(s)eP®)ds, z eR.

We claim that we can choose the functions p and f so that Q € L*(R) and
(6.1.43) holds but v is not bounded. Indeed take

p(z) = —o* + log h(z),
where h(z) is a regular function satisfying
)
h(z) = ep, if:c:nfgn,nGN,
en < h(z) <1, if n—d,<z<n, neN,

h(z) =1, otherwise,
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where A .

1 1 -n
e, = ten—3) —(n+3) b = en

n n
Then, we have
z z ¢t
e 4 —zt e
Qz) =e / e dt, <0, Q(z)=h(x)e / —dt, z>0.

0 o h(t)

Applying De L’Hépital rule one sees that lim,_,_, 23Q(x) = 1/4 and con-
clude that @ € L'(—o0,0). For any x > 0 we have

. 4
Qz) < e /1 <
o h(t)
.\ [a, +1
<e”® / et dt +e” Z / —dt
0 n—0n
4 x 4 4 s 5 6”4
<e”® et dt +e7 " i
<o | > e

n=1

L [T 1
:efz/etdt—i— 2—2
O :

which shows that @ € L'(0,+oc). Now we choose a function f € Cy(R)
satisfying (6.1.43) and such that f(z) = 1 for any « > 0. Then, for any = > 0
we have

4
(&)

T +oo 4
—h(z)/z h(t)e—t"dt,

for any « > 0, so that at © = n — 6, /2

o' (z) =

o(n=8,/2)" oo \
o (n — 6,/2)] = 7/ h(t)e="dt
En _Sn
2
4
(n—3)" 3
> ¢ / ’ e*#dt
En n
)
- En 2
n
-

which shows that u'(x) is unbounded.
Therefore, the function u belongs to Diyax(A) but not to C} (R). This means
that (6.0.1) with £ =0, [ =1 fails to hold.
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We note that in this case the dissipativity assumption (6.1.3) fails since p”
is unbounded from above. Indeed, let g : R — R be the function defined by
g(z) = log(h(x)) for any = € R. Since g(n—9,) = g(n) = 0 and g(n—0,/2) =
log(e,,) for any n € N, then, by the mean value theorem, there exist two points
Yn € (N — dp,m — 0 /2) and z, € (n — §,/2,n) such that

2log(ey,
9 (yn) = —4'(2n) = %a n € N.

Applying again the mean value theorem, it follows that there exists z, €
(Yn, zn) such that

4log(ey, 4log(en 4log(en,
g//(xn) — Og(E ) 2 . OgQ(E ) — OgQ(E )n4€2n4
6"(271 - yn) 571 €n

, n € N.

Since €, tends to 0 as n tends to +oo, then, for n large enough it holds that
p(x,) = —1222 + ¢"(w,) > —12n* + n462"4,
which shows that p” is unbounded from above.

Remark 6.1.12 As already recalled in the introduction to this chapter, in
the paper [29] and in the recent book [30], the author, starting from the
stochastic equation

{dgf — b(ED)dt + o(€5)dWs, ¢ >0,
50 =,

and using probabilistic methods, proves uniform estimates, comparable with

ours, for the space derivatives of the function T'(t)f when f € Cy(RY) and

{T'(t)} is the semigroup associated with the stochastic differential equation.
More precisely, she assumes the following set of assumptions:

(i) oi; € C3(RY) and there exists k& > 0 such that for any j = 0,...,3 it
holds
[ Do ()]

— < =7
SR A ey <o W=

(i) b; € C3*(RY) and there exists m > k such that for any j = 0,...,3 it
holds
D%b(a)
sup

—— < , =J.
z€RN 1+ |1'|2m+1*J oo |ﬁ| J

There exist a,y > 0 and ¢ € R such that for any 2, h € RY it holds

(b + ) — b(a), h) < —al "2 4 (1 + o).
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(ili) For any p > 0 there exists ¢, € R such that
(b(@) = b(y),z = y) +plo(z) — o)z < eplz — yl*.

Under the previous set of assumptions, she proves that T(t)f € C3(RY) for
any t > 0 and any f € By(R") and that, for any 7' > 0, there exists a constant
C7 > 0 such that

ID*T(t) flloe < Ct™% | f]loo, te(0,T), k=1,2,3.

Note that also our estimates can be extended to any f € By(RY). Indeed,
since {T'(t)} is a semigroup of contractions in By(R") and it is also strong
Feller (see Remark 2.2.10 and Proposition 2.2.12), then we can split T'(t)f =
T(t/2)T(t/2)f for any f € B,(RY) and write, for any w > 0 and some positive
C=C(w)

ID*T(t) flloo < ID*T(t/2)]| ey ysop@apIT(E/2) floy@y)
< Cet % | f| oo, (6.1.44)

for any t > 0 and any k = 1,2,3. Actually, in view of the results in Section
7.2 (see Remark 7.2.4), we can get rid of the exponential term in (6.1.44).

Remark 6.1.13 As it has been remarked in the introduction to this chap-
ter, uniform estimates similar to those in Theorem 6.1.7 have been obtained
in [108] under assumptions on the coeflicients of the operator A which are
comparable with ours. The main differences are in the method used in [108§]
to prove such uniform estimates. Indeed, A. Lunardi approximates the coeffi-
cients of the operator A rather than the whole space RY by balls, centered at
the origin, as we do here. Moreover, she does not assume that the potential
c identically vanishes in RY. Here, we assume such an assumption in view of
the pointwise estimates of Chapter 7.

6.2 Some consequences

The estimates (6.1.33) can be used to prove optimal Schauder estimates for
the elliptic equation

A — Au = f, (6.2.1)

as well as for the Cauchy problem

Dyu(t,r) = Au(t,z) + g(t,z), t>0,z€RN,
(6.2.2)
u(0,x) = uo(x), r € RN,

We begin with the elliptic equation and we prove the following lemma.
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Lemma 6.2.1 Let § € (0,3) be not an integer, let I C R be an interval,
and let ¢ : I — CY(RN) be such that, for any v € RN, the real function
t— o(t)(x) is continuous in I and

le(@)lcp @y < e(t), tel,

for some function ¢ € L*(I). Then, the function
f@ = [eO@a s erY, (6.23)
I

belongs to CY(RN) and

I flco@ny < Klelzra
for some positive constant K.

Proof. We begin the proof observing that, according to [141, Section 2.7.2],
for any 6 € (0,3), C/(RY) can be characterized as the space of functions
g € Cp(RY) such that

3

"1 (=1 f(x +1h)

[lgllo = sup [|h|™ < +o0

z,heRN
h+#0

and the norm
g+ gl + [[gl]o

is equivalent to the classical norm of C¢ (RY). Hence, if ¢ is as in the statement
of the lemma, then for any =, h € RV, with h # 0, we have
dt < K|h|’ / c(t)dt,
I

3
z; / (z + 1h)dt /
(6.2.4)

for some positive constant K. The estimate (6.2.4) implies that the function
f in (6.2.3) belongs to C¢(RY), and the statement follows. [ |

3

Z t)(x+1h)

=0

Now, we observe that by virtue of Hypothesis 6.1.1(ii), Theorem 4.1.5 im-
plies that, for any f € Cp(RY) and any A > cg, the function R()\)f defined
by

+oo
(ROV)() = / AT ) 2)dt, xRV, (6.2.5)

is the unique solution to the elliptic equation (6.2.1) in

loc

Dinax(A) = {u €C,®Y)N (] Wil®RY): Auc Cb(RN)}, Au = Au.

1<p<+o0
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o~ ~

As a consequence, Proposition 2.3.6 implies that (A4, Dmax(A)) = (A, D(A))
with equivalence of the corresponding norms.

With this remark in mind, we can now prove the following theorem, which
provides us a partial characterization of Dy,ax(A) and gives optimal Schauder
estimates for the solution of the elliptic equation (6.2.1).

Theorem 6.2.2 Suppose that Hypotheses 6.1.1(i)-6.1.1(¢i7), 6.1.1(iv-1) are
satisfied (for some | = 1,2). Then, Diax(A) is contained in CZ(RYN), for any
0 € (0,1], if L =1, and, for any 0 € (0,2), if | = 2. Moreover, for any w > 0
and any 6 € (0,1), and also for 0 =1 if | = 1, there exists a positive constant
C =C(0,w) such that

1—-2 8
lulcsny < Cllullos * [(w = Aufd, w € Dmax(A). (6.2.6)

Finally, let the previous assumptions be satisfied with | = 3. Then, for any
f € CHRN) (0 € (0,1)) and any X > 0, there exist a unique solution u €
CEW(RN) of the elliptic equation Au — Au = f and a positive constant C' =
C(6,\) such that

ful oo ey < Clflegamy (6:2.7

Proof. To prove the first part we assume that | = 3, the other case being
completely similar and even simpler. Let u € Dpax(A) be a nonidentically
vanishing function and fix w > 0. For any A\ > w, set ¢ = Au — Au. Then,

+oo
u(z) = /0 e M(T(t)e)(z)dt, zeRY,

so that, according to Lemma 6.2.1 and the estimate (6.1.33), f € C¢(R")
and, if § # 1, then

I'1-6/2
lulegam < O3 orita ¥l
_ o T=0/2)

<O oyar (A= @)lule + 1w = Aul), - (6:28)

for some positive constant C, independent of A, where I' denotes the Gamma
function. Taking the minimum for A > w in (6.2.8), the estimate (6.2.6) fol-
lows.

Now, we prove that for any f € C¢(RY) (6 € (0,1)) and any A > 0, there
exists a (unique) solution u € ng (RY) of the equation (6.2.1). So we assume
that Hypothesis 6.1.1(iv-3) is satisfied. By virtue of Theorem 4.1.5, to prove
the assertion, it suffices to show that the function v = R(A)f has the claimed
regularity properties.

We set

+oo
u(z) = /o e M(T(t)e)(z)dt, zeRY,
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and prove that, for any a € («, 1),
u € (C5(RN), CF(RM)1- (a—0) /2,400

This is enough for our aims. Indeed, by a well known result in interpolation
theory (see Theorem A.4.8) it holds that

(CRN), CE (RN ))1_(a—0) /2,400 = CETP(RY).

In order to show that u € (C’f‘(RN),C§+O‘(RN))1,(Q,9)/2,+OO, we apply
the same arguments as in [105]. For this purpose, we split, for any £ > 0,
u = a¢ + be, where

3 +o0
ag(x) = /0 e_)‘t(T(t)f)(:E)dt, be(x) = /g e_)‘t(T(t)f)(:E)dt,

for any z € RY. From Lemma 6.2.1 and the estimate (6.1.33), where we take
w = \/2, we deduce that

¢ a—6 _a=6
laelog vy < Cllflos s, / 5 = O fop .

+oo _1_a=f 19— =0
||b£||c§+“(RN) < Clfles@m) c 3 7dt = C"T 2| flloo @y

for some positive constants C, C’, C”, independent of £. Hence,

1y a=f
g (HGSHC,?(RN) + §||b£||c§+a(RN)> < Ol fles@yy + C7 I flco @y
for any £ > 0. This implies that (see Definition A.4.1)

14 a=f
sup €T K (& u) < (C'+ O el op ey
§€(0,1)

implying that u € (C¢(RYN), C§+Q(RN))1,(Q,9)/27OO and, consequently, that
(6.2.7) holds true. [ |

Remark 6.2.3 Actually, the results in Chapter 7 will show that, in some
situations, (6.1.11) and, consequently, (6.1.33) hold with an exponential term
of negative type (see Remark 7.2.4). In such a situation, the same arguments
as in the proof of Theorem 6.2.2 show that we can take w = 0 in (6.2.6).

As far as the Cauchy problem (6.2.2) is concerned, we can prove two results
which provide us a (unique) solution u to such a problem and give sharp
estimates for its space derivatives. As in the classical case, we give the following
definition.
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Definition 6.2.4 The function u : [0, +00) x RY — R given by
¢
u(t,x) = (T(t)uo)(m)Jr/ (T'(t—s)g(s,-))(x)ds, t>0, € RN, (6.2.9)
0

is called mild solution to the problem (6.2.2).

Throughout the rest of this section we always assume that Hypotheses 6.1.1(1)—
6.1.1(iii) and 6.1.1(iv-3) are satisfied.

Proposition 6.2.5 Fiz «,0 € (0,1), 8 < 8 < 2+ 0. Moreover, let ug €
Cy(RN) and let g be a continuous function in (0,T] x RN such that g(t,-) €
CP(RN) for any t € (0,T] and

sup t%||g(t, ')”cf(RN) < +00.
0<t<T

Then, the function u defined in (6.2.9) belongs to C ([0, T)x RN)NCH2((0,T] x
RN). Moreover, u is the unique bounded classical solution to the problem
(6.2.2). Finally, u(t,") € COMRN) for any t € (0,T] and there exists a
positive constant C' > 0, independent of u, such that

6
lult, Moo + 2 ult, ) gzro@ny < C (IIUOlloo + sup t¥|g(t, -)Ilcg(RN)) ,
0<t<T

for any t € [0,T).

Proof. The uniqueness of the bounded classical solution to the problem
(6.2.9) is a straightforward consequence of Hypothesis 6.1.1(ii) and Theorem
4.1.3. So, let us prove that the function v in (6.2.9) is actually a bounded
classical solution to the problem (6.2.2).

Throughout the proof, we denote by C positive constants, independent, of
s and t, which may vary from line to line.

To begin with, we will deal with the function defined by the integral term
in (6.2.9). We will denote it by wv.

As a first step, we show that v is well defined and it is continuous in [0, T] x
R¥. For this purpose, we observe that the function (r, s, z) — (T'(r)g(s,-))(x)
is continuous in [0, 7] x (0, T] x R¥. To see it, it suffices to observe that, for any
s € [0,T], the function (r,z) — (T(r)g(s,-))(z) is continuous in [0,7] x RY,
and, by virtue of Proposition 2.2.9, for any r € [0,7] and any z € RY, the
function s — (T'(r)g(s,-))(x) is continuous in [0, T], uniformly with respect
to r and 2 on compact subsets of RV. Moreover,

IT(r)(g(s, ))(@)] < ]g(s,)]oe < Cs™7, s€(0,T], zeRY

for some C' > 0. This is enough to conclude that v is continuous in [0, 7] x RV,
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Let us now prove that v(t,-) € C2T(RN) for any t € (0,T]. By the estimate
(6.1.33) we have

—0

1—B=¢6
|17t — S)HL(CE?(RN),ch(RN)) <Clt—s)~ 7,
for any 0 < s <t < T'. Therefore,

C
|17t - 3)9(3)||c§+9(RN) < st — 5)1=(6=0)/2 oiltlET t*]g(t, ')”cf(lRN)'

Since s + (s*(t — s)'=(#=)/2)=1 is in L(0,t), by Lemma 6.2.1, we have
v(t,-) € CFORN) for any ¢ € (0,7, and

t 1 .
[v(t, ')||c§+9(RN) <cC (/0 so(t — s)l-(B-0)/2 ds) Oiltlth lg(t. ')”cf(RN)
- o
=C't7 "% sup t lg(t, M oe oy (6.2.10)
0<t<T b

Therefore, the function ¢ — v(t, -) is bounded in [e, T] with values in C?+9(K)
for any compact set K C RY and any ¢ € (0,7). Since v is continuous, then
it belongs to C([0,T]; C(K)). By Propositions A.4.4 and A.4.6(i), the map v
belongs to C([e, T x C*(K)). Therefore, the first- and second-order derivatives
of v are continuous in [¢,7] x K and, hence, in (0,7] x RV,

Let us now consider the regularity of v with respect to t. For this purpose
we observe that, for any t > 0, any € R and any h > 0, sufficiently close
to 0, one has

: 2) — olt o t+h
(t+h, ;)L (t,z) %/t (T(t+h—s)g(s,))(z)ds

+% /0 (T(t+h—s)=T(t—s))g(s,")(x)ds.
(6.2.11)

As it is easily seen, the first integral term in the right-hand side of (6.2.11)
tends to g(t,x) as h tends to 07. As far as the second term is concerned, we
observe that, taking Theorem 2.2.1 into account, we can show that, for any
s € (0,7) and any x € RY the function t — (T'(t—s)g(s, -))(z) is continuously
differentiable in (s,T’] and

Dy(T(t = 5)g(s,-))(x) = (AT (t = 5)g(s,-))(x)-

Therefore,

h
(Tt +h =) =T(t = s))g(s,))(x) = /O (DT (t = s +71)g(s,-))(x)dr

= /0 (AT(t — s +1)9(s,))(x)dr.
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Now, using (6.1.33), we can show that

C .
(AT (t+7 = 5)g(s,)) (@) < —(t+7— 5™ sup 129t ) o my.
s 0<t<T b

C (B
< 2 (t— mln(i—l,O) o t. -
< o(t—s) LS, lg (e @y

for any t € (s,T], any « € B(n), any r € (0,h) and some positive constant
C =C(n,T). Hence,

(Tt +h—s) =T(t = s))g(s,-) (@)l

min( 2 —
(t =GO sup g(t Mgy, (6212)
0<t<T b

for any s, t, h as above. From (6.2.12) and the dominated convergence theorem,
we obtain that the second term in the right-hand side of (6.2.11) tends to
Av(t,x) as h tends to 0T, for any ¢ > 0 and any = € RY. Therefore, v(-, ) is
differentiable from the right in (0,7) for any € R, and

Dy olt, ) = / (AT(t - $)g(s,))(@)ds + g(t,2),  te (0.T) x RN,

Let us now prove that

|zt - sgts N@is =4 [ @ sgs N@is (6213
0 0

for any t € (0,7] and any € R™. This will imply that Dot = Av + g.
But, since we have already shown that the functions D7v (Jy| = 1,2) are
continuous in (0,7] x RY, it follows that Av is continuous in (0,7] x RY
as well. Therefore, Dyv exists in (0,7] x RY and it is therein continuous.
Hence, v is differentiable with respect to the time variable in (0, 7] x RY and
D= Av+g.

We begin by proving (6.2.13). For this purpose, we observe that the function
s+— DY(T(t— s)g(s, ))|K belongs to C((0,T); C(K)) N L*((0,T); C(K)) for

any compact set K C RY any multi-index v with |y| = 1,2 and any ¢ € (0, T].
Since the realization of the derivative DY in C(K) is a closed operator, it
follows that

D / (T(t - )g(s, ) (x)ds = / (DIT(t — )g(s. ) (x)ds,

for any t € (0,7] and any = € K. Hence, the formula (6.2.13) immediately
follows.

To conclude the proof, let us deal with the function T'(-)ug. According to
Theorem 2.2.1 we already know that such a function belongs to C'+2((0, +00) x
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RM) N Cy([0, +00) x RY) and DT (t)ug = AT (t)ug for any t € (0, +00). We
now observe that, by virtue of (6.1.33), the function ¢ ~— t'+0/2T(t)u, is
bounded with values in CZT?(RY). Hence, the function

u(t,z) = (T (t)uo)(z) + v(t, z), te[0,T], z € RN,

belongs to CH2((0,T] x RY), it satisfies (6.2.2), and

A
sup 152 lu(t, )| pz+o gy < C (IIUolloo + sup tallg(tw)llcg(w)> -
0<t<T 0<t<T

If, in addition, g is bounded with values in C’b2+9 (RN), then v(t, ) is bounded
up to t = 0 with values in CZT(RY) since, by (6.1.33),

_148=9
”T(t)||L(C5(RN);C§+9(]RN)) S C(t — 5) 1+5 R

and the right-hand side of the previous inequality defines a function in L!(s, t).
Taking once more advantage of (6.1.33), we obtain that also the function
t — T'(t)uo is bounded with values in C’b2+9 (RY). Then, arguing as above, we

easily see that u € C12([0,T] x RY). [

Proposition 6.2.6 Let T > 0, 0 € (0,1) and let g : [0,T] x RY — R be a
bounded and continuous function such that g(t,-) € CJ(RYN) for any t and

sup ||g(t, ')Hcg(RN) < +00.
t€[0,T

Moreover, let ug € CEY(RN). Then, the function u in (6.2.9) is the unique
strict solution to the problem (6.2.2) (i.e., Dyu, Dyu, Dyyu € Cp([0,T] x RY)
and u solves (6.2.2)). Moreover, there exists a positive constant C = Cp such
that

sup [ult, oo, < € Tualegromn) + s ot egian) )- (6210
te[0,T] b b t€[0,T]

Proof. From Proposition 6.2.5, we know that, under our assumptions, the
function u defined by (6.2.9) is the unique classical solution to the problem
(6.2.2) belonging to C1:2([0, 7] x RY). For notational convenience, throughout
the rest of the proof, we denote by v the function defined by the integral term
in (6.2.9), so that we can write u(t,-) = T(t)uop + v(t,-) for any ¢ € [0,T].

Let us prove that « is bounded with values in Cg*G(RN ) and it satisfies
(6.2.14). For this purpose, we begin by observing that, due to (6.1.33), we
already know that T'(t)ug € CZ?(RYN) for any t > 0 and

7Ol ez ey < Cilluolozrogam) (62.15)
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for some positive constant C7 and any ¢ € [0,7]. To show that v is bounded
with values in C§+9 (R™) we adapt the techniques used in the proof of Theorem
6.2.2, namely, we show that, for any ¢ € [0, 7] and any « € (6,1),

U(t, ) € (CZZX(RN%CEJFQ(RN))I—(CM—O)/Q,OO?

recalling that (Cg(RY), C§+“(RN))1,(Q,9)/27+OO = Cf‘“g(RN) with equiva-
lence of the corresponding norms (see Theorem A.4.8). For this purpose, we
split v(t,-) = ae(t,-) + be(t, -), where, for any £ € (0, 1), we set

/t (T(t - $)g(s, ) (@)ds, €<,

aﬁ(tam) - ;&
/O (T'(t—s)g(s,-))(x)ds, if &>t

t—¢
bee(z) = /0 (T(t — s)g(s, ) (x)ds, if & <t,

0; lf£>t

for any z € RY. Taking Lemma 6.2.1 and the estimate (6.1.33) into account,
we easily deduce that, for any a € (0,1) and any ¢ € [0, T, ag(t,-) € C&(RY)
and be(t,-) € CZT(RY). Moreover,

t
_a=6
lag(t, )lco@yy < C2 sup / (t—s)~ "7 ds,
0<s<t Jmax(t—¢,0)

_a=6
< 38777 sup lg(s, Mo @)
0<s<t

and
max(t—&,0) .
—1—a—C
b (¢, ')||c§+a(RN) <y Oiligt/o (t—s) T (s,
_a=6
< G sup Lg(s, Mg en,
0<s<t
for some positive constants Co, ..., Cs, independent of €, so that

_14a=6 14 o= a=6
T K () €T ag(t op@yy + €7 Ibe(t )lop ey

< (Cy+C5) sup ”g(sa')”C{j(RN)?
0<s<T

for any ¢ € (0, 1), implying that v(t,-) € (C&(RY), C§+O‘(RN))17(Q79)/2700 for
any ¢ € (0,7) and that

sup_[v(t, ) g2+o gry < Co sup [g(t, ) ooz, (6.2.16)
0<t<T b 0<t<T
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for some positive constant Cs. Summing up, we have proved that u(t,-) €
CZHP(RN) for any t € [0,T]. Moreover, combining (6.2.15) and (6.2.16), the
estimate (6.2.14) now follows. [



Chapter 7

Pointwise estimates for the
derivatives of T(t)f

7.0 Introduction

This chapter is devoted to prove some pointwise estimates for the first-,
second- and third-order derivatives of T'(t) f, when f € CF(RY) (k =0, 1,2, 3).
Under the same assumptions on the coefficients as in Chapter 6, we prove that,
for any k =1,2,3 and any p € (1, +00), there exists a constant My, , > 0 such
that

=0 =0

k 5 k g
(ZIDiT(t)f)(:v)F) SMk,p<T(t) <Z|Dif|2)> )(:v), (7.0.1)

for any ¢ > 0, any z € RY and any f € CF(R"). Under somewhat heavier
assumptions, we show that

k k g
(ZIDiT(t)f)(fv)F) SMk,pe”‘“Pt<T(t) <Z|Dif|2)> )(fv), (7.0.2)

for any ¢ > 0 and any z € RY, where Mk,p and oy, are, respectively, a
positive and a negative constant.
The estimates (7.0.1) and (7.0.2) are then used to prove the sharper estimate

P
2

~ max{1,5}
Ok, min{p,2
(DT @) < (—“ ) sak,m{p,g}m)

1-— efgk,min{p,g}t
< (TOWFP +. D) @), (7.03)

holding for any (¢,7) € (0,+00) x RV, any f € C’f‘l(RN) and any p > 1,
where 0y, is a real constant and ¢, € C([0,+00)) is a suitable function
which behaves as t'~"/2 near 0 and it is such that the term in the first brackets
in the right-hand side of (7.0.3) stays bounded at infinity, or it decreases to
0 exponentially. Taking the semigroup property into account, from (7.0.3) we
get

ewk,pt

(DT (1) f) ()P < Crw iz TOUF)) (@), >0, 2 € RY,  (7.04)

123
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for any f € Cp(RY), any p > 1 and some constants C,p > 0, blowing up as p
tends to 1, and wy, € R.

In the particular case when g;;(x) = d;;, i.e., when A = A+ > b;(z)D
we prove the estimate (7.0.1) also for p = 1. Such pointwise estimates are
typical for transition semigroups of Markov processes, and they have been
already studied for the first-order derivatives (k = 1); see [11, 13, 15]. Here,
we present the results of [18].

On the contrary, the estimate (7.0.4) cannot be extended, in general, to
the case when p = 1. Counterexamples are easily obtained in the simple case
A = A (see Example 7.3.3).

In the case when w, < 0, the estimate (7.0.4) with k& = 1 allows us to
obtain a Liouville type theorem, namely, in such a situation we can show that
if Au = 0, then u is constant. If w; , > 0, in general, such a result fails.
Counterexamples are given in [128] also in the one-dimensional case.

Sometimes in what follows, when there is no damage of confusion, we write
u instead of T'(*) f .

7.1 The first type of pointwise gradient estimates

We begin by proving the following lemma which will be essential to prove the
first type of pointwise estimates.

Proposition 7.1.1 Let k € {1,2,3} and let Hypotheses 6.1.1(i)—6.1.1(4i7)
and 6.1.1(iv-k) be satisfied. Then, for any f € CF(RN), the function (t,z) —
(D*T(t)f)(x) is continuous in [0, +oc0) x RY.

Proof. Fix f € CF(RYN) and set u = T(-) f. The regularity of u for ¢ > 0 is
a classical result, recalled in Theorem C.1.4. Thus we have only to prove the
regularity at ¢ = 0. We will do it using a localization argument.

Fix 2o € RY and let Q be a smooth bounded neighborhood of 5. Moreover,
let ¥ € C°(02) be such that ¥ =1 in a smaller neighborhood Qg C Q of xy.
Set v(t, ) = Y(x)u(t,z) for any ¢t > 0 and any x € Q. Then, the function v
satisfies the equation Dyv — Av = % in (0, +00) x ), where

U(t, @) = —u(t, ) Ad(x —22%] )Diu(t, z)D;d(x),

7,j=1

for any ¢t > 0 and any z € Q, and the boundary condition v(¢, ) = 0 for any
t > 0 and any x € 0f). Moreover, it is readily seen that there exists a constant
C > 0 such that

CO 16

[t o < Clult, @ <€ BV 1floe, € (0,71,
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where we have used the estimate (6.0.1) with (k,7) = (0,1). In particular the
function ¢ — [4(t, )|« belongs to L*(0,T) for any T' > 0, and, therefore, we
can write

olt, ) = (Ta(H)(0F))(x) + / (Talt — s)0(s, ) ()ds,  t>0, z€,

where {T(t)} is the semigroup associated with the realization of the operator
A with homogeneous Dirichlet boundary condition in C(Q). Now, let k =

2,3 and f € CF(RY); using the classical gradient estimates for {Tq(t)} (see
Proposition C.3.2) and the estimate (6.0.1), we get

| D To(t — s)u (s, )Iloo_\/—llw( s Mew—1@

= C\/—”U(Sa ')”ck(ﬁ)
\/—Ilfllcmw)’

for any 0 < s < t < T, where C,Cr > 0 are constants. This means that the
function s + | D¥Tq(t — 5)1(s, )| e belongs to L(0,t) for any ¢ € (0,7T) and,
therefore, we can write

|DFu(t, ) — (D*Ta(t)(9f))(2)] = /(DkTﬂ(t*S)l/f(Sw))(I)dS

0

t
1
< CCiC: T myd
< CCkk T/O \/m”f”Cf(R )48
= 2CCwCrt| fllep @y,

for any t € (0,7] and any z € . This implies that the function D*v is
continuous in [0,7] x Qy since, by virtue of Lemma 6.1.6, D*(Tq(t)(9f))
tends to D¥(9f) uniformly in Qs := {z € Q : dist(z, 0Q) > §}, for any § > 0,
as t tends to 0. Since v = w in a neighborhood of zg, it follows that D*u is
continuous at (0, zg). [ |

Now, we can prove the following theorem.

Theorem 7.1.2 Fiz k € {1,2,3} and let Hypotheses 6.1.1(i)-6.1.1(4i7) and
6.1.1(iv-k) be satisfied. Then, for any f € CF(RN) and any p € (1,400), there
exists a positive constant My, , such that

k ] k z
<ZI(DjT<t)f)<:c>l2> SMk,p<T(t)<Z|Djf|2> )(x), (7.1.1)

for any t > 0 and any v € RV,
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Proof. We begin with the case when k = 3 and p € (1, 2]. For any § > 0 we
introduce the function w; : [0, +00) x RY — R defined by

ws = (aluf? + B|Duf? + 7| D2uf? + |D3ul? + 6) % , (7.1.2)

where «, 3,7 are positive constants to be fixed later on, and v = T(-)f. By
Theorems 2.2.1, C.1.4(ii) and Proposition 7.1.1, ws € Cy([0, +00) x RY) N
CH2((0, +00) x RY) and a straightforward computation shows that ws solves
the Cauchy problem

thé(t;') = Aw&(ta')+g5(ta')a t>0,
X (7.1.3)
ws(0,+) = (alf[> + BIDSI? +~|D2f? + D3 f* +0) 2,
where
21
95 =p (afuf* + BDuf* + 7| D*ul* + |DPul + 6)*
N N
X ( -« Z qijDiuDju — ﬁ Z qijDihuDjhu
4,J=1 i,5,h=1
N N
-7 Z Qi DinkuDjnru — Z Qi DinriuDjnriu
iyjshi k=1 iyl =1
N N
+8 Y DugyyDpuDiu+2y Y DagiDhguDijru
iyjh=1 irjoho k=1
N N
+3 Z Dpqij DpriuDijriu + 8 Z DpbjDjuDpu
iyl =1 jh=1
N N
+2y > DpbiDjuDpgu+3 Y Dypb;DjuDpgu
7,h,k=1 7,h,k, =1
N N
+7 Y. DukgyDijuDpru+3 Y DugijDijiuDpgiu
iyjshi k=1 iyjshoe =1
N N
+ 5 Z Dpib;DjuDpiu + 3 Z Db DjiuDpriu
7,h,k=1 7,h,k, =1

N N
+ E Dhriqij DijuDpu + E Dpiid; Djuthzu>
idi k=1 oo i=1
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+p(2 - p) (aful® + B Dul* + v|D?uf> + |D3ul? + §)*

N N N
X Y g <OéuDiu +8Y  DpuDipu+7 Y DnguDipgu

ij=1

h=1 k=1
N
+ > thlUDihklU>
h,k,l=1
<auD u+6ZDhuD]hu+'y Z DpruDjniu
h=1 hok=1
+ Z thlUDjhklU>~
hok,l=1

Now, let h,k € {0,1,2,3} be fixed. Applying the Cauchy-Schwarz inequality

twice (first to the inner product (£,7n) — (Q(z)&,n) and then to the Euclidean
one) we deduce that

N
> a4 Y D*uD;D*u Y D°uD;D"u
j=1 |al=h 181=k

N
— Z Z D*uD"y Z qijDiD“uD; D"y

lal=h |8]=k ij=1

1
N 2
< Z |D“u|< Z qijDiDO‘uDjDau>

lal=h ij=1

N|=

N
x Y |D5u|< > qijDiDBuDjDﬁu>

|B|=Fk i,5=1

=

|a|=ht,j=1

N
< |Dhu||Dku|< S>> qijDiDauDjDau>

1B|=k i,j=1

N 3
><< Sy qijDiDﬁuDjDﬁu> : (7.1.4)
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This estimate can be used in order to get

N N N
Z qij (O‘UDiu + 0 Z DpuDipu—+-y Z DpruDipru

i,j=1 h=1 k=1
N
+ Z thlUDihklu>
hk,l=1
N N
X <auDju + 0 Z DpuDjpu + v Z DpruDjpiu
h=1 k=1
+ Z thlUDjhklU>
hk,l=1
1 1
N 3 N 3
< la|u|< Z qijDiuDju> +B|Du|< Z qijDihuDjhu>
i=1 i,5,h=1 (7.1.5)
1
N 3
+7|D2u|< Z QijDihkUDjhku>
i,j,h,k=1
N 372
+|D3u|< Z QijDihklUDjhklu> 1
0,4,k k=1
< (aful® + B|Duf? +v|D*uf* 4+ | D*ul?)

N N
X <a Z qijDiuDju—i—ﬁ Z qijDihuDjhu

ij=1 i,j,h=1

N N
+7v E Qi DinruDjppu + E G DintuDjpriu |
i k=1 i bk l=1

Taking (7.1.5) into account, it is immediate to check that

N N
gs < p{(l -p) (04 Z gijDiuDju + 3 Z QijDihUDjhu>

i,j=1 i,j,h=1

N N
+(1—p)<’7 > @iDisuDjpru+ Y QijDihklUDjhklU>

ij,h k=1 igh k=1
N N
+5 E DngijDruDyju + 2 E Dngij DnruDijru
i,5,h=1 i,5,h, k=1
N N

+3 Z Dnqij DpgiuDijriuv + 8 Z Dpb;DjuDpu
i,9,h,k,1=1 j.h=1
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N N
+2v Z DpbiDjruDpiu + 3 Z DpbiDjriuDpgiu
7,h,k=1 7,h,k, =1
N N
+ Z DhrqijDijuDpru + 3 Z Dhrqij DijiuDpgu
i,5,h,k=1 i,5,h,k,[=1
N N
+7 Z Db DjuDpgu + 3 Z Dpib;DjjuDpriu
b k=1 G kd=1
N N
+ Z Dhriqij DijuDpu + Z thzbijuthzu}
i ok =1 Gk =1

x (aful* + 8| Dul® + 4| D?ul® + | D3ul” + )7 ",
Hence, using Hypotheses 6.1.1(i) and 6.1.1(iv-3), we get, for any &,e1 > 0,

N2 N3 N2
95 <p3 ( (1 —plak+CB—rk+ Bd+r— +ry— ) |Dul?
451 452 453

N2 3
+ (1 —p+CeN)Bk+ [ Cy=— + O— + 7K1 | £+ 2dy
261 451

3N
+rN (ves + — | | |D*uf?
' (753 452” D% (7.1.6)

N2
+|:<(1 *p+2C€1N)’}/+C?:LT +€1CN2 +3K1>I€
1

+3d + 47“52N] |D3u|? + (1 — p+3Ce N) /@|D4u|2}

22

x (alul® + B|Dul? 4+ v|D?ul? + | D3u|? + §)

Now, we choose 1 = (p—1)/(3CN) to make the coefficient of | D*u|? vanish,
€2 = 3Ly/(4N) and €3 = v~ 1, where Ly is defined in Hypothesis 6.1.1(iv-3).
Moreover, we choose (3 and v satisfying

N4 N2"}/2
—+
3Lo 4

N2
N <1 + —> < 2L57.
Lo

With this choice of § and v, from (7.1.6) we get

§ L26;

2773

9s Sp{<(1p)aﬁ+f(

Tl)ﬂn + B(d + LQT)) | Dul?

22 3C2N3
+[< 2 pﬂ+4(p_1)(2v+N)+vK1)n+2v(d+L2r) | D?ul?
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+[<1p 9C2N3  (p—1)N

3K
3 ’y+4(p_1) 3 + 1>Ii

+3(d + LQT)} |D3u|2}

21

x (a|u* + B|Dul* + v|D?*ul?* + |D3ul? + 6)

3C?N3
Sp{<(1p)a+ 1 1)ﬂ+ﬂL3) k| Dul? (7.1.7)
2—-2p, 3C*N? o 1o
+< 3 ﬂ+4(p_1)(2’y+N)+’yK1+2’yL3> k|Dul
1—-p  9C2N®  (p—1)N 5 1
+< 3 7+4(p—1) 3 + 3(K1 + L3) | k| D ul

1

x (alul? + B|Dul?* + v|D?u|? 4+ | D3ul? + 6)

Hence, up to taking larger # and v and fixing « suitably large, we can make
the right-hand side of (7.1.7) nonpositive in (0, +00) x RY. The maximum
principle in Theorem 4.1.3 now implies that

ws <T() (alf|* + BIDfI* +~|D*fI* + |D* fI* + 6)

in (0,+00) x RN, for any § > 0. Taking the limit as J tends to 0, from
Proposition 2.2.9 we get

[NIS]

(alu(t, z)|* + Bl Du(t, z)[* + y| D?u(t,z)|* + | D3u(t, z)[?)
< (T() (alf* + BIDfI> + 4D f* + |D?f?)) (2),

for any t > 0 and any x € R™. Then (7.1.1) follows.
Finally we consider the case when p > 2. Since

P
2

3
DT f) (@)
§=0

< (M (T(t) (12 + |DFI? + D2 + | D*£2)) () ¥ |

we get (7.1.1) observing that, since T'(t)1) is given by (2.2.8) and the measures
p(t,z;dy) in (2.2.9) are probability measures for any ¢t > 0 and any € RY
(since ¢ = 0), then the Jensen inequality implies that

(T(t)Y)P/? < T(t)(yP/?),

for any ¢ > 0 and any nonnegative 1) € Cy(RY).
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To get (7.1.1) in the case when p € (1,2) and k = 1,2, one can apply the
previous arguments to the function

ws = (a|T()f? + DT F2 +6)%,  6>0,
if K =1 and to the function
ws = (a|T()f12 + BIDT() > + |D*T() 12 +6) % ,

for any 6 > 0, if K = 2, where o and [ are positive constants to be properly
fixed. Actually one gets

k 5 k 5
<ZI(DjT(t)f)(x)l2+6> SMk,p<T(t)<Z|Djf|2+5> )(:c), (7.1.8)
j=0

=0

for any t > 0, any € RY and k =1, 2.
In the case when p > 2 (7.1.1) then follows from the case p = 2, applying
the Jensen inequality. This finishes the proof. [ |

We now show that under more restrictive assumptions on the coeflficients
of the operator A we can improve the estimates in Theorem 7.1.2.

Hypotheses 7.1.3 (i) Hypotheses 6.1.1(i)—6.1.1(iii) are satisfied.

Moreover, we always assume that one of the following hypotheses holds true:

(ii-1) ¢s5,b; € Cllot‘s(RN) for some § € (0,1) and any ¢,j = 1,..., N, and there
exist o € (0,1) and a constant C > 0 such that |D?g;;(x)| < C(k(z))?
for any 2 € RV, any |8| = 1 and any 4,7 = 1,..., N. Moreover, there
exist two constants L > 0, pg € (1,2] and a function d : RN — R such

that N
Y Dibj(@)6i&; < d@)le]’, @& €RY (7.1.9)
ij=1
and 2N
N
0> Ci(pg) := sup (7_(7H0+d); 7.1.10

(ii-2) ¢ij,b; € CIQ(I‘S(RN) for some 0 € (0,1) and any 4,5 = 1,..., N, and there
exist o € (0,1), a constant C' > 0 and a positive function r : RN — R
such that |D2b;(z)| < r(x) and |DPq;;(x)| < C(k(x))? for any x € RV,
any |f| = 1,2 and any i, 7 = 1,..., N. Moreover, the condition (7.1.9) is
satisfied and there exist two constants L > 0 and po € (1, 2] such that

>C ( ) ( L)‘—i——c ° o—1 U) ( )
0 p = Sup d+ K K . 7.1.11
= L2(Po p ]( 1) 0
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Finally, there exists a constant K7 € R such that

N N
Z Dhrgij(x)migmpy < Kq(k(z))” Z Mg
i,3,h, k=1 h,k=1

for any symmetric matrix M = (mpx)Y,_, and any z € RY;

(ii-3) ¢i5,b; € CIB(I‘S(RN) for some ¢ € (0,1) and any 4,5 = 1,..., N; Hypoth-

esis 7.1.3(ii-2) holds true. Moreover, | D?b;(x)| < r(x) and |DPq;;(z)| <
C(k(z))? for any 4,57 =1,..., N, any |3| = 3 and any = € RV.

Remark 7.1.4 Hypotheses 7.1.3(ii-k) (k = 1,2,3) allow us to consider the
case when the coefficients are of polynomial type.

We are now able to improve the result in Theorem 7.1.2.

Theorem 7.1.5 Let k = 1,2,3 and let Hypotheses 7.1.3(i), 7.1.3(ii-k) be sat-
isfied. Then, there exists a positive constant My, , such that

k 5 k 5
(ZI(DiT(t)f)(x)F) SMk,pe“’kvpt<T(t)<Z|Djf|2> )(z), (7.1.12)

J=1

for anyt > 0, any x € RN, any f € CFRY) and any p € (po, +0), where
w1,p = pCi(p), with C1(p) being defined as in (7.1.10) with p instead of po,
and wip (k= 2,3) is any real number greater than pr§Ca(p), where Ca(p) is
defined according to (7.1.11) with p instead of po. In particular, fork =1,2,3,
we can take wyp < 0.

Proof. The proof is close to that of Theorem 7.1.2. Hence, we just point out
the main differences. To get (7.1.12), in the case when p € (po, 2] and k = 3,
one has to deal with the function ws defined in (7.1.2) with a = 0 and 3, v to
be determined. As it is immediately seen, the function ws so defined solves the
Cauchy problem (7.1.3) with gs satisfying (7.1.6) (with a = 0 everywhere).

Taking Hypothesis 7.1.3(ii-3) into account and using the same techniques
as in the proof of Theorem 7.1.2 to estimate the right-hand side of (7.1.6), we
get

2 4eq

N2 N2
gs §p{ ((Czlﬁg +d) ﬁ—i—?’—(N-l—VQ)) |Du|2

+ [ (1 = p)ry ™7 + CeaN) B+ | C N—2+CE+K Ko
P)%o 2 7253 463 Y

3N
+2dy+rN (51 + —)] |D?u?
461
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3N?2
+ ((1 — p)/@é*" + 2053N) vk + (C? +e3CN? + 3K1)I€0
3

+3d + 4re1 N

|D3ul? + ((1 — p)kg " +3Ce3N) & |D4u|2}

x (8| Dul? + | D?uf? + |D3uf2 +5) ¥
(7.1.13)
Due to the estimate (7.1.11), we can find out s; € (0,1) such that

d(z) + Lr(z) C2N3 .
< k@) Ap—DI—s) " ) (7.1.14)

0> Ca(p,s1) = sup
rERN

We now choose

l—0o l1—0o
K K
e =(p =11 =s1) 5 es == 35y

and 7 in order to minimize the function g : (0, +00) — R defined by glx) =
N max{4x/3, (42> + 3N)/(8yx)}. We obtain e; = 3v/N/(2\/87 —3), if v >
3/8. With these choices of £1, €5 and e3, we get

C?N3 8y —3)N3
9gs Sp{ﬂ (mﬁg "W+ d+r %(NJ#VQ)) | Dul?

3C2N?3
+ |s1(1 fp)/iclf"ﬂ/i“ + <(2’y +N)——g— + Kry) K’

4(p — 1)Kg

2N%
v d+ ——— D2y?
+ ’7( + —87—3T>]| ul
9C2 N3
p— 1)Ky~

ON: ,
DS 2
3<d+7_87_37«>]| y }

x (8| Dul? + | D2uf? + |D3uf2 +5)% .
Now we choose (3,7 > 0 such that
(8y —3)N?
66
N3

A = ——L <0
2(7) —87 3 >~ U,
2N3

. C
Cs5(8,7,p) = s1(1 —p)rg B+ (4y + 3N)————— + K17 < 0,
4(p — 1)”0

1

+ 5(1 —p)kg TR + (4(

1
~ + g(p— )Nk~ —|—3K1) K

A1 (B,7) = (N++%)—L<0,

1 3C2N3 1
C = (1 —p)kE Oy ——— 4 =
a(v,p) = 3L =p)rg "y + 20— TRl +3

(p—1)Nry ™7 +3K; <O0.
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and we get

g5(t,x) <ws,y (6|Du|2 + 'y|D2u|2 + |D3u|2)

1

x (B|Dul® + v|D?ul?* 4+ |D*u|* + )
< wy pw(t, ) — ws p0%, (7.1.15)

for any t > 0 and any = € RY, where

— [ 3
wap=prg oo jof o max{Ca(p), Cs(8,7,p)/7, Calv, )}
C3(8,7,p), C4(v,p)<0, j=2,3

Note that the previous infimum is Cy(p). Of course, ws, > Ca(p). Hence, we
just need to show that w3, < Cy(p). For this purpose, we observe that, since
limy—, 4o Ca(7,p) = —o0, we can determine 7y such that C3(yo,p) < Ca(p).
Similarly, since limg_, o0 C3(03,70,p) = —00, we can determine Gy > 0 such
that C3(8o,70,p)/70 < Ca2(p). Of course, without loss of generality we can
assume that vo > 3/8 and max{A1(8o,70), A2(70) < 0}. Therefore, ws, <
Cs(p). So, let us fix 5,7 > 1 such that ws , = pr§Ca(p).
Now, from (7.1.15) we easily deduce that

Dyws(t, z) < Aws(t, z) + ws pws(t, ) — w37p5§.
Set now z5 = e~ “srt (ws — 5p/2) and observe that zs satisfies

thzi(ta ) < Azﬁ(ta ')7 t>0,
(7.1.16)

P
2

25(0,) < (BIDfP? +~ID*f? + [D3 f? + 6)
The maximum principle in Theorem 4.1.3 implies that
25(t,2) < (T(0) (BIDSP +4ID2 2 + 1D P +6)% ) (@), ¢>0, 2R,
for any 6 > 0. Taking the limit as § tends to 0, from Proposition 2.2.9 we get
(B1Dult, x)]* +~|D?u(t, )]* + | DPu(t, x)|?)
< eoot (T() (BIDSIP +4ID P +|D*f12) ) (8),  t>0, zeRY,
and (7.1.12) follows with M37p = max{3P/2,yP/2}.
Next, to get (7.1.12) in the case when p > 2, it suffices to repeat the same
arguments as in the proof of Theorem 7.1.2.

To get (7.1.1) in the case when p € (1,2) and k = 2, one can apply the
above arguments to the function

P
2

ws = (BIDT()fI* + |D*T()f* +6)*, 6>0,
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if K = 2, where § is a positive constant to be determined. From (7.1.13),
where we disregard the terms whose coefficients do not depend on 3,7, we
take v = 1, &, = 2L/N, e3 = (p — 1)y 7/(20N) and we make the same
choices of €5 as above; we get
C?N3 1 N3 )
5 < — k'R +d+ —=7 | |Dul?
o5 <25 (== saL”) 1P

C2N3
+ (81(1 7]7)[3/1(1)_0 -+ TN 1-o —+ K1> HU|D2U|2}
(p— DKy

x (B|Dul? + |D2uf? + )% .

Choosing [ satisfying

N3 < 8BL2,
o C?N3
C5(B,p) :=s1(1 — p)Bry " + —— + K1 <0,
(p — Dkyg

we get
(B|Du)? + | D*ul* +6)% < e¥2e (T()(B|Df)? + |D*ul> +6)%) + 6%, (7.1.17)

with
w2,p :pﬁg min maX{CQ(pa 31)705(ﬁ7p)} = 02(p751)-

B>N4/(8L2)
C5(8,p)<0

Finally, in the case when k = 1, taking # = 1 and €5 = (p — 1)k~ 7/(CN)
in (7.1.13) and disregarding the terms whose coefficients are independent of
G, we get

C2N3

_ D e +d> | Du?
A(p — 1)Ky

95§p<

and, consequently, we get the assertion with w, as in the assertion of the
theorem. This finishes the proof. ]

Remark 7.1.6 The conditions (7.1.10) and (7.1.11) can be a bit relaxed and,
under these new assumptions, the estimate (7.1.12) can be proved with posi-
tive constants wy , (k = 1,2,3). More precisely, it suffices to assume that

d(x)
senn (R(2))7

< +00,
to have (7.1.12) with k =1,

cemy (R(@))°
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(with Ly = 2/+/5, if N = 1, and Ly = N3/2//8, if N > 1) to have (7.1.12)
with k = 2,

sup 3d(z) + /N3(N + 1)r(x)

2€RN 3(r(x))”

< Ho00,

to have (7.1.12) with k = 3.

7.2 The second type of pointwise gradient estimates

In this section we prove a second type of pointwise estimates. For this purpose,
we first prove a lemma.

Lemma 7.2.1 If g,,g: [0,T] x RN (n € N), are continuous functions such
that |gnllec < M for any n € N and limy,— 100 gn = g, uniformly in [e,T —
] x B(k) for any k > 0 and any € € (0,T), then

lim T, (t)gn(t) = T(t)g(1),
n—-+00
uniformly in [e,T — €] x B(k) for any k > 0 and any € € (0,T).

If f-, fo € Co(RY) (¢ > 0) are such that ||f-|c < M for any e > 0 and
lim,_ o+ fe = fo uniformly in B(k) for any k > 0, then, for any t > 0, we
have

lim T(t —e)fe = T(t)/fo,

e—0*t

uniformly in B(k) for any k > 0.

Proof. Throughout the proof, in order to simplify the notation, sometimes
we do not explicitly write the dependence on x of the functions that we will
consider. All the estimates that we write are meant pointwise in x.

Let g,,g be as above and observe that

IT(6)f = Tnu(t)f] < (T(t) = Tu(t)) |1, t>0. (7.2.1)

To check (7.2.1), we recall that (see Theorem 2.2.5 and Proposition C.3.2)

Gults, ) f)dy,  (T(H)f)(@) = / G(t, 2, 9) f(y)dy

RN

(Ta(0)f) () = /

B(n)

for any t > 0 and any z € B(n), where G,, and G are positive, respectively,
in (0, +00) x B(n) x B(n) and in (0, +00) x RY x RN. Moreover G,, < G in
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(0,+0) x B(n) x B(n). Hence,

[(T(@))() = (Ta () f)(2)] =

/]RN (G(tvx’y) - Gn(tvx’y)XB(n)) f(y)dy

RN

= ((T(t) = Tu@®)If]) (),

for any t > 0 and any x € B(n). Hence, taking (7.2.1) into account, we get
Ta()gn(t) = T()g(t)] < |Tu()(gn(t) — 9@ + [(T(t) — Tn(t))g(t)]
< Ta(®)(lgn(t) — g()]) + (T(t) = Tu(t))l9(1)]
< T()(lgn(t) — g()]) + M(T(t) — Tu(t))1, (7.2:2)

for any n € N.

Let us observe that the second term in the last side of (7.2.2) converges to
zero uniformly in [, T x B(k) for any £, k > 0, by Theorem 2.2.1. To estimate
the first term we observe that, for any ¢ € [¢,T —¢] and any x € RY . we have

(T®)(lgn(t) = g®)])) (@) < (T()( sup ]Ign(t) —g®)D)(@).  (7.2.3)

tele,T'—e

Since supep. 7 |9n(t) — g(t)] is a bounded and continuous function in RN,
converging to 0, locally uniformly in R, from Proposition 2.2.9 we deduce
that the right-hand side of (7.2.3) converges to 0, locally uniformly, as n tends
to 400, and the conclusion follows.

Now, we prove the second part of the assertion. Let f., fo be as in the
statement of the lemma; we have

[ T(t—e)f=T(t) fol < |T(t—e)fe=T(t—e)fo| +|T (=) fo—-T(t)fol, (7.2.4)

for any € > 0. By Proposition 2.2.9, for any fixed ¢ > 0, the first term in
the right-hand side of (7.2.4) converges to 0 as € tends to 0, uniformly in
[0,T] x B(k) for any T,k > 0. The second term in the right-hand side of
(7.2.4) converges to zero uniformly in [0,7T] x B(k), for any k > 0, as well,
since the function T'(t)fo is continuous in [0, +00) x RY and, consequently,
uniformly continuous in [0,T] x B(k) for any T,k > 0. [ |

We can now prove our estimates. For notational convenience, we set

0, if Hypotheses 6.1.1 hold

d)k:dka: ) k:152735
w,p, if Hypotheses 7.1.3 hold

where wy,;, are defined in the proof of Theorem 7.1.5. Moreover, we denote
by My = My, both the constants in (7.1.1) and in (7.1.12). Finally, we set
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L = L, if Hypotheses 6.1.1 are satisfied, and L = L if Hypotheses 7.1.3 are
satisfied.

Theorem 7.2.2 Let k € {1,2,3} and suppose that either Hypotheses 6.1.1(7)—
6.1.1(447) and 6.1.1(iv-k) or Hypotheses 7.1.3(i) and 7.1.3(ii-k) hold. Then, for
any f € CF 1 (RN) we have

| (DFT(t)f) ()P

N max{1,% k—1 5
S(T%%%EWMNO CW(EJWW>>@%(M@
=0

for any t > 0, any x € RN and any p > p, where p = 1, under Hypotheses
6.1.1, and p = pg, under Hypothesis 7.1.3, whereas

Pre(t) =beat' " E(1+1)2, t>0,

for any r € (1,2], and

Wr—1t __ 3 Wr—1t __ 1-3
Yk (t) = by (1 + !) (t + !) ,
Wik—1 Wk—1
for anyt >0, any r € (1,2] and any k = 1,2,3, by (r € (1,2], k = 2,3)
being positive constants that can be explicitly determined from the data (see
(7.2.23) and (7.2.25)). When &p_1 = 0 we agree that (1 —e~“r=1) /Oy 1 = ¢.
Finally, a = 1, under Hypotheses 6.1.1, and a = a under Hypotheses 7.1.3.

Proof. We first consider the case when k = 3 and p € (p,2). We fix 4, ¢,
n € N and let 6, : RV — R be the cut-off function defined by ¥, (z) =
o(|z|/n), where p € C*([0,+00)) is any nonincreasing function such that
X(0,1/2) < ¢ < X(0,1)- For any o, 3 > 0 and any f € CZ(RYN) we define the
function gs : [0,t] — C(B(n)) by

9s(s)
= Tu(){ (alTu(t = ) + B0 DTo(t = 5) | + V4| DTo(t = 5) [ + )

_5%},

P
2

(7.2.6)
for any 0 < s < ¢, where {T},(-)} is the semigroup generated in Cy,(B(n)) by the
realization A,, of the operator A with homogeneous Dirichlet boundary con-
ditions (see Section C). To simplify the notation, throughout the remainder of
the proof, when there is no damage of confusion, we drop out the dependence
of the functions considered on n. Moreover, we set (1) = ¢ (r) == T, (t—7r)f
for any r € [0, ¢].

As it is easily seen the function

P
2

(alp(r)? + BO*|De(r)? + 04| D*T(r)|? + 8)* — 6%
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belongs to D(A,,) for any r € [0,t). Recalling that A(6?/2) = 0, we get

95(5)
N N
= an <Oz Z qijDichjcp + 6192 Z QijDihSDDthP
i,j=1 ij,h=1
> @i DinkeDjnke + SAWD?)D|* + S AW Dl
i k=1
N N
+489 Y 4 DidDpeDing + 897 > i3 DI DnkpDinkp
irj,h=1 ijshok=1
N N
—B9% > Dnqi;DueDijp — 9° > DibjDjeDpe
i.j,h=1 jh=1
N N
—20* > DugijDukeDigrp —20* Y Dub; DjrpDprgp
i4,h k=1 k=1
N N
> DukaigDijDprp —0* > thbijQDthSD>
i4,h,k=1 johk=1
x (algl® + B2 Dol* + 94| D%l + 5)§_1]
P 2 )
22D | 5 D (ag? + 401Dl +9410%1%)

7,j=1

xD; (ap® + B9?|Dy|* + 9*| D?]?)
2_9
x (alpl? + G| Dl + 9! D?6 ] + ) ]
Arguing as in the proof of (7.1.4) and observing that
(a+b)?2<(A+e)a®+ 1+ H?

for any a,b,e > 0, we easily deduce that

: Z 4i3 D; (06® + B0 | Dgl? +9*| D ?)

7,j=1

xD; (ap® + B9?|Dy|* + 94| D*l?)
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N 3
o ( Z Qz'jDz'SDDjSD>

ij=1

<(1+e¢)

N 3
+5192|D80|< Z qz‘jDiMPDthD)

i,5,h=1

N 372
+194|D290|< Z qz‘ijksDDthP)]

i,5,h,k=1

N
1
+ (1 + g) (ﬁq?|D<p|2 + 2193|D2<p|2)2 Z qi; D9 D ;9

4,J=1

N N
a Y qiDieDjp+ B0 Y qijDinpDjng

ij=1 i,j,h=1

<(1+¢)

N
094 Z Qz'jDihkSODjhkSO]
i k=1
x (alg|? + 80| Dg|? + 9*|D?¢|?)

1
+ (1 + g) (BIDg|* + 49%| D?¢|?)

N
x (802 De|* + 04| D>|?) > qi; DitD;0.

i,j=1
Hence, taking e = (p — 1)/(4 — 2p) we get
95(5)
p-1 p—1 al
> an(S){ [TOZ qijDiganga + 75192 Z QijDihCPDthD
i,j=1 i,5,h=1
p—1 = g
g 2 2
+Tﬂ _ Z 4ij DinkpDinkp + EA(ﬂ Dl
i,5,h,k=1
1 N
+§A(194)|D2<,0|2 +4ﬁ19 Z qijDi’ﬂDh(ijth
i,7,h=1
N N
+80° > qijDj0DpkpDinke — 89° D> DnqizDppDijep
,3,h,k=1 i,5,h=1

N N
—B9% > DpbiDjgDpp —20* > DngijDukeDijre
j,h=1 i,4,h,k=1
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N N
—29* Z Dpb;DjrpDpip — 0* Z Dirqi; DijoDpre
k=1 i k=1
N
—9* )" Duib;DjpDprg
7,h,k=1

3=

N
~— (2= ) (BID¢l* + 40°| D*¢[?) Zqz‘jDiﬁDjf}}

4,J=1

x (alol? + B0% Dol + 041 D%¢l* +5)* ! } (7.2.7)

Taking Hypothesis 6.1.1(iii) and (6.1.24) into account, one can easily check
that

Z ¢ (% z)D;d(x) < Crk(w), (7.2.8)

for any « € B(n) and some positive constant Cy, independent of n. Moreover,
in view of (6.1.23)-(6.1.25) and (7.2.8) we can write

A(9?) > —Car, (7.2.9)
N
AW*) =202 A(0%) +2 Y q;; D Dyi* > 202 A(9%) > 20597k, (7.2.10)
i,j=1
al CsN
) Z ¢i; DiVDrpDinp| < —/@|D<p|2 + £1039%k| D?p|?, (7.2.11)
i,j,h=1
al CsN
#* N i DIDureDinkp| < %W@D%F + £2C30* k| D3g)?,
. 2
i,5,h,k=1

(7.2.12)
for any € > 0, where Cs,C3 are two positive constants independent of n.
Now, we observe that from Hypotheses 6.1.1, or Hypotheses 7.1.3, and (7.2.8),
(7.2.9)-(7.2.12), we get
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— _ 2
>0 { [ ((Bgra- G- 02T 4 8- 00 =2 ) - e
—9? (ﬁd+7‘N—2)) | Dep|?
4e

—1 2C3N 3—
+ <<ﬂ <pT — 45103) —Cy — 532 + 4]711)(]7 — 2)01) K

N2
(CEN + ¢

+K+) — 92 (2d+r5N)) 92| D?p|?
€3

+ K— - 85203) K — 2C€3Nﬁ“] 194|D3<p|2]
x (alel? + B0%|Def® + 0*|D?p|* + 5)5_1} ,
where a = 1, under Hypotheses 6.1.1, and a = o, under Hypotheses 7.1.3. We
now choose € = 2L/N, g1 = 2e2 = (p — 1)/(16C3), €5 = (p — 1)ry */(16CN)
and 3 > N3/(8L?). With this choice of €,¢1,¢€2,e3 and 3 we get
p—1 4,
gs(s) > an(s{m(Hl(ﬁ,p)lDW + Ho (B, p)0* D% + —=—ry 194ID390|2)

<(algl? + B9 Dgl? + 0*| D[ +5) }

with
-1 C C2N & 3-—
Hi(a, 8,p) = Po—a = 25 =205
CN® .
el 1527145, (7.2.13)
64C3N

Hy(5,p) = 5 - Ca = ST a2
8C2N3
N < p—1
where A = (L3)™, under Hypotheses 6.1.1, and A = 0 otherwise.
It is immediate to notice that, both in the case when a = 1 and a = o, we
can fix a, 3 sufficiently large so that H; (o, B,p) and Ho(53,p) are both positive
and (3 > N3/(8L?). Therefore, for such a’s and 3’s we get

p—2)C1

kg + K+ 2CJ'Z> kG- 24, (7.2.14)

di(5) > e Tu(s )(194(|D90|2+|D290|2+|D3<P| )

Nl't!

—1
(w +5192|D¢|2+194|D2¢|2+5) ) (7.2.15)
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¢p = cp(av, B) := prg min {H1(0z,5ap)7H2(ﬁ,p)7 pg 1%6“} . (7.2.16)

Then, integrating (7.2.15) in [e,¢ — €] (¢ > 0), and recalling that {T},(t)} is a
positive semigroup, we get
t—e )
o [ (Tl (91D + D% + D7)
x(g? + B9 Dpf + 9 D2 + 6)51) ) (2)d

V)]

< (Tult = &) ((@|Tu(e) I + B 9| DT0(e) fI° +04| DT () f P +6)F —6%)) ().

(7.2.17)
Now, we observe that the same arguments as in Remark 6.1.5 show that D7,
converges to DYT'(t — -) f uniformly in [e,t — €] x B(k), as n tends to +oo, for
any € € (0,t/2), any k € N and any |y| < 3. Therefore, applying Lemma 7.2.1
we get

Tim (To() (941D ()P + [D2en(5)? + D% pu(s))
x(a| D ()[2 + 892 Dipn (5)|2 + 92 D2 ()2 +8) £ 1)) ()
— (T(s)((IDT(t — )| + |DT(t — 5)f|2 + [D*T(t — 8) )
x(alDT(t — 8)f|? + BIDT(t - 5) ]2
HD2T(t— 8)f12+6) 1)) (),

the convergence being uniform in [e,t — ¢] x B(k) for any k > 0, and

Jlim (T (t = &)((alTu(e) I + B3| DTo(e) f1 + In|D*Tu(e) ) %) ()

= (T(t = )((a|T(e)f* + BIDT (&) fI” + |D*T () %)) (),

uniformly for s € [e,t — ¢]. Then, from (7.2.17) we get

cp/ B (T(s)((IDT(t = )12+ |D*T(t = )f2 + |D*T (2~ 5)1]?)
x(alT(t = 8)f[2+BIDT(t ~ 5) [ >+ |DT(t = 8)f> + )¢ 1) ) () ds

< (T(t - ) (alT(©) [ + BIDT () f2 + |D*T(2) %)} ) ) (@),
(7.2.18)
for any x € RY. Now, from Proposition 7.1.1 it follows that

lim D'T(e)f = D', j=0,1,2,

e—0t
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uniformly in B(k) for any k£ > 0. Therefore, from Lemma 7.2.1 we have

tim (7(t o) (T + ADTE) /P + ID*TE)SP)) ) (a)

e—0t

= (T(t)((elf)? + BIDfI? + |D2f|%)2)) (),

(7.2.19)

for any = € RY.
As far as the first integral term in (7.2.18) is concerned, we observe that,
by virtue of Theorem 7.1.2, for any « € R the function

s (T@( (DT - 11 +1D*T(t — )P + DTt - 9)%)F)) @)

behaves as C (t—s)~P/2 for some positive constant C , independent of . There-
fore, the dominated convergence theorem and (7.2.19) imply that we can take
the limit as € tends to 07 in (7.2.18), getting

o [ (T (DT =)+ DT (e = )+ 10Tt = )7 P)

_1))($)ds

(7.2.20)

M)

x (a|T(t—s)f>+BIDT(t — s)f|> +|D?*T(t — s) f|* +9)
< (7)((af? + BIDSE + |D2f12)) ) (),

for any = € RNV,

For notational convenience we now set ¢ = T'(t — s) f. Let us observe that,
from (7.1.1) or (7.1.12) (with £ = 3), from the Young inequality and the
inequality

1 L
T(t)(fg) < (T@(f))(T(t)(g")™,
holding for any positive f,g € C,(R™) and any r, ¢ > 0 such that 1/r+1/¢ = 1
(see Theorem 2.2.5), we deduce that, for any v € R,

[NIS]

(IDT®) S + |D*T() f* + [D°T (1))
= (IDT(s)(T(t = $)))* + [D*T(s)(T(t = 5) )] + [D*T(s)(T(t - 5)/)I?)

P
2

@3S a—ao R %
< M3e®**T(s) (ﬁlwl2 + D¢l + |D?*¢f? + | D*¢|? 1

P
a — 2

< Mt1(s) ($2

% ol? + Dol + D% + |D3s0|2>
x (alg|® + B Dp|* + |D?*p> +6)

« (algl? + BIDgl” + |D?oP +6)ﬂ
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2y 17%
< Mgeons {T<s> ((a|s0|2 T BIDeP + D%l + 6)ﬁ)}

a—ao B
{70 (152108 + Do + ID%F +10%7)

1) %
x (ale® + B|Dg|* + | D] +6) " 7 ]} :

Choosing v = p(2 — p)/4, using the Jensen and Young inequalities, we get

b
2

(DT @) F1? + |D*T(t) f* + |D*T(2) fI?)

b

2

< Mo {T(6) (ol + SIDgE + %1 +) )}

a—0o
A7) (122108 + Do + D%l + 1% )

» 1112
x (ale® + BIDg|? + [D*p|* +6) 2 } }

e S 2 a—0o
< Mo { B T(0)| (F2210P + Dol + 1% + D

21
x (ag® + BID¢|* + | D% +6) }
+(1-£) 72 7(s) [(alol? + AIDGP + D%l + 6)¥] }
< Msems{ggiT(s) { (IDg|? + |D*0]* + |D*¢|?)

21
x (algl® + B|IDyp|? + | D?p|? + 6) 2

+(1- g) e7 2T (s) { (alel* + BIDe|* + | D?*p|* +6) 2 }
p 2a—ol 2 2 32 5
—cp — D :

+2e 1_MT(5>[(a|w| + BIDg|* +|D¢|” +6) H

(7.2.21)
Hence, recalling that

(lp|> + [Dp|? + [D2p* + 6)%
< Moe®2 (=T (t — s)((f> + |Df)? + |D*f|> +6)%) + %

T (7).

+

(see (7.1.8) and (7.1.17)), from (7.2.21) we get, for any € > 0,
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(IDT () fI? + |D*T () f|* + |D°T(t) f?)*
< M { BET(0)| (D + D% + D)
< (aly? + A0 + D% + ) |
_Pp z 25 @a(t—s)
+ (1 2)max(1,a,ﬁ) Moer—2¢
XT(t) [(1F + DS + |D*fP + )]

b boitagh
(17 2)max(1,a,ﬂ) er—2§
P % 1—a
+ (1 — 5) max(1, a, ) —
p
2

et T ()
a—ol

—max(1, «, ﬂ)gMge“h’?(t*S)
l-oca

<T(t) (72 + DS + D22 +6)%]

-0l » P
—l—gE% Cll — 2557 max(1, a,ﬁ)i} (7.2.22)

Now, we multiply the first and the last side of (7.2.22) by e~“3% integrate
in (0,t), pointwise with respect to z € RY, taking (7.2.20) into account and
taking o > 1. Finally, we let § tend to 07. We get

1 _ ,—wst . P
—— (DT + DTS + DT (1))
3
p 1 - w2t
< Mj maX(a,B)i{B (— + 2 S ) er
2\¢p, 1-0 Wo

D e2t—1 1—a 2
+(1f§) <M2 5 +1_Ut>sp }
xT(t)((f* +|DfP? +|D2f*)?)

Minimizing with respect to € > 0 gives

1— e—@;;t

(IDT@®)f12 + |D*T () f1* + |D*T(t) ) *

s (1 a- Gat _ 1\ % Gt 1 1-q )\
< Mz max{a, §}2 (— + 2 UMze . ) (M2e - + at)
C

D 1—0 w2 w2 1—0

xT(t)((f> + |Df|? +|D*f*)%).
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Now, (7.2.5) with p € (1, 2) follows taking

s

1—0

1—
1 _
b3, = M3zmax {Mz, _a}

IS

X min { max(a, )2 max (m, ?_—ZM2> 2 :

« Z ]-; Hl(aaﬁap)aﬂé(ﬂap) > 0}7 (7223)

where Hy(a, 8,p) and Ho(0,p) are given by (7.2.13) and (7.2.14). Note that
the previous minimum exists since the function

(Oé,ﬁ) = max{a,ﬁ}(cp(a, ﬁ))_%

with domain D = {(a,8) € R? : H;(a, 3) > 0, j = 1,2} tends to +oc both
as |(a, B)|| tends to 400 and as (a, 8) tends to any point on 9D.

The case when p = 2 is similar and even simpler. It suffices to apply the
previous arguments to the function gog defined by (7.2.6) (with 6 = 0 and
p=2).

In the case when p > 2, (7.2.5) (with k£ = 3) can be obtained from the case
when p = 2 observing that

(D*T@)f) (@) = (I((D*T(t)f)(@))

< <%¢3,2(0>5
x ((T(t) (f2 + |DfI> +|D*f?)) («))

and, then, applying the Holder inequality.

The proof of (7.2.5) in the case when k = 1,2 is completely similar. In the
case when k = 2 one can apply the previous arguments to the function gs
in (7.2.6), obtained disregarding the terms whose coefficients do not depend
on « and § and setting § = 1. After some computations one finds that gj is
still given by (7.2.7) with the obvious changes induced by the changes in the
definition of the function gs. Therefore, taking ¢ = (p — 1)k5~*/(8CN) and
e1 = (p—1)/(16Cs), one gets

p
2

P
2

-1
s4(6) = o) (FalamlD? + P w0
(ol + *|DpP + )11}
p— 1 02 _ 160§N

H =P, 2
slap) =—a-5 - =7

3—p_202N3K2a72_A
p—1 p-—1"7° ’

+(p—2)C1
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where, again, A = (L3)*, under Hypotheses 6.1.1, and A = 0 otherwise.
Repeating the same arguments as above, one can now prove that

(Tiwronee)

Jj=1 .
max{1,% 1 2
W2 pA2 T
< (ezzmon) ™ (1o (L) o

for any ¢ > 0, any z € RY and any p € (1,400), where ¥ a2 is as in the
statement of the theorem with

2

(7.2.24)

1—a\' %
bgyp = MQ max (Ml, )
l1-0

1 _
xmin{a”/Q,maX( ; a UMl)

ca>1, Hs(a,p) >0}.
(7.2.25)

Here,

. —1
(@) = ¢ (a, p) := pro min {Hg(a,p), pT} )

In the case when k = 1, the previous arguments actually show that
1 £
a—o
b1, = M;max (7, —)
? plp-1)1-0
and

W1,pA2 max{ly
(DT (t) f)(z)|P < (#wlw(o) (T@)(|fP)(x), (7.2.26)

1 — e_wl,p/\2t

for any ¢ > 0 and any = € RV, [ |

Corollary 7.2.3 Let k = 2,3. Moreover, let Hypotheses 6.1.1(:)-6.1.1(4it)
and 6.1.1(iv-k), or Hypotheses 7.1.3(i) and 7.1.3(ii-k) hold. Then, for any
f € Co(RY) and any p € (p,+o0) (see Theorem 7.2.2), we have

1 ~ max{1,%
; Wh—h,pA2
Sk T] Tt pnale/))

— e~ Wk—h,pa2t

KNMWW%<

k— J
j=0  h=0
x(T@)(f17) (=), (7.2.27)

for any t >0 and any x € RN, where Oy r = +@;r, and ¥;, and &;, are as
in Theorem 7.2.2.
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Proof. We begin by proving (7.2.27) in the case when k = 3 and p < 2. We
fix f € Cp(RY) and ¢ > 0. Applying (7.2.5) to the function T'(2t/3)f we get

(DT NP
< m%,p(tB)
<T(t/3) { (1T(2t/3) + |DTt/3) 12 + |D*T(2t/3)f ) } (@),

(7.2.28)
for any z € RY. Now, taking (7.2.24) into account, with T'(¢)f replaced with
T(2t/3)f, we get

b
2

(I7(2t/3)f? + [DT(2t/3) f[* + |D*T(2t/3) f )

< 3T/ [ (T0/3) 1 + DT (/3) 1) )

- 1 _ e*u)Q,pt/:z

T(2t/3)(|f17)

= m%“/ 3) [7/ V1p(t/3) + 1} T(2t/3)(If17)

T@2t/3)(|fI7)- (7.2.29)

Combining (7.2.28) and (7.2.29) gives (7.2.27) for p < 2. If p > 2 and k = 3,
(7.2.27) follows from the case when p = 2 applying the Holder inequality. The
proof of (7.2.27) (with k = 2) is similar: we write

(DT (t)f)(@)? = [(D*T(¢/2)T(t/2)f)(x)/*

and apply (7.2.5) to T'(t/2)f with, respectively, k = 1 and k = 2. We omit
the details. [ ]

Remark 7.2.4 The estimates in (7.2.5) (with k¥ = 1) and in Corollary 7.2.3
allow us to improve the uniform estimates for the derivatives of T'(t) in The-
orem 6.1.7. Indeed, they show that under Hypotheses 6.1.1(1)—6.1.1(iii) and
6.1.1(ii-k) (k = 1,2, 3), the sup-norm of D*T(t)f stays bounded as t tends to
400, whereas it decreases exponentially to 0 as t tends to +oco if Hypotheses
7.1.3(i) and 7.1.3(ii-k) are satisfied.

The estimate (7.2.5) (with & = 1) can also be used to prove a Liouville type
theorem. Namely, under Hypotheses 7.1.3(i) and 7.1.3(ii-1) such an estimate
allows us to prove that, if u € Cp(RY) satisfies the equation Au = 0, then it
is constant. As it has already been stressed in the introduction, such a result
fails in general. We refer the reader to [128] for further details.

Theorem 7.2.5 Suppose that Hypotheses 7.1.3(i) and 7.1.3(ii-1) hold. If f €
Cy(RN) satisfies Af =0, then u is constant.
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Proof. We observe that if f € C,(RY) is such that Af = 0, then, by local
elliptic regularity, u € Dpax(A) (see (2.0.1)). Moreover, for any g € Dyax(A)
and any z € RY | the function ¢ — (T'(t)g)(z) is continuously differentiable in
[0,400) and (D:T(t)g)(x) = (AT (t)g)(x) = (T(t)Ag)(x) (see Lemma 2.3.3,
Propositions 2.3.5, 2.3.6 and 4.1.10). Hence D;T'(t)f = 0 for any ¢t > 0, so
that T(t)f = f for any ¢ > 0. From (7.2.5) we deduce that

567wt

DT(t < T(t)f? < oo t>0, xeRY,
(DT () f)(x)] < i (T f*)(@)* < 7 171 x
R (7.2.30)
for some C,w > 0. Letting ¢ go to +o0 in (7.2.30), we get
Df(w) = lim (DT(t)f)(z) =0, z € RV,
so that f is constant. ]

7.3 Further estimates for A = A + Z;\;l b;j(x)D;

Now, we consider the particular case when ¢;; = d;; (¢, =1,...,N). In this
case we show that, under Hypotheses 7.1.3, the gradient estimate (7.1.1) can
be proved also for p = 1.

Theorem 7.3.1 Fiz k = 1,2,3 and suppose that g;; = ;5 (1,7 =1,...,N).
Moreover, let Hypotheses 7.1.3(i), 7.1.3(4i-k) hold with the conditions (7.1.10)
and (7.1.11) being replaced with the following one:

d(z) + Lyr(z) < K, z eRY, (7.3.1)

to be satisfied for some constants Ly > 0 and K € R. Then,

k 3
(D*T(t) f)(2)] < Mye™! <T(t) (Z |Djf|2> )(I), t>0, z €RY,

(7.3.2)
where My, > 0 and wy, are constants which can be explicitly determined (see
the proof). In particular, wi < 0 (k=2,3) if K <O0.

Finally, if k = 1, assume that the coefficient b; belongs to Cllot‘s(RN) for

some d € (0,1) and any j =1,..., N, and (7.1.9) is satisfied with the function
d being replaced with a real constant dy. Then,

(DT(t)f)(x)| < e®(T(1)|Df])(), t>0, z e RY. (7.3.3)
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Proof. We limit ourselves to sketching the proof of (7.3.2) in the case when
k = 3, since the proof of (7.3.2) (with k = 2) and (7.3.3) are similar and even
simpler. The proof that we provide is similar to that of Theorem 7.1.2. For
the reader’s convenience we go into details.

Let 6 > 0, f € CL(RY) and consider the function ws : (0, +00) x RY — R
defined by

ws(t,x) = (a|Du(t,z)|* + B|D*u(t,z)|* + |D3u(t, z)|? —|—5)

where, as usual, u = T'(-)f, and «, 3 are positive constants to be fixed later
on. Arguing as in the proof of Theorem 7.1.2 and taking the Cauchy-Schwarz
inequality into account, we can easily show that ws turns out to solve the
Cauchy problem

Dyws(t,x) = Aws(t,x) + gs(t, ), t>0,z€RN,
1
ws(0,2) = (| Df ()|* + BID? () |* + | D* f(2)* +0) %, z €RY,
where (see (7.1.6))
N N

95 < wy?t <a > DubjDjuDpu+23 Y Dub;iDjxuDpru

j,h=1 J,hk=1

N N
+3 Z DhbijklUthlU + 0 Z DpibiDjuDpju
ihokl=1 k=1

N N
+3 Z DpibiDjiuDppu + Z thlbijUthlU)-
Jsh,k,l=1 j,h,k,l=1

From Hypotheses 7.1.3(ii-3) and (7.3.1), and arguing as in the proof of (7.1.13),
we get for any € > 0

N? N3 3N?
g5 <w;'{ (ad+—pr+ —7 | |Dul*+ | B(2d + eN7) + —7r | |D*u|?
4e 4eq deq

+(3d + 451rN)|D3u|2}.

We choose € = 4e1/3 = L3/N and, then, o and (3 such that

N3 N3

f>Tz >24L2(

36+ 8N).

With these choices of €,e1, a, § we get

—1
2

95 < (a|Dul® + B|D?*ul* + | D*ul? + §)
x (aK|Du|? 4+ 2K|D?u|? + K|D3u|?)
< max{K,2K/B}ws — K65,
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Repeating the same arguments in the last part of the proofs of Theorems 7.1.2
and 7.1.5, we can easily get (7.3.2) with ws = max{K,2K/j}.
In the case when k = 2, arguing likewise, we get we = max{K,2K}. [ ]

Remark 7.3.2 Using the Jensen inequality as in the proof of Theorem 7.1.2,
from (7.3.3) we get

(DT (t)f) (@) < e®P(T(t)(IDfIP))(x), t>0, zeRY,  (7.3.4)
for any p € [1,4+00).
Moreover, adapting the proof of Theorem 7.2.2 to this case, we can show

that, for any f € C,(RY), any ¢ > 0 and any = € RY, it holds:

2Ppl=r/2q,
p— PP —e i)

(DT () f)(2)” < 5 (T (@)(|f17)) (=), (7.3.5)
for any p € (1,2] and

(DT () f)(z)|P < <%) ’ (T@)(|fIP)) (), (7.3.6)

for any p € (2, +00).
We will use this estimate in Section 8.3.

In general, the estimates (7.2.5) and (7.2.27) fail for p = 1 also in the case
when the coefficients of the operator A are bounded. Here, we provide a simple
situation in which this happens, taking A = A.

Example 7.3.3 Let {T'(t)} be the heat semigroup in R, i.e.,

1 (@—?
T(t r)=—= [ e % dy, t>0, zeR.
TONE = = | F(w)dy
The space derivative of T'(t) f is given by
1 (z—y)?
DT(t - —g)e dy, t>0, z€R.
(PTONE) = 5= [ =2 ray :

Fix R > 0 and let f € Cp(R) be such that 0 < f < 1, f(x) = 0 for any
r<R— R 'and f(z) =1 for any > R. Then,

1 [ e
TONO< = [

DT(t 0) > ! o _%d
( ()f)()_r\/m/R ye Y.
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Therefore, (DT'(t)f)(0) > cr(T(t)f)(0), where

Y oo w2 o\
CR = — ye_gTdy / e_iitdy
2t Jr R—R-1

Using De L’Hospital rule, it is readily seen that cr tends to +o0o as R goes to
+00. This means that no pointwise estimates similar to (7.2.5) can hold for

p=1.






Chapter 8

Invariant measures |1 and the
semigroup in LP(RY p)

8.0 Introduction

In this chapter we deal with the invariant measures of the semigroup {7'(¢)}
associated with the operator A defined on smooth functions by

N

Z g5 (x) Diju(@) + > bj(x) Dju(w), zeRN.  (8.0.1)

7,j=1 j=1

We recall that, according to Remark 2.2.10, {T'(¢)} is a semigroup of contrac-
tions in B, (RY).
Throughout the chapter, for any measure p, we write L for L? (RN, u) and
we denote by | - [, the norm of L%. Moreover, we write W* for W*2 (RN, )
for any k € N and any p € [1, +o0].

By definition, a probability measure p is an invariant measure for {T'(¢)} if

/RN T() f dpt = /]RN Fdu, (8.0.2)

for any f € By(RYN) or, equivalently, for any f € C°(RY) (see Lemma 8.1.3).

In Section 8.1 we show that if there exists an invariant measure of {T'(¢)},
then the semigroup can be extended to a semigroup of bounded operators in
the space Lf, for any p € [1,4+00). Such an extension, which we still denote by
{T(t)}, enjoys many interesting properties. First of all, it defines a strongly
continuous semigroup for any p € [1,4+00). Moreover, it is possible to describe
the behaviour of the function T'(¢)f in L, when ¢ approaches +oo. More
precisely, for any f € LI we have

lim |T(t)f— fl, =0, where f= fdup.

t—>+OO RN

Such a result implies a Liouville type theorem, i.e., it implies that if u € D(L,)
satisfies Lyu = 0 for some p € (1,+00), then u is constant. Here, and in all
the chapter, by L, we denote the infinitesimal generator of the semigroup in
Lr.

n
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The invariant measure p of {T'(t)}, whenever existing, is unique and it is
equivalent to the Lebesgue measure on the g-algebra of the Borel sets of RY,
in the sense that a Borel set A is negligible with respect to p if and only if
it is negligible with respect to the Lebesgue measure. Moreover, the density
p = dp/dx satisfies

gsésBlgg p(x) >0, r > 0.

We will prove the existence of an invariant measure of {T'(¢)} in three dif-
ferent ways and situations. First we show a classical result by Khas'minskii,
which guarantees the existence of the invariant measure in terms of a Lya-
punov function related to the operator A. Next, we show that an invariant
measure exists whenever T'(¢) is compact in C,(RY) for any ¢ > 0. Finally, we
consider the case when the operator A is given, on smooth functions, by

Au(z) = Au(z) — (DU (z) + G(z), Du(z)), xcRY (8.0.3)

and the functions U and G belong, respectively, to CLE*(RY) and C* (RN, RY)
for some a € (0,1). We prove that if e~V € LY(RY) and divG = (G, DU),
then the measure

p(de) = K~ te V@ qg, K= e V@) dg,
RN

is the invariant measure of {T'(t)}. Moreover, the semigroup {7T'(¢)} and its
infinitesimal generator Lo are symmetric in Li and the following formula
holds:

/ (Df, Dg)dp = —/ gLaf du, feD(Ly), geW,?
RN RN

Notice that, when f € C°(R¥), such a formula follows immediately from an
integration by parts. The proof that p is an invariant measure of {T'(¢)} is
obtained using variational methods in L%.

In Section 8.2 we show some regularity properties of the invariant measure
w. We first show that if the diffusion coefficients ¢;; (4,7 = 1,...,N) are
continuously differentiable in RY, then p has a density p which belongs to
WP (R™). In particular, according to the Sobolev embedding theorems, p is

loc
a continuous function in RY. Next, we specialize to the case when

N N
Au = Z Di(giiju) + Z szzu,

i,j=1 i=1

on smooth functions. Allowing both the diffusion and the drift coefficients to
be unbounded in RV, we show some global LP- and W P-regularity properties
of p. In particular, we show that if b; € L¥ for any ¢ = 1,..., N, then p €
Cy(RY). Further, in the particular case when the diffusion coefficients belong
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to C}} (RM), we prove some global W14- and W24-regularity properties of p.
Finally, under some additional assumptions on the coefficients of the operator
A, we show some pointwise bounds for the function p.

In Section 8.3 we prove some estimates for the derivatives of T'()f (up to
the third-order) and for the gradient of the resolvent operator in the L -norm.
Such estimates follow integrating the pointwise estimates proved in Chapter
7.

In Section 8.4 we consider the operator A in (8.0.3) when U is a convex
function. In this case we can characterize the domain D(Ls) and we obtain
further estimates for the derivatives of the resolvent R(\, La) f.

In Section 8.5 we study the compactness of the embedding Wj’p C LY in
the symmetric case. We show that the embedding is compact whenever

lim |DU(z)| = +o0

|z|—+o0
and
|AU (z)| < 6|DU (z)|* + M, z e RV,
in the case when p > 2, or
(D*U(x)DU(x), DU (x)) > (8| DU (x)[*> + M)|DU (x)?, z e RV,

if p € (1,2). Here § € (0,1) and M > 0 are suitable constants.
A consequence of the compactness of the embedding of Wj’p in L is the

Poincaré inequality in Lf, that is the inequality

/ Ifffl”duéC/ |D f|Pdpu, few,r.
RN RN

In the case when p = 2, the Poincaré inequality can be proved even in the non-
symmetric case, using the pointwise estimates of Chapter 7. Such an inequality
has the following consequences: first it allows us to show that T'(¢) f converges
exponentially to f in Li as t tends to +oo; secondly, it implies that Lo has
the spectral gap property in Li, that is

o(L2)\ {0} c{AeC,Re A< -1/C}.

The Poincaré inequality and the spectral gap property are discussed in Section
8.6.

Finally, in Section 8.7 we consider the logarithmic Sobolev inequality, i.e.,
the inequality

p _
[, s pau < 1igios sl + X [ sRa

for positive and regular functions f. Such an inequality was first studied by
Leonard Gross in [69]. For p = 2, it implies that f2log f is integrable for any
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positive f € WJ’Q. This is a very sharp result, as it can be seen in the case
when the invariant measure p is a Gaussian measure (see Example 8.7.6). In
particular, such an example shows that the Sobolev embedding theorems, in
general, fail to hold when p is an invariant measure.

We prove the logarithmic Sobolev inequality using the pointwise estimates
of Chapter 7. Then, adapting a proof by Gross, we see that in the symmet-
ric case the logarithmic Sobolev inequality implies the hypercontractivity of
{T(t)}. This means that the operator T'(t) is a contraction from L? to Lﬁ(t)
for any ¢ > 0, where q(t) = 1+ e*". This is a sharp result too, since in general
T(t) is not bounded from Li to LY, for any q > ¢(t). The hypercontractivity
was first proved by Edward Nelson in [121] for the Ornstein-Uhlenbeck semi-
group, and, in fact, it was the reason for which Gross studied the logarithmic
Sobolev inequalities.

8.1 Existence, uniqueness and general properties

In this section, we deal with the problem of the existence and uniqueness
of the invariant measure of {T'(t)} and we prove some general properties of
the invariant measures. If not otherwise specified, we always assume that the
coefficients of the operator A satisfy the same assumptions as in Chapter 2
that we rewrite here for the reader’s convenience.

Hypotheses 8.1.1 (i) ¢;; =gj; forany ¢,j =1,..., N and

N
Y 4@ > w@)EP, k(@) >0, &azeRY;

ij=1

(i) g;; and b; (i, =1,...,N) belong to C

loc

(RYM) for some a € (0,1).

8.1.1 General properties and uniqueness of the invariant mea-
sure of {T'(t)}

To begin with we give a characterization of the invariant measures of {T'(¢)}
in terms of the weak generator A of the semigroup (see Section 2.3).

Proposition 8.1.2 A Borel probability measure p is an invariant measure of
{T(t)} if and only if

/ Afdu =0, f € D(A). (8.1.1)
]RN
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To prove the proposition, we first need the following lemma.

Lemma 8.1.3 A Borel probability measure p such that

/ T(t)fdu:/ fdy, t>0, (8.1.2)
RN RN

for any f € C(RYN) is an invariant measure of {T(t)}.

Proof. Fix f € Bb(RN ). We claim that we can approximate f with a se-
quence {f,} C C°(RY) which is bounded with respect to the sup-norm and
such that f, tends to f almost everywhere in R as n tends to +o0c. Observe
that a convolution argument with standard mollifiers proves the claim when
f € Cy(RYN). For a general f € By(RY) it suffices to observe that, according
to [53, Proposition 3.4.2]), we can determine a sequence {f,,} C Cp(R") such
that | fnllec < C for any n € N and lim, 4o fn(z) = f(z) for almost any
r € RN,

Now, the assertion easily follows from the dominated convergence theorem,
writing (8.1.2) with f,, instead of f and letting n go to +o0. Indeed, by Remark
2.2.10, (T'(t) fn)(x) converges to (T'(t)f)(z) as n tends to 400, for any ¢ > 0
and any z € RY, and sup,,cy | T(¢) fnloo < +00. [ |

Proof of Proposition 8.1.2. First we recall that, according to (2.3.12), for
any f € D(A), any t > 0 and any € RY we have

(T(lﬁ)f)(ﬂf)*f(fﬂ):/O (T(s)Af)(x)ds. (8.1.3)

-~

Now, let  be an invariant measure of {T'(¢)} and fix f € D(A). Then

/ Md,uzo, t>0. (8.1.4)
RN t

By (8.1.3), recalling that {T'(¢)} is a semigroup of contractions since ¢ = 0
(see Theorem 2.2.5), it follows that t=1|(T(¢)f)(z) — f(z)| < |Af]oe for any
t > 0 and any z € RV. Thus (8.1.1) follows letting ¢ tend to 0 in (8.1.4), using
the dominated convergence theorem.

Conversely, assume that 4 is a Borel probability measure satisfying (8.1.1),
and let f € C>°(RY). By Lemma 2.3.3 and Proposition 2.3.6, f and T(s)f
belong to D(A) and T(s)Af = AT(s)f for any s > 0. Integrating (8.1.3) in
RY and using the Fubini theorem, we get

/RN(T(t)f—f)duz/otds/RN AT(s)fdu=0,  t>0

and, then, the conclusion follows from Lemma 8.1.3. [ |
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Remark 8.1.4 A probability measure p which solves the equation (8.1.1) for
any o € C°(RY) is usually called infinitesimally invariant. In general an in-
finitesimally invariant measure g is not an invariant measure of the semigroup
{T(t)}. Indeed in [136, Example 1.12], W. Stannat shows that the measure
du=-e —2 g is infinitesimally invariant for the one-dimensional elliptic oper-
ator defined by

Au(z) = u"(z) — (2 + 6¢° )/ (z), z € R,

on smooth functions, but it is not invariant for the semigroup associated with
the operator A.

Checking that the measure p is infinitesimally invariant for the operator
A is an easy task. According to the forthcoming Proposition 8.1.10, to prove
that it is not invariant for the associated semigroup {7'(¢)} it suffices to show
that {T'(t)} is not conservative. According to Theorem 3.2.2, this is the case
if 400 or —oo are accessible. In fact, we are going to prove that +oco is an
entrance and —oo is an exit point. For this purpose, we show that the functions
Q, R : R — R defined by

Qlz) = Wl(z) /OmW(t)dt, / —dt zER,

W(x) = exp (x2 + 6/ etht) , reR
0

(see (3.1.3)-(3.1.5)), are such that Q € L'(0,+c0), Q@ ¢ L'(—0,0), R €
L'(—00,0), R ¢ L'(0,+00). But this can be easily shown, observing that

lim 2?Q(z) = lim z*R(x) =0, lim Q(z) = lim R(x) = +oo.

r——+00 r——00 r——00 r——+00
Let us now exploit some properties of the invariant measures.
Proposition 8.1.5 Let p be an invariant measure of {T'(t)}. Then, p is
equivalent to the Lebesgue measure m on the o-algebra of the Borel sets of
RYN (in the sense that u and the Lebesque measure have the same sets of zero

measure). Besides, for any fized r > O the density p of p with respect to the
Lebesgue measure satisfies

f > 0.
S ) >

Proof. For any Borel set B C RY, any ¢t > 0 and any « € RY we have

(T(t)x5)(x) = /B G(t,z.y)dy
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(see Theorem 2.2.5), and, by (8.0.2),

u(B) = /RN Xpdp = /RN T(t)xpdp.

Therefore, if m(B) = 0, then (T(t)xp)(z) = 0 for any ¢ > 0 and any = € RY,
since G is strictly positive in (0, +00) x RV x RY. Thus, u(B) = 0. Conversely,
if m(B) > 0, then (T'(t)x5)(z) > 0 for any x € R and, therefore, uu(B) > 0.
Thus p and m are equivalent.

Now, let » > 0 and fix R > r. Moreover, let Gr be the Green’s func-
tion in B(R) associated with the realization of the operator A with homo-
geneous Dirichlet boundary conditions in C(B(R)) (see Proposition C.3.2).
Since Ggr(t,z,y) < G(t,x,y) for any R > 0, any ¢ > 0 and any z,y € B(R)
(see the proof of Theorem 2.2.5), then, for any positive function f € By(RY),
we have

f@p@yde = [ () @)pla)da

RN

= /RN x G(1,z,y)f(y)p(x)dy dx

> /R ) /B o Gl ) dy

Since f is arbitrary, we have
o) 2 Plo) = [ Gl pp(a)ds,
B(R)

for almost any y € B(R). Now, since Gg(1,-,-) is positive, bounded and
continuous in B(R) x B(R), it follows that the function F' is positive, bounded
and continuous in B(R). Therefore, p(y) > infp) F > 0 for almost any
y € B(r). n

As an immediate consequence of the results in Proposition 8.1.5, we get the
following corollary.

Corollary 8.1.6 Any invariant measure p of {T'(t)} can be extended to a
complete probability measure defined on the o-algebra of all the Lebesgue mea-
surable sets.

Moreover, since the Lebesgue measure is regular, Proposition 8.1.5 imme-
diately implies that p is regular as well. Hence, applying [135, Theorem 3.14],
we get the following useful result.

Corollary 8.1.7 If p is an invariant measure of {T(t)}, then C°(RY) is
dense in LL, for any p € [1,+00).
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We can now prove the following result.

Proposition 8.1.8 Let p be an invariant measure of {T'(t)}. For any p €
[1,+00), {T'(t)} extends to a strongly continuous semigroup of contractions in
Lr.

i

Proof. We begin the proof recalling that

(T@)f)(x) = o F)p(t, z; dy), t>0, zeRY, feC(RY),

where p(t, z; dy) are positive measures satisfying p(t, z; R™) < 1 for any ¢t > 0
and any z € RV.
Using the Holder inequality, we easily deduce that

p

(T () f) ()P = f(y)p(t, z; dy)

RN

< / @) Pp(t,z: dy) = (TE)(F1P) (@),
RN

for any f € Cy(RY), any t > 0 and any = € R. Therefore,

p p _ p )
[orosracs [ mosna= [ v oo

Thus, since Cy(RY) is dense in L% (due to Corollary 8.1.7), then, for any
t > 0, the operator T'(t) can be uniquely extended to a contraction in LT,
The strong continuity of {T'(t)} in L, now is an immediate consequence of
Propositions 2.2.7 and A.1.2. [ ]

As it has been pointed out in the introduction to this chapter, for any
p € [1,+00), we denote by L, the generator of {T'(¢)} in LF,. We simply write
L for Ly. From (8.0.2) it readily follows that

/ L,fdu =0, feD(Ly), pell,+). (8.1.5)
RN

Besides, for any p € [1,400) the resolvent R(\, L,) is an extension of R(\)
(see Theorem 2.1.3) to L¥ and

IR L) fllp < A4 s feD(Ly), AX>0, pe[l,+00). (8.1.6)

-~

As the following proposition shows, D(A) is a core of L,,.

Proposition 8.1.9 Let {T(t)} admit an invariant measure . Then, D(A)
is a core of Ly, for any p € [1,400).
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-~

Proof. Let us begin by observing that D(A) C D(L,). This follows easily
recalling that R()"Lp)‘c @) = R(A\) and R(\)(Cyp(RN)) = D(A).
b
Now, since C°(RY) C D(A) and C(RY) is dense in L%, (see Proposi-

-~

tion 2.3.6 and Corollary 8.1.7), then D(A) is dense in L as well. Besides,

-~ ~

T(t)(D(A)) C D(A) for any t > 0 (see Lemma 2.3.3). Thus, the conclusion
follows from Proposition B.1.10. [ |

As the following proposition shows, if {T'(¢)} admits an invariant measure,
then the semigroup is conservative.

Proposition 8.1.10 Assume Hypotheses 8.1.1. If there exists an invariant
measure p of {T(t)}, then {T(t)} is conservative.

Proof. Fix t > 0. According to Theorem 2.2.5, 0 < T'(t)1 < 1 for any ¢ > 0.
Besides, by (8.0.2) with f = 1, we have

/ T(t)]ldu:/ ldp =1, t>0,
RN RN

and, therefore, T'(t)1 = 1 y-almost everywhere in RY. Since 7'(¢)1 is a contin-
uous function and p is equivalent to the Lebesgue measure, then T'(¢t)1 = 1
everywhere in RV, for any ¢ > 0. [ |

Now, we show that an invariant measure of {T'(¢)} is always ergodic, i.e.,
that

1 t
lim = [ T(s)fds= d L?
/O (s)fds /RNfu, felLs,

t—+4oo ¢

where the limit is meant in Li.

Proposition 8.1.11 Let p be an invariant measure of {T(t)}. Then p is
ergodic.

To prove the proposition, we need some preliminary results.
Lemma 8.1.12 Let H be a Hilbert space and let T € L(H) be a bounded

operator such that [Ty < M for any k € N, some constant M > 0 and
any k € N. Then, the sequence of bounded operators {T,,}, defined by

1n—1
Pox=—Y Tk, € H,
X n];) e X

converges pointwise to a bounded operator P, which is a projection on the
kernel of the operator I —T.
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Proof. We begin the proof by observing that a straightforward computation
shows that P,z converges to z in H, as n tends to +oo, for any x € Ker(I—T).
Similarly, P,z converges in H for any = € (I —T)(H). Since the norms of the
operators T, are equibounded by M, by Proposition A.1.2, P,z converges in
H for any x € (I —T)(H).

We now prove that the sequence {P,z} converges for any « € H. Since the
previous sequence is bounded, up to a subsequence, we can assume that there
exists y € H such that P,z converges weakly to y as n tends to +o0o. As a
consequence, T'(P,)x converges weakly to T'y in H. Since

1
T(P,x) = Pz + E(T”x —x), n €N, (8.1.7)

we immediately deduce that y € Ker (I —T'). We now split z = y+ (x —y) and
we claim that x —y € (I —T)(X). Once the claim is proved, we will conclude
that P,z converges in the strong topology of H. To prove the claim, we observe
that z —y is the weak limit of the sequence z — P,x, and t — P,z € (I —T)(X)
for any n € N. Indeed,

n—1 n—1k—1
x.&x%E:UTh@)(jT%%E:E:W)@)

k=0 k=0 j=0

Since (I —T)(H) is convex, its weak and strong closures coincide. The claim
follows.

Now, let us set Poox = lim,,—, o Py for any z € H. To conclude the proof,
we show that Py is a projection on Ker (I —T'). Letting n go to +oo in (8.1.7)
we get T Pyox = Pyox. This implies that

T"Pox = Py, reH, keN, (8.1.8)

and, consequently, P2 = P.., so that P, is a projection. Since we already
know that Ker (I —T') C Px(H), we just need to show that if P,z = x, then
Tz = x. But this is a straightforward consequence of (8.1.8). [ ]

Proposition 8.1.13 (Von Neumann) For any f € Li the limit

t
lim l/ T(s)fds
t——+oo t 0
is well defined. Here, the integral is meant in the Li—norm. Moreover, if we
denote by P f the previous limit, the operator P, is a projection on the
subspace C :={f € Li :T)f =f n—a.e. foranyt>0}.
The set C enjoys the following properties:

(4) if f € C, then |f| € C;
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(i) if f,g € C, then f A g and fV g belong to C. In particular, f* and f~
belong to C;

(#id) if f € O, then, for any A € R, the function X (.. fz)>x} belongs to C.

Finally,
/ Poofdu:/ fdu, fekL:. (8.1.9)
RN RN

Proof. Let us introduce the operator P, € L(Li) defined by

1 t
Ptf:Z/ T(s)fds, feLy, t>o.
0

Denoting, respectively, by [t] and {t} the integer and the fractional part of
t > 0, we can write

[t] 1

{t}
Ptf_— / (s + k) fds + © / T(s + [t]) fds
0
Z

{? TH(1)(Ppy f).- (8.1.10)

1]
M- )(P

t 1t () +
k=0

Since the L2-norm of T%(1) is bounded by 1 for any k € N, Lemma 8.1.12

implies that there exists a projection P, such that % Z;ol T*(1)f converges
to P, f, as n tends to 400, for any fixed f € Li. Therefore, letting t go to +oo
n (8.1.10), we easily deduce that P; converges pointwise to Ps, = Py 0 P; as
t tends to 4o0.

To prove that P, is a projection, it suffices to show that

T(r) o P = Peo, r > 0. (8.1.11)
Indeed, this will imply that P} o Poo = Py and P, o Py, = Py, which, of

course, gives P2 = P... To prove (8.1.11), we observe that

t t et
T(r)P.f = %T(T)/O T(s)fds = %/0 T(r+s)fds= %/ T(s)fds

= Pf + %/OT(T(t) —1)T(s) fds. (8.1.12)

Hence, letting ¢ go to +o0o in (8.1.12) gives (8.1.11).

Now, showing that P, is a projection on C' is immediate. The inclusion
C C P (Li) is straightforward, whereas the other inclusion follows from
(8.1.11). Indeed, since Px f = f for any f € C, we have C' C Py (L?). Hence,
the first part of the assertion follows.
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To prove the second part of the proposition, we begin by observing that
since |T'(t)g| < T(t)|g| for any ¢ > 0 and any function g € Cy(R”), then, by
density, such an inequality can be extended to any g € Li. Fix now f € C.
Then, |f| = |T(t)f| < T(t)|f] for any ¢ > 0. Since p is an invariant measure
of {T'(t)} then |T'(t)|f] —|f|l1 = 0, so that T'(t)|f| = |f| u-almost everywhere
for any ¢t > 0. Therefore, |f| € C. Now, since f* = (f +|f|)/2 and f~ =
(f —|f1)/2, we easily deduce that f* and f~ belong to C if f does. Finally,
since fVg=g+(f—g)T and fAg=g+ (f —g)", we easily deduce that
fVgand f A g belong to C'if f and g do.

To prove the property (iii), we fix A € R, f € C and we set

fo=((f =NT) AL, n € N.

As it is immediately seen, f, converges pointwise to X{u: f(z)>x} @s n tends
to +o00. By Remark 2.2.10 it follows that T'(-)f, tends to T'(-)X{z: f(z)>A}
pointwise in (0, 4+00) x RY. Since each function f,, belongs to C, the function
X{a: f(z)>x} 18 in C as well.

Finally, since

IR /du/ $)fds = + /ds/w du= [ san

for any t > 0, letting ¢ go to 400, the dominated convergence theorem yields
(8.1.9). |

Proof of Proposition 8.1.11. We begin the proof observing that, if A is a
Borel set, then x4 belongs to C if and only if u(A4) =0 or u(A) = 1. Indeed,
suppose that x4 € C and pu(A) > 0. Then, since {T'(¢t)} is irreducible and
strong Feller (see Proposition 2.2.12) the function T'(¢)xa is continuous in
R and it is strictly positive for any ¢ > 0 (see Remark 2.2.13). Therefore,
T(t)xa # xa on RN\ A. But since x4 € C, then T(t)ya = xa p-almost
everywhere in RY | which implies that u(RY \ A) = 0 or, equivalently, u(A) =
1.

We can now show that C' contains only the constant functions. For this
purpose, let f € C be a nonconstant function. Then, by Proposition 8.1.13(iii)
the characteristic function of the set Ay = {z : f(z) > A} is in C, for any
A € R. Therefore, pu(Ax) = 0 or pu(Ax) = 1. Observe that there should exist
A € R such that p(Ay) = 1. Otherwise, since

N={zeRY: fx)=2c}u |J A,
neNU{+oco}

it should follow that wu(RY) = 0. Similarly, if u(A)) = 1 for any A € R,
then f(z) = +oo for p-almost any x € RY, which cannot be the case. Set
Ao = sup{A : u(Ay) = 1}. We infer that f = \g p-almost everywhere in RY.
Indeed, by definition of Ao, f > Ao p-almost everywhere in RY. Moreover,
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since for any A > Ao, u(Ay) = 0 it follows that p(Ay,) = 0, so that f is
p-almost everywhere constant in RY.

Since C contains only the constant functions, its dimension is 1. Therefore,
we can find out a linear operator S € (L)’ such that P, f = S(f)1 for any
fe Li. According to the Riesz-Fisher representation theorem, there exists
gE Li such that

sp= [ fodn  seti

To complete the proof we just need to show that g = 1 p-almost everywhere.
For this purpose we observe that from (8.1.9) we get

/ fdu=/ Poofdu=/ fodu, feL:.
RN RN RN

By the arbitrariness of f, it follows that ¢ = 1 p-almost everywhere, and we
are done. |

Remark 8.1.14 The results of Proposition 8.1.13 imply, in particular, that
there exists a subsequence {t,} diverging to +o0o such that P; f converges
pointwise, as n tends to 400, to f. As the Chacon-Ornstein theorem show
(see [124, Chapter 3, Section 8]), the pointwise limit is f, for any f € L}L, and
we can take t, = n for any n € N.

Now we can prove that {T'(t)} admits at most one invariant measure. The
uniqueness of the invariant measure has been proved in a more general context
by Doob. We refer the reader to [42] for further details.

Theorem 8.1.15 There exists at most one invariant measure of {T'(t)}.

Proof. Let 1 and pg be two invariant measures of {T'(¢)}. Let us prove that
#1 = p2. According to Proposition 8.1.11, uq and uo are ergodic measures.
Therefore, for any Borel set A, we can find out two Borel sets M; and M,
such that p;(M;) =1 for j =1,2 and

.1 ,
lim —/ (T(s)xa)(x)ds = / xadp; = pi(A), xeM;, j=1,2
0 RN

n—-+oo N

(see Remark 8.1.14). Since the measures pq and pg are equivalent (see Propo-
sition 8.1.5), then M; N My # @. Therefore, p11(A) = p2(A) and we are done.
[ |

To conclude this subsection we deal with the behaviour of T'(¢) as ¢ tends
to +00 and we prove a Liouville type theorem. The following result is due to
Doob. For a proof, see, e.g., [42, Theorems 3.4.2 & 4.2.1].
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Theorem 8.1.16 For any f € LY, we have

lim |T(t)f - fl, =0, (8.1.13)

t—+o0

where f = [on fdu.

As a straightforward consequence of Theorem 8.1.16 we get the following
Liouville type theorem.

Theorem 8.1.17 Suppose that the semigroup {T(t)} admits an invariant
measure . Moreover, let p € [1,4+00) and let w € D(L,) be such that L,u = 0.
Then, u is constant.

Proof. Let u be as in the statement of the theorem. Since {T'(¢)} is a strongly
continuous semigroup, then the function ¢ — T'(t)u is continuously Fréchet
differentiable in [0, +o0) with values in L, and D;T'(t)u = T'(t) Lyu = 0 for any
t > 0 and any p € [1,4+00) (see Section B.1). This implies that the function
t +— T(t)u is constant and, consequently, T'(t)u = u for any ¢ > 0. Letting ¢
tend to 400, from (8.1.13), we immediately deduce that u = fRN udp, so that
u is constant. [

8.1.2 Existence by Khas’minskii theorem

The main result concerning the existence of an invariant measure of a Markov
semigroup is the Khas’minskii theorem. To prove it, we need some prelimi-
naries.

Theorem 8.1.18 (Prokhorov) A family F of Borel probability measures on
RY is tight (see Definition 5.1.2) if and only if, for any sequence {u,} C F,
there exists a subsequence weakly* convergent in the dual space Cy(RN) to a
probability measure.

Proof. To begin the proof, we assume that the family F is tight and we fix
a sequence {pn} C F. For any n € N, let us consider the restriction p, 1 of
the measure u; to B(1). Since C(B(1)) is separable the weak* topology of
(C(B(1))" is metrizable. Therefore, up to a subsequence, j, 1 weakly* con-
verges to some measure 1. Applying the same argument to the restrictions of
the sequence {u,} to the ball B(k) (k € N) and using a diagonal procedure,
we can determine a subsequence {ug, } C {pn} such that for any m € N, py,
converges weakly* to a Borel measure (™ on C(B(m)).

Let us now observe that, for any positive function f € Cy(RY) and any
m € N, one has

/ fdu™ = lim fduy, < lim fduy,.  (8.1.14)
B(m) n—=100 JB(m) n—=+0 JB(m+1)
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Now, fix a Borel set B and a bounded sequence {f;} C Cy(RY) of positive
functions converging pointwise to xp as j tends to +o0o. Taking (8.1.14) into
account, we can write

W BB = [ xadn =t [
B(m) J=+%0 JB(m)
< lim fidptm Y = / xpdpm
J=+%0 JB(m+1) B(m+1)

— u™ (B AB(m)).

Since the sequence {u(™) (BN B(m))} is positive, increasing and bounded by
1, we can define a function p on the o algebra of the Borel sets of RY by
setting
p(B):= lim p™ (BN B(m)),
m——+oo

for any Borel set B. As it is immediately seen, y is a Borel measure.

Let us now prove that y is a probability measure and pu, converges weakly™
to p. For this purpose, we fix € > 0 and take h € N such that

i, RV\B() <e,  neN.

Moreover, for any m > h, we denote by g,, any continuous function such that
XB(m)\B(h+1) = 9m < XB(m41)\B(h)- Lhen,

u(B(m) \ B(h+1)) < /B ol

= lim Imdpir,
n—-+00 E(m) m
< lim sup g, (@N \ B(h))

n—-+o00

<e.

Letting m tend to +oo gives u(RY \ B(h + 1)) < € and we are almost done.
Indeed, if f € Cyp(RY),

‘/RNfdu—/RNfdukn

< ‘ /_ fdyi /_ Fdpu,
B(h+1) B(h+1)

+‘ / o fdu- / O fdu,
RN\B(h+1) RN\B(h+1)

< ‘ ﬁ Fp— /, Fdu,
B(h+1) B(h+1)

+2¢]| flloo-

(8.1.15)
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Now, observing that u(B(h + 1)) = pu(™ (B(h + 1)) for any m > h + 1 and
letting n go to +o00, (8.1.14) and (8.1.15) give

lim sup
n—-+o0o

< 2] f]loo) (8.1.16)

Fdu— / Fdun,
RN

RN

and the arbitrariness of € > 0 and f € C,(R") allow us to conclude that py,,
weakly* converges to p. Moreover, taking f = 1in (8.1.16), we obtain that u
is a probability measure.

Conversely, let us assume that F is relatively weak® compact and let us
prove that it is also tight. By contradiction, assume that there exist € > 0 and
a sequence {p,} C F such that

pn(B(n)) <1—c¢, n e N.

Since F is relatively weak™ compact we can assume, up to a subsequence, that
Ly converges to some probability measure u. Let us prove that

u(B(k)) < liminf yu, (B(k)) < liminf i, (B(n)) <1 -, (8.1.17)

n—-+o0o n—-+o0o

for any k sufficiently large. Of course, (8.1.17) will lead us to a contradiction,
since u(B(k)) converges to u(RY) =1 as k tends to +oo.
So, let us prove the claim. As it is easily seen, it suffices to show that

limsup p, (RN \ B(k)) < u(RY \ B(k)). (8.1.18)

n—-+oo
For this purpose, we fix € > 0 and m € N sufficiently large such that
H(RY \ B(k — 1/m)) < u(RY \ B(k)) +=.
Further, we introduce the function f : RN — R defined by
0, x| <k — %,
f@) =< mlz|+1—mk, k—L <|z|<k,

L, x| = k,

and we observe that

i@ N\BE) = [ g < Fdpin.
RN\ B(k) RN\ B(k—1/m)

Letting n go to 400, we deduce that

tim sup (B \ B(R) < [ fdp < p(RY\ B(k — 1/m))
RN\ B(k—1/m)

n—-+o0o

< u(®Y \ B(k)) + <.
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The arbitrariness of £ > 0 yields the inequality (8.1.18), and we are done. W

Let {p(t,z;dy) : t > 0, 2 € RN} be the same transition family as in
Theorem 2.2.5, and define the family of probability measures {r(t, z;dy), t >
0, z € RV} by setting

1t
r(t,z; B) = 2/ p(s, z; B)ds, B € B(R").
0

We recall that p(s,z; B) = (T'(s)xgB)(z).
Let us prove the following preliminary theorem ([83, Theorem 3.2.1]). In
the sequel we will use only the first part of it.

Theorem 8.1.19 (Krylov-Bogoliubov) If for some ty > 0 and some g €
RN the family of measures {r(t,zo;dy), t > to} is tight, then the semigroup
{T(t)} admits an invariant measure fi.

Conversely, if there exists an invariant measure i, then

lim liminf RV \ B =
Glm lminfr(t, o RY\ B(R)) =0,

for any x € RN \ E, where E is a negligible set with respect to the Lebesgue
measure.

Proof. Suppose that the family of measures {r(t, zo; dy), t > to} is tight. By
Prokhorov theorem, there exists a sequence {t,,} diverging to +oo as n tends
to +o0o such that r(¢,,xo; dy) converges weakly* to a probability measure p.
We claim that p is an invariant measure of {T'()}. Indeed, for any f € B,(R")
and any t > 0, we have

[ aON@rtmidn = - [ @+ s) ) @ds
RN n Jo
t+in
- [ @oneas
tn+t
[ 1@t a4 2 [ o

—%A@@mmm

Since |T(t)| (B, @~y < 1 for any t > 0, letting n tend to oo we get

/RN T(t)f dyu = /RNfdu,

that is p is an invariant measure of {T'(¢)}.
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Conversely, assume that p is an invariant measure of {T'(¢)}. For any fixed
r € RN the function

R liminf r(t, z; RV \ B(R))
is decreasing. Therefore, we can define

r(z) = thJIrloo 11Ln1nf7°(t RN \ B(R) x e RV,

Now, we observe that

pEY\B(R) = 1 [ p®Y\ B(R)ds

/ds/ )XRN\B(R) At

]RN

- / ds [ bl B\ BR)dn
t 0 ]RN

- / Y\ BR)dp

for any t > 0, and then, by Fatou’s lemma, we get

w(RY\ B(R)) = liminf /RN r(t,z; RN \ B(R))du

t——o0

N
>/]R liminf r(¢, z; R \ B(R))dp

N t—>+00

Letting R tend to 400, by the monotone convergence theorem we get

0> li liminf (¢, 2; RN \ B(R))d du,
> [ mint e s B\ B = [ vd
which implies that » = 0, p-almost everywhere. Since p is equivalent to the
Lebesgue measure, the conclusion follows. [ |

We can now prove the main result of this section, that is the Khas'minskii
theorem, which gives a sufficient condition for the tightness of the measures
{r(t,xz0;dy), t > 1} and, hence, for the existence of an invariant measure for
the semigroup {T(¢)}.

Theorem 8.1.20 (Khas’minskii) Suppose that there exists a function ¢ €
C?(RN) such that

© >0, lim Agp(z) = —oc.

|| =00

Then, for any fized zo € RN, the measures {r(t,zo;dy), t > 1} are tight. As
a consequence, the semigroup {T(t)} admits an invariant measure.
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Proof. Let X be the Markov process associated with {T'(t)} (see Section
2.4), and let 7, = Tp(,) be the first exit time of X from the ball B(n), as
defined in (2.4.6). Fix t > 0 and € R”; from the formula (2.4.7) with
7 =t AT, we have

tATH
E.o(Xiar,) = p(z) + Ez/ Ap(Xs)ds, (8.1.19)
0

for any n € N. Now, for any R > 0, let

*MR = sup ASD(:L');
|z|>R

and let K > 0 be such that Ap(z) < K for any x € RY. Then, clearly
A(p(l‘) <K- X{\x\>R}MRa S RN,
and, by (8.1.19), we get
tATh
E.o(Xinr,) — @() SKt—MREx/ X{|X,|>R}dS, t>0, z e RV,
0
Hence,

tATH
MREx/ X{|x.|>ryds < Kt+p(x) —Eo0(Xinr,) < Kt+o(z), (8.1.20)
0

for any ¢t > 0 and any = € RY. Now, since {T(t)} is conservative, 7,, tends to
400 almost surely, and then

tATR t
lim E.. ds=E, d
pm 1/0 X{|X.|>R}0S l/o X{|Xs|>R} &S

t

:/ EIX{\XS|>R}dS
0

= tr(t,z;RY \ B(R)).

Thus, letting n tend to 400 in (8.1.20), we obtain

K
ot RV \ B(R) < EEED
Mg
for any t > 1. Since limp_, 1o M = +00, it follows that the measures
{r(t,z;dy), t > 1} are tight, for any x € RV, [ ]

In [116] Khas'minskii theorem is proved in a similar way, taking advantage
of the Krylov-Bogoliubov theorem, but without using the formula (2.4.7). For
the sake of completeness we give this proof. In Chapters 12 and 13 we will
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adapt such a proof, to prove the existence of an invariant measure for the
semigroups therein considered.

A second proof of Theorem 8.1.20. We are going to prove that for any tg > 0
and any xg € RY the family of measures {r(t,zo;dy) : t > to} is tight.

Let {1} € C*°([0,+00)) be a sequence of smooth functions with the fol-
lowing properties:

(i) ¥n(t) =t for any t € [0, n];
(i) ¢n(t) =n+ 1 forany t > n+1;
(iii) o7 (t) € [0,1] and ¢!/ (t) < 0 for any t > 0.
As it is immediately seen the function ¢, = 1, o ¢ belongs to Dmpax(A)
for any n € N (see (2.0.1)). Since the semigroup {T'(¢)} is conservative (see
Remark 4.0.3 and Theorem 4.1.3), Propositions 2.3.5 and 2.3.6 imply that the
function (t,x) — u,(t, z) := (T(t)pn)(x) is differentiable with respect to ¢ in
[0, +00) x RN and
Dyun(t, z) = (T (t)Apn)(x)
— [ (Aupit.z:dy)
RN
N
:/ <w2(¢)A¢+wﬁ(<ﬁ) > QijDiSDDj50>p(tax;dy)a (8.1.21)
RN

1,j=1

for any t € [0,+00), any € RY and any n € N. We now fix ¢ > 0 and
r € RV and integrate (8.1.21) with respect to s € [0, ¢]. Recalling that u,, > 0
in [0, +00) x RY and ¢/ <0 in [0, +00), we get

—pn(z) S/O ds /RN U, (@) (Ap)p(s, z; dy)
=/O ds/Ewn(sD)(Aw)p(s,fc;dy)
T / s / o PO AD i), (81.22)

where E = {y € RY : Ap(y) > 0}. Since E is a bounded set, the dominated
convergence theorem implies that the first integral term in the last side of

(8.1.22) converges to
¢
[ s [ aoptsaa,
0 E

as n tends to +oco. Further, since the sequence {¢/,(s)} is increasing to 1 for
any s € [0,+0c0), and Ap < 0 in RY \ E, using the monotone convergence
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theorem, it is immediate to check that the second integral term converges to

t
/ ds/ (Ap)p(s, z; dy),
0 RN\E

which is finite due to (8.1.22). Therefore, again from (8.1.22), we get

—p(x) S/O ds/RN(Acp)p(s,x;dy)- (8.1.23)

Now, fix € and let p > 0 be such that Ap < —e~! outside the ball B(p). From
(8.1.23) we obtain that

t t
—p(r) S/ dS/ (Aw)p(svx;dy)ﬁL/ dS/ (Ap)p(s, z; dy)
0 B(p) o JrRM\B(p)
t

1

<Mi- 2 / p(s,: RN \ B(p))ds

- Mt — ér(t,x;RN \ B(p)),

for any x € RN, where M = supg~y Ayp. Consequently,

Mt
r(t,z, RN \ B(p)) < E%(m),
which, of course, implies that for any tg > 0 and any x € R the family of
measures {r(t,z;dy) : t > to} is tight. [ |

8.1.3 Existence by compactness in Cp(RYY)

The compactness of {T()} in Cy,(RY), which we studied in Section 5.1, implies
the existence of an invariant measure as well as other remarkable properties.
To begin with, we consider the following lemma.

Lemma 8.1.21 If for some to > 0 and some xo € RN the family of measures
{p(t,zo;dy),t > to} is tight, then the family of measures {r(t,zo;dy), t > to}
is tight, as well.

Proof. For any t > tg we have

1 [t 1/t
r(t,xo; B) = ;/0 P(S,fﬂo;B)dSJr;/ p(s,xo; B)ds
to

< sup p(s,zo; B) + sup p(s, zo; B).
0<s<to s>to
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Therefore, it is sufficient to prove that the family of measures {p(t, zo; dy), t €
[0,t0]} is tight. This follows from the Prokhorov theorem 8.1.18. Indeed, con-
sider a sequence {p(t,,xo;dy)} where t, € [0,tg] for any n € N. Up to a
subsequence, {t,} converges to some t* € [0,¢o]. Taking Theorem 2.2.5 into
account, we get

lim IRNf(y)p(fmaco;cly)= lim (T'(t,)f)(xo)

n—-+o00 n—-+o00

= (T(t") ) (o)

= fW)p(t*, zo; dy),
RN

for any f € Cyp(RYN). Therefore, the sequence {p(t,,zo;dy)} is weakly* con-
vergent to the measure p(t*, zo; dy) in the dual space Cy,(RY)'. [ ]

Theorem 8.1.22 If T(t) is compact in Cy(RN) for any t > 0, then there
exists an invariant measure of {T(t)}. Moreover, for any p € (1,+00), T(¥)
and R(X\, L) are compact operators in LY, for any t > 0 and any A > 0, and
the spectrum of L, consists of isolated eigenvalues.

Proof. Fix tg > 0, 29 € RY and ¢ > 0. Since {T'(t)} is conservative, by
Proposition 5.1.3 there exists R > 0 such that

p(to,y; RV \ B(R)) <, y € RV,

Recalling that p(t,z;dy) is a probability measure for any ¢ > 0 and any
x € RN, it follows that, for any t > tg,

p(t,zo; RN \ B(R)) = /RN p(to,y; RN \ B(R))p(t — to, z0;dy) <,

namely, the family of measures {p(t, zo;dy), t > to} is tight. Then, the ex-
istence of an invariant measure of {T'(¢)} follows from Theorem 8.1.19 and
Lemma 8.1.21.

We now fix an arbitrary ¢ > 0 and we prove that T'(¢) is compact in L¥,. For
this purpose, we observe that, since p is equivalent to the Lebesgue measure
on the o-algebra of the Borel sets of RV (see Proposition 8.1.5), then Ly C
L>=(RY, dx). Moreover, since {T'(t)} is strong Feller (see Proposition 2.2.12),
then it maps L;7 into Cy(RY). Therefore, writing T'(t) = T'(t/2) o T(t/2) and
taking Proposition A.1.1(ii) into account, it is immediate to check that T'(¢) is
compact from L into C,(RY) and, since Cj,(RY) is continuously embedded

/

in Lg7, T(t) is compact from L7 into itself.

Let now B(1) be the closed ball in L7? with centre at 0 and radius 1 and

fix t € (0,+00). Since T'(t)(B(1)) is compact in L;° and the set of all the
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bounded simple functions is dense in L7 then, for any € > 0, there exists a

finite number of simple functions f1,..., fm € LY (m € N) such that
o m
T(t)(B1) C | J{f e Ly« If = filge <)
j=1

Without loss of generality, we can assume that f; = Zle a§j ) XrF; Where F;

are disjoint measurable sets with positive measures such that Zle F, =RY

and agj) eRforanyt=1,...,kand any j = 1,..., M. We now consider the

operator P, defined on measurable functions by

NS
Paf:iz:; <TFJ)/F, fdM> XF; -

As it is easily seen,
1Pell(eey = 1Py =1,

and P.f; = fj for any j =1,..., N. Fix f € L} such that ”f”Lff’ =1 and let
j €{1,...,m} be such that |T(t)f — fjl|lLe < e. Then,

IP.T@W) Tz < IP(TOS — )i +1fs — T flie < 2.
Therefore,
|P-T(t) — T(t)”L(Lzo) < 2e. (8.1.24)
Similarly,
[P =Tl < IPTOlws) 1Ty < 20TOlns). (81.25)

Hence, by (8.1.24), (8.1.25) and the Riesz-Thorin interpolation theorem (see
Theorem A.4.9), we get

1—1 1
IPT() = Ty < IPTE) = Tl ) IPTE) = T 1)

1

< 2||T(t)||§(L‘1L)51_5,

for any p € (1,400). Since the operator P.T(t) has finite rank for any € > 0,
then it is compact in L and, consequently, T'(t) is compact in LF, as well.

Now, we show that R(\, L,) is compact for any A € p(L,). For this purpose,
we prove that the semigroup {7T'(¢)} is norm continuous in (0, +00). Indeed,
once this property is checked, taking (B.1.3) into account, we will get

—+oo
R\, L,) = / e MT(t)dt,
0
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for any A with positive real part, where the integral is meant in L. Proposition
A.1.1(i) then will allow us to conclude that R(A, L,) is compact for any X as
above. Then the resolvent identity (see the formula (A.3.2)), together with
Proposition A.1.1(ii), will yield the compactness of R(\, L,) for any A € p(Lp).

So, let us prove that {T'(¢)} is norm-continuous in (0, +00). Let us fix tg > 0
and let us set K = T'(t)(B(1)), where now B(1) denotes the open unit ball in
L¥, with centre at 0. Since T'(tp) is a compact operator, then K is compact in
LE. According to Remark B.1.2, T'(¢) f tends to f as ¢ tends to 0%, uniformly
with respect to f on compact subsets of L. Therefore,

M Tt +to) f =T(to)f,

uniformly with respect to f € B(1), and this implies that T'(¢) tends to T'(¢o)
in L(LE) from the right. Similarly, if ¢ < 0, we can fix 0 € (0,%) and write

IT(to + ) — T(to) fluy < T (to + — 8)(T(O)f —T(5 — )l
< |T()f ~T(5 ) f 1y (8.1.26)

Letting ¢ tend to 0~, we deduce that the last side of (8.1.26) vanishes. Hence,
T(-)f is norm continuous in (0, +00).

Finally, we observe that, since R(1, L,) is compact (and invertible), then
its spectrum consists of isolated eigenvalues. Therefore, the spectrum of L,
consists of isolated eigenvalues as well. [ |

Remark 8.1.23 Applying [7, Proposition 2.6], one can also show that, under
the assumptions of Theorem 8.1.22, the spectrum of the operator L, is inde-
pendent of p and it coincides with the spectrum of (A, Diax(A)) in Cp(RY)
(see (2.0.1)).

To conclude this subsection, we show that, under the assumptions of The-
orem 8.1.22, the spectral gap for the operator L, holds for any p € (1, +00),
i.e., there exists § > 0 such that o(L,) \ {0} C {A € C: Re X < —6}.

Theorem 8.1.24 Under the assumptions of Theorem 8.1.22, the spectral gap
holds for the operator Ly, for any p € (1,4+00). Moreover, T'(t)f tends expo-

nentially to f in Li, as t tends to 4+o00.

Proof. Fix p € (1,400) and denote, as in Subsection 8.1.1, by P, the
operator defined in L by

Puf=[ fdu  sel
RN

Since P is a projection, then L = H & K, where H = Ker(Py) and
K = Ker(I — Py). As it is immediately seen, T'(¢t) commutes with P, for
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any t > 0. Therefore, H and K are both invariant under the action of the
semigroup and the restrictions of the semigroup to H and K give rise to
two strongly continuous semigroups, whose infinitesimal generators are the
restrictions of L, to H and K, respectively. In particular, for any ¢ > 0, T'(t)
coincides with the identity operator on K. As a consequence, for any f € LF
such that f = f1 + fo with f; € H and fy € K, we have

T(0)f = T(0)| o + o

Now, we are going to prove that 7T'(¢) " decreases exponentially as ¢ tends
to +00. As a first step, we claim that O'(T(].)‘H) C B(1). Since {T'(t)} is a

semigroup of contractions, then o(7(1)) C B(1). Let us show that, if A €
0B(1), then X\ € p(T(1)|H). On the contrary, we assume that there exists

A€ U(T(l)}H) N OB(1). Since T'(1) is a compact operator, A belongs to the

point spectrum of T'(1). Therefore, there exists f € H, with f # 0, such that
T(1)f = Af. Using the semigroup rule, we obtain that T'(n)f = A" f for any
n € N. From Theorem 8.1.16 it follows that 7'(n)f tends to P f = 0 in L.
Therefore, A" f should tend to 0 as n tends to +o0, but, of course, this cannot
be the case. The claim follows and, in particular, we deduce that there exists
0 < 1 such that

nEr}rloo I17°(1) L(H) =

lim [T(n)|} ) = 6.

n—-+4oo

Using the semigroup law it is now immediate to check that there exists w < 0
such that

1Ty < Ce*, t>0.
Since {T(t)|H} is a strongly continuous semigroup in H, then inf{Re) : A €
a((Lp)|H)} < w (see Section B.1).
To conclude the proof of the first part of the theorem, it suffices to show
that
o(Ly) = o((Ly) ) Uo((Ly)] ) = o((Ly)| ) U 0} (8.1.27)

Note that the second equality in (8.1.27) is immediately checked since T'(t) I3

I for any t > 0.
As a first step to prove (8.1.27), we observe that 0 € o(L) and 0 ¢
U((Lp)|H). Indeed, Theorem 8.1.17 implies that Lu = 0 if and only if u is

constant. Therefore, 0 € o(L,). But, since 0 is the only constant in H, then
0% o((Ly)| )

Now, let A € p(L), A\ # 0, and let f € H. Set u = R(\,Ly)f, so that
M — Lyu = f. Since f = 0 and Lyu = 0, by (8.1.5), then w = 0 as well, so
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that uw € H. This implies that A € p((Lp)|H) and R(\, (Lp)|H) = R(\, Lp)|H.
Therefore, a((Lp)|H) U{0} C a(Ly).
To prove the other inclusion in (8.1.27), we fix A € p((Lp)‘H), A # 0, and

we show that A € p(L,). For this purpose, we observe that, for any f € LF,
the function u = R(\, (Lp)‘H)(f — f) + A1 is a solution to the equation

Mu — Lyu = f. Note that f € D(L,), since the constants belong to Dyax(A),
which is a core of L, (see Propositions 2.3.6, 4.1.10 and 8.1.9). Hence, the
operator AI — L, is surjective in L.

To prove that Al —L,, is also one to one, we observe that, since P, commutes
with T'(t) for any ¢ > 0, then it commutes with L, on D(L,). Therefore, if
A = Lyu for some u € D(L,), then both uy = Psou and ua = (I — Pao)u solve
the equation Av = L,v. Since A ¢ a((Lp)|H) U 0((LP)‘K)’ then u; = us =0

and, consequently, u = 0. _
To conclude the proof of the theorem, we observe that the function f — f
belongs to H for any f € Li. Therefore,

I7(t)f = flla = IT@)f = T(#)fl2 < 2Ce*| f]2, t>0,

and we are done. [

8.1.4 Existence by symmetry

In this subsection we study the case when the operator A is given by
Au(z) = Au(z) — (DU (x) + G(z), Du(z)), reRY, (8.1.28)
on smooth functions, under the following hypotheses on U and G.

Hypotheses 8.1.25 (i) U : RV — R belongs to C\Lt*(RY), for some a €
(0,1), and e~V € LY (RV);

(i) G € CHRN,RY), divG = (G, DU) and
/ |G(z)|e V@ dz < 4o00.
RN
Under Hypotheses 8.1.25 we can define the probability measure
p(dz) = K~ e U@y, K= e V@,

RN

By means of an integration by parts, we get

| Argau==[ (Dr.Dgdn  feCE®Y), geWLIRY)
(8.1.29)
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for any p € [1,+00). In particular,

- Afdu =0, f e Ce®RM). (8.1.30)
The main result of the section is the following theorem.
Theorem 8.1.26 Assume Hypotheses 8.1.25. Then, the semigroup {T(t)} as-
sociated with the operator A in Cy(RYN) is conservative, p is the invariant

measure of {T'(t)}, and C*(RYN) is a core of the infinitesimal generator L,
in L for any p € [1,+00).

Proof. For any p € [1,400) consider the operator A, : C°(RY) — L%
defined by A,u = Au for any u € C°(RY). As a first step we prove that A,
is dissipative, that is

Mulpr < [Mu— Apulzz,  A>0, ue D(A,). (8.1.31)

For this purpose, let u € D(A,) and set f = Au — Apu. Multiplying both the
sides of the previous equality by sign(u)|u[P~!, and integrating in RY, we get

A P [ Agusign(llda = [ fsign(lu
RN RN RN

< [Pt (5132
RN

Now, if p > 2 integrating by parts we get
[ Awusigntu)luP i =~ [ (Du, Disignu)fu)du
RN RN
=—(p— 1)/ |Dul?|ulP~2dp < 0. (8.1.33)
RN

Hence, from (8.1.32) and (8.1.33) we easily get (8.1.31).

In the case when p € [1,2) we consider the sequence {¢,, } C C*°(R) defined
by on(z) = z(2? +n~1)P=2/2 for any 2 € RY. Since any ¢,, is an increasing
function in RY, converging pointwise to sign(z)|x[P~! as n tends to +oo, by
dominated convergence and by (8.1.29) we have

/ Apusign(u)ulP~tdy = lim Apupp (w)dp
RN

n—-4oo RN

=— lim ! (u)|Du?dp <0,

n——4oo RN

and, then, (8.1.31) follows from (8.1.32).
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As a second step we show that the range of AI — Ay, is dense in L, for some
A > 0. To prove this, let g € Lﬁ(RN) (where 1/p+1/q = 1, or ¢ = +oo0 if
p = 1) be such that

/ (A — Apu)gdp =0,
RN

for any u € D(Ap). First we assume that p € (1, 400). By classical regularity
results for weak solutions of elliptic equations (see Theorem C.1.3(ii)), g be-
longs to W1 Y(RN). If p =1, then g € L} _(RY). Therefore, still from Theorem
C.1.3(ii), we deduce that g € VVI1 2(]RN) Now, from the formula (8.1.29) we
get

)\/ ug du +/ (Du, Dg)du = 0, u € C°(RM). (8.1.34)
RN RN

By density, (8.1.34) can be extended to any compactly supported function
u € W“’(RN), if p € (1,400) and to any compactly supported function
u € WE2(RYN), if p = 1. Now, for any n € N, let 7, € C°(RY) be a smooth
function such that n, = 1 in B(n), 0 < 1, < 741, and |Dn,| < 1/n. If
1 < p <2, taking u = n2sign(g)|g|9~" in (8.1.34), we get

A/ nilglqduﬂq—l)/ i lg|% 2| Dgl*dp
RN RN

= —2/N 1asign(g)|g|” (D, Dg)dp
R

IN

1 ) 1
- Dgl|?|g|" 2dpu + | g||2.
n/RN M| Dgllgl*"dp + —llglg
Hence,

1
A 2 Uy < = Q(I’
[ sl < S1al

for any n > 2. Letting n tend to +00, by monotone convergence we get g = 0.

The case when p = 1 can be treated as the case when p = 2. Suppose now
that p > 2 and, for any n,m € N, let upn m = 1n2om(g), where the sequence
{¢n} is as above with p being replaced by q. Then, u,, ,, € WHP(RY) and has
compact support for any n,m € N. Writing (8.1.34) with w,,_,, instead of w,
we get

q—4

1\ =
A/ g ( —) dp
2 2 2 1 7 2
+g—=1) [ mg° 9"+ — |Dg|“dp
RN m

2 1
< —/ nlgl (g2 + —) |Dg|dp. (8.1.35)
RN m

n
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Letting m tend to +o0 in (8.1.35), we get

A/ nilglqduﬂq—l)/ i lg|% 2| Dgl*dp
RN RN

2 _
< —/ 1alg|*~ | Dyldp. (8.1.36)
n Jrn

Since the right-hand side of (8.1.36) is finite, the second integral in the left-
hand side is finite as well. Therefore, applying the Cauchy-Schwarz inequality
gives

A / n2lgl?dp + (g — 1) / 7219|7"2| Dy *du
RN RN

1 1 _
< —|lgld + —/ n2lg|" 2| Dgl*dp.
n n RN

Hence, for n(q — 1) > 1, we get

1
A 21019y < Zal?
| et < Lol

and, letting n go to +00, we obtain g = 0 also in this case.

Now, according to Proposition B.1.8, the closure A_p of the operator A, in
L% is the generator of a strongly continuous semigroup {S(¢)}. By density,
(8.1.30) implies that

[ =0 1<),

Thus, for any f € D(A,) we have

d

G [ sosi= [ Tsorau=o. >0
dt ]RN ]RN

so that
S() fdp = / fdu,  t>0. (8.1.37)
RN RN

Since D(Ap) is dense in LE, the equality (8.1.37) holds for any f € LE.

Next, we prove that the semigroup {7'(¢)} can be extended to LI with a
strongly continuous semigroup of contractions and, then, that the so extended
semigroup coincides with {S(¢)}. Note that {T'(¢)} is well defined since the co-
efficients of the operator A satisfy Hypotheses 8.1.1. For this purpose, for any
R > 0 we denote by {Tr(t)} the semigroup associated with the realization of
the operator A with homogeneous Dirichlet boundary conditions in C(B(R)).
Let us observe that the measure p is a subinvariant measure of {Tr(t)} for
any R > 0, that is

/ Tr(t)fdp < / fdp, t>0, (8.1.38)
B(R)

B(R)
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for any positive function f € Cy(B(R)). Indeed, differentiating the left-hand
side of (8.1.38) with respect to ¢ and integrating by parts we get

d
/ Sa(t)fdp = [ ATp()fdn
B(R) B(R)

—x [ (Tef) et otan)
9B(R) ov

where v is the unit outward normal vector to 9B(R) and o(dy) is the surface

measure on dB(R). Since Tr(t)f is nonnegative in B(R) and it vanishes on

OB(R) (see Proposition C.3.2), we have 0Tgr(t)f/0v < 0, and then (8.1.38)

follows.

Since Tr(t)f converges to T'(t)f in a dominated way, then, letting R tend
to infinity, the inequality (8.1.38) holds also when Tg(t)f is replaced with
T(t)f, for any nonnegative function f € C.(RY) and B(R) is replaced by
RY. Using an approximation argument we can show that (8.1.38) holds for
any nonnegative function f € C,(RY). Arguing as in the proof of Proposition
8.1.8, we can extend {T'(t)} to a strongly continuous semigroup in LF, for any
p € [1,+00). _

Now, let L, be the generator of {T'(t)} in L. Since A, and L, coincide
with A on C°(RY), which is a core of A,, then L, is an extension of A,.
But since A_p and L, are both generators of strongly continuous semigroups
of contractions, then for any A > 0 we have

Ly, = (A = 4,)(D(4y)) = (A = Lp)(D(Ap)) € (A = Lp)(D(Ly)) = L,
which implies that (A — L,)(D(A4,)) = (A — L,)(D(Ly)) or, equivalently, that
D(Ap) = D(Ly), so that Aj, and L, coincide. Therefore, S(t) = T'(t) in L, for
any t > 0 (see Proposition B.1.4). Thus, by (8.1.37), i is the invariant measure

of {T'(t)}. Hence, by Proposition 8.1.10, it follows that {T'(¢)} is conservative.
]

Proposition 8.1.27 D(L) is continuously and densely embedded in Wl}’Q.
Further,

/RN (Dg, Dh)du = — /RN Lghdyp, geD(L), heWy?  (8.1.39)

Finally, for any A > 0,

IDR(A, L) f]2 < \/§||f||27 ferL (8.1.40)
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Proof. The proof of the first part of the assertion is a straightforward con-
sequence of the formula (8.1.29) and Theorem 8.1.26. Indeed, fix ¢ € D(L).
Since C°(RY) is a core of D(L), there exists a sequence {¢,} C C°(RY)
such that 1, and L, tend, respectively, to ¢ and L1 as n tends to +oc.
Writing (8.1.29) with f = g = ¢, — ¥ (n,m € N) we get

IDYn — Dplls < tbn — Y2l Ltpn — Lipm]a-

Therefore, {1, } is a Cauchy sequence in Wl}’Q. Since it converges to ¥ in LIQM
we deduce that ¢ € Wl}’Q and, then, writing (8.1.29) with f = g = ¢, we
obtain that D(L) is continuously embedded in W->.

To conclude the proof of the first part of the proposition, we have to show
that D(L) is dense in WJ’Q. But this follows immediately from the forthcoming
Proposition 8.7.3.

Now, the formula (8.1.39) can be easily proved by a density argument,
recalling that Ly = Ay for any ¢ € C°(RY).

Finally, to prove the formula (8.1.40) it suffices to apply the formula (8.1.39)
with g = h = R(\, L) f, recalling that

IR L) fla < INTHFle - and LR L)z < 2| fo-

Remark 8.1.28 In Section 8.4, we will improve the results in Proposition
8.1.27 in the case when the drift term is the gradient of a convex function.

To conclude this section, let us recall the following result.

Proposition 8.1.29 Under Hypotheses 8.1.25, T'(t) f belongs to W;}’Q for any

fe Li and any t > 0. Moreover,

DT (1) f]5 < % (12 =17 @) f13) t>0.

Proof. See [62, Lemma 1.3.3]. [ |

8.2 Regularity properties of invariant measures

In this section we give some conditions on the coefficients of the operator A
implying global regularity properties of the invariant measure p.

In Proposition 8.1.5 we have seen that, if the semigroup {T'(¢)} admits
an invariant measure p, then p is absolutely continuous with respect to the
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Lebesgue measure and its density is positive. Now, we specialize to the case
when A is given on smooth functions u by

N N N
Au = Z Di(qiij)u + Z b;Diju := Agu + Z b;D;u. (8.2.1)

i,j=1 i=1 i=1

Let us state the main hypotheses on the coefficients ¢;; and b; (i,j =1,...,N)
which will be assumed throughout this section.

Hypotheses 8.2.1 (i) ¢;; =¢;; € CHre(RN) for any i,j =1,..., N (N >

loc
2) and some « € (0, 1) and there exists a positive constant k¢ such that

Z Qz] fzgj > HO|§| y l’,f € RN; (822)

1,j=1

(ii) the functions x — (14 |£L’| )" qij(x) and @ — (1+|z|) "' D;q;j(x) belong
to L}L for any i, =1,...,N;

(iii) b; € C2.(RN) for any i = 1,..., N.

Remark 8.2.2 Hypothesis 8.2.1(ii) is satisfied for instance in the case when
the function z — (1 + |z|*)'¢;;(z) and = — (1 + |z]) ' Dsqi;j(z) (3,5 =
1,...,N) are bounded in RY. Another sufficient condition for the integrabil-
ity of the previous functions (with respect to the measure ) can be easily
given under the assumptions of the forthcoming Proposition 8.2.14, which
guarantees the integrability of the function x — exp(§|z|?) for some positive
constants 3 and 4.

In order to present the main results of this section (proved very recently
by G. Metafune, D. Pallara and A. Rhandi in [114]) we recall the following
theorem, which has been proved in [20, 21] and gives a local regularity property
of the function p.

Theorem 8.2.3 Under Hypotheses 8.2.1(i) and 8.2.1(ii3), the function p be-
longs to WIO’C’)(RN) for any p € [1,+00). As a consequence, p is continuous in
RN

Proof. We split the proof into three steps.

Step 1. Here, we show that p € L (RY) for any p < N/(N — 1). For this
purpose, we begin by observing that, according to Proposition 8.1.2,

/. S g Doy = — /. Zszsodu, peCERY),  (323)

3,7=1
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where
N
bi::bi+ZDiQij; i=1,...,N.

By density, it is immediate to extend (8.2.3) to any function ¢ € C2(RY).
Now, we fix R > 0 and a function ¢ € C°(B(R)) such that xp(g/2) <9 <

XB(r)- For any ¢ € C*(B(R)) we write (8.2.3) with ¢ = 1. We get

‘/ Z qij zj"b’l?d/i‘ ‘2/ Z quD 19DJ’¢CZ/J
B B

(R)’L] 1 (R),L] 1
N
+/ P qz‘jDiﬂ‘}du—i-/ 9 b;Dpbdu
B(R) i;l RN ;
N
+ / P EiDiﬁdu‘
< Cil¥ler B(ry)s (8.2.4)

where C is a positive constant, depending on R, but being independent of .
Let f € C°(B(R)) be a smooth function. By [66, Theorem 6.14 and Lemma
9.17], the equation

Zq” ©)Diju(z) = f(z), =€ B(R),

3,j=1

u(z) =0, z € 0B(R),

(8.2.5)

admits a unique solution u € C?(B(R)) satisfying

lulw2.qB(R)) < CalfllLeB(R)>

for any ¢ > N and some positive constant Co = C(g, R), independent of f.
Using the Sobolev embedding theorems (see [2, Theorem 5.4]) we deduce that

luller @Ry < CsllflLary)

with C5 being independent of f. Therefore, plugging ¢ = u into (8.2.4), we
deduce that

‘/ fIpdx| < C1Cs f|La(B(R))-

B(R)

By the arbitrariness of f € C*(B (R)) and ¢ > N the function pY belongs
to LP(B(R)) for any p € [1, N/(IN — 1)). Since pd = p in B(R/2) and R is

arbitrary, the assertion easily follows.
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C

us fix p € (1, N/(N —1)) and M € N. For any a2y € B(M) and any R > 0 we
fix two functions 1,1 € C?(xo + B(R)) such that Xwo+B(R/2) <N < Xzo+B(R)
and v vanishes on g + OB(R). We are going to prove that we can fix R
sufficiently small (depending only on M) such that p € WP(xg + B(R/2))
for any xg € B(M). The arbitrariness of zy € B(M) and M > 0, then, will
imply that p € VVlif (RM). Without loss of generality, we can assume that
R <1
Writing (8.2.3) with ¢ = ¢¥n and using the Poincaré inequality, we get

N
n qi; D; -wdu‘
‘ /l‘o-i-B(R) Z Y

Step 2. We now show that p € VV&)”’(RN) for any p € [1, N/(N —1)). So, let

ig=1
N N
<2 / Z QijDinDjde‘ + / (0 Z QijDijndN‘
zo+B(R) ;=1 zo+B(R) ;-1

N N
—I—‘/ n EiDﬂﬂdli‘ + ‘/ P EiDmdli‘
zo+B(R) Z xo+B(Ro) Z

i=1 i=1

<cuf (ul+ IDu)dn
zo+B(R)
< 05||D¢||Lp/<p—1>(m0+B(R)), (8.2.6)

for some positive constants C4 and C5, depending on R, M and the sup-norm
of the coeflicients of A in B(M + 1), but independent of 1 and z.

For any set of functions f; € C°(x9 + B(R)) (i =1,...,N), let us denote
by u € C?(xg + B(R)) the solution to the elliptic boundary problem (8.2.5)
with vazl D, f; instead of f. Plugging ¥ = u into (8.2.6), we get

N
‘ / nZDifidu‘ < G5 Dl /601 (1 B(R)) - (8:2.7)
zo+B(R)

i=1

Let us show that

N
”D“”LP/(P*U(QEOJFB(R)) < Cs Z ”Difi”W—l,p/(p—l)(IDJFB(R))7 (8.2.8)

i=1

for some positive constant Cg, independent of R, xo and f, provided that
R is sufficiently small. Here, W~1?/(P=1) (g4 + B(R)) denotes the dual of
the space Wy (zo + B(R)). From the estimates (8.2.7) and (8.2.8) we will
then immediately deduce that np € WP (zo + B(R)) and, since = 1 in
zo + B(R/2), that p € W'P(zo + B(R/2)).

From now on, we denote by C; positive constants, depending on M, but
independent of xy, R and f.
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To prove ) we begin by observing that, since

(8.2
N
Z i(gi; Dju) ZDifi + Z D;qij Dju := g1 + g2,

i=1 ij=1

then
IDull o/ o1 (wot-B(RY)

<Cr (”91”W*LP/(P*I)(zOJrB(R)) + g2 ||W*11P/(P*1)(Q;O+B(R))) ; (8.2.9)

see, e.g., [64, Section 4.3] or [80, Section 5.5].
To estimate the norm of the function go we observe that, since p < N, then
LPN/(N=1)4P) (20 4+ B(R)) ¢ W12/~ (15 + B(R)) and

Ikl 1.0/ 00 (@04 B(R)) < ClElLon/ v w149 2+ B(R))-
for any k € W—12/(?=1) (g4 4+ B(R)). Therefore,
lg2llw-1./@0-0 (@0 rB(R) < Colg2lLon/ve-140) (201 B(R))
< Cool Pl Ly (ot B(R) DUl Lo/ -1 (w04 B(R))

< CuBR|h| L (B4 1D Lo/ -1 (20 + B(R))-
(8.2.10)

Here, h% = ijzl |D;gij|?. From (8.2.9) and (8.2.10) we deduce that
1 D] Lo/ -1 (wo+B(R))

§ C’12 (R”DU”LP/(ZJ*D(x0+B(R)) + ”91 ”W—l,p/(p—l)(l.o_i_B(R))) . (8211)
Taking R sufficiently small, we get the estimate (8.2.8).
Step 3. In this step we conclude the proof, using a bootstrap argument. Since
p € WEP(RN) for any p € [1, N/(N — 1)), the Sobolev embedding theorems
imply that p € LY (RY) for any p € [1,N/(N — 2)). Now, repeating the
argument in Step 2, we deduce that p € W1 p(RN) for any p € [1, N/(N —2)).
Iterating this argument, we can show that pE LIOC(RN) for any p € [1, +oo).
Now, we observe that we can adapt the arguments in Step 2 to prove that

VV&) v (R™) also in the case when p > N. As it is immediately seen, we just

need to modify the estimate (8.2.10). For this purpose, we observe that, if p >
N, then L'(z¢ + B(R)) is continuously embedded in W~#/(P=1) (2 + B(R))
and

1Elw 10/ (o B(RY) < C13R 7 Nk 2t ot B(RY):

for any k € W=1P/(?=1) (g4 4+ B(R)). Hence, in this case we have
p—N
lgzllw-1.0/0-1 (@o+B(RY) < CralR ® |g2] L1 (20+B(R))

p=N
< Cis R 7 |A] Lo (zo+ B(R) I DU o/ 0~ (201 B(R))

< CI6R||h||L°°(B(M+1))”DUHLP/(P*U(zoJrB(R))-
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Taking R sufficiently small, we get (8.2.8) and, consequently, we obtain that
u € WEP(RN) also in this case. |

Remark 8.2.4 (i) The previous theorem applies also to the case when pu

(i)

(iii)

is just an infinitesimally invariant measure. See Remark 8.1.4 for the
definition of infinitesimally invariant measures.

The result in Theorem 8.2.3 holds also in the case when N = 1. To see
it, we denote by z the variables in R and we introduce the operator B
defined on smooth functions of two variables (z,y) by

B’U/(I, y) = AU($, y) + DyyU(I, y) - yDyu(Ia y)7 (Ia y) € R2'
Moreover, we denote by ji the measure in R? whose density with respect
to the Lebesgue measure is given by

1 1,2
plx,y) = —p(x)e”2Y | z,y) € R?.
p(z,y) \/ﬂp( ) (z,y)

Of course, the coefficients of the operator B satisfy the assumptions of
Theorem 8.2.3. Moreover, for any ¢ € C°(R?), we have

1 1,2
B d~=—/e—ayd
- pap o Je Y

x / (Ap(@, ) + @yy (2, 4) — w0y (@, 9))p(e)de

= \/%—W/Re_%yz (/R(@yy(x,y) —Wy(x,y))p(fv)dw) dy
= \/%—W /Re‘%yz (Dyy —yDy) (/]R @(x’y)p(fv)dw) dy

= \/%—W /R(Dyye‘%f + Dy (ye 2¥") (/Rz @(x’y)p(fv)dw) dy
=0.

Therefore, from the results in Theorem 8.2.3, the function p belongs to
W,oP(R?) and, hence, p € W,'P(R) for any p € [1,+00).

loc loc

The reason why, throughout this section, we decide to deal only with
the case when N > 2, is based on the fact that, when N = 1, an explicit
representation formula for the density of the infinitesimally invariant
measure p is available. Indeed, in such a case, a straightforward integra-
tion by parts shows that

/R {a(@) (@) — b(x)pla)} ' (x)dz = 0,
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for any ¢ € C°(R). Hence,
4@)p' (@) —ba)p(a) = C,  z€R,

for some real constant C.

8.2.1 Global L9-regularity of the density p

In this subsection we are devoted to prove some L4-regularity results for the
function p. By virtue of Remark 8.2.4(iii), we limit ourselves to dealing with
the case when N > 2.

Theorem 8.2.5 Assume Hypothesis 8.2.1. Further, suppose that b; € LE, for
any i = 1,...,N and some p € [2,+00). Then, the following properties are
met:

(i) if N >3 and p € [2,N), then p € LY(RYN) for any q < Ni_p;
(i) if p= N, then p € LY (RY) for any q € [1,4+00);

(iii) if p> N, then p € Cy(RN).

Remark 8.2.6 As it has been already noticed in Remark 8.2.2, one can take
advantage of the forthcoming Proposition 8.2.14 for a sufficient condition en-
suring that the integrability assumptions on the coefficients b; (i = 1,..., N)
are satisfied.

Proof of Theorem 8.2.5. To prove the assertion we use a bootstrap argument.
Since the proof is rather long we divide it into three steps. First, in Step 1 we
assume that p = 2 and we prove that p belongs to LN/(N=2)(RN), if N > 2,
and to L4(R™) for any q € [1,+o0), if N = 2. For this purpose, according to
the Sobolev embedding theorems (see [2, Theorem 5.4]), it suffices to show
that \/p € Wl’Q(RN). Next in Step 2, where we assume that N > 2, we prove
that, if p € L"(RY) for some r € (1, +00), then actually it belongs to L4(RY),
where ¢ = N(r(p—2)+2)/(p(N —2)). Finally, in Step 3 we conclude the proof.
Throughout the proof, for notational convenience, we set

N
q(&n) = Z qi;&inj, &,neRV.

ij=1

We also stress that, throughout the proof, actually we do not require p to
be the invariant measure of {T'(t)}. We just need that p is infinitesimally
invariant, i.e.,

Apdp =0, 0 € C(RYN). (8.2.12)
]RN
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Of course, according to Proposition 8.1.2, if p is the invariant measure of
{T'(t)}, then the previous condition is always satisfied.

Step 1. Integrating by parts (taking Theorem 8.2.3 into account), from the
formula (8.2.12) we easily see that

N
[ atDo. D)z = [ 37D (8.2.13)
RN RN

for any p € C°(RY). Since p is continuous (see again Theorem 8.2.3), then
bp € L% _(RN). Therefore, by density, we can extend (8.2.13) to any ¢ €
W12(RN) with compact support.

Now, for any e,k such that 0 < ¢ < 1 < k, we introduce the function

pek : RY — R defined by
per(x) = (p(z) Ve) Ak, z e RV, (8.2.14)

Moreover, let {9,,} be the sequence of smooth functions defined by ¥, (z) =
Y(z/n) for any x € RY and any n € N, where 9 € C°(R") is such that
XB(1/2) <V < xB(1)- A straightforward computation shows that there exists
a positive constant C such that

C
DV, (2)] < ,
|19(ac)|_1 7]

|D*9,(z)] < ——, =z eRV. (8.2.15)

As it is easily seen, the function log(pe k) belongs to Wli’p(RN) N L2 (RYN)

C

for any n € N. Plugging ¢ = 92 log(p. ) in (8.2.13), we get

Dp,D
/ ﬂiX{e<p<k}7Q( P p)dﬂf = —2/ Vn1og(pe,k)q(Dp, DYy )dx
RN p RN

N
+/RN 1931 ijDij{E<p<k}dx

j=1
N
+2/ Onplog(pe i) Y b Djdnda
RN X
j=1
=1, + Jy + K.

Let us estimate the term I,,. An integration by parts shows that

N
I, = 2/ log(pa,k)Q(Dﬂm D'ﬂn)dﬂ + 2/ I log(pe,k) Z QijDijﬂndM
RN RN

i,7=1

N
+2/N Onlog(pe k) > Digi;Djdndp
R =
7,7=1
Dp, DV
q(Dp, n)du.

+2/ ﬁnX{e<p<k}
RN P
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Using the Young inequality, we get

N
|In| < Ca,k/ <q(D19n,D19n) + TI‘(QDQQ}”) -+ Z |Diqiij19n|>du
RN ij=1

1
Dp,D 3
+2 < / ﬂix{a<p<k}wda:) < / q(Dﬁn,Dﬂn)pd:c>
RN 14 RN

N
< Ca,k/ <Q(D19n,D19n) + Tr(QD?*Y,) + Z |Diqz'jDﬂ9n|>dM
RN

ij=1
+5 q(DY,,, DV,,)dp + 5/sz ﬂiX{KM}de, (8.2.16)

where C; i, = |log(e)| V log(k). Similarly, we have
dut 160 <0 [ Oxiecpens 2o+ [ pote+ EEE [ o

(8.2.17)
for any ¢ > 0. From (8.2.16) and (8.2.17) and Hypothesis 8.2.1(i) it follows

that
Dp, D
(1 —0— _) / anX{€<p<k}¥daj

N
§ Ce,k/ <Q(D19naD19n) +Tr(QD219n) + Z |DzQz]Dﬂ9n|>d:u‘
RN

ij=1

1 Ccsk 1 2
+5—2 q(DYy, DYy)dp + —= / |bld +4(52 |b| dp.

Letting n go to 400 and taking Hypothesis 8.2.1(ii) and the condition (8.2.15)
into account, from the dominated convergence theorem we deduce that

Y a(Dp, Dp) 1 2
<16—> [ xteeren 2220 < o [ e

ko

for any 6 > 0 and any 0 < € < 1 < k. Now, taking § small enough and
letting € go to 07 and k go to +oo, we deduce that p~tq(Dp, Dp) (and,
hence, p~!|Dp|?) belongs to L'(RY) and

2 Dp,D -
/@0/ Dol </ wdeC/ Ib2dp, (8.2.18)
RN P RN p RN

for a suitable positive constant C. Hence, VP € WL2(RY). Note that p €
LY(RY) according to Proposition 8.1.5.
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Step 2. Now, we assume that N > 2 and that b; € L}, for any i =1,..., N,
and we prove that, if p € L"(R"Y) for some r € (1,+00), then, actually, it
belongs to LY(RY), where ¢ = N(r(p — 2) + 2)/(p(N — 2)). For this purpose,
we prove that p(*~1/2|Dp| € L*(RY), where 8 = (r — 1)(1 — 2/p), and

ng/ pﬁ*1|Dp|2da:§/ b2 pPHd. (8.2.19)
RN RN

The estimate (8.2.19) will imply that the function p®+1)/2 is an element of
WLE2(RY) (note that, since 8+ 1 < 2r and p € L'(R), then p € L*(RY) for
any s € [1,7]). Again, the Sobolev embedding theorems will yield p € L4(RY).

So, let us prove (8.2.19). We observe that the integral in the right-hand side
of (8.2.19) converges since, by the Holder inequality, we have

1—2

/RN b p T dx < (/]RN |b|”du) ’ (/RN p"da:) ’ ) (8.2.20)

and the right-hand side of (8.2.20) is finite. The estimate (8.2.19) can be
proved by applying the same arguments as in Step 1. Indeed, plugging ¢, =
1931pf,k into (8.2.13) we get

5 /R 920" X (ecpera(Dp, Dp)iz = 2 /R Dupl (D, DO, )

N
+03 /RN ﬂipﬁX{s<p<k} ZbiDiPdﬂU

i=1

N
+2 /R . Onppl Y biDibyda
i=1
=TI+ Jn+ Kn. (8.2.21)

With the same computations as in Step 1, we can easily show that

5 _
<ﬂ <1 - —) - 5) /]RN 120" X(e<p<rya(Dp, Dp)da

Ko

< — [ |p?pP Tz + C(e, k, 6, n), (8.2.22)
462 Jpn

where C(e, k,0,n) is a positive constant which tends to 0 as n tends to +o0,

for any fixed ¢, k, 6. Therefore, letting first n go to +0co and, then, € and k,

respectively, to 0 and 400, we deduce that the function p®~1q(Dp, Dp) (and,

consequently, the function p”~1|Dp|?) belongs to L*(RY). Now, from (8.2.21)

the formula (8.2.19) easily follows.

Step 3. Here we make the bootstrap argument work to prove the assertions
(1)-(iii). We first assume that N > 2. In such a situation the results of Steps 1
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and 2 allow us to show that p € L% (RY) for any n € N, where ¢, is defined
recursively by the following relation

¢ 7N(p72)q n 2N 0> 1
TN =) T p(N =2 T
N
q1 = N _2
Therefore,
N"(p—2)" N

prH (N =2)"(p—N) N-p’
if p # N, whereas

_2n+ N -2

= >2
Qn N72 ) n =

if p = N. In the case when p € (2,N) it is immediate to check that g,
converges to N/(N — p) as n tends to +o0o. Hence, to complete the proof of
the assertion (i) it suffices to show that the sequence {|p| an gy} is bounded.
Indeed, once this is proved, we will easily deduce that

loll v/ o= (Bry) = hlf Il Lan (B(k)) < liszrup lplzan @y < Sug Il Lan @™y
n——+00o n——4oo ne

for any k € N, and the Fatou lemma will imply that ||p| .~/ —») @~y is finite.
Let us observe that according to the formulas (8.2.19) and (8.2.20) and the
Sobolev embedding theorems, we have

N p—2_dn

2N
n+1(N—2) N-2 p 4p
Pl om vy < O T ol T 2% ™

where Cy = C|b|,, C being the constant appearing in the Sobolev embedding
theorems. Equivalently, setting o, = log(]|p] Lan (r)), we have

2N N p—-2 q,
——|log(C1)| +
Gny1(N — 2)' (@)l N—-2 p gu1

Qng1 < o (8.2.23)
Since N(p—2)/(p(N —2)) < 1 and {q,} is increasing, from (8.2.23) it follows
that there sequence {«,} satisfies

an+1 §6+7ana nGNa

for some 8 > 0 and some v € (0,1), and this implies that {«,} and, con-
sequently, {|p] e @~y} are bounded. On the other hand, in the case when
p > N the sequence {g,} is increasing and it diverges to 4+o0o. Hence, the
assertion (ii) easily follows. To prove that p belongs to L>(R™) when p > N,
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we will show that the L9"-norms of p are bounded by a constant C, indepen-
dent of n. This will be enough for our purposes. Indeed, since p is continuous
then, for any k € N,

lolemay = im ol s < ljlfgilg loll pan rvy < C.
The arbitrariness of k then will imply that p € L>(RY).

To prove the boundedness of ||p|| s () We argue as in the case when p < N.
From (8.2.23) we easily deduce that

n—2 n—1 n—1
Qp gﬂnfl“i’Zﬂnflfk H Y+ an H’yk; n = 2;
k=1 k=1

l=n—k
where
2N N p—-2 g 2N 1
Bj = ———511og(Ch)], v = =1- ;
! qj‘+1(N*2)| (@)l TUN=-2 p g PN —2) gj1
(8.2.24)
for any j. Observing that v < 1 for any [, we get
n—2
on < Bno1 + Zﬁk + ag.
k=1

Since, Zgj{ Bk < 400, we immediately deduce that

—+oo
an < +Zﬂka

k=1

for any n € N and we are done.

To conclude the proof, let us consider the case when N = 2. The property
(ii) easily follows from the Sobolev embedding theorems since, as we have
shown in Step 1, the function ,/p belongs to WL2(RN).

To prove the property (iii) in the case when N = 2 we observe that, since
Lk (RY) is continuously embedded in Li(RN ), then p € LY(RYN) for any q €
[1,+00). Therefore, it belongs to L™0/(r0=2)(RN)  where rq is such that 2 <
ro < P.

Adapting the proof of Step 2 to this situation, we can easily show that,
if p € L"(RY) for some r > 1, then, actually, it belongs to LI(R"), where
0 = ro(r(p — 2) +2)/(p(ro — 2)).

Now, applying the same bootstrap argument used in the case when N > 3,
we can show that p € L% (RY) for any n € N, where now the sequence {g,}
is defined recursively by

ro(p — 2) 21

Gn + , 2> 2,
pro—2)" " p(ro—2)
T

gn+1 =

Q1=T072-
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Since ro(p — 2)/(p(ro — 2)) > 1, we can conclude that p € Cj,(RY) repeating
step by step the same arguments used in the case when N > 2. [ |

Remark 8.2.7 In fact, the proof of Theorem 8.2.5 shows some differentia-
bility properties of the density p. In particular, it shows that, if b; € LI, for
any i = 1,...,N and some p > (N + 2)/2, p > 2, then p € WH2(RV). To
see it, first suppose that N > 3. By Theorem 8.2.5(i), p € LY(R") for any
q € [1, N/(N —p)]. Hence, in particular, it belongs to L2N/(N=2)(RN). There-
fore, we can apply Step 2 in the proof of Theorem 8.2.5, taking § = 1. This
shows that Dp € L%(RY), and we are done.

In the case when N = 2, Theorem 8.2.5 implies that p € L(R"N) for any
q € [1,+00]. In particular, it belongs to L2P~1/(P=2)(RN) and, again, we can
apply Step 2 in the proof of Theorem 8.2.5 to get the assertion.

A result similar to whose in Theorem 8.2.5(iii) can be proved, without
assuming p > N, in the case when the function b is much more regular.

We refer the reader to the forthcoming Proposition 8.2.14 for a sufficient
condition ensuring that the integrability assumptions on the coefficients b;
(¢ =1,...,N) in the following theorem are satisfied.

Theorem 8.2.8 Suppose that b; € WI’OO(RN) and bi,divb € LL for some

loc

p>N/2,p>2and anyi=1,...,N. Then p € Cp(RV).

Proof. The proof is similar to that of Theorem 8.2.5. To make the same
arguments as in the proof of the quoted theorem work, we need to show that
if p € L"(R™) for some r > 1, then the function p(**+1/2 belongs to W2 (RY),
where = (r — 1)(1 — 1/p). For this purpose it suffices to show that

Ko(B + 1)/

PP Dpldx < f/ PP divb da, (8.2.25)
RN

RN

since integral in the right-hand side of (8.2.25) converges (compare with
(8.2.20)). Multiplying the (distributional) identity Agp = div (pb) by ﬂ%pgk
(where pe i, is given by (8.2.14) and {9, } is the sequence of smooth functions
defined by ¥, (x) = 9(x/n) for any * € RY and any n € N, 9 € C(RY)
being any smooth function such that xp1/2) < 9 < XB(1))’ we obtain again
(8.2.21). Here, Ay is given by (8.2.1). The terms I,, and K,, can be estimated
as in Step 1 in the proof of Theorem 8.2.5. As far as the term J,, is concerned,

we observe that pﬁx{6<p<k}Dp =(f+ 1)*1Dpf;gl. Therefore, since 5+1 < r,

both the functions pf}tl and p”*! belong to L'(RY). Hence, integrating by
parts, we can write

N
B B B+1 2 p B41 92 1
=g Pk ;biDi(ﬁn)d:c “ G fly ok Ordivbde.
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Now, letting n go to +o0, yields

8 e
nEI-lr—loo Jp = —m - pLy divbde.

Therefore, arguing as in the proof of (8.2.22), we get
S 8
1-9 A=1v (e > ¢i;DipDjpd <_—/ B Qivh da.
5( )/szp X{ <p<k}ij:1q’t] pL;ipar = 11 RNPEJC ivbdx

Finally, letting € and § go to 0 and k go to +o0, (8.2.25) follows. [ ]

8.2.2 Global Sobolev regularity

In this subsection we prove some Sobolev regularity results for p under the
following more restrictive assumptions on the diffusion coefficients ¢;; (4, j =
1,...,N).

Hypotheses 8.2.9 (i) Hypotheses 8.2.1(i) and 8.2.1(iii) are satisfied;
(ii) the functions g;; belong to C}(RY) for any i,j =1,..., N.
Theorem 8.2.10 Under Hypotheses 8.2.9 the following properties are met:
B . . N .
(i) fbi e L), (i=1,...,N), then p € LYRN) for any q € [1, m),
(i) if by € L, (i = 1,...,N) for some p € (1,2), then p € WLHLaRNY for
any q € (1, %W>,.
(ii) if by € L¥, (i =1,...,N) for some p € [2,N), then p € WH4(RN) for
any q € [1, N—Lp-l-l}’.
() if b; € LY (i =1,...,N), then p € WH4(RN) for any q € [1,N);

(v) if b; € LE, (i =1,...,N) for some p > N, then p € WL4(RN) for any
q € [1,p].

Proof. We begin the proof checking the property (i). For this purpose, we
observe that, according to (8.2.12), we can write

N
/RN(cpwa) dp = /RN <50+ZbiDi90> du,

i=1
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for any ¢ € C°(RY). Here Ay is defined by (8.2.1). Then, using the Holder
inequality we get

/RN(so — Aop) du‘ < Clel,o0; (8.2.26)

for some positive constant C, independent of ¢. Let us now show that (8.2.26)
implies that

[, s = Cltuacen, (3227)

for any f € LI(RY) and any ¢ > N. This, of course, will lead us to the
assertion thanks to the Riesz-Fisher representation theorem. Without loss of
generality we assume that f € C>°(RY). According to [66, Theorems 9.15],
the equation w—.Agw = f admits a unique solution w € W24(R™). Moreover,
there exists a positive constant C, independent of f, such that |w]y 2@~y <
ClfllLany (see [66, Lemma 9.17]). Since ¢ > N, the Sobolev embedding

theorems imply that w € CL(RY) and lwlermyy < 6'||f||Lq(RN) for some

constant 5, independent of w.

To get (8.2.27) we just need to show that we can plug w into (8.2.26). For
this purpose, we use an approximation argument. Let {¢,} be the sequence of
smooth functions defined by ,,(x) = ¥(z/n) for any x € RY and any n € N,
where 9 € C°(RY) is such that XB(1/2) <V < xp(1)- As it is easily seen, the
function ¥, w tends to w in W24(RYM) and, consequently, Ag(¥,w) tends to
Aow in Cy(RY). We now regularize the sequence {,,w} by convolution in a
standard way, introducing the sequence {we ,} defined by

We,n = . Un(y)w(y)ée(z — y)dy, T e RN;

for any € > 0 and any n € N, where & (z) = e V¢(e7'2) and £ € C°(RY)
is a smooth function with [|€]|z1 @~y = 1. Of course, we,, € C°(RY) and it
tends to ¥,w in W24(RY) as ¢ tends to 0. Moreover,

(Aptwe.n) (@) = / (Ao (Bw)) (9)€- (x — y)dy

RN

N
+ 30 [ (05(0) = aye =)Dy D)) & = )6 ()

- Z /RN (ci(z) — ci(z — y)(Di(Wnw))(z — y)é-(y)dy,
. (8.2.28)

for any z € RV, where ¢; = Z;VZI D;g;; for any i = 1,..., N. Since Agw €
BUC(RY), then Ag(d,w) € BUC(RY) as well. Therefore, the first term in
the right-hand side of (8.2.28) tends to A(¢,w) uniformly in RY, as ¢ tends to
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0. Since ¢;; € Lip(RY) for any 4,5 = 1,..., N, a similar argument shows that
the second term in the right-hand side of (8.2.28) converges to zero uniformly
in RY as ¢ tends to 0. Finally, the third term converges to 0 locally uniformly
in RV, Tt follows that Agw., tends to Ag(J,w) locally uniformly in RY.
Moreover, there exists a positive constant C, independent of ¢ and n, such
that | Agwe nllc < C for any € > 0 and any n € N. We have so proved
that there exists a sequence {w,} C C°(RY) converging to w in W24(RY)
and such that Aqw, tends to Agw locally uniformly in RY and the sequence
{Aow,} is bounded in C,(RY). As a consequence, writing (8.2.26) with w,,
instead of ¢ and letting n go to +oo easily yields (8.2.27).

Now we can prove the property (ii). We argue as in Step 2 of the proof of
Theorem 8.2.5. Suppose that p € L(R") for some ¢ > 1. Then, using (8.2.12)
and the Holder inequality, we can show that

\ / Aowdu‘ < Clglh,
]RN

where 1/r +1/r' =1 and

1 1 1\ 1

=4 (1 - —> = (8.2.20)
r p/q

According to Theorem C.1.3(i), p belongs to W1 (RY) and since r < N (recall
that N > 2) the Sobolev embedding theorems then imply that p € LI(RY)

where

L (1 1) 1

7 p N v/ a
Therefore, using a bootstrap argument, we can now easily show that p €
L (RN) for any n € N, where s,, := 1/q,, (n € N) is defined recursively by

N — —1
p+p—5n7
pN p

Sn+1 =

S1 = Q,

a being any real number belonging to the interval ((N — 1)/N,1). Since the
sequence {s,} converges to (N —p)/N, then ¢, tends to N/(N —p) as n tends
to 4+o00. Using (8.2.29) the assertion follows.

Let us now prove the property (iii). The arguments that we are going to
use can be also adapted to prove the properties (iv) and (v). According to
Theorem 8.2.5(i) we know that p € LY/(N=P)(RN). Therefore, by the Hélder
inequality and our assumptions, it is immediate to check that the functions
bip belong to LW/ (N=pP+1)(RN) for any i = 1,..., N. Therefore, from (8.2.12)
we deduce that

< 2.
[ Ao < Cllel (8.2:30)
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for any ¢ € C®(RY). Theorem C.1.3(1) now implies that the function p
belongs to W1 N/ (N=p+1)(RN), Since p~!|Dp|? belongs to L'(RY) (see Step
1 in the proof of Theorem 8.2.5), using the Holder inequality we deduce that
|Dp| € LY(RY). Therefore, p € WH(RY), and, hence, it belongs to W14(RY)
for any g € [1, N/(N —p+1)]. [ |

Remark 8.2.11 For a sufficient condition ensuring that the integrability as-
sumptions on the coefficients b; (i = 1,..., N) are satisfied, we refer the reader
to the forthcoming Proposition 8.2.14.

We now deal with the regularity of the second-order derivatives of p.

Theorem 8.2.12 In addition to Hypotheses 8.2.9, let b; € VV;:O(RN) NLE
for any i = 1,...,N and divb € LL, for some p > 2. Then, the following
properties are met:

(i) i p € (N/2,N), then p € W>ARY) for any q € (1, ;5B |

(i) if p= N, then p € W24(RN) for any q € (1, 3]]\[\]—;),

(iii) if p € (N,2N), then p € W24(RN) for any q € (1, 317)”—;} ;
N (N Y.

() if p=2N, then p € W*4(R") for any q € (1,5);

(v) if p> 2N, then p € W2URN) for any q € (1,5].

Proof. To prove the first three properties it suffices to show that, if p > N/2
and p > 2, and Dp € L"(RY) for some r € (1, +00), then p € W24(RY) for

any ¢ € (1, s], where

1 2\1 2

—=(1-2)-+= (8.2.31)
s p/r p

Indeed, once this property is checked, the conditions (i)-(iii) will immediately

follow from Theorem 8.2.10.
Let us observe that, using (8.2.12) and integrating by parts, we can write

N
/ (Aoap)pdajz/ <pdivb+ g biDip> odx,
RN RN

i=1

for any ¢ € C®(RY), where Ag is defined by (8.2.1). Since the function
f = pdivb + fo\il b;D;p belongs to L (RY) for any m € [I,+00) (see

loc

Theorem 8.2.3), according to Theorem C.1.3(iv), p € W2 (RN) for any m €

loc
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[1,400). Moreover, pdivh € L™(RY) for any m € [1,p], since p € Cp(RY)
(see Theorem 8.2.8). Now, using the Holder inequality, we can write

[ weiDslda = [ b ipp DplR 5 ph e

Dol? 5 5
(20" (L)
RN P RN

af—2 B
X </ |Dp| 72 da:) , (8.2.32)
RN

for any @ > 1 and any 8 > 2 and, taking (8.2.18) into account, we easily see
that o = s is the largest exponent such that the right-hand side of (8.2.32) is
finite. Summing up, we have proved that g := Zf\il b;D;p+ pdivd € LS(RN).
Since Agp = g, the Calderén-Zygmund estimates imply that p € W25(RY).
Hence, the statement follows with ¢ = s.

To prove that p € W%4(RY) for any ¢ € (1,s), we now observe that since
p € W23(RY), then Dp € L*(RY). Moreover, it belongs to L' (RY) by virtue
of Theorem 8.2.10(iii) (recall that p > 2). Therefore, p belongs to L™ (RY),
where 7, € (1,5) is chosen so that ¢=! = (1 — 2/p)r;! + 2/p. Now, from the
first part of the proof, we get p € W%4(RY).

To conclude the proof, let us check the properties (iv) and (v). To begin
with, we show that Dp € LI(RY) for any ¢ < +oc if p = 2N and that
Dp € L=¥(RY) if p > 2N. Tterating the results in the first part of the proof,
it is easy to check that p € W2 +1(RY) for any n € N such that ¢, < N.
Here, 7, := 1/q, is defined recursively by

2 2N — 2
Tn+1<1—)Tn+7p+ , n>2.
p

We claim that, if p > 2N, there exists ng € N such that ¢,, > N. The Sobolev
embedding theorems then will imply that Dp € Cy(RY). To prove the claim,
we observe that if ¢, < N for any n < m and some m € N, then

2\ " p—2 2—p
Tn = (1—1—)) (Tl—l-i—W) +1+Wa
for any n < m + 1. Since the sequence {7, } converges to 1+ (2 —p)(2N)~! <
N1 as n tends to +oo, there should exist n € N such that ¢, > N. In the case
when p = 2N, the sequence T7,, converges to N 1. Therefore, p € W2*(RY)
for any o < N, and, consequently, Dp € L"(RY) for any r € (1, 400).

Now we are almost done. Indeed, to prove the properties (iv) and (v) it
suffices to prove that the function g = vazl b; D;p+ pdiv b belongs to LI(RY)
for any ¢ € (1,p/2), if p = 2N, and it belongs also to LP/2(RY), if p >
2N. Once these properties are checked, the Calderén-Zygmund estimates will
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imply that u € W24(RM). Of course, without loss of generality we can limit
ourselves to dealing with the function |bDp|. Indeed, since p € Cp(RY), it is
immediate to check that all the other terms in the definition of g belong to

LA(RN) for any q € (1,p/2), if p = 2N, and for any ¢q € (1,p/2], if p > 2N.
From the Hoélder inequality we get

_ 29 29 _4 4
[ weittds = [ pitDp ¥ Dpl¥ 7% pda

p—29 q
a(p— P Dol? P
() (], 220
RN RN P
><</ |b|pdu>p, (8.2.33)
RN

for any ¢ € (1,p/2), if p = N/2, and

[ WEDplde = [ blE1DplE Dplp o ds
RN RN

p_ D 2 % 3
gnDpnsol(/ ﬂdw) (/ Ibl”du) . (3.2.34)
RN P RN

if p > 2N. Since the last sides of (8.2.33) and (8.2.34) are finite, the assertion
follows. ]

To conclude this subsection we prove some pointwise bounds for the func-
tion p. For this purpose we need to assume some additional assumptions
on the measure p and on the drift coefficients b; (¢ = 1,..., N). For nota-
tional convenience, for any 6, 3 > 0 we denote by V5 3 the function defined by
Vs.5(z) = exp(d|z|?) for any » € RV,

Theorem 8.2.13 In addition to Hypotheses 8.2.9 assume that Vs g € L,, for

some 3,0 > 0. Then, the following properties are met:

(i) if |b(z)| < Cexp(|z|?) for some C > 0, v < B and any x € RN, then
there exist c1,co > 0 such that

p(z) < ey exp(—ca|z|?), z e RY,

(i) if in addition to the previous set of hypotheses, by € W,n°(RN) (i =

1,...,N) and |b(x)| 4 |divb(z)| < Cexp(|z]?) for some C > 0, some
v < B and any x € RN, then there exist c1,cy > 0 such that

|Dp(x)| < ¢1 exp(—eca|z|?), zeRN,

Proof. We begin the proof by checking the property (i). Let w : RN — R be
the function defined by w(x) = exp(cz|z|?) for any z € RY where the positive
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constant cg will be chosen in the sequel. Moreover, set ¢ = w, where ¥ is any
function belonging to C°(RY). Since y is the invariant measure of {T'(¢)},
then

N
/ Aopdp = —/ ZbiDigod,u, (8.2.35)
RN RN {5

or, equivalently, by differentiation,

/ wpAopdz
RN

N N N
= /]RN (l/J.Aow +2 Z qi; Dy Djw + w Z biDiyp + Z biDiw> dp.
=1 =1

i,j=1 i i—
(8.2.36)

Here Ap is defined by (8.2.1). Now, we fix p > N and we prove that the
right-hand side of (8.2.36) can be estimated by C|¢y1. vy for a suitable
positive constant C, independent of ¢. Here 1/p+1/p’ = 1. Theorem C.1.3(i)
then will imply that pw € W1P(RY) and the Sobolev embedding theorems
will yield pw € Cy(RY). The assertion will follow.

So, let us fix ¢ > p and choose ¢; < §/¢g. According to our assumptions,
it is immediate to check that the functions w, Dw and Apw belong to Lj
and p € Cy(RY) (see Theorem 8.2.5(iii)). Therefore, the first two terms in the
right-hand side of (8.2.36) can be estimated as wished. Indeed, let us consider,
for instance, the first one. We have

/R ) onwdu} - /}R W Aow)pda

1—1
< ol

/ P(Aow)ph da
]RN

1 1
7

<ol ([ Mowran)” ([ op'an)” . s2am)

As far as the last two terms in the right-hand side of (8.2.36) are concerned,
we observe that the functions wb; and b; D;w belong to Lﬁ(RN ) for any i =
1,..., N.Indeed, according to our assumptions, the functions b; (i = 1,..., N)
belong to Lj, (RY) for any 7 € [1,+00). Hence, in particular, they belong to

Lﬁq/ (a=p) (RN). The Holder inequality now implies that wb; and b; D;w belong
to LE) (RM) for any i = 1,..., N, and, repeating the same arguments as in the
proof of (8.2.37), we are done.

To conclude the proof, let us check the property (ii). For this purpose, we
begin by observing that, according to Theorem 8.2.12(v), p € W2P(RY) for
any p € (1,4+00). Therefore, integrating by parts the identity (8.2.35), we
easily see that

/ (Aop)pda = / {p(divb) + (b, Dp)}dz,
RN RN
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for any ¢ € C°(RY) or, equivalently, Agp = p(div b) + (b, Dp). It follows that

N N
Ao(pw) = wpdivb+w Y b;Dip+ p(Agw) +2 Y qi;DiwD;p.  (8.2.38)

i=1 i,j=1

Now, we replace the constant ¢y with a smaller constant to make pDw bounded
in RY. Our purpose consists in showing that the right-hand side of (8.2.38)
belongs to LP(RY) for some p > N. This will imply that pw belongs to
W2P(RY) and the Sobolev embedding theorems then will yield D(pw) €
Cyp(RY) and, consequently, wDp € Cy(RY).

As in the proof of the property (i), one sees that wp (div b), p(Agw) € LP(R™N).
As far as the terms containing Dp are concerned, we observe that

N P
b; D;
R

i=1

dr < / w?|b? | D[P~ [ Dplp~* phda
]RN

1
D 2 2 2
< | Dp|5 " (/ L2l da:) (/ w2”|bl2”du) :
RN P RN

and the last side of the previous chain of inequalities is finite due to our
assumptions and to (8.2.18). In a similar way one can estimate the term
|Dwl|Dpl. n

A situation in which Vs g € L}L, for suitable values of 3 and J, is provided
by the next proposition. We stress that it holds under Hypotheses 8.2.1.

Proposition 8.2.14 Assume that

N N
lim sup {c)\max(x) + |z~ (Z bi(x)z; + Z quij(x)xi)} <0, (8.2.39)
i=1

|z|—+o00 i,j=1

for some c,3 > 0, where, for any v € RN, A\nax(7) denotes the mazimum
eigenvalue of the matriz (g;;(x)). Then, the operator A admits a (unique)
invariant measure p. Moreover, the function Vs g is integrable with respect to
w for any § < B 1ec.

Proof. As it is easily seen,
AVs () = 3Bla|* el

N N
y (T“Q(x” P B2 v 4 68 gy @iy

] jzf?

i,j=1 ,5=1

1 & 1 &
+m Zbﬂi + Tl Z Djqi; ($)$z>,
i=1 :

i,j=1
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< 6B)x|? 28l ((N +18 = 2| + 68|2|%) Amax (z)

N N
i=1

ij=1

for any » € RY, and due to (8.2.39) and the choice of § and 3, the last side of
(8.2.40) is negative for large |z|, and this implies that AVj g(z) tends to —oo
as |z| tends to +oo. Therefore, according to Khas'minskii theorem 8.1.20,
the semigroup associated with the operator 4 admits a (unique) invariant
measure p.

Let us now prove that the function Vs 3 € L. From (8.2.40) we easily
deduce that, if § > 1, then Vs (z) < |AV;sg(x)| for |x| sufficiently large,
whereas, if 3 € (0,1), then, for any € > 0, |V1_)55(z)| < |AVs(z)] still
for sufficiently large |x|. Therefore, in both the cases it suffices to show that
AVs g € L}, for any § < "¢ to deduce that Vs 3 € L},

To prove that AVsg € L}L we observe that, by a simple approximation
argument, we can show that

Apdp =0, (8.2.41)
RN

for any ¢ € Cg (RM) with compact support. Since Al = 0, we can extend
(8.2.41) to any ¢ € CZ(RY) which is constant outside a ball. Now, let {¢,,} €
C2(]0,4+00)) be a sequence of increasing functions such that 1, (t) = ¢ for any
t€[0,n],¥(t) =n+1/2for any t > n+1, and ¢/ (t) < 0 for any ¢ > 0. Then,
the function V,, = 1),, o Vs 5 belongs to CZ(RY) and it is constant outside a
ball. Therefore,

AV, dp =0, n € N. (8.2.42)
RN
Fix now M sufficiently large such that AVjg(x) < 0 for any = ¢ B(M) and,
then, fix a large enough n so that V,, = Vs in B(M). Taking (8.2.42) into
account, we can write

/ |AVn|d,u = —/ |-AVn|d,u = / AV, dp = / .AV;;ﬂdM.
RN\ B(M) RN\B(M) B(M) B(M)

Now, according to Fatou’s lemma, we deduce that the function AVj g is inte-
grable in RY \ B(M) (and, hence, in RY) with respect to the measure .
|

Assuming some more regularity on the diffusion coefficients and some bounds
on the growth at infinity of the drift term, one can show also lower bounds
for p.
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Theorem 8.2.15 ([114], Theorem 6.3) Assume that
qi; € C3(RYN) and that b; € C?*(RN) (i,j =1,...,N) satisfy

|bi(z)| + | Dbi(x)] + | D?*bs(z)| < C(1 + |z|P~h), reRY, i=1,...,N,
for some B> 0 and C > 0. Then
p(z) = exp(=M (L + [z]")),  zeRY,

where M > 0 is a positive constant depending only on C, ko and |qi;|cs @)
(i,j=1,...,N).

8.3 Some consequences of the estimates of Chapter 7

In this section we show some interesting consequences of the estimates proved
in Chapter 7, when the semigroup {7'(¢)} admits an invariant measure.

Remark 8.3.1 Note that if there exists a function ¢ such that

lim ¢(z) = +oo, lim Ap(z) = —oo,

|| —+o0 || —+o0

then both the assumptions of Khas’minskii theorem and Hypothesis 6.1.1(ii)
are satisfied.

The following proposition is a consequence of the results in Theorem 7.2.2
and Corollary 7.2.3.

Proposition 8.3.2 Suppose that Hypotheses 6.1.1(i)-6.1.1(iii), and Hypoth-
esis 6.1.1(iv-k) or 7.1.3(i-k) (k = 1,2,3) are satisfied, and let p € (1,400).
Then, for any t >0, T(t) maps L% into W"f’p and

— e~ Wk,pa2l

k ~ max{l,%
Wk,pA2 P
IO, < (RT=ve) W >0
j=1

(8.3.1)
for any f € L. Here, &y = 0 under Hypothesis 6.1.1(iv-k) and Wy, < 0
is given by Theorem 7.1.5 if Hypothesis 7.1.3(4-k) is satisfied. Moreover, 1y p
is gwen in Theorem 7.2.2. In particular, the LY -norm of DFT(t)f behaves
as t=1/2 as t tends to 0, whereas, at infinity, it stays bounded, if Hypothesis
6.1.1(iv-k) is satisfied, and it decreases exponentially if Hypothesis 7.1.3(ii-k)
is satisfied.
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Proof. The proof is a straightforward consequence of Theorem 7.2.2 and
Corollary 7.2.3. Indeed, let first f € Cy(RY); integrating (7.2.5) (if k = 1)
or (7.2.27) (if k = 2,3) in RN, we deduce that T'()f belongs to Wh? and it
satisfies (8.3.1) for any ¢ > 0. In the general case when f € L, consider a

1
sequence {f,} C Cp(RY) converging to f in L. Writing (8.3.1) for f,, — fi, it
follows that {T'(t) fn} is a Cauchy sequence in W/?. Therefore, T'(t) f belongs
to WP and satisfies (8.3.1). [ |

Proposition 8.3.3 Let Hypotheses 6.1.1(i)-6.1.1(¢i7) and 6.1.1(4v-1) be sat-
isfied and let p > 1. Then, D(L,) C Wj’p and, for any w > 0, there exists a
positive constant M, such that

IDfly < Mol F1 1Ly — )15 f € D(Ly). (8.3.2)

Under Hypotheses 6.1.1(i)-6.1.1(i4i) and 7.1.3(i), the estimate (8.3.2) holds
true with w = 0.

Proof. The proof is similar to that of Theorem 6.2.2. Indeed, fix f € D(L,),
A > 0 and let w be as in the statement of the proposition. Moreover, let us
set u = (A+w)f — Lpf. Then, we have

+oo
f= / e~ AT () dt. (8.3.3)
0

Now, from Proposition 8.3.2 we deduce that in correspondence of w we can
find out a positive constant C' = C,, such that

C wt
IDT@ Iy < =Sl t>0. (8:3.4)

Using (8.3.3) and (8.3.4) it is immediate to check that Df € L and

+oo
IDfl, < / ¢~ O+ DT (tyul, dt
0
“+o0 )
e ([ e v - @, -,
0

< VAClp (VIS + (L, =, ) (3..5)

Minimizing with respect to A € (0,+00) the last side of (8.3.5), we get the
assertion with M, , = 2\/§Cw,p. [ ]

In the remainder of this section, we consider the particular case when
Au(z) = Au(z) + (b(x), Du(z)), z e RV,

under the following assumptions on the function b.



8.3. Some consequences of the estimates of Chapter 7 209

Hypotheses 8.3.4 (i) the drift coefficient b belongs to CLF% (RN, RN) for

(i)

loc
some ¢ > 0. Moreover, there exists dy € R such that

(b(x) = b(y),x —y) < dolz —y|?, z,£ €RY; (8.3.6)

Hypothesis 6.1.1(ii) is satisfied and the semigroup associated with the
operator A admits an invariant measure.

Remark 8.3.5 (i) If the drift term b satisfies Hypotheses 8.3.4, then it

satisfies the condition (7.1.9). To check this latter condition, it suffices
to write (8.3.6) with y = x + t£, dividing, then, both the members by 2
and letting ¢ go to 0. Therefore, the assumptions of Theorem 7.3.1 are
satisfied. Therefore, the estimates (7.3.4) and (7.3.5) apply. In particular,
these latter two estimates imply that for any f € L (RM) and any t > 0,
it holds that

2p1/p—1/2d(1)/p
(b= D21 — emr@n)177

DT () f, < t5 75 £,

for any p € (1,2] and

1

d 2
D7) < (1= ) 1l

for any p € (2, +00).
Finally, Proposition 8.3.3 holds true.

Hypothesis 8.3.4(ii) is satisfied, for instance, under the assumptions of
Remark 8.3.1.

In the particular case when dy < 0, Hypothesis 8.3.4(ii) is a consequence
of (8.3.4)(i) and the previous point (ii). Indeed, it suffices to take ¢(z) =
|z|? for any x € RY.

Further, in this situation we can also prove the following formulas.

Proposition 8.3.6 Assume that Hypotheses 8.3.4 hold and let p,q > 1 be
such that p~' +q~1 = 1. For any f € D(L,) and any g € D(L,), the function
fg belongs to D(Ly) and

Li(fg) = fLqg + gLyf +2(Df, Dg). (8.3.7)

In particular,

[ ototdn=~ [ fLgdn-2 [ (D1Dgdn 3
RN RN RN

and, for any f € D(L), we have

/ fLfdu = —/ |Df|?dp. (8.3.9)
RN RN
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o~ -~

Proof. Assume first f,g € D(A). Since D(A) = Duax(A) (see Propositions

~

2.3.6 and 4.1.10), then fg € D(A) and

A(fg) = fAg+ gAf +2(Df, Dg). (8.3.10)

-~

Now, let f € D(Lp) and g € D(L,). Since D(A) is a core of L, and L, (see
Proposition 8.1.9), then there exist two sequences {f,},{gn} C D(A) such
that fy, Ly f, converge, respectively, to f and L,f in LI, whereas gn, Lqgn
converge, respectively, to g and Lqg in L}, as n tends to +-o00. Then, fg, con-
verges to fg in LfL; besides by (8.3.2), for any j =1,..., N, D, f,, converges to
Djf in ¥ and Djg, converges to D;g in L%, so that (D f,, Dg,) converges to
(Df,Dg) in L}L. By (8.3.10) we conclude that E(fngn) = L1(fngn) converges
to the right-hand side of (8.3.7). The closedness of L; implies that fg € D(L;)
and that (8.3.7) holds.

Formula (8.3.8) now easily follows integrating (8.3.7) in R™ and taking
(8.1.5) into account. Formula (8.3.9) then follows from (8.3.8) taking f = g.

[ |

In the symmetric case we can prove the following improvement of the for-
mula (8.3.8), which generalizes the formula 8.1.39.

Proposition 8.3.7 Assume that Hypotheses 8.1.25 hold with U € C* (RM)

loc

and G € Clloto‘(RN). Further, assume that the function U therein defined
satisfies

<DU(Z) + G(l‘) - DU(y) - G(y)ay - l‘> < d0|l‘ - y|27 T,y € RN?

for some constant dy € R. Finally, let p,q > 1 be such that p~' + ¢~ = 1.
Then, for any f € D(Lp) and any g € Wﬁ’q we have

/ ngfdu:—/ (Df, Dg)dy. (8.3.11)

-~

Proof. If f,g € D(A), then (8.3.11) follows from (8.1.39). Indeed, it suffices
to observe that since D(A) C D(Ls), then

/]RNngfdMZ/RNgLQfdM: _/RN<Df’D9>dM-

Consider now the general case when f € D(L,) and g € W9, Let {f,} C
D(A) be a sequence such that f,, and Af, converge in LT, respectively, to f
and L,f, and let {g,,} C D(ﬁ) converge to g in ijq. Then, by the estimate
(8.3.2), fn converges to f in Wl}’q. Thus (8.3.11) follows letting n tend to +oo.

]
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8.4 The convex case

In this section we consider the particular case when the operator A is given
by
Au(z) = Au(z) — (DU (x), Du(x)), z e RV, (8.4.1)

under the following hypothesis on the function U.

Hypothesis 8.4.1 U belongs to C?(RY), e~V € L}(RY) and

N
Z D”U(x)flgj >0, x, & € RV, (842)

i,j=1
Note that since Hypothesis 8.4.1 is stronger than Hypotheses 8.1.25, then all
the results of Section 8.1.4 hold and, in particular, the measure
p(de) = K~ te V@ qg, K= e V@ dy, (8.4.3)
RN

is the invariant measure of {T'(¢)}.
The results of this section have been proved in [40], in a more general
context.

Theorem 8.4.2 Assume Hypothesis 8.4.1. Then

2,2, 2
D(L)={uce Wio: (DU, Du) € L#} (8.4.4)
and
ID?ul> < |Luls,  we D(L), (3.4.5)
3
”“”ij2 < 5(”“”2 + | Lul2), u € D(L). (8.4.6)

Proof. We consider first the case when u € C°(RY). Fix i € {1,...,N};
by (8.1.39) we have

[ DRy =~ [ LDw)Dud
RN RN

Writing L(D;u) = D;Lu+ (D(D;U), Du) and summing as ¢ runs from 1 to N
we obtain

N

N N

ij=1 i=1 i,j=1
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Now, by (8.1.39) and (8.4.2) it follows that

N N
/ > [Dijul?dp < —/ Z(DiLU)DiUdMZ/ | Lul*dp,
RN RN £ RN

ij=1

that is (8.4.5).

The estimate (8.4.6) with u € C(RY) now follows from (8.1.39) and
(8.4.5).

Let us now prove the set equality (8.4.4). For this purpose, we fix u € D(L).
By Theorem 8.1.26, C2°(RY) is a core of L; therefore, there exists a sequence
{un,} C CX(RYN) such that u, and Lu, converge in Li, respectively, to u
and Lu. By (8.4.6) applied to u, — u,, it follows that u € WE’Q and that wu,
converges to u in W22, As a straightforward consequence, u satisfies (8.4.5)
and (8.4.6). Moreover, since (DU, Du,,) = Lu,, — Au,, letting n go to +o0o we
get (DU, Du) € L?. This proves the inclusion “C” in (8.4.4).

Conversely, let u € Wﬁ’Q be such that (DU, Du) € Li, and let f € WJ’Q;
we prove that

/ (Du,Df)d,u:—/ (Au) fdu, (8.4.7)
RN RN

from which it follows that u € D(L). Indeed, if L denotes the realization of the
operator .4 with domain given by the right-hand side of (8.4.4), the formula
(8.4.7) implies that the operator I — L is injective. Since (L, D(L)) is an
extension of (L, D(L)), then I — L is also surjective. Therefore, 1 € p(L)Np(L)
from which we get

Ly = (I - L)(D(L)) > (I - L)(D(L)) = (I - L)(D(L)) = L;

o

and, consequently, D(L) = D(L).

So, let us prove the formula (8.4.7). For this purpose, we consider a sequence
{fn} € C(RY) converging to f in W}? (see the last part of the proof of
Proposition 8.1.27). An integration by parts shows that

/ (Du, D fp)dp = 7/ fn (Au — (DU, Du})du, n € N.
RN RN

Letting n tend to 400, we get (8.4.7). [ |

As a consequence of the results in Theorem 8.4.2, we get the following
corollary.

Corollary 8.4.3 Assume Hypothesis 8.4.1. Then, for any A >0
ID2R(A, L) fla < 2/l (5.4.8)

for any f € L.
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Proof. By (8.4.4), the function R(X,L)f belongs to W2? for any f € L2.
Setting u = R(\, L) f, by (8.4.5) we deduce that

[ PP < Ll = D= £13 < 41515

that is (8.4.8). ]

Remark 8.4.4 In [40] the authors prove some more refined results. Indeed,
they consider the operator A in (8.4.1) assuming that U is a convex function
which goes to +00 as |z] tends to +00. No regularity assumptions on U are
made. When U is not differentiable at x € RY, DU (x) is meant as the element
with minimal norm in the subdifferential OU(z) of U at x, where U (z) =
{y e RN 1 U(€) > U(x) + (y,& — ), V& € RN}, Under these rather weak
assumptions on U, they prove that the realization A in Li of the operator A
with domain D(A) = {u € W2 : (DU, Du) € L2} is a dissipative self-adjoint
operator. Therefore, it generates a strongly continuous analytic semigroup in
Li. Moreover, they prove that all the results in Theorem 8.4.2 and Corollary
8.4.3 hold also in this situation.

To prove their results, the authors use an approximation argument. In the
case when U is not smooth, they approximate U with a sequence of smooth
functions by means of the Moreau-Yosida approximations of U (say {Uy : o >
0}), which are defined as follows:

1
Ua(x) = yig]gN (U(y) + %|xy|2) , reRY a>o0.

Each function U, is convex differentiable and

Ua(z) < U(z), |DUa(2)] < [DU ()],
ali%h Uus(z) =Ulx), alirg+ DU, (z) = DU(x),

for any z € RY. Moreover, any U, is Lipschitz continuous in RY and its
Lipschitz constant is 1/a.

To the approximated operators A, := Au— (DU,, Du) (« > 0), the results
in Theorem 8.4.2 and Corollary 8.4.3 apply with the same constants appearing
in (8.4.4)-(8.4.6) and (8.4.8). Taking advantage of this fact, the authors show
that, if f € C2°(RY), then (up to a subsequence) R(\, A,)f converges weakly
in W22(RN) to a function u € {u € W22 : (DU, Du) € L2}, which turns out
to be the (unique) solution of the equation Au — Au = f in such a space, and
it satisfies the estimates in Theorem 8.4.2 and Corollary 8.4.3. Here A,, is the
realization of the operator A, in Lia, with domain given by (8.4.4) with p,
instead of u, where i, is defined accordingly to (8.4.3) with U being replaced
by U,.
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Finally, using a density argument, they conclude that the operator A, with
domain D(A), generates a strongly continuous analytic semigroup in Li and
it satisfies the estimates in Theorem 8.4.2 and Corollary 8.4.3.

8.5 Compactness of T(t) and of the embedding WP C
LP
o

In this section we prove some compactness result in the symmetric case, i.e., in
the case when the operator A is given by (8.4.1) under the following hypothesis
on U.

Hypothesis 8.5.1 The function U belongs to C?(R") and the function e~V
is integrable in RY.

We recall that in this case the invariant measure of the associated semigroup

is given by du = K~'e~V@)dz (see Theorem 8.1.26). The results of this
section are due to G. Metafune.

Lemma 8.5.2 Assume that the function U satisfies Hypothesis 8.5.1 as well
as the following condition

AU (z) < 61|DU(z))? + M;, zeRY, (8.5.1)

for some 61 € (0,1) and My > 0. Then, for any p € [2,400) there exists a
positive constant C' such that

/RN 171D Pdp < Cl 10 fewpr. (8.5.2)

If, moreover,

(D?U(x)DU (x), DU(x)) > (82| DU (2)|? + M>)| DU (x)?, reRY,
(8.5.3)

for some 02 > 61 — 1 and some My € R, then, for any p € [1,2), there exists
a positive constant C' such that

/RN [fPIDUPdu < Clf [0 fewpr. (8.5.4)

Proof. First we prove the assertion in the case when f has compact support.
Fix g € WI}”’ with compact support and « € (1,p]. Since Ll c Lj, for any
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q >, and g is compactly supported, the function |g|*(1 + |DU|?) belongs to
L}L. Now, integrating by parts we get

/ |g|“(1+|DU|2)du=/ |g|adu—K*1/ l9|*(DU, De~Ydx
RN RN RN

- / 9101+ AU)dp + o / 191°~29(Dg, DU d.
RN RN
(8.5.5)

Assume now that p € [1,2). Letting « tend to 1 in (8.5.5), we get
[ ol 1DURY = [ {lgl(1+ ) + sign()(Dg. DU, (5:5:0)
R R

where we have set sign(0) = 0. Choosing g = |f[P(1 4+ |DUJ?)?P=2)/2 and
observing that

Dg = plfI""2fDf(1+ |[DU)*T + (p — 2)|f[°(1 + |DU|*)*T D*UDU,

from (8.5.6) we obtain that
[P0+ 1DUR = [ 1P DUP)E (4 AU
RN RN
+p [ 1210+ IDUP)E (Df. DU

+(p=2) [ 1170+ DU (DU DU, DU)dy
2111+.[2+I3.

Using (8.5.1), the Holder inequality and (8.5.3), we get
I < 51/ [fIP(L+ [DUP)2dp + (My + 1 _51)/ IfIP(1 + | DU|) "= dp
RN RN

<5 / FIP(U+ DUR) Sy + (M 41— 6y) / Tz
RN RN

peo( [ raviovpia) ([ pra)

<e [ IfPa+IDUP R Cey [ 1D7Pd
RN RN
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for any € > 0 and some positive constant C; ;. Finally,
I3y < (p— 2)/ [FIP(1+ [DU)™" (85 [DU? + Mz )| DU 2dps
<=2 [ 1770+ IDUR)S 61DV + M5 )
<o-26; [ PO+ IDUR du+ - 2085 =57 [ 1fPd

Since d; — d; < 1, choosing € > 0 small enough, (8.5.4) follows.

In the case when p > 2, the estimate (8.5.2) follows for any compactly
supported function f € Wl}’p by (8.5.5) with & = p and g = f, using (8.5.1)
to obtain the inequalities

[ s avdu<s [ 1P+ DU 06+ 1-6) [ 5P
RN RN RN

) ([ osran)’

[ 11+ DU b
p—1

2
<( [, 1mra-iou

< ([ irrasiovria) T ([ psra)”

<e / P+ DUy + C. / DfPdu,  e>0,
RN RN

and then choosing € > 0 small enough.

The general case when f € Wl}p follows by approximation: consider a se-
quence of cut-off functions {¢,,} C C°(RY) such that 9,, = 1 in B(n) and
¥y, = 0 outside B(n + 1); the function n, f satisfies (8.5.2), if p € [2, +00), or
(8.5.4) if p € [1,2). Then, the conclusion follows from the monotone conver-
gence theorem. [

Theorem 8.5.3 Suppose that the assumptions in Lemma 8.5.2 hold and as-
sume that

lim |DU(z)| = +o0. (8.5.7)
|| —-+oo
Then, the embedding Wl’p C LF is compact for any p € [1,4+00). In particular
T(t) is compact in L7, for any t > 0.
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Proof. We have to prove that the set

B={rewis il <1}

is totally bounded in L. For this purpose, fix r > 0 and let

Er{f‘B(T): feE}, r>0.

Since U is continuous, the norms of LP(B(r),dz) and LP(B(r), ) are equiv-
alent on the o-algebra of the Borel sets of RY (in the sense that there exists
a positive constant C such that C~1p(A) < m(A) < Cu(A) for any Borel set
A, where by m we denote the Lebegue measure). Therefore, F, is bounded
in WYP(B(r),dz) and then, by Rellich-Kondrachov theorem (see [2, Theorem
6.2]), it is totally bounded in LP(B(r),dx) and in LP(B(r), u) as well. Thus,
for any & > 0 there exists a finite number of functions g1, ..., g, in L?(B(r), i)
such that

E. C U{fi If = gil LrB(ry,0) < €}-

i=1
Moreover, by (8.5.2) and (8.5.4) it follows that

1
/]RN\B( )|f|1’du < W /}RN |f|P|DU|p/\2du <
' RN\ B(r)

for any f € E. Choosing r large enough, from (8.5.7) we get

(/ Iflpdu)pSE, feE.
BN\B(r)

Therefore, extending the functions g; (j =1,...,n) by zero to the whole RV
we obtain

¢
nf |DUP?’
B(r)

i
RN\

Ec|J{f: 1f = gilly < 2e},
i=1
that is, E' is totally bounded in L.
The compactness of T'(t) in Li, for any t > 0, now follows from Proposition
8.1.29. |

The following corollary is an immediate consequence of Proposition 8.3.2
and Theorem 8.5.3.

Corollary 8.5.4 Assume that the operator A in (8.4.1) satisfies both Hy-
potheses 8.3.4 and the assumptions of Theorem 8.5.3 for some p > 1. Then,
T'(t) is compact in L¥, for any t > 0.
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However, in general the embedding Wj’p C LF is not compact. Here, we
see a counterexample.

Example 8.5.5 Let N = 1 and let U € C%(R) be any function such that
U(x) = x for any x > 0 and U(z) = 0 for any © < —1. Moreover, let
p(dz) = e~U@)dz. Consider the sequence of functions

fa(z) = X(0,400)T" reR, nelN.

Then, we have
+oo
I frlh = / z"e dr = n!
0

and
—+00
IDfrlr = Tl/ " e %dr = nl.
0

Thus the sequence of functions g, = (n!)~'f, (n € N) is bounded in W !,
but it is not relatively compact in L,lt because lim,, 1o gn(z) = 0 for any
z € R, whereas |gn|r1 =1 for any n € N.

In this example Hypotheses 8.1.25 and the conditions (8.5.1) and (8.5.3)
are satisfied, so that the estimates (8.5.2) and (8.5.4) hold, but the condition
(8.5.7) fails.

To conclude this section, we observe that, taking Lemma 8.5.2 into account,
we can improve the results in Theorem 8.4.2.

Proposition 8.5.6 Let the function U satisfy Hypothesis 8.4.1 and the con-
dition (8.5.1). Then, D(L) = W3>? and the graph-norm of D(L) is equivalent
to the Wi’2-norm.

8.6 The Poincaré inequality and the spectral gap

In this section we study the Poincaré inequality in LF. We say that the
Poincaré inequality holds if there exists C' > 0 such that

/ |f = flPdp < C/ \Df[Pdp, fewyr, (8.6.1)
RN RN

where f = fR ~ fdu. The following proposition gives a first sufficient condition
for the Poincaré inequality to hold.

Proposition 8.6.1 Letp € [1,400). If the embedding Wj’p C L% is compact,
then the Poincaré inequality (8.6.1) holds.
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Proof. Fix p € [1,+00) and suppose, by contradiction, that (8.6.1) does not
hold. Then, there exists a sequence {f,} C W? such that

_ 1
In=0, ”fn”p =1, ”Dfn”p < E’ (8-6-2)

for any n € N. Since Wﬁvp is compactly embedded in LI, then there exists a
subsequence {f,,, } converging in LT, to a function f*, which satisfies

=0, 17l = 1. (8.6.3)

Now fix r > 0; according to Proposition 8.1.5, LP(B(r), ) C LP(B(r)) :=
LP(B(r),dx). Therefore,

I — |l = 6.4
L e = sy =0 (8.6.4)

and, moreover, from (8.6.2) it follows that
C
1D frilor By < g keN, (8.6.5)

for some C' > 0. Now, from the Poincaré inequality in W(B(r)) (see e.g.,
[54, Theorem 4.5.2]) we have

I frn = (fr)rlrsey) < CNDfalii o)), (8.6.6)

where
1

N
WNT B(r)

(fnk)r == fnkdxa

and wy is the Lebesgue measure of the ball B(1) C RY. Letting k tend to
+0o0 in (8.6.6), taking (8.6.4) and (8.6.5) into account, it follows that

Lf* = (f)elr sy = 0.

Therefore, f* is almost everywhere constant in B(r). Since r > 0 is arbitrary,
f* is almost everywhere constant in R"™. But this is in contradiction with
(8.6.3). |

As an immediate consequence of the previous proposition and the results
of Section 8.5, we get the following result.

Theorem 8.6.2 Under the assumptions of Theorem 8.5.3 the Poincaré in-
equality (8.6.1) holds for any p € [1,400).

Now, we provide another proof of the Poincaré inequality, based on the
pointwise gradient estimate (7.3.4).
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Theorem 8.6.3 Assume that Hypotheses 8.3.4 hold for some dy < 0. Then,
the Poincaré inequality (8.6.1) holds for p =2 and with C = —1/dy.

Proof. Observe that (8.3.2) implies that D(L) is dense in Wl}’Q. Indeed, it
contains C2°(RY) which is dense in Wl}’p; see the last part of the proof of

Proposition 8.1.27. Hence, it is sufficient to consider the case when f € D(L).
Then, by (8.3.9) we have

d

G [r@sta=z [ r@rLT@fde=-2 [ DT dn
RN RN RN

for any ¢t > 0. Using the pointwise estimate (7.3.4), with p = 2, we obtain

d

G [ r@ P = <2t [ 1@ (DiP)du= 24 [ |DfPan
RN RN RN

Now, integrating with respect to ¢ in (0, 400) and using Theorem 8.1.16, we
get

—2 1
o[ fduz [ iDrPan
RN 0 JRN
that is (8.6.1) for p = 2 and with C = —1/dy. [ |

We now show that the Poincaré inequality implies that T'(¢)f converges
exponentially to f in Li, as t tends to +o0o. This improves Theorem 8.1.16
and should be compared with Theorem 8.1.24. In the proof of Proposition
8.6.4 we will need that D(L) C W;"* and that

[ stran== [ IDfPn feD) (8.6.7)
RN RN

Both the two previous properties hold. Actually we have already proved them
twice: first in the symmetric case, that is under Hypotheses 8.1.25, see Propo-
sition 8.1.27. Secondly we have proved them in the nonsymmetric case in
Propositions 8.3.3 and 8.3.6, under Hypotheses 8.3.4.

Proposition 8.6.4 Assume Hypotheses 8.1.25 or Hypotheses 8.3.4. More-
over, assume that the Poincaré inequality (8.6.1) holds with p = 2. Then,

IT(t)f =Tl < e ) f = Tl t>0, (8.6.8)

for any f € L?, where C > 0 is the same constant as in (8.6.1). Further, we

w
have a spectral gap for L, namely

o)\ {0} c{reC: Re A< -1/C}.
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Proof. First we prove (8.6.8). By density, it is sufficient to consider the case
when f € D(L). Moreover, we can assume that f =0, since the general case
then follows by considering the function f — f. Note that f = 0 implies that
T(t)f =0 for any t > 0.

Let us observe that the function ¢ — ||T(¢)f||3 is differentiable in [0, +00),
and, by the relation (8.6.7), we have

G =2 [ 107 LT dn=—2 [ DO g

Now, the Poincaré inequality (8.6.1) yields

L i3 -g [ TOf T =~ [ ok

Then, the estimate (8.6.8) follows from the Gronwall Lemma.
To prove the spectral gap property, it suffices to argue as in the proof of
Theorem 8.1.24, observing that the estimate (8.6.8) implies that
ITO|pmy <e T, t>0, (8.6.9)

where, as in the proof of the quoted theorem, we have set H = {f € Li S f =
0}. In particular, (8.6.9) implies that

1
J(L‘H) C {)\ €C:ReX < 5}

See the beginning of Section B.1. [ |

8.7 The logarithmic Sobolev inequality and hypercon-
tractivity

In this section we deal with the logarithmic Sobolev inequality (in short LST).
Fix p € [1,4+00); the logarithmic Sobolev inequality reads as follows:

[, 17omsdu < 110, + % [ 25, (8.7.1)

where A > 0 and f € L is a regular positive function. In this subsection we
see some conditions under which the LSI holds and its main consequences.
Roughly speaking the LSI is, for invariant measures, the counterpart of
the Sobolev embedding theorems which hold when the underlining measure
is the Lebesgue one. Indeed, it is well known that, if both f and its gradient
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belong to some LP-space related to the Lebesgue measure, then |f|? belongs
to Ll(RN ) for some ¢ > p. In general, this is no more the case for a general
measure (hence, in particular, for invariant measure). We can see it by a simple
counterexample.

Example 8.7.1 Let u be the Gaussian measure, i.e., p(dz) = 7 N/2e— 2l
Moreover, for any p > 1 and any € > 0, let  : RY — R be defined by

lz|? ), r e RV,
2p+¢

u(z) = exp (

Then, u belongs to L1, is continuously differentiable in RY and

Du(z) = Py (@)u(s),  ©ERY,
where P, is a real polynomial with degree |a|. Since

1 € 2
[ imu@rdn =~ [ Rl e (- 25 leP o < 1,

then u € Wl’f’p for any k € N.
However, u does not belong to Lﬁ*e. Indeed,

1 €
Pt = —— 2 )dx = )
/}RN |u(z)| n= N /}RN eXp(2p+€|x| ) r = 400

In the case when p > 2, what one can only expect is that f?log(f) € L}L, if
f is positive. Indeed, by the Holder inequality we have

p—2 2 P ! p %
[ renstaes ([ 1sras) ([ osian)

This result is very sharp, as Example 8.7.6 shows.

Theorem 8.7.2 Assume that Hypotheses 8.3.4 hold with dy < 0. Then, the
LST (8.7.1) holds, with A = 2dy, for any p € [1,400) and any nonnegative
f € D(A).

Proof. We split the proof into two steps. First in Step 1 we prove the as-

sertion for the functions f € D(A) (see Section 2.3) such that f > § for
some positive constant ¢. Then, in Step 2, we extend the result to all the

nonnegative functions f € D(A),

Step 1. Let f € D(A\) be strictly greater than § for some 6 > 0. We first
prove the LSI with p = 1. By Proposition 8.3.3, T'(t)f € WI}’Q for any t > 0.
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Moreover, by Remark 2.2.3 and Theorem 2.2.5, T'(t)f > T'(t)§ = § for any
t > 0. Therefore, we can define the function

P(t) = e 20! /RN ﬁIDT(thdu, t>0.

The pointwise estimate (7.3.4) with p = 2 implies that

v < [ Fp T oD >0

Moreover, applying the Holder inequality to the representation formula (2.2.8)
we get

T0D5)F = (10(VIIDA)) < @070 (FD67):

therefore,

v < [ TGP = [ FDfFdu=v0). (872

Consider now the function F : [0, +0c0) — R defined by
Ft) = / T flog(T(®) ) du, > 0.
RN

By Theorem 8.1.16, T'(t)f tends to f in Li as t tends to +oo; besides, since
T()f > 6 > 0 for any ¢t > 0, and since the function = +— logx is Lipschitz
continuous in [§, +00), it follows that log T'(t) f tends to log f in Li as t tends
to 4o00. This implies that

lim F(t) = flog f. (8.7.3)

t—-+oo
Moreover, F' € C1([0, +o0)) and a straightforward computation yields
Fo)= [ (ATONTO s t0, (8.7.4)
RN
since, by (8.3.8), [pn AT(t)fdp = [on LT(t)fdp = 0 for any ¢t > 0. Now,

since

A(log u) = —.Au - —|Du|2 u e D(A),

for any positive function u € C?(RY), it follows that log T'(t) f € Dpmax(A) for
any t > 0 (see (2.0.1)). Since {T'(t)} is conservative (see Proposition 8.1.10),
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from Propositions 2.3.6, 4.1.10 and 8.1.9 we deduce that log T'(¢)f € D(L) for
any ¢t > 0. Now, (8.3.8) and (8.7.4) yield

F(t) = - / T L0 T(0) )y~ / 2{DT(1), DIog (1)

- /]RN ﬁ|DT(t)f|2dﬂ = —e?Moly(t), t>0.

Integrating with respect to t in (0, +00) and using (8.7.2) and (8.7.3), we get

_ _ Foo 1
FlogF— FO) =~ [ (dt > 500,
0 2dy
that is the LSI (8.7.1) with p = 1.
Finally, we consider the case when p € (1,400). We have

A(f?) = pfP Af +plp — 1) fP2D S,

for any f € D(A\) According to Theorem 6.2.2, D(A\) = Dpmax(A) C CHRY),
and thus fP € Dpyax(A). Moreover fP > 6P > 0, and thus, by the first part
of the proof, the function fP satisfies (8.7.1) with p = 1. This yields the
conclusion.

Step 2. We now consider the general case, first extending the validity of

-~

the LSI to all the nonnegative functions f € D(A). For this purpose, we fix a

nonnegative f € D(ﬁ) and, for any 0 > 0, we define the function f5 = f 4.
Since Afs = Af and Dpax(A) = D(A), it is immediate to check that f5 €

-~

D(A). Therefore, we can apply (8.7.1), with fs instead of f, getting

P _
[ #on s < \sslpog sl + i [ 5 DA P 875

We are going to show that we can let § go to 0T in the previous inequality,
obtaining (8.7.1). As a first step we apply the Fatou lemma. From (8.7.5), we
deduce that

[ 1o i < mint (Vs ioe sty + o [ 7z DsPdn) . 576

Now, since fs < f1 € Co(RY) C LF, for any 6 € (0,1), from the dominated
convergence theorem we immediately deduce that fs tends to f in L as ¢
tends to 0. Therefore, | f5]? log | fs], tends to | f|5log] f|, as 6 vanishes. So,
we just need to consider the last term in the right-hand side of (8.7.6). We
observe that, if p < 2, then f§)72 < fP=2 and, therefore, we are done. On the
other hand, in the case when p > 2, by the Hoélder inequality, it follows that the
function f27*|Df[? is in L,, and, as above, fP2DF? < 27N D2, Hence,
the dominated convergence theorem implies that the last integral in (8.7.5)
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converges to the corresponding one, where we replace fs with f. Therefore,
the estimate (8.7.1) follows also in this case. [ ]

In order to extend the LSI (8.7.1) to all the positive functions f € W;”’,
we prove the following proposition.

Proposition 8.7.3 Let p be the invariant measure of {T(t)} and denote by

p its density with respect to the Lebesgue measure. Suppose that p is locally
bounded in RN. Then, C°(RN) is dense in WP

Proof. The proof is similar to the classical proof of the density of C>°(R™)
in the Sobolev space W1P(RY) associated with the Lebesgue measure. For the
reader’s convenience, we go into details. Let f € Wj’p (RN ). We approximate
f by a sequence of compactly supported functions f,, € Wj’p, by setting f, =
f&n, where &,(z) = £(|z|/n), for any # € RY and any n € N, £ € C°([0, +00))
being any smooth function such that £ =1 in [0,1/2] and £ = 0 in [1, +00).
Each function f,, belongs to Wl}’p and the dominated convergence theorem
implies that f,, converges to f in Wivp . Therefore, we can limit ourselves to
proving the assertion in the case when f is compactly supported. Let ¢ €
C°(RY) be a smooth function, compactly supported in B(1) such that ¢ =1
in B(1/2),0< ¢ <1in RY and |¢|pirnv) =1 . We set pn(z) = nNp(z/n)
for any x € R and any n € N, and, then, for any f compactly supported in
RV, we set

Fu@) = (Frp)@) = [ oula=0)f@)dn, @ €RY, neN.

It is immediate to check that all the functions f,, belong to C°(RY) and
Supp fr C B(1) 4 supp f. Therefore,

/ |fn—f|pdu:/ o — fPdu
RN B(K)

< sup pla) / o — flPda
2€B(K) B(K)

< sup p(l‘)/ |fn — f|Pdz,
zeB(K) RN

where K is such that B(1)+supp(f) C B(K). Since, it is well known that f,

tends to f if LP (RN ), from the previous chain of inequalities we deduce that

Jn tends to f in LE as well. The same argument can be applied to check the

convergence of Df, to Df. Indeed, Df, = Df * ¢, for any n € N. [ |

Remark 8.7.4 The assumptions of Proposition 8.7.3 are satisfied, for in-
stance, under Hypothesis 8.2.1(i).
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Theorem 8.7.5 Under the assumptions of Proposition 8.7.3, the logarithmic
Sobolev inequality (8.7.1) holds for any nonnegative function f € Wj’p and
any p > 2.

Proof. Fix a nonnegative function f € W;? and let {f,} € CZ*(RY) be a
sequence of smooth functions converging to f in Wj’p as n tends to +o0o. As
the proof of Proposition 8.7.3 shows, we can assume that f,, is nonnegative
for any n € N. Since C2°(RY) C D(A) (see Proposition 2.3.6), we can write
the estimate (8.7.1) with f replaced with f,, (n € N) obtaining

p _
/ F210g Fadpt < [ a2 10g | fulp + =2 [ F272|Dfal2d
RN 2dy Jr~

Without loss of generality, we can also assume that f,, converges to f pointwise
p-almost everywhere in RY. Therefore, the Fatou lemma implies that

p ... _
[ #7108 fa < 113108 111, + g imint [ 7272101, P

So, to conclude the proof, we just need to show that

hminf/ ffj_2|Dfn|2du:/ fP2|DfPdp. (8.7.7)
RN RN

n—-+o00

For this purpose, we observe that

/ 221D fulPdps / fPQIDfIQdu‘
RN RN

< / 22D — (DfPldp + / 22— 72| D fPdu
RN RN

= Il + IQ.

As far as I is concerned, we observe that the Holder inequality implies that

n< 1l ([ 1DsE - Dr2 1)

<l 2D fallp + [Df1)IDfn — DI I,

so that it vanishes as n tends to +o0o. As far as I is concerned, we observe
that if p € [2,3], then |f2=2 — fP=2| < |f, — f|P~2 for any n € N. Therefore,
the Holder inequality yields

< [ V= fPRIDd < I = SADAE (878)
On the other hand, if p > 3, then
7= 2 < =2+ 7~
< (0= 2@V D+ P3N — I
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for any n € N. Therefore,

B<@TVDE=2) [ Ifa+ f7 s~ DI

< (2P V1)(p—2) (/ o = F1752 | fo + £ 75 dﬂ) " IDfI

<@V )P =21 — Flp(lfaly + 1£15) 7 IDSI2. (8.7.9)

From (8.7.8) and (8.7.9) we deduce that, both in the cases when p € [2,3] and
p > 3, Iz tends to 0 as n tends to +00. Summing up, (8.7.7) follows and this
completes the proof. [ |

Example 8.7.6 Let pu(dz) = (2r)~ Y2 exp(—x2/2)dz be the one-dimensional
Gaussian measure. Further, let f : R — R be the function defined by

22
e 4 x

5 = e T h(x),
{(z? + 2) log(2? + 2)} 1

M)

fx) =

for any x > M, where M is such that f(z) > 1 for any = € (—oo, M) U
(M, +00). As it is immediately seen, f belongs to L2, since at +oo h? is
asymptotic to the function x — |z|~3/2(log(|z|)~%/* which is integrable in a
neighborhood of +£00. Moreover, f is continuously differentiable in R and

(22 —1)log(z? +2) — 3 .2

T = @t w27

)

for any € (—oo,—M) U (M, +00). Therefore, x — (f'(x))? exp(—x?/2) is
asymptotic to the function z +— |z|~*(log(|z|)~3/2 at +oo, and this latter
function is integrable in a neighborhood of +oo.

On the other hand, the function

z — (f(x))* log(f(x)) log(log(f (x))) exp(~a?/2)

is asymptotic to the function  — (2|z|?log(|z|))~'/? at oo, and this latter
function is integrable neither in a neighborhood of +o00 nor in a neighborhood
of —o0.

This example, due to L. Gross (see [69, p. 1074]), shows that the LST (8.7.1)
is sharp.

Remark 8.7.7 As a consequence of Proposition 8.7.3, Remark 8.7.4 and The-
orem 8.7.5, we immediately deduce that, if Au = Au — (DU, Du), with U
satisfying Hypotheses 8.1.25 as well as the dissipative type condition

(DU(x) — DU(y),y — z) < dolz — y|?, z,y € RN, (8.7.10)
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for some dy € R, then the LSI may be written for any nonnegative f &€
WLP(RN) (p > 2). Since D(L,) C WP (see Proposition 8.3.3), if p > 2, we
can write the LSI for any f € D(L,).

The following proposition shows that actually the LSI can be written for
any nonnegative f € D(L,) also in the case when p € (1, 2). For this purpose,
we show that integrating by parts we can write the second integral term in
the right-hand side of (8.7.1) in a more suitable form.

Proposition 8.7.8 Assume Hypotheses 8.1.25 with the function U wherein
defined satisfying (8.7.10). Then, for any p € (1,4+00) and any positive func-
tion f € D(Lp), we have

—2 2, 1 1
/RN fPEIDf P dp = ) /RN fP L, f dp. (8.7.11)

In particular the LSI (8.7.1) holds true for any nonnegative f € D(L,) (p €
(1, +00)).

Proof. Let us prove (8.7.11). First, we suppose that p > 2 and fix f € D(L,).
Then, by Proposition 8.3.3, f € Wl}’p and, therefore, fP~! € Wﬁ’p/(pfl);
besides D(fP~1) = (p — 1)fP~2Df. Thus, (8.7.11) follows from the formula
(8.3.11).

Now let p € (1,2) and let us fix f € D(L,). For any ¢ > 0 we consider the
function g. = (f2 +¢)®~1/2, As it is easily seen, g. belongs to Wﬁ’p/(p_l).
Applying the previous argument with g. instead of f, we get

p—3 1 p—1
| 1+ =P = —= [ (2 Lran

Letting € go to 0T, by monotone and dominated convergence, we get (8.7.11).

To conclude the proof, let us show that the LSI (8.7.1) can be extended to
all the positive functions f € D(L,) for any p € (1,400). Thanks to Remark
8.7.7, we can limit ourselves to considering the case when p € (1,2). For this

purpose, we fix f € D(L,) for some p € (1,2). Since D(A) is a core of Ly, (see
Proposition 8.1.9), we can determine a sequence {f,} C D(A\) converging to
f.in L, as n tends to +oo, and such that L, f, tends to L, f in L, as well.
Arguing as in the proof of Theorem 8.7.5, we can easily show that

i [ 2 Lpfadi = [ L fd
RN RN

n—-+o00
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Now, using twice (8.7.11) gives

lim [ frDg P = = i [ 2L

n—-4oo 1 n—-+4oo

— [ DsPdn
]RN

Therefore, writing the LSI with f,, instead of f and, then, letting n go to +oo,
we can show the assertion. We refer the reader to the proof of Theorem 8.7.2
for further details. [ ]

The following result, due to L. Gross (see [69, 70]), states that the LSI
implies that the semigroup {T'(¢)} is hypercontractive, that is for any ¢ > 0 the
operator T'(t) is a contraction from L? to LYY where q(t) = 1+ €. Actually,
the hypercontractivity is equivalent to the logarithmic Sobolev inequality (see
again [69, 70]). As the LSI, also the hypercontractivity is a very sharp result:
in general T'(t) is not bounded from L2 to L% when p > q(t).

Theorem 8.7.9 Assume Hypotheses 8.1.25 and (8.7.10) with dy < 0. Then,
1T flacey < 1512, g(t) = 1+ e, (8.7.12)
for any t >0 and any f € L? i» where X is the constant appearing in (8.7.1).
Proof. First, we assume that f € D(A\) and f > ¢ > 0. Consider the function
g(t,x) = (T(t)f)(2)", t>0, zeR".
Since f € D(A), then, for any fixed z € RN, g(-,z) € C'([0,400)) (see
Proposition 2.3.5) and
Jdyg .
5 (ho) = q(6)((T().f)(2)) " (AT (1) ) (x)
+((T()f) (@)1 Oq (t) log((T (t)f) (),
for any t > 0. Since AT(t)f = T(t)Af and 0 < § < T(t)f < | f]oe for any
t > 0 (see Lemma 2.3.3), then, for any fixed T > 0, there exists a constant
C7 > 0 such that

9
‘a—i(t,x) < O, t>0, zeRV.

It follows that the function G : [0, +00) — R defined by

Glt) = /RN ot )dy, >0,
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belongs to C*([0, +00)) and

0
G'(t) = / g(t Ddu, t>0.
RN at
Now, consider the function z : [0 + co) — R defined by

() = 10g [T(0) [l = = log (1), >0,

1
q(t)
It belongs to C'*([0, +00)) and

2(t) = — (Z;S) log G(t) + O]
= _ql(t) - - q(t)—1 3
0 IOl + >f||g(:§ | @O O AT 0

T ey e T(t) fdp, 8.7.13
q(t)MT()fngEi%/ O e T s

for any ¢ > 0. Observing that ¢/(t) = A(g(t) — 1) and that A = L on D(A)
(see Proposition 8.1.9), and using the formula (8.7.11), we get

[ @ arwsae=~L [ @002 pro P @110
RN A RN

Replacing (8.7.14) into (8.7.13) we get

q(t)
q'(t)

|7 FILG) 2 (8) = =T () F1247) 1og T (1) flgqry

SL [ an ot

+ / (T(t)£)* D log T(t) fdp. (8.7.15)
RN

Now, according to Theorem 8.7.2, the function T'(t)f satisfies the LSI (8.7.1)
for any p € [1,+00) and hence, in particular, for p = ¢(¢). This implies that
the right-hand side of (8.7.15) is negative. Consequently, z(t) < z(0), which
yields (8.7.12).

Next, we consider the case when f € D(A\) is nonnegative. In this situation
(8.7.12) follows from the previous step, by approximating f with f+e (¢ > 0).
In particular, (8.7.12) holds for any nonnegative f € C°(RY).

Finally, let f € L2 Consider a sequence of functions {f,} C C®(RY)
converging to |f| in L2 Then T'(t) fn converges to T'(t)|f| in L2 as n tends to
+00. By (8.7.12), apphed to T(t)(fn — fm), we see that T'(t )fn converges to
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T(t)|f] in LZ(t) as well, and that |f]| satisfies (8.7.12). Since |T'(¢)f]| < T(t)|f|
(recall that {T'(t)} is a positive semigroup, see Remark 2.2.3 and Theorem
2.2.5), f satisfies (8.7.12) as well. [ |

The assumptions under which we proved the LSI in Theorem 8.7.2 imply
also the Poincaré inequality (by Theorem 8.6.3). But one can also prove
directly that the LSI implies the Poincaré inequality. We show here the proof
in [134].

-~

Proposition 8.7.10 If the LSI (8.7.1) holds for any f € D(A) such that
f >0 >0, then the Poincaré inequality (8.6.1) holds withp =2 and C' = 2/\.

Proof. Without loss of generality, we can assume that f = 0, since the

general case then follows by considering the function f — f. Moreover, to fix
ideas, we assume that § = 1/2. Let € > 0 be such that

1
elfle <5 (8.7.16)

and define the function R
g=1+ef e D(A).

Then g > 1/2, and from the LSI (8.7.1) with p = 2, it follows that

2¢2
[+ erprossenau< lolBloglale+ 2= [ DR 517
RN RN
Now, we use the Taylor expansion of the function
o(s) = (14 s)*log(1 + s), s> —1,

at s = 0. We have

p(s) =s+ 252 +7(s), r(s) = %53, 5> —1, (8.7.18)

where & is a suitable point in the interval joining 0 and s. Substituting the
expansion (8.7.18) in (8.7.17), and dividing by €2, we get

3 2 1 1 2 2 2 2 2/ 2
— — < —(1 log(1 — D .
A+ 5 [ rlendu < 50+ 1) g1+ 218) + 5 [ | IDsRa

(8.7.19)

Since ¢"’(s) =2/(1+ s), we have
2 -
Ir(s)] < =1s|°, §> ——. (8.7.20)

Now, from (8.7.16) and (8.7.20) it follows that

e—0t €

1
lim _2/]RN r(ef)dp = 0.
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Moreover,
. 1 1
i o (1+ €21 18) log (1 + 21 f13) = 1713
Therefore, letting ¢ tend to 0T in (8.7.19), we obtain the Poincaré inequality
(8.6.1) with C' =2/A. |

Remark 8.7.11 For higher order logarithmic Sobolev inequalities we refer
the reader to the papers [55, 56], where the author proves that, if u is a
Gaussian measure and f € W22, then f2(log(f))? is in L},.



Chapter 9

The Ornstein-Uhlenbeck operator

9.0 Introduction

In this chapter we present some results concerned with the Ornstein-Uhlenbeck
operator, which is the prototype of an elliptic operator with unbounded coef-
ficients. Such an operator is defined on smooth functions ¢ by

(Ap)(a) = 5Tr (@QDp(a)) + (Ba, Dg(a)),  weBY,  (90.)

where @ and B are N x N constant matrices, with Q (strictly) positive definite
and B # 0. Here, if not otherwise specified, we consider only the case when @
is strictly positive. In any case, some of the results that we present hold also
when @ is a degenerate positive definite matrix and the operator A in (9.0.1)
is hypoelliptic, i.e., when the matrix

t
/ esBQesB ds

0

is strictly positive definite for any ¢ > 0. Such a condition can be expressed
also by saying that the kernel of () does not contain any invariant subspace
of B* (see, e.g., [98]).

Firstly, in Section 9.1, we show that an explicit formula for the Ornstein-
Uhlenbeck semigroup is available both in the nondegenerate and in the degen-
erate case. Having such a formula simplifies the study of the main properties
of the semigroup. For instance, one can prove uniform estimates for the space
derivatives of any order of the function T'(t) f when f € C,(RY) just differen-
tiating under the integral sign. We do this in Section 9.2 in the nondegenerate
case. The case of the degenerate Ornstein-Uhlenbeck operator is much more
involved. It has been studied by A. Lunardi in [107]. Here, we limit ourselves
to state the main results of [107].

As it has been claimed several times, the Ornstein-Uhlenbeck semigroup is
neither analytic nor strong continuous in C,(RY). In particular, T'(t)f tends
to f in Cp(RY) as t tends to 0%, if and only if f € BUC(RY) and f(e!B")
tends to f uniformly in RY.

In Section 9.3, we deal with the invariant measure of {T'(t)}. We show that
when the spectrum of the matrix B is contained in the left halfplane, the

233
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Ornstein-Uhlenbeck semigroup admits the Gaussian measure

1 —1
p(de) = —— e R T gy

VNN det O

as the (unique) invariant measure, both in the nondegenerate and in the de-
generate case. Here,

+oo
Qoo = / B Qe ds. (9.0.2)
0

The assumptions on the location of the spectrum of the matrix B turns out
to be also necessary to guarantee the existence of the invariant measure of
{T(t)}.

From the results in Chapter 8, we know that the extension of the Ornstein-
Uhlenbeck semigroup to the LP-spaces associated with the invariant measure p
(in short Lﬁ) gives rise to a strongly continuous semigroup for any p € [1, +00).
Moreover, for any f € LL, T(t)f is still given by the same formula as in the
case when f € Cy(RY).

Actually, in the nondegenerate case, {T'(t)} is also analytic for any p €
(1,+400). Also in this situation, having an explicit representation formula for
T'(t) f is of much help. Indeed, we can quite easily show that 7'(t) maps L}, into
Wj’p (for any k € N) and we can also give precise estimates on the behaviour
of the space derivatives of T'(t) f in L%, when ¢ approaches 0t.

An important feature of the Ornstein-Uhlenbeck semigroup in Lf, is that a
complete characterization of its infinitesimal generator L, is available. More
precisely, we show that

D(LP) = W;%pa pE (1a +OO)

and that the graph norm is equivalent to the Euclidean norm of Wi’p. Such a
result was firstly proved by A. Lunardi and G. Da Prato in the Hilbert case,
and then it has been proved by G. Metafune, D. Pallara, A. Rhandi and R.
Schnaubelt for a general p.

Since the Ornstein-Uhlenbeck semigroup in LI is compact for any p €
(1,400), the spectrum of L, is a discrete set. It has been completely charac-
terized by G. Metafune, D. Pallara and E. Priola in terms of the eigenvalues
A1, ..., An of the matrix B. More precisely, they show that

o(Lp) = {)\:an‘)\iini eNU{0}, i = 1,...,r}.
i=1

In particular, o(L,) is independent of p and the eigenfunctions of L, are
polynomials with degree at most (Re\)/s(B). Moreover, the eigenvalues of
L, are all semisimple if and only if B is diagonalizable in C.

The picture changes drastically in the case when p = 1. Indeed, in such
a situation o(L;) is the set of all the A € C with nonpositive real part. In
particular, any A with negative real part is an eigenvalue of L.



9.1. The formula for T(t)f 235

Since the Ornstein-Uhlenbeck semigroup is analytic in L, the function
z +— T'(z) is analytic in a sector centered at the origin. A recent result by R.
Chill, E. Fasangova, G. Metafune and D. Pallara explicitly characterizes the
amplitude of such a sector.

Next, we exploit some relations between the Ornstein-Uhlenbeck semigroup
and the Hermite polynomials.

Finally, in Section 9.4, we consider the Ornstein-Uhlenbeck semigroup in
the LP-spaces associated with the Lebesgue measure, for any p € [1,400). In
such a setting {T'(t)} is strongly continuous but it is not analytic. The domain
of its infinitesimal generator A, is the set of all the functions u € WP(RY)
such that Au € LP(RY). Moreover, the spectrum of A, consists of all the
complex numbers with real parts not greater than —(Tr(B))/p. In particular,
differently from what happens when the underlining measure is the invariant
measure, the spectrum depends explicitly on p.

9.1 The formula for T'(t) f

One of the best features of the Ornstein-Uhlenbeck operator is that an explicit
formula for the associated semigroup is available both in the nondegenerate
and in the degenerate case. Such a formula is due to Kolmogorov (see [85]).

Let us introduce some notation. For any ¢ > 0, we denote by Q; € L(RY)
the matrix defined by

¢
Qt:/ e* B Qe ds. (9.1.1)
0

It is readily seen that Q; (¢t > 0) is a positive definite matrix, and it is strictly
positive definite whenever @ is.

Moreover, for any strictly positive definite matrix K and any a € RV, we
denote by N (a, K) the Gaussian measure defined by

N(a, K)(dz) = ;e_al(fl(x_a)’x_@dx. (9.1.2)
’ (2m)Ndet K

We can now prove the following theorem.
Theorem 9.1.1 For any f € Cy(RY), the Cauchy problem
Dyu(t,r) = Au(t,z), t>0, z€ RN,
(9.1.3)
U(O,SL') :f(x)v x GRN;

admits a unique classical solution u which is bounded in [0,T] x RN for any
T > 0. In fact, such a solution is bounded in [0,+oc0) x RN and

sup [lu(t, )], @y < 1 loo- (9.1.4)
>0
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Moreover, u is given by

u(t,x) = (T(£)f)(x) : e~ 3@ (Pam e Tamy) gy,

1
T /emNdet Q; /RN
(9.1.5)

for any t >0 and any x € RN . The semigroup {T(t)} is called the Ornstein-
Uhlenbeck semigroup associated with the operator A in Cy(RN).

Proof. First of all, we observe that the existence of the classical solution to
the problem (9.1.3) as well as the estimate (9.1.4) are guaranteed by Theorem
2.2.1, whereas its uniqueness is an immediate consequence of Theorem 4.1.3,
where we can choose as a Lyapunov function, the function ¢ : RV — R defined
by p(x) = |x|? for any € RY. Indeed, an explicit computation shows that

(Ap)(x) = TrQ + 2(Bx,z) < Tr Q + 2||B|lso|z|?, z e RV,

Hence, it suffices to take A = 2| Bl|oc to get supgny (Ap — Ap) < +00 and, by
Remark 4.0.3, this is enough to apply Theorem 4.1.3.

So, to complete the proof we just need to check the formula (9.1.5). For
this purpose, we use stochastic calculus. Indeed, the stochastic differential
equation associated with the operator A is the following one:

d¢r = BEFdt + odW, & =g,

where o = Q'/2, W, is a standard N-dimensional Brownian motion and z €
RN It is easily verified that the solution of this equation is the process

t
& =etBy +/ oet =) Baw,, t>0.
0

This is a Gaussian process. For any fixed t > 0 and any « € RY the mean value
of £ is e'Px and the covariance matrix is the matrix @; defined in (9.1.1).
Therefore, the distribution of &7 is the normal distribution N (e!Pz, Q;)(dz).
This implies that the semigroup {7'(¢)} is given by the formula

TONE =BFE) = [ NP0 Q). o R,

for any f € By(RY), and (9.1.5) follows.
Let us give also an analytical proof of the formula (9.1.5). For this purpose,
we look for a solution u of (9.1.3) in the form

u(t,x) = v(t, M(t)x), t>0, 2 €RY, (9.1.6)

where the matrix-valued function M : (0,+oc0) — L(RY), defined by ¢
M (t), is to be properly chosen.
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A straightforward computation shows that the function v solves the Cauchy
problem

v(t,r) = v, T r v
{Dt (t,2) = A®tho(t,x), t>0, x € RV, (9.1.7)

U(Oa 1') - f(M(O):L')a T e RNa
where A(t) is given by
1
A(t) = 5Tr(A)D?o(t, ) + (M(8)B = M'(£)) (M (1)) "'z, Do(t, 2)), (9.1.8)
with A(t) = M(t)Q(M(¢))*, for any ¢ > 0.
Now, we choose M (t) in order to eliminate the drift term in (9.1.8). This is
possible if we choose M (+) satisfying the differential equation M’(-) = M(-)B.

For instance, we can take M (t) = e!P for any ¢t > 0. With this choice of M(-)
the elliptic equation in (9.1.7) reduces to

1 .
Dyw(t,z) = =Tr(e'PQe!® D?v(t,z)), t>0, z RV,
ol ) = 5T (t,2)) 010
u(0,z) = f(x), r € RV,

Taking the Fourier transform of both the sides of the differential equation
in (9.1.9) gives the ordinary differential equation

Di(t,6) = ~5(AMEL 0,6, >0, £ RY.

Hence,

o(t, &) = exp (—%(Qt&é)) fe), t>0, E€RY,  (9.1.10)

where Q; is given by (9.1.1). Taking the inverse Fourier transform gives

1 1/0-1
vt 1) = e [ e 2@ TV () ay, 9.1.11
0 = =g o fody. ©.11)
Now, the formulas (9.1.6) and (9.1.11) lead us to (9.1.5). [ |

Remark 9.1.2 The same results as in Theorem 9.1.1 hold true also in the
case when @ is singular (but still positive definite) provided that the matrix
Q¢ in (9.1.1) is nonsingular for any ¢ > 0. The semigroup defined by the
formula (9.1.5) is still called the (degenerate) Ornstein-Uhlenbeck semigroup
associated with the operator A in (9.0.1). As it has been stressed in the
introduction to this chapter, the condition det@; > 0, for any ¢ > 0, is
equivalent to the hypoellipticity of the operator A in the sense of Hérmander
(see [73]).
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9.2 Properties of {T'(t)} in C,(RY)

In this section we study some properties of {T'(t)} in the space Cy(R"Y). To
begin with, let us consider the following proposition.

Proposition 9.2.1 The following properties are met:
(i) {T(t)} is conservative in Cyp(RY);
(i)) Co(RYN) is invariant for {T(t)};

(ii3) for any t >0, T(t) is not compact in Cp(RY).

Proof. The property (i) follows immediately from Proposition 4.1.10 since
T(t)1 =1 for any ¢ > 0.

The property (ii) follows immediately from Example 5.3.3.

Finally, the property (iii) is now a straightforward consequence of the prop-
erties (i) and (ii) and Proposition 5.3.4. [ |

The estimates for the derivatives of {T'(t)f} can be easily obtained as a
consequence of the results in Chapters 6 and 7. They can also be deduced
differentiating under the integral sign the representation formula (9.1.5). This
is the approach used in [39] that allows the authors to prove uniform (and
pointwise) estimates for the space derivatives of T'(t)f of any order.

Proposition 9.2.2 For any t > 0 and any f € C,(RY), the function T(t)f
belongs to CE(RN) for any k € N. In particular, if f € CH(RYN),

N
DiT(#)f = (e'P");;T(t)D;f, t>0, i,j=1,...,N. (9.2.1)

j=1

Moreover, for any e > 0 and any h € N with h < k, there exists a positive
constant C' = C, such that

ek(s(B)Jre)t
1T flop@yy < Cjﬂf”cg(u&m, t>0, (9.2.2)

1AL
for any f € CHRYN), where s(B) is the spectral bound of the matriz B.

Proof. The estimate (9.2.2) can be proved by induction on k. Let us begin
by proving it in the case when h = 0. For k = 1 the estimate (9.2.2), as well
as the formula (9.2.1), follows easily differentiating the formula (9.1.5) under
the integral sign and observing that, for any ¢ > 0, there exists a constant
Cy = C41(0) such that

1etB]o0 < Crels(BITO, t>0. (9.2.3)
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Let us suppose that 7'(t)f belongs to C;"*(RN) for any ¢t > 0 and (9.2.2)
holds for all the (m—1)-th order derivatives of T'(t)f. We are going to prove
that the m-th order derivative D;, . ; T(t)f exists in Cj, (RY) and it satisfies
(9.2.2). For this purpose, we observe that, using (9.2.1), we get

Di,.. i, T(t)f
=Dy i, Tt/n)-...-T(t/n)f

N
—Diy i {T<<1 RYSLDS <e"TB*t>imijjmT<t/n>f}
jm=1
N —m+1 —1
=T((1—(m=1/mt) > (e B ps(e ™ i
J25eJm=1

XDJQT(t/’I’L) 0...0 DJmT(t/n)f,
(9.2.4)

for any n > m and any t > 0. Similarly,

DJQT(t/TL) 0...0 D]mT(t/n)f
N

=T(m/n—2/n)t) > () (€T P

XDl21~‘7l7n715j7nT(t/n)fﬂ (925)

for any ¢ > 0. From (9.2.4), (9.2.5) and (9.2.2) (with k = 1) we easily deduce
that D T(t) € C}(RY). Moreover,

12,.0m

Di,,. i, T@)f

N
n—m+1 * n—1 s
= > (e )y @
J2seenjm=1
N 2 2
1 * m— * n— *
x> (@) e @) (e i,
liyeislm—1=1

xT((1 =2/n)t) Dy, T(t/n) D, 1y, T (/) -
(9.2.6)
Therefore, taking 6 = 1/n in (9.2.3) and using (9.2.2) with k=1, k =m — 1
and € = 1/n, we get
1 1 1
IDiy,...im T () fllooc < Crexps (m — - s(B) + - W”f”om

for any ¢t > 0 and some positive constant C,,. The estimate (9.2.2) with k = m
follows, taking n sufficiently large.
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The estimate (9.2.2) with h = k follows immediately from (9.2.3). Indeed,
a straightforward computation shows that

N
Diy T =D (P )iy ()i TODy, S, (9:27)

Jiseenje=1

for any 41,...,4 € {1,...,N}, any k € N and any ¢ > 0.
Finally, in the case when 0 < h < k, the estimate (9.2.2) follows from (9.2.6)
(with m = k) observing that, thanks to (9.2.7), we have

N
Llip* LiB* LiB* 1lip*
Z (ent )llh (ent )lk—)z+17"2 teeet (ent )lk—lrh (ent )jkThH

SThe1=1

DllT t/n)DlL'" 7lk—17jkT(t/n)f
r1,..

XT(t/n)(DT1J27»»»711¢7h,T(t/n)DTz,m,Tthl f)a

for any t > 0. [ |

Remark 9.2.3 (i) From the proof of Proposition 9.2.2, it is clear that if
(9.2.3) holds with 6 = 0, then the estimate (9.2.2) can be written also with
e=0.

(i) In view of Remark 7.2.4, when k = 1,2, 3, the uniform estimate (9.2.2)
is useful only in the particular case when s(B) < 0.

Remark 9.2.4 In the case when the matrix () is singular and the operator
A is hypoelliptic, uniform estimates of the Ornstein-Uhlenbeck semigroup are
still available, but they differ from those in Proposition 9.2.2 since, as we will
see in Chapter 14, the behaviour of the space derivatives of T'(t)f near t = 0
is anisotropic. Such estimates, which have been proved in [107, Proposition
3.2], can be written in an elegant way if the Ornstein-Uhlenbeck is written
not in the usual Euclidean basis of RY but in a suitable orthonormal basis
{ef:i=1,..., N} associated with the matrix Q.

To determine such a basis, we begin by observing that the operator A is hy-
poelliptic if and only if there exists m < N — 1 such that rank H,, = N, where
the matrix H,, € L(R™N,RY) is given by H,, = [Q'/?, BQ'/?,..., B"Q"/?].
Such a condition is usually called the Kalman rank condition and its equiv-
alence with the hypoellipticity condition is proved in [149, Chapter 1]. We
denote by r the smallest integer such that rank H, = N, and by V; (i =
0,...,7 — 1) the image of RY through the matrix H; (0 =1,...,7). It is now
easy to check that RY = @ _, Ex(R") where Ej is the orthogonal projection
of RV in Vg and E; (j = i,...,r) is the orthogonal projection of RY on V1| in
Vi, i=1,...,r. Then, we define the orthonormal basis {e} : i = 1,..., N} of
RY choosing e in E;(RN) for any j € {a; +1,...,a;01} =1 (i=0,...,7),
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where a9 = 0, a,+1 = N. In such a basis it can be shown that, for any
h € N, any multi-index o with |a| = h, and any € > 0, there exists a constant
Cr = Ch(e) such that

| DT (1) flloo < CretB =3 =may £, t>0, (9.2.8)

where, mq = >.i_, Z?*a 41 7(j). Here, 7(aj) = k, where k is such that
j € I.

As we have already several times recalled, both the Ornstein-Uhlenbeck
semigroup and the degenerate Ornstein-Uhlenbeck semigroup are neither an-
alytic nor strongly continuous in C,(RY) and in BUC(RY). Now we provide
a proof of these properties. To begin with we show that {T'(¢)} is not analytic,
adapting the proof of [39, Lemma 3.3]. This result holds also in the case when
Q is singular.

Proposition 9.2.5 The Ornstein-Uhlenbeck semigroup is analytic neither in
Cy(RN) nor in BUC(RY).

Proof. We begin the proof considering the case when @ is not singular.
Of course, we can limit ourselves to proving that {T'(¢)} is not analytic in
BUC(RM). For this purpose, we prove that there exists h € RY such that

sup [AT'(1) fnfl oo = +o0, (9.2.9)
heN

where fj,(z) = sin((h,z)) for any = € RY. Indeed, we have
(T(1) fn)(z) = e (@M sin((ePx, h)), z,h e RN (9.2.10)

(see also (9.3.6)). From (9.2.10) it follows that the function Tr (QD?T'(1) f5) is
bounded in RY for any h € RY. Therefore, to prove (9.2.9) we need to show
that the function 2 + (Bz,(DT(1)f)(z)) is unbounded in RY for some
h € RYN. As it is easily seen

(B*(DT(1)f)(@)); = (B*e” h)ie™ 2 QM cos((ePar, b)),

for any z € RN and any i = 1,..., N. Since B # 0, there exist hy € RV and
j€{l,...,N} such that (B*e B*ho) # 0. As a consequence, the function

7 (rBej, (DT(1) fn,)(re;)) = r(B*e" hg) e~ 7 (Q1ho:h0) cos(r(eB hy),)

is unbounded in R and, therefore, (B-, DT(1)f3,) is unbounded in R™. This
completes the proof in this case.

Now we assume that @) is nonnegative definite and singular, and we denote
by A the operator A in the orthonormal basis {€} : i = 1,..., N} defined
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in Remark 9.2.4. Observe that A = MAM?* for some orthogonal matrix M,
where

al
Ap =" qj;Dijo + (B-, Dy),
i,j=1
for any smooth function ¢, Q" = (¢;;) and B’ being suitable matrices, with
Q' strictly positive definite, and a; being as in Remark 9.2.4. Then, T'(t) =
MT(t)M* for any t > 0, where {T(t)} denotes the Ornstein-Uhlenbeck semi-
group associated with the operator A. Therefore, we can limit ourselves to
showing that {T'(¢)} is not analytic in BUC(RY). For this purpose, we can
repeat step by step the proof given in the nondegenerate case. [ |

The next proposition describes the set of strong continuity of {T'(¢)}. It
holds for both nondegenerate and degenerate Ornstein-Uhlenbeck semigroups.

Proposition 9.2.6 Let f € C,(RY). Then, |T(t)f — f|oo tends to 0 as t
tends to 0 if and only if f € BUC(RY) and

Jim (f(e'2)  f(2)) =0,

uniformly with respect to x € RV,

Proof. First of all let us notice that, if T'(¢) f tends to f uniformly in RV, then
f € BUC(RY). Indeed, Proposition 9.2.2 ensures that, for any f € Cy(RY),
the function T'(t)f belongs to BUC(RY). Therefore, in the rest of the proof
we assume that f € BUC(RY).

For any t > 0, let G; be the linear operator in BUC(RY) defined by

(Gof)(x) z—y)e 2Ty g e RV

1
= e f(
V(2m)Ndet Qt Jrr
Then, we have (T(t)f)(x) = (G¢f)(e*Bx) for any ¢t > 0 and any x € RV. Let
us observe that Gy f tends to f uniformly in RY as n tends to 4+o00. Indeed,
for any n € N,

(Gef)(@) — fl2)] = ‘% e 2 (f(a+ /Quy) — f(2))dy

1 10,12
< T s )e—i‘y‘ [f(z+ v/ Q) — f(x)|dy

2
| fl e 2Py, t>0, 2 eRV.

v (2m)N RN\ B(n)

(9.2.11)

From (9.2.11) it is now clear that for any € > 0 we can find first n sufficiently
large and, then, ¢ sufficiently close to 0 such that both the two last integrals
are less then /2, uniformly with respect to x € RY.
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Now, the conclusion follows writing

(T f)(@) = f(z) = (Gef)(ePa) = f(e"Pa) + f(e'Pa) - f(2),

foranyt>0andanyx€RN. ]

To conclude this section we characterize the spectrum of the weak generator
A of the Ornstein-Uhlenbeck operator in C,(RY;C) when @ is not singular.
For the proof we refer the reader to [112, Corollary 6.3], where the character-
ization of the spectrum of the restriction of A to BUC(R¥;C) is given. But
the spectra of A and its restriction to BUC (RY; C) actually coincide. Indeed,

of course, U(A‘BUC(]RN-(C)) C a(;l\). Moreover, since D(A\) C BUC(RY;C)

the point spectra of Aand A coincide. Further, if Re A > 0, then

|BUC@®N;C)
DS p(A\) Indeed, fix f € Cp(RY;C) and consider a bounded sequence
{fa} € C=(RY;C) converging locally uniformly in RV to f. Taking the
estimates in Proposition 9.2.2 into account it is easy to check that

~ Foo t
(FOA o)) = [ e@OL@E 0212

for any z € RV and any n € N, where we still denote by {T'(#)} the exten-
sion of the Ornstein-Uhlenbeck semigroup to complex-valued functions. From
formula (9.2.12) and Proposition 2.2.9, it is immediate to check that u, =

R(A fn converges locally uniformly to a function u € C,(RY; C).

; A\ BUC(]RN;(C))

Since A\un = A\u, — fn and

1A folloo < K| falloo, neN, (9.2.13)

’A|BUC(]RN;(C))
for some positive constant K, independent of n, it follows that {A\un} is
bounded in C,(RY;C) and it converges locally uniformly in RY. Therefore,
according to Proposition 2.3.5, u € D(A\) and A — Au = f. Moreover, by
(9.2.13) we get |ullooc < K| f|oo since we can assume that | fpeo < |f|oo for
any n € N.

Theorem 9.2.7 If o(B)NiR = & then o(A) = {\ € C: Re X < 0}.

9.3 The invariant measure g and the semigroup in Ly

In this section we assume that

o(B) c{AeC:Re) <0} (9.3.1)
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As a straightforward consequence, the matrix Q: (see (9.1.1)) can be defined
also for t = 400. Q is a positive definite matrix and it is strictly positive
definite if Q; is strictly positive definite for some ¢ > 0.

We set

1 1

3T g = p(a)da. (9.3.2
(& X . x)axr. 0.
(LT p(x)dz. (9.3.2)

As the following theorem shows, p is the invariant measure of both the
nondegenerate and the degenerate Ornstein-Uhlenbeck semigroups.

p(dz) = N(0, Qso)(dz) =

Proposition 9.3.1 If (9.3.1) holds, then the Gaussian measure p is the
unique invariant measure of the semigroup {T'(t)}.

Proof. In the case of the nondegenerate Ornstein-Uhlenbeck semigroup, the
uniqueness of the invariant measure of {T'(¢)} follows immediately from The-
orem 8.1.15.

Actually, Theorem 8.1.15 holds also in the case when the diffusion matrix
@ is singular. Indeed, to make the proof of that proposition work, one needs
to be able to extend the semigroup with continuity to a strong Feller and irre-
ducible semigroup in to By (R™) and to prove the convergence of the sequence
(T(t)fn)(z) to (T(t)f)(z), as n tends to +oo, for any ¢t > 0 and any z € RV,
whenever the sequence {f,} C By(R"™) converges in a dominated way to f.
Of course, these two properties are satisfied also by the degenerate Ornstein-
Uhlenbeck semigroup, as it can be easily checked using the representation
formula (9.1.5).

So, let us prove that, in both the nondegenerate and the degenerate case
{T(t)}, the Gaussian measure p is the invariant measure of {T'(t)}. Through-
out the proof, we extend {7T'(¢)} to the space of bounded and continuous
complex-valued functions in the natural way, and we still denote by {T'(¢)}
the so extended semigroup.

Denote by & the linear span of the set {f, : h € RV} where f, : RN — C
is defined by fy(z) = e*®" for any x, h € RY. We observe that £ is dense in
Li. To check this property, it suffices to show that, if T € (L}L)' vanishes on &,
then 7" = 0. For this purpose, we recall that (L},) = Ly® C L>(R",dz) (see
[135, Theorem 6.16]). Fix T’ € (L},)' vanishing on £ and let g € L*°(R", dx)
be such that T'f = [p~ fgdpu for any f € L. Then

/ gla)e!h ¢ (Qum2) gp —
RN

for any h € RY. It follows that the Fourier transform of the function z +
g(ac)e_<Q°°‘”"”>/ 2 identically vanishes in RY. By the uniqueness of the Fourier
transform, we deduce that g = 0.
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Hence, to prove that u is the invariant measure of the Ornstein-Uhlenbeck
semigroup, it suffices to show that

/ T(t) fadp = / Frdp, t>0, heRN. (9.3.3)
RN RN

For this purpose, fix a € RY and a strictly positive definite matrix K, and
let us compute the Fourier transform of the probability measure A (a, K)(dx)
(see (9.1.2)).

Let M be an orthogonal matrix such that MK M* = diag (A1,...,An). Then

N eilah) ) N2
a, K)(dy) = —m———— e\ Y M exp | — *ld
/}R N K ) = e | P~ 5 )

ei(a,h}

N u2
— etk (Mh), =3 g
i 1" AN 5. /]R i
2V A X klill Y

N

) 2

_ ez(a,h) I I e—%)\k(Mh)k
k=1

— pifa,n) =% (Kh,h) (9.34)

Y

for any h € RY. Therefore,
frdp = / " PYIN(0, Quo) (dy) = e 2(Quhh) heRN. (9.3.5)
RN RN
On the other hand, we have
(T@) fn)(z) = /RN S IN (P2, Qp)(dy) = el B =R@NR) (9 3.6)
for any ¢t > 0, any =, h € RY, and then

[ T h = @ [ (0, G o)
RN RN
— o= 2 {(QiHe P Qe by (9.3.7)

Now, observing that

t +oo
Q: + etBQooetB* — / esBQesB*dS +/ e(t—i—s)BQe(t-i-s)B*dS
0 0

t —+o0
= / e PQe* P ds + / e PQe’P ds = Quo,  (9.3.8)
0 t

for any ¢ > 0, from (9.3.5) and (9.3.7) we get (9.3.3). [ |
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Remark 9.3.2 Asit is shown in [43, Section 11.2.3], (9.3.1) is also a necessary
condition to guarantee the existence of an invariant measure of {T'(¢)}.

In view of Remark 9.3.2, throughout the rest of this section we assume that
the condition (9.3.1) is satisfied.

According to Proposition 8.1.8, the semigroup {T'()} can be extended to a
strongly continuous semigroup in Lf) (RM). As in Chapter 8, we simply write
L? for LP(RN, p) and denote by || - |, its norm. Moreover, we denote W}-»
the Sobolev space of the functions in L with weak derivatives up to k-th-
order in L%. Finally we denote by L, : D(L,) C L, — LF (p € [1,+00)) the
infinitesimal generator of {T'(t)} in LF and we simply write L for Lo.

To prove the main result of this first part of the section (i.e., the analyticity
of {T'(t)} in Lf, for any p € (1,+00)), we need some preliminary results.

Lemma 9.3.3 For any p € [1,+00), C®(RY) is dense in LY, and in W}P
for any k € N.

Proof. The proof can be obtained using the same truncation argument as
in the proof of Proposition 8.7.3. [ |

Lemma 9.3.4 Let p € [1,+00). Then, for any u € Wl}’p and any j =
1,...,N, the function x — xju(x) belongs to L¥,. Moreover, there exists a
positive constant C; such that

Proof. Without loss of generality we can limit ourselves to proving the
assertion in the case when j = 1. Moreover, we can assume that Q. =
diag(A1, ..., An). Indeed, we can always reduce to this situation by means of
a suitable linear change of variables as in the proof of Proposition 9.3.1. From
the formula (9.1.5) we immediately deduce that

1 N g2
) = exp | — 2L, z e RN,
) VERTONAL A, p( ;2/\]-)
Therefore,
x1p(x) = =M\ D1p(z), reRN, (9.3.9)

Let us now fix u € C°(RY) and assume that p > 1 (the case p = 1 is similar
and much easier). Taking (9.3.9) into account and integrating by parts, we
deduce the following chain of inequalities

/ eyl Py
RN

< —)\1/ x1|21 P2 u(x) [P Dy p(x)d
RN
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—ip [ su@eru(e)? D)+ Do) [ o uta) P
RN RN

Using the Holder and Young inequalities we immediately see that

Alp(/ |$1U($)|”du) (/ |D1U|”du)
RN RN

1
—/ |z1u(z)|pdu+K1/ |DyulPdu, (9.3.11)
4 RN RN

I

IN

IN

for any € > 0 and some positive constant K1 = K;(¢).

As far as I5 is concerned, we observe that, if p > 2, by the Young inequality,
we can determine a positive constant K5 such that
P2

|71 |z1|P + Ko, r €R.

1
D —
T AN(p-1)

Therefore,
1
B<q [ lellu@Pdit K [ u@Pds 0312
4 ]RN ]RN

for some positive constant Ks.

If p < 2 we have to apply a different argument to estimate the term I5. For
notational convenience we split x € RN asz = (xl, z) Moreover, we denote
by du; and dug the measures in R and RY~! whose densities with respect to
the Lebesgue measure are

(20) = ———exp (2L eR
1) = ————exp | ——= |, x
P11 2 p 2 1
and
1 N-1 22
z) = exp | — I, z e RN
pa(2) VTN Ay p( ;”\jﬂ)

respectively. Applying the Fubini-Tonelli theorem we deduce that

I, < 2)\1/ dug/ |21 1P~ 2 (1, 2)[Pdpy
RN-1 R

:2)\1/ dug/ |ac1|p72|u(ac1,z)|pdu1
RN-1 ‘11‘2\/8)\1

V81
LA / iz / 21 [P2u(ar, 2)|Pdpn
RN71 —\/Skl
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1
< ‘/ duz/ |1 [Plu(@y, 2)[Pdn
4 RN-1 R

V81
4 / dis / P2z, 2) Py (9.3.13)
RN-1 —v/8A1

Let us estimate the second integral in the last side of (9.3.13). For this pur-
pose we observe that since WP (—/8\1,/8)\1) is continuously embedded in
L>(—/8A1,v8A1) (see [2, Theorem 5.4]), then

VoW
/ 1 P2 u(a, 2)[Pdpn

—/8\1
P V81
g( sup |u(z1,z>|) [ pa
|21 <81 —V8X\1

V81
< K, / (Ju(zr, 2)|? + | Dy, 2)P)dary
—/8\1

V81
< Ky sup |P1(931)|71/ (Ju(z1, 2)[P + |Diu(zy, 2)[P)du,
o1 | < VB — VB

for some positive constant K. Integrating in RV ! with respect to the mea-
sure fio gives

V81
[ [ o Rt P < Kol
e Y
for some constant K5 > 0. Therefore,
1
L< —/ dug/ jaPluer, 2) P + Kslul?,. (9.3.14)
4 RN-1 R ’

Summing up, from (9.3.10)-(9.3.12) and (9.3.14), we deduce that there exists
a positive constant Kg, independent of u, such that

/]RN lz1u(@)[Pdp < Kelullf - (9.3.15)

Since by Lemma 9.3.3 C°(RY) is dense in W7, the estimate (9.3.15) yields
the assertion. ]

The following corollary is now a straightforward consequence of Lemma
9.34.

Corollary 9.3.5 The realization of the Ornstein-Uhlenbeck operator A in L,
with domain Wi’p is a bounded linear operator.
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Lemma 9.3.6 For any f € L}, (p € [1,+00)) and any t > 0, T(t)f is given
by the formula (9.1.5).

Proof. In order to avoid misunderstanding, throughout the proof we denote
by {T'(t)} the Ornstein-Uhlenbeck semigroup in Cy,(RY) and by {T,(t)} its
extension to LF.

To begin with, let us observe that since, for any ¢t > 0, Q; and Q. differ
in a (strictly) positive definite matrix, then @Q; < Qs in the sense of the
positive matrices (i.e., (Q¢h, h) < (Qooh, h) for any h € RV). Hence, Q:Q} <
QoeQ} = I or, equivalently, Q! = Q; 'Q:Q=! < Q;*. As a consequence,

1

pe(x) = WfE(Q; v < Cyplw), xRV,

for some positive constant C;, and this implies that Lllt - L}M where pt(dx) =
pt(x)dx. Therefore, if {f,,} is a sequence of smooth functions converging to f
in LF, as n tends to +oo, then, for any ¢ > 0 and any = € RN, fo(etBx + )
converges to f(e!Pz + ) in L}L and, hence,

lim (P(Of,)@) = lim [ fuePat ) = [ 5P+ pueldy)

n—-+4oo n—-+4oo RN

Now, the assertion follows if we recall that, by definition, T'(¢) f,, converges to
Ty(t)f in LE (see Proposition 8.1.8). [ |

Remark 9.3.7 Note that the results in Corollary 9.3.5 and Lemma 9.3.6 hold
true also in the case when the matrix @ is singular.

Arguing as in the proof of Proposition 9.2.2, we can prove the following
estimates for the derivatives of the function 7'(¢) f in the L?-norm.

Proposition 9.3.8 For any p € (1,+00), any k € N, any t > 0 and any
I € L% the function T(t)f belongs to WL’f’p. Moreover, for any multi-indez o
and any € > 0, there exists a positive constant C = C(e,|a|,p) such that

||

IDT()fl, < CellCE="5 g, 450, (9.3.16)
for any p € (1,400), and

|DAT (1) f, < CelCEF N Do), t>0, (9.3.17)
|8]=|c|

for any p € [1,+00). Further, the function t — D*T(t)f is continuous in
(0, +00) with values in LY, for any f € L, (p € (1,+00)).
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Proof. Since C°(RY) is dense in WP (see Lemma 9.3.3), it suffices to
prove the assertion in the case when f € C°(RY).

To prove the estimate (9.3.16) it suffices to argue by induction on the length
of || as in the proof of Proposition 9.2.2. So, we can limit ourselves to checking
(9.3.16) in the case when |a| = 1. For this purpose, we fix f € C>(RY),
ie{l,...,N},pe (1,+oo) and observe that

(DT () f)(x) = — B Q) ie QY f(ef Py — gy,

\/ 2’/T NdetQt /]RN

for any ¢t > 0 and any x € RY. Since

* _ —1 2 —1/2 1/2 —1/2
P Qi y)il = 1Qy 2y, QP etPey)| < 1Q7 Pyll(Q 2B,

for any t > 0, any y € RY and any i = 1,..., N, using the Holder inequality
and taking (9.2.3) into account, we easily see that

(DTN < ([ e Qe @ may ) o)
< (@7 e )P (T () (£ 1) )

p—1
< o NdetQ /RN |Q—1/2y|ﬁe*%<Q[ y’y>dy>
t

< Gyt 2T (@) (1f17) (@), (9.3.18)

for any ¢ > 0, any x € RY and some positive constant C,,. Hence integrating
the first and the last term in (9.3.18) in RN, with respect to the measure u,
we get (9.3.16).

The estimate (9.3.17) is easier to be proved: indeed, it suffices to iterate the
formula (9.2.1).

Finally, let us prove that for any multi-index «, the function D*T'(-) f is con-
tinuous in (0, +-00) with values in L%. To see it, we observe that the estimate
(9.3.16) implies that

(B)teyt . lal
DT (1) f — DT (s)f |, < Cel1CE*NTZNT(t — ) f — [,

for any 0 < s < t and any p € (1, +00). Now, the strong continuity of {T'(¢)}
in LF yields the assertion. [ |

Now, we can show that the Ornstein-Uhlenbeck semigroup is analytic in
L% for any p € (1,+00). Such a result has been proved in [39] and in [61, 67]
also in infinite dimensional settings. Here, we present a simplified proof taken
from [106].

Theorem 9.3.9 For any p € (1,+00), the Ornstein-Uhlenbeck semigroup is
analytic in LL,.
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Proof. Fix p € (1,+00). According to Theorem B.2.8 to prove the assertion
we can limit ourselves to showing that the function 7'(-)f is differentiable in
(0, +0), for any f € L7, and there exists a positive constant C', independent
of f, such that

DT fly < Clflpe te (0,1). (9.3.19)

Suppose first that f € C°(RY). In such a case, taking Propositions 2.3.5,
2.3.6 and 4.1.10 into account, it is easy to check that the function T'(-)f
is differentiable in [0, +00) with values in L¥, and D;T'(t)f = AT (t)f for any
t > 0. Moreover, taking Corollary 9.3.5 and the estimate (9.3.16) into account,
it is immediate to check that

HATO [l < Cullf Ly >0, (9.3.20)

for some positive constant Cy, independent of f, and (9.3.19) follows.
Now, suppose that f € L?, and let {f,} € C®° (R™) be a sequence of smooth
functions converging to f in L (see Lemma 9.3.3). Since

¢
L5 = T arag) = = [ (AT(6)fa = AT () s, 9320
— 0 — U0 Jto
for any t9,t € (0,+00) and any n € N (where the integral is meant in L),
letting n go to +oo, and observing that (9.3.20) is satisfied by f, (n € N)
and f, with the same constant C;, we easily see that (9.3.21) holds true also
with f instead of f,,. Now using the continuity of the function ¢t — AT(t)f
in (0, +oc) with values in L% (see Corollary 9.3.5 and Proposition 9.3.8), we
can conclude that 7'(-)f is differentiable in (0, +oc0) with values in Lf and
D.T(t)f = AT (t)f for any ¢ > 0. Hence, the estimate (9.3.19) follows and we
are done. |

The next proposition characterizes the symmetric Ornstein-Uhlenbeck semi-
groups, i.e., the case when T'(¢) coincides with its adjoint operator for any
t > 0. The characterization of the symmetric Ornstein-Uhlenbeck semigroups
has been studied in [32] and [33] also in the infinite dimensional setting.

Proposition 9.3.10 The Ornstein-Uhlenbeck semigroup is symmetric in Li
if and only if BQ = QB*. In such a case L is self-adjoint. Further, if B =
—Qot, then

[ Lrodu=- [ QD5 Do) (9.3.22)
RN RN
for any f,g € D(L).

Proof. As a first step we show that, for any ¢ > 0, the adjoint operator of
T(t) is given by

@O Ne) = | FQLPQL e+ QP = P eP=) PQ Py},
(9.3.23)
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for any t > 0 and any f € D := {g(]) : h e RV, j =1,2}, where g}(Ll)(ac) =
cos({h,x)) and g( )( ) = sin((h,)) for any = and any h in R. Here, B, =

~/?BQY?. Note that the matrix (I — etBetBx)1/2 is well defined. Indeed,
using the formula (9.3.8), it is easy to check that

Qr = QLI — e'P=etP)Ql/2, t>0. (9.3.24)

As a consequence, the matrix I — etB~etB is strictly definite positive and

this implies that |e*Be lzzz) = let? °°||L(Li < 1 for any t > 0. Therefore,
I — etBsetBee s a strictly positive definite matrix.

Let us fix t > 0 and g € D, and denote by R(t) the operator defined by the
right-hand side of (9.3.23). Since D is dense in L? (see the proof of Proposition
(9.3.1)), to prove that T'(t)*g = R(t)g it suffices to show that

/ oT(8) fdps = / fR(t)gdp, (9.3.25)
RN RN

for any f € D. For this purpose, we begin by observing that, from the formula
(9.3.6), we get

T( ) ) _ —e —3(Q¢h, h>9(tlg* j=1,2. (9.3.26)

Similarly, setting Py ; = Q1/2( —etBs eth)lmQ;ol/Q, P = QY2etBL 2,
we obtain that

(BOG @) = [ o (Pasa + L) N0, ) ()
= [ PN P Prsa, Qe ) )

= [ o NPz, PrQu P )

_1 1/2(7_ tB% _tBoo 1/2 1
— o 3(QP =P et Pe)Ql h,h>ggg/%mw@m , (9.3.27)

for any x € RV and j = 1,2, where we took advantage of (9.3.4) in the last
side of (9.3.27), and N (a, K) is defined in (9.1.2) for any a € RY and any
positive definite matrix K.

Since the density of u (with respect to the Lebesgue measure) is even with

respect to each variable, from (9.3.26) and (9.3.27) we easily deduce that we

can limit ourselves to checking (9.3.25) in the case when (f,g) = (g( ),gl(c])),

for j = 1,2. This can easily be done, observing that 29(]) U) = ,?Zk +

(—1)7~ lg}ﬁk for any h,k € RV and j = 1,2. Indeed, we get

() G) g L _1igunn ( —L(Qoo (!B  h—k),e'B" h—k)
T(t du = —e” 2 2
/RN g5 T(t)gy du 5¢ e

Jr(,l)j—le—%(Qm(e‘B* h+k),etB” h+k))

)



9.3. The invariant measure piand the semigroup in L, 253

whereas
/ g R(t)gy dp
RN
= %e‘ﬁczééz(f—em;oemw>Qé42k,k>

% (e% (Qoo (hiQ;ol/2etBoc Q¥2k),h*Q;ol/2€tB°° Q;/Qk)

)

+(_1)j—le%(Qoo(h+Q;,1/2etB°°Q¥2k)7h+Q;l/2etB°°Qéé2k>)

from which the equality (9.3.26) immediately follows observing that
ePQoe’® + Qt = Qoo t>0.

Now, the formulas (9.3.26) and (9.3.27) imply that T'(¢) is symmetric for any
t > 0 if and only

(i) Q2eP=QY? =P, (ii) QMP(I — e'P=eP~)QL? = Qi (9.3.28)

Differentiating both the members of (9.3.28)(i) at ¢ = 0, we see that such a
condition holds if and only if B c1x/32 = %23* or, equivalently, if and only
if B is symmetric. Taking (9.3.24) into account, the condition (9.3.28)(ii) is
now an immediate consequence of (9.3.28)(i). Summing up, we have shown
that 7(¢) is symmetric in L2 for any ¢ > 0 if and only if the matrix Bu
is symmetric or, equivalently, if and only if BQ+ = Qs B*. In such a case,
according to [123, Chapter 1, Corollary 10.6], the operator L is self-adjoint in
L2,

#To conclude the first part of the proof, let us show that BQ. = Qo B* if
and only if BQ = QB*. Showing that BQ = QB* implies that BQ s, = Qs B*
follows immediately from (9.0.2). Conversely, let us assume that BQs =
Qoo B*. Using the formula (9.3.8) it is immediate to check that

Q:B* = BQq, t>0. (9.3.29)
Differentiating (9.3.29) at ¢ = 0 gives immediately BQ = QB*.
We now assume that B = —Q3! and we prove the formula (9.3.22). For
this purpose, since
1 _ _ .
D;p(z) = —§p($)Di(<Qoolx,x>) = —p(2)(Q x)s, 1=1,...,N,

an integration by parts gives

| (@D(a). Dyta)a

N
- Z /RN ¢ijDif(z)Djg(x) p(x)dz

ij=1

-y /]RN 4i;9(x) (Dij f (x)p(x) + Di f (x)Djp(x)) dx

ij=1
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N
=3 [ (@) (DS (@) - D)@l a)y) pla)ie

ij=1

~— [, o@)(T (@D () - QD (). Q<)

for any f,g € C2°(RY), that is (9.3.22). Since C2°(RY) is a core of L (see the
forthcoming Lemma 9.3.13), the formula (9.3.22) follows for any f,g € D(L).
[ |

To conclude the first part of this section, let us show that the Ornstein-
Uhlenbeck semigroup satisfies the Poincaré inequality.

Theorem 9.3.11 The Ornstein-Uhlenbeck semigroup satisfies the Poincaré
inequality (8.6.1) with p=2 and C. = —(s(B) + €)™t for any e < —s(B).

Proof. Tt can be obtained repeating step by step the proof of Theorem 8.6.3,
replacing everywhere the constant dy defined in (8.3.6) with s(B) + €, where
€ is as in the assertion of the theorem. [ |

Remark 9.3.12 Note that our assumptions on the matrix B do not imply,
in general, that the constant dy in (8.3.6) is negative. This is the reason why
we cannot apply immediately Theorem 8.6.3.

Suppose, for instance, that
-1 1
B = .
—6 —4

Then, B has two eigenvalues with negative real parts. Moreover,

(BE,&) = —& — B&1& — 483, £=(&4,6) eR?

which is not strictly less than 0 in R2.

9.3.1 The domain of the realization of {T'(¢)} in Lﬁ(RN)

In this subsection we give a complete characterization of the domain of L, for
any p € [1,4+00). The results that we present are taken from [118]. We notice
that in the case when p = 2 the characterization of the domain of Lo has been
proved in [106] and in [36] (also in the infinite dimensional case) and, then, it
has been generalized to a more general context first in [41] and, then, in [40].
Here, we consider the case when @ is not singular.

The following lemma will be very useful to characterize the domain of L.

Lemma 9.3.13 For any p € [1,+00), C(RY) is a core of L,.
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Proof. We first prove that the Schwarz space S, of all the smooth functions
[+ RY — R such that lim,_ 4o [#]*D*f(z) = 0 for any k& € N and any
a € NV isa core of L,,. For this purpose, let us notice that the same arguments
as in the first part of the proof of Theorem 9.3.9 show that S is contained in
D(L,) for any p € [1,+00). Moreover, a straightforward computation shows
that T'(t) maps S into itself for any ¢ > 0. Therefore, according to Lemma
9.3.3 and Proposition B.1.10, S is a core of {T'(¢)}.

Now to prove that C2°(RY) is a core of L,, it suffices to show that, for
any f € S, there exists a sequence {f,} C C°(RY) such that f, and Af,
converge, respectively, to f and Af in L%, as n tends to +oo. So, let f €
S and, for any z € RY and any n € N, let ¥,,(z) = J(z/n) where 9 €
C°(RYN) satisfies XB(1/2) <Y < xp(1)- Then, the function f,, = fvJ, belongs
to C°(RY) for any n € N and it converges to f in Wi’p as n tends to +oo.
Moreover, since

(x, Dfn(x)) = I (z){x,Df(x)) + %f(:c)(:c, Dﬂ(nilx», z e RV,
Afn converges to Af in L. ]

Now, we characterize the domain of L, for any p € (1,+00), when the
Ornstein-Uhlenbeck operator A is given by

N
1 f
(Au)() = 5 Au(z) - ;1: ;—)\iDiu(:c), zeRY, (9.3.30)
where A\; (i = 1,...,N) are suitable positive constants. This a crucial step

in order to characterize the domain of the more general Ornstein-Uhlenbeck
operator. In the case when A is given by (9.3.30), {T'(t)} is symmetric (see
Proposition 9.3.10) and it is given by

_ S (eiﬁfﬂi*%)Q
x/ exp Z - fly)dy, (9.3.31)

for any t > 0, any € RV and any f € L¥,. Moreover, the density p of
the invariant measure of the semigroup {T'(¢)}, with respect to the Lebesgue
measure, is given by

N
1 x?
x) = exp | — =, e RV,
pl) Ny p( ZM)

i=1

Proposition 9.3.14 Suppose that the operator A is given by (9.3.30). Then,
for any p € (1,+00), D(L,) = Wi”’.
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Proof. Since the proof is rather long, we divide it into three steps.

Step 1. Let us introduce the semigroup {T;(¢)} (i = 1,...,N) defined in
LE,(RY) (p € (1,+00) by

y726> f(Ei(ta T, y))dy,

1
(Ty(0) ) () = o <_ _
V2m( - e ) /R U —e )

for any ¢ > 0 and any x € RY, where E;(t,z,y) € RY is defined by

(9.3.32)

T if i #£ j;
(Ei(t,:c,y),eﬁ: { j_;/(Q/\) . 7&‘7’

e Dy, —y, if 1= 4.
Arguing as in the proof of Proposition 8.1.8 and Theorem 9.3.9, it can be
shown that {T;(¢)} is an analytic strongly continuous semigroup of positive
contractions in L. We denote by L, ; its infinitesimal generator and we prove
that it coincides with the operator A, ; defined by Ay ;u(z) = $D;u(x) —
(2X\) "tz Dju(z) for any u € D(Ap,) = {u € L% 2 Diu, Dju € LE}. For this
purpose, we observe that, arguing as in the proof of Lemma 9.3.13, we can
easily show that C2°(RY) is a core of L,; and that L, ; = A, ; on C=(RY),
Since, as the proof of Lemma 9.3.4 shows, A,; is a bounded operator in
D(A, ;) endowed with the norm |ull; , = |ulp + |Dite|p + | Disve||p, then Ly ; is
the closure of the operator A, ;. Therefore, to prove the assertion it suffices
to show that Ap; is closed in L. This will follow immediately if we prove
that there exists a positive constant C such that

| Diuly + [Disulp < Cr (Julp + [ Aipulp) ueCERY),  (9.3.33)
for any i = 1,..., N. Equivalently, we can prove that
[ [ 1w <o [ Qup 4Ll =1,
R R R
(9.3.34)
for any u € C°(R) and some positive constant Cy, where
(Liu)(z) = lu”(ac) ! zu'(x) rzeR
[ ) 2)\1 ) )

and du;(z) = (V2 ;)" Lexp(—22/(2\;))dz.
Let us observe that we can limit ourselves to showing that there exists
C3 > 0 such that

/ o (@)Pdps; < Cs / (P + | LeulP)dp,  weC®(R).  (9.3.35)
R R
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Indeed, once (9.3.35) is checked, it will be immediate to show that the L7 -
norm of u” satisfies (9.3.34). Concerning the L7 -norm of ', we observe that

1 _z2
T @lre m dt< Ol >dt
_ 1
<p [ WP W @i+ 1 [ fellod@Pd
R 1 JR

(] |u’<x>|pduz->p71 (/ |u"<x>|pduz->’1)

1
g / () Pdp; + Ci / P ol ()P ds
R R
1
<! / ()P dss + C / 2P o ()P s
2 R R

+Cs / |u” () [P dpus, (9.3.36)
R

for any x € R and some positive constants Cy and Cs. Here, in the last two
inequalities we took advantage of the Young inequality. Integrating (9.3.36)
in R with respect to the Lebesgue measure gives

/ (2P dp; < 204 / (2P o () [Pdys; + 2C5 / () Pdps
R R R

and the estimate for «’ in (9.3.34) follows.
So, let us prove (9.3.35). For this purpose, we fix u € C°(R), we multiply
both the sides of the equation u— Liu = :fbye® */2x and, then, we integrate
n (—oo,z) and in (z,+00), with respect to the measure du;. We get

a2

+oo 22y
V@ =2 [ W -u)e = d,  serY.

Therefore,

2 +oo 2242
u'(z)e” 2 = 2/ h(y)e 2" dy, xRN,
x

where 1/p+1/p/ = 1 and we have set h(y) = e~ /P2 (f(y) — u(y)) for any
y € R. Consequently,

[l @
R

+00 +00 22-y2 p 0 x 22—y2 p
=2/ fv/ h(y)e 2" dy dﬂi+2/ x/ h(y)e "> dy| du;
0 x —o00 —o00
“+o0 +oo 22—y2 P
§4/ x/ (IR + [h(=y) e " dy| dp.
0 x




258 Chapter 9. The Ornstein-Uhlenbeck operator

Now, observing that (@ =y*)/(2p'A0) < e@=9)/(P'N) for any 0 < x <y, and
using the Holder inequality and then the Fubini-Tonelli theorem, we deduce
that

+oo Foo a(e—y)
Jlet o <a [ s (= [0+ i ay)
R 0 x

T s@oy p-1
X ze i dy
x

Y ey
0

—+o0
— 4! / (1) + =)y [ e a,

(9.3.37)

Since

Y a(e—y) ) T y2a-y
/ ze P dr <y / e Pt
0 0

1 2 1 2
o, [2 _#ta-v 9 ILLICE!
=y e *Ni dt+4y e ®x dt
0 1

2
9 % _y2ta—)
=2y e P dt
0

2¢
<2 [T Iar < i
0
from (9.3.37) we easily deduce that

[l @Pdis < 240 o
R
< 2253 (' NP (Jullp + [ Loullp),
and (9.3.35) follows.
Step 2. We now prove that
D(L,) = {u € L : D, Dyue L., i=1,...,N}. (9.3.38)

By virtue of Step 1, we can assume that N > 1. A straightforward computation
shows that

(T(t)f = (Ty(t)o...oTn(t)) f, >0, f€LA,

Since for any ¢,j € {1,...,N} the operators L,; and L, ; commute in the
resolvent sense, then a general theorem for commuting analytic semigroups
implies that L, is the closure of the operator Zivzl L, ; with domain given by



9.3. The invariant measure piand the semigroup in L, 259

the right-hand side of (9.3.38) (see [38, Theorem 3.3]). Hence, to prove (9.3.38)
it suffices to show that the operator vazl L, ; is closed. For this purpose,
we use Theorem B.1.15. According to Proposition B.1.13(iii), the operators
I-L;, (i=1,...,N) admit bounded imaginary powers in L, with power
angles 0; , == 0r_r, , less or equal to m/2. Now, since I — L; 5 is self-adjoint in
L? (see Proposition 9.3.10), from Proposition B.1.13(v) we deduce that 6; » =
0, and the Riesz-Thorin interpolation theorem (see Theorem A.4.9) implies
that 6, , < 7/2 for any p € (1,4+00). Hence, Theorem B.1.15 applies and
yields the closedness of the sum Zilil(l — L; ) (equivalently, the closedness

of the operator Zivzl Lip)in{u€ L : Diu, Dyu € LY, i=1,...,N}.

Step 3. To conclude the proof, we need to show that Wﬁ’p ={u e L
Diu, Dyu € LY, i = 1,. .., N}. For this purpose, we fix u € L#, such that

Diu, D;ju € L, for any i = 1,..., N, and introduce the function v € LP(RY)

defined by
N o2
v(x) = u(z) exp ( Z 2;3\) , reRY,

=1

and we prove that Av € LP(R™). Since

Dyo(z) = (Diiu(x) ~ D) — piiu(x) L u(ac))

PA;

N2
xexp | — Z G
< = 2P

for any € RY and any i = 1,..., N, according to the proof of Lemma
9.3.4, the function = — xz;D;u belongs to Lﬁ(RN). Repeating the same ar-
guments as in the proof of the quoted lemma, we can easily show that the
function z +— z2u(x) belongs to LF, as well. Therefore, D;;v € LP (RM) and,
consequently, Av € LP(R™). By classical results for elliptic equations (see
Theorem C.1.3(iii)), v € W2P(RY).

As a consequence of the previous results, we also deduce that the functions
x +— x;z0(z) and x — z;D;v(z) belong to LP(RY) for any i,j € {1,..., N}.
Since

Dyju(x) = (Dijv@c) + L Dju(x) + —-Dyv(x) + o _v<w>)

pAi PA; P2Ail;
for any € RN and any 4,j € {1,..., N}, it follows that D;ju € L7, [ ]

In order to characterize the domain of the more general Ornstein-Uhlenbeck
operator A, let us prove the following proposition which allows us to transform



260 Chapter 9. The Ornstein-Uhlenbeck operator

the operator A in a perturbation of the operator defined in (9.3.30). For this
purpose, with any nonsingular matrix M we associate the operator @, defined
by (®aru)(z) = u(Mz), for any x € RY and any u RY — R. It is clearly seen
that @y is an isometry between L7 and L (p € [1,+00)), where

1 1 N1y g
p(dz) = e~ (M) TIQIM ) o plx)dx.
|[det M|/ (2m)N det Qoo

(9.3.39)

Lemma 9.3.15 There exists a nonsingular matriz M € L(RYN) such that
the operator A = ® ;-1 APy is the Ornstein-Uhlenbeck operator defined, on
smooth functions, by

(Au)(z) = A’u(z) + (Bz, Du(z)), zeRN, (9.3.40)
where
1 N
0 _ = _ . N
(A%) () = S Au(x) ; 3 Diu(z), zeR (9.3.41)
and
B =MBM™* + %diag AT LAY, (9.3.42)

The measure

2

N
f(dx) = \/(QW)N)\ll — exp <— ; ;)’\l> dx (9.3.43)

is the invariant measure of both the semigroup {T(t)} associated with the op-
erator A and the semigroup {To(t)}~ associated with the operator A°. Finally,
denoting by L, the generator of {T(t)} in L (p € (1,+00)), it holds that

D(Ly) = ®p(D(Ly)) and Ly := ®py-1 L, ® .

Proof. Since @ is strictly positive definite, then the matrix Q~'/2 is well
defined. Now, let M7 be an orthogonal matrix such that
MQ7V?Que(QY?) My = diag (M1, ..., An).
A straightforward computation shows that, setting M = M;Q~'/2, we have
(Au)(z) = %Au(:ﬂ) + (MBM ™'z, Du(x)), z e RV, (9.3.44)

Therefore, A is still an Ornstein-Uhlenbeck operator. The decomposition in
(9.3.40)-(9.3.42) now easily follows.
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The associated Ornstein-Uhlenbeck semigroup is given by (9.1.5) where now
the matrix @Q; is replaced with the matrix

Qt _ /t esMBMfles(Mfl)*B*M*ds
0
t
_ / MesBMfl(Mfl)*esB*M*dS
0
t *
= / Me*BQesB M*ds = MQ,M*, t>0. (9.3.45)
0

In particular, Qoo = MQo M* = diag(A1, ..., An). Therefore, according to
Proposition 9.3.1, the measure fi in (9.3.43) is the invariant measure of both
the semigroups {7'(t)} and {T°(¢)}. 3

Let us now denote by L, the infinitesimal generator of {T'(t)} in L} (p €
(1,400)). Since by Lemma 9.3.13, C°(RY) is a core of both L, and L,, and
L, = A= 3y 1 A0y = Oy 1L,y in CX(RY), we easily deduce that
D(L,) = ®p;-1(D(Ly)) and L, = ®y;-1L,® 5. This completes the proof. W

Lemma 9.3.16 Let ji and B° be the measure and the matriz defined, re-
spectively, in (9.3.39) and (9.3.42). Then, for any p € [1,+00), the family of
bounded operators {S(t) : t > 0} in L7, defined by (S(t)[f)(x) = F(etB’z) for
any t € [0,4+00), any x € RN and any f € LY, is a semigroup of isome-
tries. Moreover, C°(RN) is a core of the infinitesimal generator Bg and
(Bbu)(x) = (B, Du(x)) for any u € C®(RYN) and any x € RY.

Proof. To begin with, let us observe that a straightforward computation
shows that

/ 1S(0) fPdii
RN

— e_tTrBO / |f(y)|p exp ( _ 1<Q_1e_tBOy e_tBOy>)dy
\/(27T)N()\1)\N) RN 2 e o] 9 s

for any ¢t > 0, where Qo = diag (\1,. .., An). To prove that |S(t)fl, = | £l
it suffices to show that Tr B® = 0 and

(OZte B h, e B h) = (O h, h), t>0, he RV, (9.3.46)
Applying (9.3.8) to the Ornstein-Uhlenbeck operator A (see (9.3.44)), we get
Qte—t(MBM*I)* + etMBM*QOO _ Qooe—t(MBM*I)*’ (9.3.47)

for any t > 0, where Q; is given by (9.3.45). Differentiating both the sides of
(9.3.47) at t = 0 gives

I+ MBM Qs = —Quoo(MBM™1)*
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or, equivalently, . _
O B°Qu = —(B°)*. (9.3.48)

From (9.3.48) we get Tr B® = 0 and

~ 4 _.po Oy ~
Qoole tB :et(B ) Qoo17 t>0,

which implies (9.3.46).

Let us now observe that {S(¢)} is a strongly continuous group. Indeed,
for any f € CX(RYN), f(etBO-) converges uniformly to f as ¢ tends to 0.
Therefore, S(t)f tends to f as ¢ tends to 0 in L. Since C2° (RY) is dense in
L% (see Lemma 9.3.3) and {S(t)} is a semigroup of isometries in L%, using
Proposition A.1.2, it is immediate to check that, for any f € Lz, S(t)f tends
to f as t tends to 0.

Denote now by B the infinitesimal generator of the semigroup {S(t)} in
L?. To prove that C°(RY) is a core of BJ), one can argue as in the proof of
Lemma 9.3.13. Indeed, it is easy to verify that the Schwarz space S is contained
in D(BY) and (B)f)(z) = (B°z,Df(x)) for any = € RN and any f € S.
Moreover, S(t) maps S into itself for any ¢ > 0. Therefore, by Proposition
B.1.10, S is a core of Bg. Then, the same approximation argument as in the
proof of Lemma 9.3.13 shows that C2°(R™) is a core of B) and (B)f)(z) =

(Bx, Du(x)) for any z € RN and any u € Wg’p. [}

Theorem 9.3.17 For any p € (1,400), D(L,) = W2 and Lyu = Au for
any u € WP,

Proof. By virtue of the Lemma 9.3.15, to characterize D(L,), it suffices to
characterize D(f/ ). In particular since ®,s is an isometry between Ws P and
W2P, if we show that D(L,) = W~ P (p € (1,400)), we will immediately
deduce that D(Ly) = W27,

We fix now, and for the rest of the proof, an arbitrary p € (1, 400). More-
over, we denote by LF the infinitesimal generator of the Ornstein-Uhlenbeck
semigroup {7°(¢)} in L%, associated with the operator A® in (9.3.41), and,

by By, the operator in Lemma 9.3.16. By Proposition 9.3.14, D(L;) = E’p

and LOu = A% for any u € Ws’p. Since C°(RY) is a core of L, (see Lemma
9.3.13) and the operator Lg—i—Bg with domain WS”’ coincides with the bounded

operator A (see Corollary 9.3.5), then L, is the closure of the sum of the op-
erators Lg and BO To complete the proof it suffices to show that the operator
LO + BO with domaln VV2 P is closed. For this purpose, we prove that all the
assumptlons of Theorem B 1 16 are satisfied.

As a first step we observe that, repeating the same arguments as in the proof
of Proposition 9.3.14 and observing that the operator L is self-adjoint in L%
(see Proposition 9.3.10), one can easily check that, for any A > 0, both the
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operators I — Lg and A\ — Bg admit bounded imaginary powers. Moreover,
by Proposition B.1.13(iii) it follows that the power angle HM,BB < 7/2 of

A — Bg is not greater than /2. On the other hand, since LY is self-adjoint,
then, by Proposition B.1.13(v), 0r-ry = 0. Therefore, ;9 < /2 for any
p € (1,+00).

We now show that if A is sufficiently large, then the operators I — Lg and
M — Bg satisfy the condition (B.1.6). For this purpose, for any A > 0, any
w € p(Bg) and any v € Lg, we define the bounded operator E(A, p,v) :
CHRYN) — L% by setting

B\ pv)u=(I - L;O))R(V +1, Lg)[R(lv L;O))a R(A +p, B;O))]u’ A= W[%p'

An explicit computation and Proposition 9.2.2 show that both {S(¢)} and
{T°(#)} map C#(RYN) into itself for any ¢ > 0 and there exist two constants
M > 1 and wg > 0 such that

eS| Lica@ny) + IT O cawny) < M, t>0.
This implies that both the resolvent operators R(§ + wo,Bg) and R(E,Lg)
map C}(RY) into itself for any ¢ € C with Re& > 0. Therefore, if A > wy,
[R(1,L)), R(A+ 1, BY)]

= —R(A+ pu, B)R(1, LY)[B), LY R(1, L) R(A + 11, BY).
Observing that

(I —L))R(v+1,LY)R(A+ p, B))R(1, L))u

= —(I = LY)R(v + 1,LY)[R(1, L)), R(A + p, BY)Ju

+(I = LY)R(v +1,LY)R(1, LY)R(A + p1, BY)u

— —B(\ g v)u+ (I LOR(L, LYR(v + 1, LR + o, B)u
=—-E\mv)u+ Rv+1, Lg)R()\ + i, Bg)u,
for any u € C}(RY), we finally get
E(\ p,v)u
— {EOw1,v) — R(v+ 1, LR+ 1, BBy, LYR(L, LR + 1, B,
(9.3.49)
for any u € C}(RY) and any \ sufficiently large.
Observe that the equality in (9.3.49) can be extended to all the functions
u € LP. To see it, it suffices to show that the operator [Bp, Ly]R(1,L,) :

C’g‘ (RN ) — L7, extends to a bounded operators in L¥, but this is immediate
since an explicit computation and (9.3.48) show that

([Bp, Lplu) () = —Tr (B°D*u(x)) + %((BO +(B%)")Q z, Du(x)),
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for any 2 € RN and any v € C}(RY). Lemma 9.3.4 and Proposition 9.3.14
then allow us to conclude.

Now, we observe that, according to Proposition B.1.13(ii), we can determine
two angles 1 and po with 1 > max{0pgo,7/2}, w2 € (0o, 7/2) and p1+p2 <
m, such that ! ’

IR+ X B) (e

<— R(v+1,L° v
)= I+ A | R( p)”L(L~

< — (9.3.50
B = 1+ |l/|, ( )

for any |argpu| < m — @1, any |argy| < m — 2 and some positive constant
C, independent of u,v. Note that we can take |v| 4+ 1 instead of |v| in the
second estimate in (9.3.50) since the operator v — R(v+ 1, L)) is bounded in
a neighborhood of 0.

Now, from (9.3.49) and (9.3.50) we get

Cs
(1 + VD)l + A2

for some positive constants C; and Cs, independent of A, u,v. Taking A >
max{wp, 2C1 }, we easily deduce that

Ch
IEQ vz < T |||E(>\ 1) ey (9.3.51)

20, < 2C;
(L4 Dl + AP = A+ [wDlul?’

||E()‘7N7V)”L(L§) <

for any p,v € C\ {0} such that |argu| < @ — 1 and |argy| < 7 — pa.
Theorem B.1.16 allows us to conclude that the operator (A — B)) + (I — L)
(or, equivalently, the operator Lg + Bg ) is closed in Wg P This concludes the
proof. [ |

Remark 9.3.18 In the case when p = 1 the characterization of D(L4) is
still an open problem. From Lemma 9.3.13, it follows easily that D(Lq) is the
closure of C°(RY) with respect to the graph norm of the operator L;.

On the other hand, the set equality D(L;) = W' cannot hold, since,
in particular, D(Lq) is not continuously embedded in W1 1. Indeed, suppose
on the contrary that D(L;) is continuously embedded 1n W1 1. Then, the
operator R(1, Ly) : W' — W' should be compact. Therefore the spectrum
of the part of L; in VV1 L (i.e., the restriction of the operator L; to the set
{u € D(Ly) : Lyu € VV1 A1) should be a discrete set. But this cannot be the
case, since, as it is easily seen, it coincides with o(L;), which, according to
the forthcoming Theorem 9.3.24, is a halfplane.

9.3.2 The spectrum of the Ornstein-Uhlenbeck operator in
p
L 7

In this subsection we explicitly characterize the spectrum of the operator L,

for any p € [1,400). The results that we present here are taken from [113]
and they hold also for degenerate Ornstein-Uhlenbeck operators.
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First of all, we show that the operator R(A, L,) is compact in L?, for any
p € (1,+00).

Theorem 9.3.19 For any p € (1,400), Wl}’p is compactly embedded in LY.
As a consequence, for any p as above, T'(t) and R(\, Lp) are compact operators

in LY, respectively, for any t >0 and any A € p(Lyp).

Proof. Of course, we can limit ourselves to showing that Wl}’p is compactly
embedded in Lf for any p € (1, +00). Indeed, since T'(t) maps L¥, in Wl}’p for
any ¢t > 0 (see Proposition 9.3.8), the compactness of T'(¢) then easily follows.
Finally, since R(A, L,) is the Laplace transform of the semigroup, for any
A with positive real part (see the formula (B.1.3)), then, taking Proposition
A.1.1 and the resolvent formula (A.3.2) into account, we will deduce that
R(\, L,) is compact as well.

To prove that Wj’p is compactly embedded in LF, we adapt the technique
in the proof of Theorem 8.5.3. For this purpose, it suffices to show that

lim | f|Pdp = 0, (9.3.52)
rhoe JRNAB(r)

uniformly with respect to f € Wﬁ’p with || f],1» < 1. Taking Lemma 9.3.4
n
into account, we can write

1 c
Pduy < — Pdu < — Py
Lo, 1= 5 [ sl < Sty

for any f € Wl}’p and some positive constant C, independent of f. Now,
(9.3.52) easily follows. [ |

As a consequence of Theorem 9.3.19, the spectrum of L, consists of at most
a sequence of eigenvalues for any p € (1, +00). In the remainder of this subsec-
tion, we characterize explicitly the spectrum of L,. To begin with, we observe
that 0 is an eigenvalue of the operator L, for any p € (1, +00) and, according
to the Liouville type theorem 8.1.17 and Proposition 9.3.8, the correspond-
ing eigenspace is one-dimensional and consists of all the constant functions.
As the following proposition shows, if u is a generalized eigenfunction corre-
sponding to the eigenvalue A\ € C, then u is a polynomial. Of course, if u is
a polynomial it belongs to Wﬁ’p = D(L,) for any p € (1,+00) (see Theorem
9.3.17).

Proposition 9.3.20 Fizp € (1,+00) and let u € D(Ly},) satisfy (A—Lp)"u =
0 for some A € C and some r € N. Then, Re A < 0 and u is a polynomial with
degree at most equal to Re A\/s(B).

Proof. We prove the assertion by induction on r. Suppose that » = 1 and let
A € Cand v € D(L,) be such that Au— L,u = 0. Then, as it is easily checked,
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T(t)u = e*u for any ¢ > 0 and, from Proposition 9.3.8, we get u € W[f’p for
any k € N. From the formula (9.3.17), we easily deduce that, for any € > 0
and any multi-index «, there exists a positive constant C = C(e, |a|) such
that

efeAt Doy, < Celolls(B)Fe)t Z | D ullp, t>0.
1Bl=lal

From such an inequality we obtain that if ReA > |a|s(B), then C should be
zero. Therefore, the derivatives of u of order k > Re\/s(B) should vanish and
the assertion follows in this particular case.

Now, suppose that the assertion is true with »r = n > 1 and let us prove
it with 7 = n + 1. For this purpose we observe that if u € D(L}T!) satisfies
(M — Lpu)" ! = 0, then the function v = Au — L,u belongs to D(L}) and it
satisfies the equation (A — L,)"v = 0. Therefore, v is a polynomial of degree
at most Re A/s(B). Moreover, since (Al — L,)%v = 0 for any s > n+ 1, we
have

"1t11

”\tz (M — Ly)'u = eMu + e Z O T(AL — L))", (9.3.53)

for any ¢t > 0. From the formula (9.3.53), we obtain that

nol it
DT (t)u = eM D% + e Z i)
i !

D*(\v — Lyv)", t>0,

for any multi-index «. Since v is a polynomial with degree at most ReA/s(B),
then
DT (t)u = eM D%, t >0,

for any multi-index « with |a| > Re A/s(B). Now the proof goes on as in the
case when r = 1. [ |

We now show that the problem of determining the eigenvalues of the opera-
tor L, can be stated in an equivalent (and simpler as far as computations are
concerned) way. For this purpose, we introduce the operator B, : Wﬁ’p — L
defined by

Byu(x) = (Bz, Du(z)), zeRYN, weWrr (9.3.54)
According to Lemma 9.3.4, B,, is well defined and it is bounded in Wﬁ’p .

Proposition 9.3.21 Let p € (1,400). The following statements are equiva-
lent:

(i) A € C is an eigenvalue of the operator Ly;
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(i7) X is an eigenvalue of the operator B, and the corresponding eigenspace
contains a monzero homogeneous polynomial.

Proof. Let A € C be an eigenvalue of the operator L,. Further, let u be a
corresponding eigenfunction so that Au — Byu = Zgjzl ¢ D;ju. By Proposi-
tion 9.3.20, u is a polynomial. We denote by m its degree. If m = 0,1 then
it is immediate to check that A is an eigenvalue of B,. So, let us assume that
m > 2. Note that for any n € N, both B, and L, map the set P,, of all
the polynomials with degree at most n into itself. Suppose that AI — B, is
invertible in P,,_2. Then, there exists a polynomial v with degree m — 2 such

that
N

v — Bp"U = Z q,L]D,L]U
ij=1
The function w = w— v, which is a nontrivial polynomial with degree m, turns
out to be an eigenfunction of the operator L, corresponding to the eigenvalue
A. If the operator AI —B,, is not invertible in P,,_2, of course A is an eigenvalue
of B, and we can take as a corresponding eigenfunction a polynomial w with
degree m — 2.

To complete the proof of the property (ii) we have to check that there
exists a homogeneous polynomial among the eigenfunctions of the operator
B, corresponding to the eigenvalue A. For this purpose, it suffices to notice
that, for any k& € N, B, maps the space of homogeneous polynomials with
degree k into itself. Therefore, the homogeneous part with maximum degree
of the eigenfunction w is itself an eigenfunction.

Let us now assume that the property (ii) holds and let us prove that the
property (i) holds as well. For this purpose, we assume that A € C is an
eigenvalue of the operator B, and that the homogeneous polynomial u is a
corresponding eigenfunction. Of course,

N
AU — Lpu = — Z qijDijU/-

ij=1

Repeating the same arguments used above, now applied to the operator L,
we can easily show that A is an eigenvalue of L,. This concludes the proof.

By virtue of Proposition 9.3.21, to characterize the spectrum of the operator
A, we can limit ourselves to characterize the spectrum of the operator B,
which is easier to handle.

Theorem 9.3.22 Denote by A\1,..., A\ the r distinct eigenvalues of the ma-
trix B. Then, for any p € (1,+00),

o(Ly) = {A =Y nidiin e NU{0}, i=1,... ,r}. (9.3.55)
=1
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In particular, o(Ly) is independent of p.

Proof. To begin with, we observe that a straightforward computation shows
that v : RV — C is an eigenfunction of the operator By, corresponding to the
eigenvalue A\ € C, if and only if

v(e!Pr) = eMo(z), t>0, z RV, (9.3.56)

According to Proposition 9.3.21, we can assume that v is a homogeneous
polynomial. Therefore, the equality (9.3.56) can be extended to all z € C.

Denote by A1,..., A the distinct eigenvalues of the matrix B. By a gen-
eral result of linear algebra (see [100, Chapter 11, Section 6]), there exists
a nonsingular N x N complex valued matrix M such that B = M~'CM,
with C' = diag(C1,...,C,), where each block C; is a Jordan block, which
can be split into the sum C; = A\; I, + Ny, n; being the algebraic multiplic-
ity of the eigenvalue A\; and Ny, being a nihilpotent matrix. It follows that
e!B = M~1et® M and, consequently, setting w(z) = v(M~'z) for any z € CV,
we easily see that v satisfies (9.3.56) if and only if

w(e'®z) = eMw(z), t>0, zeCN. (9.3.57)

We can now prove the inclusion “C” in the formula (9.3.55). For this purpose,
let A € o(L,) and let v be a corresponding eigenfunction. Since we have
assumed that v is a homogeneous polynomial, w is a homogeneous polynomial
as well and we can write

T
(697
w(z) = E Ao, 0 H zi7, zeCN,
=1

et |+...4|an|=n

for some n € N and some aq,,. o, € C (laa]| + ... + |an| = n), where
z = (21,...,2) and z; € C™. Since e'“z = (e!“12,...,e'C"2,) and N; is
nihilpotent, we have

iy = M(PLi(t,Y), . Pri(ty), t>0, yeC™, i=1,...,7,
where Py, (i =1,...,r) is a polynomial in both its entries. It follows that
eMw(z) = w(etz)

A o An|an|)t
= Z aa17~~~1a7"e( 1|a1‘+ * |a D Pala---7a7‘(t’z)’

lar|[+...+]an|=n

(9.3.58)

for any t > 0 and any z € CV. Here, Py, . o, is a polynomial. Fixing 2* € CV
such that w(z*) # 0 and letting ¢ tend first to +00 and then to —oo in (9.3.58),
we easily see that A\ = A|ai| + ... + Ay|ay| for some ay,...,a,, and the
inclusion “C” in (9.3.55) follows.
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We now show the other inclusion in (9.3.55). For this purpose, let A\ =
> mi; for some n; € N (i =1,...,7) and let v be the polynomial defined
by

w(z) = &M 502 g zeCV,
where Z; is the last component of the vector z; (i = 1,...,r) defined above.
Since the last row of the matrix N; is 0 for any ¢ = 1,...,r, then, for any
z€C" any k € Nand any i = 1,...,r, the last entry of the vector NFh is 0.
It follows that the last entry of the vector e'Ciz; is eM2; for any i = 1,...,r
and, consequently,

w(e'®z) = eMw(z), t>0, zeCN.

Hence, A is an eigenvalue of 3, and the (homogeneous) polynomial v defined by
v(z) = w(Mz) for any x € RY is a corresponding eigenfunction. Proposition
9.3.21 allows us to conclude that A € o(L;). This completes the proof. [ ]

Some more information is available on the eigenspaces corresponding to
the eigenvalues of the operator L,. In the following theorem we give a nec-
essary and sufficient condition which guarantees that the eigenvalues of L,
are semisimple. For notational convenience, for any linear operator S with
compact resolvent operator, we denote by i5(S) the index of the eigenvalue
A (i.e., the smallest integer k such that Ker (Al — S)¥ = Ker (\I — S)*+1).
According to Proposition A.3.7, ix(S) is well defined for any A € o(S) and
R(-,S) has a pole of order i)(5) at A.

Theorem 9.3.23 The index ix(Lyp) is one for any eigenvalue A of L, (equiv-
alently, all the eigenvalues of Ly, are semisimple) if and only if the matriz B
is diagonalizable in C.

Proof. To show the assertion we prove that for any eigenvalue A of the
operator A, it holds that

s T
Z . , Rel
14+ maX{ 2 Tli(ZAi (B) — ].) : i:E 1 nz)\z = )\} < ZA(LP) S 1+ E(Z(B) — 1),
(9.3.59)
where i(B) denotes the maximum of the indices iy,(B) (i=1,...,r).

To prove (9.3.59) we proceed into some steps. As in the proof of Theorem
9.3.22, we split any z € C¥ into blocks as z = (21,. .., z.), where z; € C" and
n; is the algebraic multiplicity of the eigenvalue \; of the matrix B. Moreover,
we recall (see again the proof of Theorem 9.3.22) that we can determine a
nonsingular matrix M such that B = M ~'CM, where C' = diag (C4,...,C,)
and each block C; is a Jordan block, which can be split into the sum C; =
Ailn, + Ny, for some nihilpotent matrix Ny,. By well known results of linear
algebra, iy, (B) coincides with the algebraic multiplicity of the eigenvalue A,
i.e., it coincides with n;. As a consequence

otCi — et/\*pi(t), teR, i=1,...,N, (9.3.60)
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where p; are suitable matrices whose entries are polynomials with degree at
most iy, (B) — 1. Moreover, there exists h € R™ such that at least one com-
ponent of p;(t)x is a polynomial with degree iy,(B) — 1.

Step 1. Here, we prove that ix(Bp) < ix(Lp). For this purpose, we show
that, for any p € p(L,), it holds that

+oo
R(u, Bp)u =" P;R(u, L) Pu, (9.3.61)
1=1

for any polynomial u. Here, P; (i € NU{0}) is the canonical projection of the
space of polynomials into the space H; of the homogeneous polynomials with
degree 1.

Once the formula (9.3.61) is checked, we can quite easily show that R(-, L,)
has a pole at A\, whose order is greater or equal to the order of the pole
of R(-,Bp) at A. Indeed, using such a formula we deduce that for any poly-
nomial u the function g+ (u — N\)*E») R(u, B,)u can be analytically ex-
tended to A + B(r) C C for some r > 0, independent of u. By density,
po (= N2EDR(u, By)u is analytic in A + B(r) for any u € LE, and
the Banach-Steinhaus theorem (see [147, Chapter 2, Section 4]) implies that
(e — )\)i*(LP)R(u,Bp)HL(Lﬂ) < C for any p € A+ B(r) and some positive
constant C, independent of A. Of course, this implies that R(u,Bp)u has a
pole of order m < ix(L,) at A. Therefore, A € o(B,). According to the formula
(A.3.5), (A — B,)™P =0 and (M — B,)™ 'P # 0, where P is the spectral
projection with A, i.e.,

1

~ being the boundary of a suitable ball centered at A and oriented counter-
clockwise (see Proposition A.3.5). Therefore, P(LL) C &€\, where by £\ we
have denoted the space of generalized eigenfunction of B, corresponding to A.
But since the restriction of A\ — B, to (I — P)(L%) is an invertible operator
(see again Proposition A.3.5), then P(LF) = &,. Now, it is immediate to check
that i (B,) coincides with m.

By linearity we can limit ourselves to checking (9.3.61) in the case when
u € H; (¢ € N). Set v = R(u, Lp)u. Since B, maps H, into itself, we easily
get

u = Pu= Pj(pv — Lyv) = P;(uv — Byv) = (u — B,) Pv.

The formula (9.3.61) now follows.

Step 2. We now prove that

ix(B,) = 1+ max { D ni(in(B) = 1) Y _miki = /\}. (9.3.62)
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Let v be a generalized eigenfunction of B, corresponding to the eigenvalue A =
miAi +. ..+ m,\, such that (A — B,)»Br) =1y £ 0 and (M — B,)»(Br)y = 0.
Let us show that v is a linear combination of polynomials p; € H,,, ¢ =
1,...,r, such that each p; depends only on the block of variables z;. For this
purpose, we observe that v(e!Zx) = (S(t)v)(z) for any ¢t > 0 and any z € RV,
where {S(t)} is the strongly continuous group generated by the closure of the
operator B, in L, (the strong continuity of {S(¢)} can be proved by arguing
as in the proof of Lemma 9.3.16). Since v is a generalized eigenfunction of B,,
then v is a polynomial. This can be easily checked arguing as in the proof of
Proposition 9.3.20, observing that

ID*S(t)fllp < Cel*CETIE X7 D f,, t>0,
181=od

for any multi-index «, any € > 0, any f € W[f’p and some positive constant
C = C(|al,e). Moreover, arguing as in the proof of (9.3.53), we can show that

(S(t)v)(z) = v(e'Px) = e p(t, z), t>0, zeRY, (9.3.63)

where p is a polynomial in (¢, 2) whose degree in t is less or equal to ig(\) — 1.
Since v is a polynomial, we can extend (9.3.63) to any z € C. Moreover, we
can determine some constants cq, ..., such that

r

,

(e 7} N

v(z) = Z Can,.ir sz , z e CV,
i=1

o [+ Hlon | <n

and, hence,

’U(etBZ) _ Z Cah,,,aTet(/\l‘al|+M+/\7'|a7vl)pa1,...,ozr(t72)7 (9364)
lag|+...+ || <n

for any t > 0 and any z € CV, where pa, .o, are polynomials in (¢,z) with
degree at most >_._; |a;|(ix,(B) —1) in ¢t. Comparing (9.3.63) and (9.3.64) for
large t, we easily deduce that cq,,.. o, =0, if |a1|M\1 + ...+ o | A # A Tt also
follows that each polynomial pa, ..., depends only on the block of variables
x; (1=1,...,r) for which a; # 0.

From (9.3.63) and (9.3.64) we now get that

p(tv Z) = Q(tv Z) = Z Cay,....,arPay,...,cr (tv Z)a t>0, z€ CN-
Jag A1+ |ap | Ar=X

Moreover, from the arguments before Step 1, we deduce that there exists z €
CN such that the degree of q(-, 2) is max{>_,_, n; (i, (B)—1) : >_i_, niXi = A}
and the degree of p(-, z) is ix(Bp) — 1. Now, (9.3.62) easily follows.

Step 3. We now show that

. Re) .
in(Lp) <1+ @(2(3) —1). (9.3.65)
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For this purpose, let u = Z‘a|<m cax® be a polynomial (with degree m <

Re \/s(B), see Proposition 9.3.20) such that (A — L,)»#»)~1y #£ 0 and
(M — L,)»Er)y = 0. From the formula (9.3.53) with n = iy(L,) — 1, we
deduce that

(T(t)u)(z) = e p(t, z), t>0, zeRY, (9.3.66)

and there exists 2o € RY such that the degree of p(-,x) is ix(L,) — 1.
A long but straightforward computation shows that

@) = Y ey ()"
la]<m h<a
a=he=3(Q: vy gy

1
Z Car Z Ao (Z) (etB:c)thU*h((QtUJ,UJ)‘a;h‘)|w:07

jal<m h<a
|a—h| even

for any t > 0 and any = € RY, where d;lh = (
account, it easily follows that

2 )!. Taking (9.3.60) into

la—h]

Qt ij — Ze)\htpgl) E;l)a t> 07 27‘7 = ]-a"'aNa

where pz(-?)

complex constants. Therefore, Dg’h((Qtw,w)‘a*h‘/Q)‘wzo = Zil Lemitg(t)

are suitable polynomials with degree at most 2i(B)—2, and c(h) are

for any t > 0 and some l; > m, where 7; are integer multiples of Ay,..., A,
and ¢; are polynomials with degree at most (i(B) — 1)(Ja| — |h|). Summing
up,

2
x) = Zeg*tm(t,x), t>0, xRV,
for some ly € N, where §; (i = 1,...,r) are again integer multiples of A1, ..., Ay,
and r;, as functions of ¢, are polynomials with degree at most m(i(B) — 1).
Now, the estimate (9.3.65) easily follows. This completes the proof. [ |

Now, we consider the case when p = 1. In such a situation the picture
drastically changes. Indeed, as the following theorem shows, the spectrum of
L1 is no more a discrete set but it is a halfplane. The proof of this property
is based on the results of the forthcoming Section 9.4, where the spectrum of
the Ornstein-Uhlenbeck operator in LP-spaces associated with the Lebesgue
measure is characterized.
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Theorem 9.3.24 The spectrum of the Ornstein-Uhlenbeck operator in L}L 18
the halfplane {\ € C : Re A < 0}. Moreover, any A € C with negative real part
is an eigenvalue of Ly.

Proof. Let ¢ = 1/p, where p is the density of the invariant measure p with
respect to the Lebesgue measure (see (9.3.2)). Denote by I : LY(RY) — L,

the isometry defined by If = f1 for any f € L'(R), and by L, the operator
defined on I=Y(D(L,)) by Ly = I"'LiI. As it is immediately seen L; is
the generator of a strongly continuous semigroup of contractions in L!(RY)
and o(L1) = o(L;). Therefore, we can limit ourselves to characterize the
spectrum of the operator L; in LY(RY). For this purpose, we observe that
since C2°(RY) € D(Ly) and I maps C°(RY) into itself, then C°(RY) is
contained in D(L;). A straightforward computation shows that L; = A in
C>(RY), where

N
(Au)(z) = (Au)(z) + p(z) Z qi5 Ditp(z) Dju(z) + p()u(z)(AP)(z)

= ST (@D?u(x)) +{(B + QQx)a, D) + (pAv) (@)ulz),

for any x € RV and any u € C2°(R™). Now, we observe that differentiating
the formula (9.3.8) at ¢t = 0 gives

Q+ BQwx +QxB* = 0. (9.3.67)
Using (9.3.67) we immediately deduce that
2Q Br,7) = 2{BQxQx) v, Q' 1) = —(QQL 7, Qx'z),  z€RY

and, therefore,

p(@)(AD)(@) = 3T QQR)) + Q15 @xla) + (B Qe 2)

1 .
51T (QQL) = k.
Using again (9.3.67) to obtain

B+QQy = -QxB"Q, (9.3.68)

we finally get

(Au)(z) = %Tr (QD?u(x)) — (QueB* Q1 'z, Du(z)) + ku(x), z eRY,

Since A := A — kI is an Ornstein-Uhlenbeck, according to the forthcoming
Propositions 9.4.1 and 9.4.2, the realization L; of A in L*(R") is the generator
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of a strongly continuous semigroup of contractions and C°(R™) is a core of
L. We claim that D(L;) = D([Aq); Indeed, since (~I~/1,D([~/1)) is a closed
operator and C2°(RY) is a core of Ly, D(L1) C D(L;) and L = L —k in
D(ﬁl). To prove the other inclusion, we observe that A\ — El and A\ — fq are
both invertible if X is sufficiently large. Therefore,

LYRY) = (I=L1)(D(L1)) > (I=L1)(D(Ly)) = (M~ L1)(D(L1)) = L'(RY),

which implies that D(il) = D(ﬁl), so that (l~}1, D(il)) and (ﬁl — kI, D(ﬁl))
do coincide. Tt follows that o(L;) = {\ € C: A+ k € o(Ly)}.
Now, since the spectrum of the matrix —Q.,B*Q}! is contained in the half-
plane {\A € C : ReX < 0}, according to the forthcoming Theorem 9.4.3, the
spectrum of Ly is the halfplane {\ € C: Re) < Tr (Q.oB*Qx!)}. Moreover,
any A with ReA < Tr (Quo B*Q}) is an eigenvalue of L.

To complete the proof it suffices to show that k = —Tr (QuoB*Q5}) and
this can be easily done taking the traces of both the sides of (9.3.68). [ ]

9.3.3 The sector of analyticity of the Ornstein-Uhlenbeck
operator in Lﬁ

In this subsection we present a recent result due to R. Chill, E. Fasangova, G.
Metafune and D. Pallara which gives a precise characterization of the sector
of analyticity of the Ornstein-Uhlenbeck operator in L, (p € (1, +00)), that is
of the largest sector 3y = {\ € C : |arg \| < 0} where the function z — T'(2)
is analytic with values in L(L).

Theorem 9.3.25 For any p € (1,+00) let 8, € (0,7/2] be defined by

Vo - 27 + 9211 +207 QB Qb
2vp —1 '

cotd, = (9.3.69)

Then, g, is the biggest sector, with centre at the origin, where the Ornstein-
Uhlenbeck semigroup can be analytically extended. Moreover, the so extended
semigroup is contractive in LT, Finally, for p =2 the set of analyticity of the
function z — T(z) is the set

1 1
{2€C:|Q%e*PQo |00 < 1}, (9.3.70)
and {T'(2)} is contractive in it.

Proof. See [31, Theorems 1, 2 and Remark 6]. [ ]

Remark 9.3.26 (i) The formula (9.3.69) gives a relation between the sector
of analyticity of the semigroup {7'(¢)} and the sector (with center at 0) Xy, of
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analyticity of the resolvent operator of the matrix R := Q~/2Q.B*Q /2.
Indeed,

7 — 0o = arctan(|I + 2Q 2 Qoo B* Q% | o). (9.3.71)

To check (9.3.71) we begin by observing that, due to the formula (9.3.67),
11+ Q7 Y2QsB*Q Y2 is a skew-symmetric matrix and, consequently, R is
normal. Therefore |I 4+ 2R| coincides with the spectral radius r(I + 2R)
of I + 2R, i.e., the radius of the smallest ball centered at the origin which
contains all the eigenvalues of the matrix I 4+ 2R. Still using (9.3.67) it is
easy to check all the eigenvalues of the matrix R lie on the straight lines
{A € C:Re\ = —1/2}, and, therefore, arctan(r(I + 2R)) = m — 6,.

(ii) The formula (9.3.69) also shows that when the Ornstein-Uhlenbeck semi-
group is symmetric (i.e., when BQ = QB* or, equivalently, when Q.,B* =
BQ oo, see the proof of Proposition 9.3.10), the sector of analyticity of {T'(¢)}
depends only on p and it equals 7/2 when p = 2. Indeed, in such a case, the
formula (9.3.67) gives Q~1/2QB*Q™Y/? = —11.

Note that the symmetry of the Ornstein-Uhlenbeck semigroup in Li is
also a necessary condition for its sector of analyticity to be X /5. Indeed,
if {T'(t)} is analytic in ¥/5, then cotf, = 0. But this implies that I +
2Q712QB*Q~Y/? = 0 and, by virtue of (9.3.67), it follows that Q. B* =
B*Q o, so that {T'(t)} is symmetric in Li, by Proposition 9.3.10.

(iii) In general the domain of analyticity of the functions z — T(z) is
larger than the sector ¥g,. For instance this is the case of the one-dimensional
Ornstein-Uhlenbeck semigroup and p # 2 (see [52]). But in general also in
the multidimensional case, the domain of analyticity of {T'(z)} is larger than
Yg,. We can easily see it when p = 2. Indeed, consider the two dimensional
Ornstein-Uhlenbeck operator

(Au)(z,y) = %Au(ﬂc, y) — (az —by) Dyu(z, y) — ayDyu(z, y), (z,y) € R?,

where a and b are real constants, with @ > 0 and b # 0. A straightforward
computation shows that the associated Ornstein-Uhlenbeck semigroup is not
symmetric in Li. Therefore, 65 is strictly less than /2. Moreover, since

B efaz bzefaz
e = B , z € C,
O e az

lim =0,

|z]|—+oo

1/2 —-1/2
1QL2ezB* @t/ ? oo <1

then

for any 6 < 7/2, so that there exist some points z € C which satisfy (9.3.70)
and do not belong to X,.
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9.3.4 Hermite polynomials

In this subsection we show some relations connecting the Hermite polynomials
and the Ornstein-Uhlenbeck operators. For this purpose, we partially follow
the approach in [109].

For any multi-index «, the N-dimensional Hermite polynomial HéN) is de-
fined by

HM(z) = (—1)lelezl#l” pae—slel, zeRY.
Equivalently,

HY (ay), r € RV, (9.3.72)

H:jz

where a = (a1,...,an).
Throughout this first part of the subsection we denote by A the Ornstein-
Uhlenbeck operator A defined in WI%Q by

Au(z) = Au(z) — (x, Du(x)), reRY, we Wi’Q. (9.3.73)
Here,
1 e
p(dz) = N(0,I)(dx) = W@ 2ol .

Let us first consider the one-dimensional case and we introduce the opera-
tors in W;}’Q defined by

Of (x) = f'(x), O f(x) =—f'(z) + xf(2), r R, fewg?

The notation is justified by the identity
[otoau= [ jogan. rgewi®

which follows integrating by parts, if f,g € C°(R), and by approximation
with compactly supported function for a general pair of functions f,g € WJ’Q
(see Lemmas 9.3.3 and 9.3.4).

With the notation now introduced, we can rewrite the Ornstein-Uhlenbeck
operator A in the more compact form

Au = —0"0u, zeRY, u € D(L). (9.3.74)

We summarize some basic properties of the Hermite polynomials. In par-
ticular we show that they are an orthonormal basis of Li consisting of eigen-
functions of L.

Proposition 9.3.27 For any n € NU {0}, the following properties are met:
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(i) the Hermite polynomials {H,gl)} can be equivalently defined by recurrence
by
gV =1, HY=0HY, n>1;

(i) Y is a polynomial with degree n with leading term x™;
(iii) OH'), = (n+ 1)H;
(iv) AHY = —nH®;

(v) {H,(Il)/\/ﬁ} is an orthonormal basis of L7.. Here, we set 0! = 1.

Proof. The properties (i), (ii) and (iii) can be proved by induction. In par-
ticular, to prove the property (iii) one can take advantage of the fact that
[0,0] =T in W572.

The property (iv) is now a straightforward consequence of (i), (iii) and
(9.3.74). Indeed, we have

AHD = ~0"0H) = ~0"(nH,,) = —nH". (9.3.75)

Let us now prove the property (v). For this purpose we observe that each
polynomial of order m € N belongs to span (Ho(l), .. .,anl)). Therefore, to
prove that {H,(II)/\/E} is a basis of L2, it suffices to show that the set of all
the polynomials are a dense subspace of Li. So, let us fix a function f € Li
such that

1 1.2
0= /Rf(:c):n"du = \/—2_7T/Rf(:£):c”e_5“ dz, n € NU{0}.

—z2/2

Then, the Fourier transform of the function z +— f(z)e is an entire

function, whose derivatives at 0 vanish. Therefore, f (:E)e_‘”Q/ 2 = 0 for any
z € R and, consequently, f = 0.

To conclude the proof, let us prove that {H,(ll) /1! }nen is an orthonormal
system in Li. Fix m,n € N with m < n and denote by (-,-)2,, the Euclidean
inner product in Li. Then, we have

(HQ H D), = (HY, 07 H, Do
1 1 1
= (aH'r(;)?H'rg—)l)Qw = _n(H'r(n)—17Hn—)1)27H
and, iterating the argument, we finally get

n!

T )2

(Hy) H{D) =

Hence, if n = m, we get ||H,(L1)||2 = +/n!, while, if m < n, we have

(H, HDY, Yo, = 0H", HY, )2, =0
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and, consequently, (Héql), H,(LU)Q, u = 0. The property (v) now follows. [ |
We now consider the multidimensional case N > 1. According to the one-
dimensional case, for any k =1,..., N, we define the operators J; and 9 in
1,2 :
W% by setting
of of N
0 oy, = RY.
@)= 3@, 0@ = @+l @), we

With this notation the Ornstein-Uhlenbeck operator in (9.3.73) can be rewrit-
ten in the compact form A4 = — Zszl 03Ok
We can now prove the N-dimensional version of Proposition 9.3.27.

Proposition 9.3.28 The following properties are met:
() B,

ater —

G*H( , for any multi-index o and any k € {1,...,N};

(N)

(i) for any multi-index o, He, ’ is a polynomial with degree |a|, whose lead-

ing term is given by x® = vazl x%, and it depends only on the variables
x; such that a; # 0;
(it)) OHY) = ap HY)

a—eg’

(i) AHSN) = —|a|H;

)

(v) {H§N>/\/J}a€A is an orthonormal basis of L7..

Proof. The properties (i)-(iii) are immediate consequences of the results
in Proposition 9.3.27 and formula (9.3.72), whereas the property (iv) can be
checked adapting the proof of the property (v) in the quoted proposition. B

Propositions 9.3.27 and 9.3.28 can be easily extended to the more general
Ornstein-Uhlenbeck operator

1
Au(z) = §Tr (QD*u(x)) + (Bx, Du(x)), z e RN, (9.3.76)
with o(B) C {A € C: Re X < 0}.
Corollary 9.3.29 Let i be the invariant measure of the Ornstein-Uhlenbeck
semigroup associated with the operator A in (9.3.76) and let R be a non-
singular matriz such that RQ.R* = diag(\1,...,An). Then, the family of
polynomials {KéN)} defined by KXY (z) = H&N)(R:L'), where

HWN (2 HH<1>( ) zeRVN,

is a complete orthonormal set in Li.
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Proof. Let D = diag (v/A1,...,V/An) and set M = D~'R. From the re-
marks before Lemma 9.3.15, it follows that the operator ®,,-1, defined by
(®pr-1 f)(x) = f(M~tz) for any x € RY and any function f: RY — R, is a
linear isometry between LF and Lg, where

~ 1 N g2
a(dx) = W exp < ; ?> dx.

The assertion now follows from the property (iv) in Proposition 9.3.28. R

9.4 The Ornstein-Uhlenbeck operator in LP(RY)

To conclude the analysis of the Ornstein-Uhlenbeck operator, in this section
we recall some results concerning the realization of the Ornstein-Uhlenbeck
operator A in LP(R™). Here, B is any nonzero matrix and @ is strictly positive
definite. The results that we present are taken from [112, 118].

Proposition 9.4.1 For any p € [1,400) the Ornstein-Uhlenbeck semigroup
{T(t)} can be extended to a strongly continuous semigroup (which we still
denote by {T(t)}) to LP(RY). For any f € LP(RY) and any t > 0, T(t)f is
given by the right-hand side of (9.1.5). Finally,

rB

1T Lpr@yy <e” v t>0. (9.4.1)

Proof. Since C°(RY) is dense in LP(RY) for any p € [1,+0o0), it suffices to
prove that T'(¢)f tends to f in LP(RY) as t tends to 0, and that

g
IT@)fllr@yy <e vt B”f”LP(]RN)a t>0, (9.4.2)

for any f € C>°(RY). Denote by {S(#)} the semigroup in LP(R") defined by
(S#)f)(x) = f(etBx) for any t > 0, any z € RY and any f € LP(RY). As it is
easily seen, for any f € C°(RY) and any ¢ > 0, we can write T'(t) f = S(t)oGy,
where

(Gif)(w) = e~ QYY) £z — y)dy, t>0, zeRN.

\/ 2’/T NdetQt /]RN

Let us show that {S(t)} is a strongly continuous (semi)group in LP(R™Y)
and that .
ISl e @yy) < e s B t > 0. (9.4.3)

The estimate (9.4.3) easily follows by a change of variable in the integral
defining |S(¢)f|,, recalling that det (e7*B) = e~*™ 5 for any t € R.
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To show that {S(t)} is a strongly continuous semigroup, we observe that if
f € C®(RYN), then S(t)f converges to f uniformly in RY as ¢ tends to 07.
Since the support of S(t)f is compact in R and there exists R > 0 such
that supp(S(¢t)f) C B(R) for any t € [0,1], then S(t)f converges to f also
in LP(RY) as t tends to 0F. Now, using the density of C2°(RY) in LP(RY)
and taking (9.4.3) into account, from Proposition A.1.2 we deduce that S(t) f
converges to f as t tends to 0% for any f € LP(RV).

As far as {G}} is concerned, we observe that the Young inequality implies
that, for any ¢ > 0, Gy is a contraction in LP?(R™). Moreover, standard ar-
guments show that Gy f converges to f in LP(RY), as t tends to 0%, for any
f € LP(RY). Hence, the semigroup {T'(¢)} is strongly continuous in LP(R™).
Finally, (9.4.2) easily follows from (9.4.3) and the contractiveness of {G:}. N

In the rest of the section we denote by A, : D(A,) C LP(RN) — LP(RY)
the infinitesimal generator of {T'(t)} in LP(RY). The following proposition
gives a complete characterization of the operator A, and of its domain.

Proposition 9.4.2 For any p € (1,+c0),
D(A,) = {u e W*P(RN): Au € LP(RV)}, (9.4.4)

and Apu = Au for any u € D(Ap). Moreover, there exist two positive con-
stants C1 and Cy such that

Cr(lullp + [ Aulp) < lulwz2r@y) + |2 = (Bz, Du(z))p < Ca(ful, + ||vEW||p),)
9.4.5
for any u € D(A,). Finally, for any p € [1,+00), C(RY) is a core of A,.

Proof. First of all we observe that, using the same arguments as in Lemma
9.3.13, it can be easily checked that C°(RY) is a core of A, for any p €
[1,+00). In particular, this implies that A, is the closure of A : C°(RY) —
LP(RYN) for any p € [1, +00).

Now, let us prove the formulas (9.4.4) and (9.4.5) for any p € (1,+00).
For this purpose, we adapt to the present situation the proof of Theorem
9.3.17. Let us introduce the operators A : W2P(RY) — LP(RY), defined
by ASu = ITr(QD?u) for any u € W*P(RY), and BY : {u € LP(RY) :
z — (Bz, Du(z)) € LP(RN)} — LP(RY), defined by BSu = (B-, Du) for any
u € D(BY), where Du is meant in the sense of distributions. Note that B is
the infinitesimal generator of the strongly continuous group {S(¢)} defined in
the proof of Proposition 9.4.1.

Let us observe that since C2°(R") is a core of D(4,), and A, = A)+ B in
C°(RYN), then A, is the closure of the operator A + BY : D(A9) N D(B)) =
{u € W2P(RY) : Au € LP(RN)} — LP(RY). Therefore, to complete the
proof, it suffices to show that the operator A)+Bj : D(A9)ND(BJ) — LP(RY)
is closed.



9.4. The Ornstein-Uhlenbeck operator in LP(RY) 281

According to Proposition B.1.13(iv), the operator wl — A9 admits bounded
imaginary powers with power angle 6, ;_ A9 = 0 for any w > 0. Similarly,
taking the estimate (9.4.3) into account and applying Proposition B.1.13(iii),
we deduce that the operator wl — Bg admits bounded imaginary powers for
any w > —(Tr B)/p, with power angle GwI_Bg <m/2.

To apply Theorem B.1.16, we need to show that the condition (B.1.6) is
satisfied. For this purpose, following the arguments in the proof of Theorem
9.3.17, we replace the space C’f(RN) with the space Gy defined by

Gr = {u e WF2RN) : & — (14 |2[H)*2 D% € L*(RY) for any |o| < kz} ,

where k = k(p) is to be properly chosen in order that Gy, is contained in the
domain of the commutator [Ag, Bg]. It is then easy to check that

[AY, B)lu = Tr (QB*D*u), u € Gg.
Therefore, the operator [Ag, Bg]R(l, Ag) extends to a bounded linear operator
in LP(RY).
To make the arguments in the proof of Theorem 9.3.17 work, it suffices to
show that, for any k € N, R()\,Ag) and R()\,Bg) leave Gy invariant, if Re
is sufficiently large. Showing that Gy, is invariant for R(A, Ag) is an easy task,

taking advantage of the Fourier transform. As far as R(\, BY) is concerned,
we begin by showing that the map

= (Ea(S()u)) (@) = (1 + [a*)**(D*S(t)u) ()
belongs to L2(RY) for any multi-index with length at most k. Since,
DS(t)f = etP S(t)Df, t>0, feWPRY), (9.4.6)

we can limit ourselves to proving that Eu € LQ(RN ). For this purpose, we
observe that

|2[*[(Su)(@)] < [e™FI%(S(#)(Eon)) (=), t>0, zeRY.  (947)

From (9.4.7) we easily deduce that £ (S(t)f) € L*(RY). Now, iterating (9.4.6)
and taking (9.4.7) into account, we can easily show that, up to replacing Cj,
and wy, with larger constants,

[€a(SH)u)L2(rr) < Cre™ |Eo(ID!* ul)| 2 gy, t>0, (9.4.8)

for any multi-index a with length k. Since R(A, Bg ) is the Laplace transform
of the semigroup {S(t)} (see the formula (B.1.3)), from (9.4.8) we deduce that
if Re A is sufficiently large, then R(A, BZO,) maps Gy into itself. This completes
the proof. [ |

To conclude this section we characterize the spectrum of (A,, D(A,)). Since
the proof is rather technical we prefer not to go into details referring the reader
to the original paper [112] for the proof.
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Theorem 9.4.3 Suppose that either the eigenvalues of the matriz B or the
eigenvalues of the matric —B have all negative real parts. Then, for any p €
[1,4+00), it holds that

o0(4,) ={A € C:ReX < —(Tr B)/p}. (9.4.9)
Proof. See [112, Theorems 4.4, 4.7, 4.11 & 4.12]. [ ]

The following proposition is now a straightforward consequence of the for-
mula (9.4.9).

Proposition 9.4.4 For any p € [1,400) the Ornstein-Uhlenbeck semigroup
is not analytic in LP(RY).

Remark 9.4.5 The results in Theorem 9.4.3 should be compared with the
corresponding results in Theorem 9.3.22. In particular, it should be noticed
that the spectrum of the Ornstein-Uhlenbeck operator in LP(RY) strictly
depends on p (unless in the case when Tr B = 0), whereas the spectrum in Ly
is p-invariant.



Chapter 10

A class of nonanalytic Markov
semigroups in Cy(RY) and in LP(RY u)

10.0 Introduction

In Chapter 9 we have seen that the Ornstein-Uhlenbeck semigroup is nei-
ther analytic nor strongly continuous in BUC(RY). In this chapter we deal
with Markov semigroups associated with the operator A defined on smooth
functions by

N
Au(z) = Au(z) + Y bi(x)Dju(w), z e RN, (10.0.1)
ij=1
where b; (j = 1,...,N) are unbounded Lipschitz continuous functions in

RN. We provide conditions on b = (by,...,by) implying that {T(#)} is not
analytic in C,(RY). Next, we consider the semigroup {T'(t)} in L?(RY, pu)
(1 being the invariant measure associated with the operator 4) and we still
provide suitable growth conditions on b implying that {T'(¢)} is not analytic
in LP(R™, ). The results of this chapter are taken from [117].

10.1 Nonanalytic semigroups in Cy(RY)

-~

The main result of this section is Theorem 10.1.1. We recall that (A, D(A))
denotes the weak generator of the semigroup {T'(t)}. See Section 2.3.

Theorem 10.1.1 Assume that the coefficients b; (j = 1,...,N) in (10.0.1)
are locally Lipschitz continuous. Further, assume that there exist three se-
quences {r,}, {\n} C (0,+00) and {o,} C RY such that

rn < M, n €N, (10.1.1)
for some positive constant M ;

= 0; (10.1.2)

283
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lim ~2b(Mz+0,) =h€RY,  h#0, (10.1.3)
n—-+00 )\
uniformly with respect to x on compact subsets of RN . Then, (/T, D(E)) s not
sectorial in Cy(RN). In particular, if v, = 1 for any n € N, then the spectrum
of (A, D(A)) contains the imaginary azis.

_Proof. To prove the assertion we argue by contradiction. We show that, if
(A, D(A)) were sectorial, then the semigroup {S(¢)} C L(Co(RY)), defined by
(S#)f)(x) = f(z+th) for any t > 0, any x € RN and any f € Cy(RY), should
be analytic. But this cannot be the case since the infinitesimal generator of
{S(t)}, is the operator B : {u € Co(RY) : §% € Co(RN)} — Co(RYN) defined
by Bu = (h, Du) for any u € D(B), whose spectrum contains the imaginary
axis. Here, h is as in (10.1. 3)

So, let us assume that (A, (A ) is sectorial and let us introduce, for any
n € N the isometries I, : C’b( MY — Cyp(RY) defined by

-~

(Inu)(ac):u<x>\gn>, reRY,  weC,RY), n>1.
For any n € N we denote by A,, the second-order differential operator defined
on smooth functions by

N

(Apu)(z) = r—gAu(x) 4 Z bi(Anz + 0y)Dju(x), zeRY, (10.1.4)

and we denote by {T},(t)} the positive semigroup of contractions in C(RY)
associated with the operator A,. Since A, = rnIglAIn, it is easy to check
that, for any n € N, the weak generator A, of the Semigroup {T.(t)} is the
operator A, : D(A,) := I;1(D(A)) — Cy(RYN) defined by A, = r,(I;1AL,).
Therefore, p(A,) = rnp(A) and

. 1 .
RO\ Ap) = —I1'R(r, P\ A) L, (10.1.5)
Tn
for any n € N. R R
Since we are assuming that (A, D(A)) is sectorial, then there exist two
positive constants C' and K such that

~ C
IR, Ao, @yy) < m, Re X > K. (10.1.6)

Using (10.1.5), (10.1.6) and the assumptions on the sequence {ry}, it is now
immediate to check that

-~ C
[R(A, An)ll Loy @y < o Re )\ > MK. (10.1.7)
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Now, we fix f € C°(RY) and check that, for any A € C, with Re A > MK,
and any = € RY, it holds that
im (RO A,) (@) = (RO B) ) (2): (10.1.8)
Of course, once (10.1.8) is proved, letting n tend to +o00 in (10.1.7) we will
get

Sl Re x> ME,
first for any f € C2°(RY) and then, by density, for any f € Co(R"). Theorem
B.2.7 then will imply that B is sectorial: a contradiction.

To show (10.1.8) we modify the proof of the classical Trotter-Kato theorem
(see Theorem B.1.11).

As a first step we prove that, for any f € C°(RY), the function T),(-)f
converges to S(-)f in [0, 7] x RY as n tends to +oo, for any T' > 0. For this
purpose, we begin by observing that, since S(¢ ( ) maps C°(RY) into itself for
any t > 0, and C>°(RY) is contained in D(A,) (see Proposition 2.3.6), by
Proposition 2.3.5,

CMOSHNE) = TOASENE),  5t>0, reRY,

I1RA B) flloo <

for any f € C°(RY). Moreover, since {S(t)} is a strongly continuous semi-
group of contractions and the domain of its infinitesimal generator contains
C>(RY), then the map t +— S(t)f is differentiable in [0, +00) with values in
Co(RY) and its derivative at ¢ is BS(t)f. Therefore, we have

TN~ (SONE =~ [ AT =S} ds

t
= [ @9, - B)s) ) @as
for any ¢ > 0 and any x € RY, which implies that
ITn(®)f =St flloo <T sup ||( B)S(s) [, (10.1.9)

sel0,T

for any ¢ € [0,T] and any T > 0. Let us observe that the right-hand side of

(10.1.9) converges to 0 as n tends to +oo. Indeed, recalling that A,S(s)f =
AnS(s)f (see again Chapter 2), we have

|(AnS(5).f) () - (BS(S)f)(x)I
—”IIAS( )flloo + )\ b(Ant + o) = h| [DS(8) f oo Xsupp(s(s) ) (),

n

>/

for any s € [0,7] and any z € R¥. Since supp(S(s)f) C B(|h|T) + supp(f)
for any s € [0, T, using the conditions (10.1.2) and (10.1.3), we easily deduce
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that |[(A, — B)S(5)f] o tends to 0 as n tends to +oco. Therefore, from (10.1.9)
it follows that T},(-) tends to S(-)f uniformly in [0, 7] x RY.
Now, by (2.2.14) and (B.1.3) we can write

-~

(R, An) f)(2) — (R(A, B) f)(2) = /;oo e M (Tu(t) = S()f)(2)dt,
for any = € RY. Consequently,
(RO\ An) f)(@) = (R(Xo, B)f) ()|
< /;oo e RN(TL(8) f) (@) — (S(t)f)()ldt, (10.1.10)

for any z € RV, and the right-hand side of (10.1.10) tends to 0 as n tends to
~+00, by the dominated convergence theorem. Therefore, (10.1.8) follows.

To conclude the proof, let us prove that if r, = 1 for any n € N, then
the spectrum of (A, D(A)) contains the imaginary axis. For this purpose, we
observe that from (10.1.5) we get

IR, Al Loy @nyy = IR, An)ll Loy @y,

for any A € p(A,) = p(A). Therefore, since p(A) contains the halfplane {\ €
C:ReA > 0}, by (10.1.8) we have

IR, Bl (e, @y < limiup IR(A An)llLic,®yyy = IR, A Lo, @yvy)-
n—-—+0oo

But, since iR C o(B), it follows that

lim RN, A)| (o, mvy) = +00,

ReA>0

for any s > 0, so that iR C o(A) (see Proposition A.3.4). [ |

Now we look for sufficient conditions under which (10.1.1)-(10.1.3) are sat-
isfied.

Corollary 10.1.2 Assume that there ewist two sequences {1,} C RY and
{An} C (0,400) such that b(t,,) # 0 for anyn € N, {\,} is bounded, A, |b(1,)]
tends to 400 as n tends to +o0o and

|b(Tn, + Anx) — b(Ty)]

lim =0, (10.1.11)
n—-too [b(70)]

uniformly on compact subsets of RN . Then, (A, D(A)) is not sectorial.
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Proof. Let {0, } be a subsequence of {7,,} such that b(cy,)/|b(cy,)| converges
to some h € RV as n tends to +0o Then, if we set r, = A, |b(0,)| ™! for any
n € N, it is immediate to check that the three sequences {r,}, {\,} and {o,}
satisfy the conditions (10.1.1)-(10.1.3). [ |

Corollary 10.1.3 Let b; € C*(RY) for any j = 1,...,N. Further, assume
that there exists a sequence {T,} C RN, diverging to +oo, such that |b(1,)| >
K|r,|* for some K,a > 0 and any n € N. If

N
> Db (@))* < K(1+|x|%)?, zeRY, (10.1.12)

ij=1
for some B < «, then the assumptions of Corollary 10.1.2 are satisfied.

Proof. Without loss of generality, we can assume that \,, = 1 for any n € N.
The mean value theorem yields

N 3
b7 + An) = b(ma)| < R sup ( D 1Dib(mu + 9%5”)'2)
0<o<1 \ /52

< KR(1+ (J70] + MR)), (10.1.13)

for any |z| < R. Dividing both the sides of (10.1.13) by |b(7,,)|, we easily see
that the condition (10.1.11) is satisfied since, by assumption, |b(7,)| tend to
+oo0 faster than |7,|°. [ |

Remark 10.1.4 The conditions in Corollary 10.1.3 are always satisfied in
the case when b; are polynomials for any j = 1,..., N. Indeed, let b; be the
polynomial of maximal degree and define 7,, = nxy for any n € N, where
xo € RY is such that the homogeneous part of b; of maximum degree does
not vanish at zg. It is immediate to check that

1b(70)| = |bi(7)| > Kndes®i),

for some positive constant K > 0 and any n sufficiently large. Moreover, since
Z%:l |D;b;|? is a polynomial of degree 2(deg(b;) — 1), the condition (10.1.12)
is satisfied with 0 = deg(b;) — 1 < o := deg(b;).

Here we see, with techniques different from those in Chapter 9, that the
nondegenerate Ornstein-Uhlenbeck semigroup is not analytic in C,(RY).

Corollary 10.1.5 Let bj € CY(RY) (j =1,...,N). Assume that there exist:
(i) a sequence {T,} C RY, such that |b(t,)| diverges to +oo as n tends to
+00, (i1) positive numbers v, 9, C' such that

1

( > IDibj(x)l2> < b(a)|? +C,

i,7=1
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for any x € RN with |z — 7| < 8|b(ma)| /2. Then (A, D(A)) is not sectorial
m Cb(RN).

Proof. We begin the proof by observing that, without loss of generality, we
can assume that § < (44)~! and that b(7,) # 0 for any n € N. Next we fix an
arbitrary n € N and observe that, for any s € (0,6) and any |z| < s|b(7,)| /2,
we have

|b(Tr, + ) — b(Tn) |z| " N o . 1
[b(7)] < B oS (Z | Dibj (7 + 02))| )

o<1 \ ;52

b7 + 62)2

< s sup = + Cs|b(r,)| 7%
o<o<1  |b(m)|2
(10.1.14)
We set b
Fo(s) = sup |(217—|—x)|’ s €[0,0).
lolpiry~3 120!
From (10.1.14) we get
Fo(s) < 1+vs(Fu(s))? + Cslb(r,)| "2, s € [0,0).

We claim that F),(s) < 4 for any s € [0,0) and any n sufficiently large. To
prove the claim, we begin by noting that, for n large enough, we have

14 Cslb(r)| "% <1+ C6Jb(r,)| "% < 2.
It follows that

Fu(s) <2+ vs(Fu(s))?, s€0,0). (10.1.15)
Recalling that 46 < 1, we get
1
Fo(s) <2+Z(Fn(S))%, s €[0,0).

Since F, is continuous in [0, +00) with F,,(0) =1 for any n € N, and [0, 4) is
the biggest interval containing 1 in which the inequality 2 < 24 x3/2/4 holds,
we easily deduce that F,(s) € [0,4) for any s € [0,0), and the claim follows.
Thus, for n large enough, the equation (10.1.14) yields, for |z| < s|b(7,)| /2,

|b(7n + @) — b(7)|
|b(7n)
Now, fix R > 0 and let A, = |b(7,)|"%. For any y € B(R) and n sufficiently
large such that R|b(7,)|~Y/* < &, we have |\,y| < s|b(7,)|"/? with s =
R|b(1,,)|~Y/*. Applying (10.1.16), we get
|b(T, + Apz) — b(7)|
|b(70)]

< 8vs + Cs|b(r)| 3. (10.1.16)

< 8Ry|b(my)| "% + CRIb(r,)| 5.
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Corollary 10.1.2 now allows us to conclude the proof. [ ]

Next corollary gives suitable conditions on the drift term of the operator .A
implying that the spectrum of A contains the imaginary axis.

Corollary 10.1.6 Assume that b; € CY(R) for any j = 1,...,N and there
exists a sequence {1,} C RY, diverging to infinity, such that |b(t,)| tends to
+00 as n tends to +o0o. Further, assume that 2%21 |D;bj(z)? and |b(x)|/|z]|
tend to 0 as |z| tends to +o0o. Then, the spectrum of (A, D(A)) contains the
imaginary azxis. As a consequence, (A, D(A)) is not sectorial.

Proof. Fix R > 0. By the mean value theorem we have

1

N 2
[b(7n + Anw) = b(ma)| < RA, sup | Y [Dibj(7n + 02 |
o<o<1 \ ;52
for any |z| < R and any sequence {\,} C (0, +00).
We now take A\, = |b(7,,)| and r,, = 1 for any n € N, and we show that

1

N 3
lim sup ( Z | Db (s, +9)\n36)|2> =0,

n—-+oo 0<6<1 i1
uniformly with respect to € B(R). For this purpose it suffices to show that
|Tn+0A, 2| tends to +oo as n tends to +oo, uniformly with respect to ¢ € [0,1]
and z € B(R). Since b is sublinear, we have

b(r, 1
7+ OAnz| > |7l <1 - M) > Slal,

|70l
for any 0 € [0,1], any # € B(R) and any n sufficiently large. Therefore,

lim  inf |7, + 0 2| = +oo.
n—-+4oo 6€[0,1]
z€B(R)

Theorem 10.1.1 and Corollary 10.1.2 allow us to conclude. [ |

Up to now we have shown sufficient conditions implying that (E, D(/T)) is
not sectorial. In the next theorem we provide suitable conditions on the drift
coefficient of the operator A which guarantee that (A4, D(A)) is sectorial in
Cy(RM).

Theorem 10.1.7 Let b; € C*(RY) N LP(RY), for some p € (N,+00) and

any j=1,...,N, be such that divb is bounded from below. Then, (A\,D(A\))
is sectorial in Cp(RY).
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Proof. As a first step we introduce the formal adjoint of A, i.e., the operator
N
= A= b;D; —divb,

and we prove that its realization A* in L'(R") with domain D(A*) = {u €
LYRY) : Au, (divb)u € LY(RN)} (Au being meant in the sense of distribu-
tions) generates an analytic semigroup in L'(RY). Then, we use this result to
show that (A, D(A)) is sectorial.

Let us observe that, since divb is bounded from below and it is locally
bounded, according to [82, Theorem I, Lemmas 6 & 8] the operator

By = A —divb + inf(div b) := B + inf(div d),
RN RN

with domain D(By) = D(A*), generates an analytic semigroup in L!(R™).
Moreover,

Al sy + (v b)ul gy < Cluls sy + [Bulary),  (10.1.17)

for any u € D(A*).

We now recall that if v € L'(RY) is such that Au € L'(RY), then u €
WLa(RYN) for any ¢ € [1,N/(N — 1)) and there exists a positive constant
C = C(N,q), independent of u, such that

IDulzan) < CN,q) (lullz: @) + [Buln) (10.1.18)
see [140, Theorem 5.8]. Applying the estimate (10.1.18), with ¢ = p/(p—1), to
the function vy : RY — R (A > 0), defined by v(x) = u(A\z) for any x € R,
and minimizing with respect to A > 0, we get the following inequality:

pP—N N+4p
|Dufl | 2 < 20N, p)ul T | Aul T

LPT(RN) =

Hoélder’s inequality then gives

< 6] e xy | Dy
L1(RN)

LPoT (RN)

p=N PN
< 20N, )bl o eyl T | Al ) (10.1.19)

for any u € L'(R") such that Au € L*(RY).

Now, from (10.1.17) and (10.1.19) it follows that the term w — (b, Du) is
a small perturbation of (B, D(B)). Therefore, according to Theorem B.2.10,
(A*, D(A*)) generates an analytic semigroup in L!(RY).

We are now in a position to prove that (A, D(A)) is sectorial in Cy(RY).
Possibly replacing A* with A* — w, with w sufficiently large, we can assume
that

N M
IR(N, A) | Lo @y < Bk
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for any A € C with positive real part. Let us set Dy = (A — A*)(C°(RY)) for
such X\’s. Since C2°(RY) is a core of A* (see [82, Theorem IV]), then D, is
dense in L (RY) for any Re A > 0. Therefore, if u € D(A) C C,(RY) and X is
as above, then

[ufloe = sup {/N updz : p € Dy, [ori@y) < 1}
R
* o0 /N M
< sup u(A — A")vdr :v € CF(RY), |v[pr@my) < 7
RV Al

~ M
:sup{/ v\ — Audz v e CF(RY), vl Lr myy < —}
RN A

M
< =

)\fguoo.
< 1= Al

Therefore, |R(, A) lz(c,@vy) < M/IA| and the assertion follows from Theo-
rem B.2.7. ]

Example 10.1.8 Let A be the operator defined on smooth functions of two
variables by

Au’(xay) = Diu(x,y)—i—Dzu(x,y)—i—bO( \% 2 + y2)(xuy_yu’l‘)7 (Iay) € R27

where by € C'(R). Note that the drift b(z,y) = bo(y/72 + y2)(—y, ) has
divergence 0. The assumptions of Theorem 10.1.7 hold if

—+oo
/ r|b(r)|?dr < +oo,
0

for some g > 2. In such a case, the semigroup associated with the operator A
is analytic in Cp,(RY).

10.2 Nonanalytic semigroups in LP(RY, u)

In this section we introduce a class of Markov semigroups {7'(¢t)}, which admit
an invariant measure p, but which are not analytic in Ll := L? (RN, ). Let
A be the second-order elliptic operator defined by

N
Ap = Ap —> (DU + Gi)Dip, (10.2.1)

=1

on smooth functions, where U and G satisfy the following hypotheses:
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Hypotheses 10.2.1 (i) U € C?(R") and e=Y € LY (RV);

(ii) G € CLRY,RY) and satisfies
/ |Gle~Ydx < +o0
RN

and

N
divG —> G:D;U = 0. (10.2.2)
i=1
These conditions will be kept throughout this section and ensure that the
semigroup {T'(¢)} associated with A admits the measure

-1
dp = Me V@) g, M = </ eU(y)dy> ,
RN

as its (unique) invariant measure (see Subsection 8.1.4). As it has been shown

in Proposition 8.1.8, the semigroup {7'(¢)} extends to a strongly continuous

semigroup of contractions in LL for any p € [1,400). Using the same notations

as in Chapter 8, we still denote by {T'(¢)} the so extended semigroup, and by

(Lp, D(Lp)) its infinitesimal generator. Moreover, we write L instead of Lo.
Let us state the main result of this section.

Theorem 10.2.2 Suppose that there exist some constants k > 0, 0 < f < «
and a sequence {c,} C RN, diverging to infinity, such that

(1) |Glon)| = klon|*,  n=1;
(10.2.3)
(i1) |AU (2)| + |DU (z)| + |DG(x)| < k(1 + |z|?), r € RV,

Then, the semigroup {T'(t)} is not analytic in LY, for any p € [1,+00).

Proof. We first prove the assertion in the case when p = 2. For this purpose,
let us consider the isometry R : L?(RY) — Li defined by Rf = f for any
f € L3(RY), where

P(z) = M~ 3e3V®) r € RV,

Further, let us define the operator Ly : D(Ly) € L2(RY) — L2(RY), with
domain D(Ls) = {g € L*>(R"Y) : vbg € D(L3)}, by setting

Lou = R™'LyRu, u € D(Ly).

Since, as it has already been recalled, the semigroup {T'(¢)} is strongly con-

tinuous in L2, then it is immediate to check that L, is the generator of a

w
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strongly continuous semigroup of contractions in L2(R™) (say {T(t)}) defined
by
T(t)f = RIT(t)(Rf), t>0, feL*RY).

According to Propositions 2.3.6 and 8.1.9, C*(RY) C D(Ls). Therefore,
C(RY) is contained in D(Lsy) and, since Lou = Au for any u € C*(RY),
then

N
(Lou)(z) = Au(z) — Z Gj(z)Dju(z) — c(z)u(x), reRY, (10.2.4)
j=1
for any u € C2°(RY), where the potential c is given by

1/1 N
— Ul? U E D.U

i=1

We claim that the operator Ly is not sectorial in L2(RY). Of course, this will
imply that L is not sectorial in Li as well.

To prove the claim, we adapt the technique in the proof of Theorem 10.1.1
to this situation. For this purpose, let us set v = %(a + () and introduce the
sequences {\,} and {r,} defined by

1 1

_ — > 1.
ol +17 " !

An e e

(Up to replacing {o,} with a suitable subsequence, we can assume that
G(o,) # 0 for any n € N| so that the sequence {r,,} is well defined.) Moreover,
for any n € N, we introduce the operator I,, defined by

(Inu)(x)u<z>\an), reRY, wel*RY), n>1

and Zgyn = TnI,,:l.’EQIn with domain D(Eg,n) = I,,:I(D(Zg)). As it is immedi-
ately seen, Eg,n is the infinitesimal generator of the strongly continuous semi-
group of contractions {7, (¢)} in L2(RY), defined by T}, (t) = I; T (rpt)I,, for
any t > 0.

Let us show that there exists h € R such that, for any u € C2°(RY), the
function ngu converges to B_pu := Zivzl h;D;u as n tends to +oo, locally
uniformly in R¥Y. For this purpose, we observe that, by (10.2.4), we have

- N

(Lonu)(2) = :—ZAU@U) N Z Gi(Anz + 0n)Diu(z) — rnc(Anx + on)u(z),

for any x € RV, any n € N and any u € C°(RN).
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Due to the choice of the sequences {c,} and {r,}, it is immediate to check
that r,, /A2 tends to 0 as n tends to +00. Moreover, by the mean value theorem
and (10.2.3)(ii) we have

|Gz + 04)| < |G (o) + ER(1+ (R + |0n])?), (10.2.5)
for any z € B(R) and any R > 0. Hence,

lim |G (o + Anz) — G(on)]
n—-+oo |G(0y)]

:O7

locally uniformly in RY. Up to replacing {0} with a suitable subsequence, we
can assume that G(a,,)/|G(0,)| converges to some vector h € RY. Therefore,

N
Tn Tn
1z Au— 3 > Gi(An - +0on)Diu
n " oi=1

converges to Bxu uniformly in RY as n tends to +oco and, hence, in L2(RY),
since the support of u is compact.

Let us now show that ¢()\, - +0,)u converges to 0 in L*(RY). For this
purpose, we note that, thanks to (10.2.3)(ii),

le(z)] < C((1+]2]%)* + (1 + |27)|G(2)]) zeRY,  (10.2.6)

for some positive constant C'. Estimates (10.2.6) and (10.2.5) imply that the
sequence {r,|c(A\, - +0,)|} converges to 0, locally uniformly in RY, and we
are done. B
Now the proof follows immediately, arguing by contradiction. Indeed, if Ly
were sectorial in L? (RN ), then the operators L, ,, should be sectorial as well,
and there should exist K, C > 0, independent of n (observe that R(\, Egn) =

r Y I R(r YA, Ly)1,,), such that
~ C
[R(A, La,n)ul L2 @y < W”UHL%R%

for any A € C, with Re A > K and any u € C2°(RY). Since the realization B,
of the operator By, generates a strongly continuous semigroup in L2(R¥) and
C>(RY) is a core of By, using Trotter-Kato theorem (see Theorem B.1.11),
it should follow that

C
IR(A, Br)ul 2 myy < W||“||L2(RN)7

for any u € L?(RY), which, of course, is a contradiction.

To prove the assertion with a general p € [1, +00) it now suffices to observe
that, if T'(t) were analytic in Lf, for some p as above (p # 2), then, by Stein
interpolation theorem, it should be analytic in Li as well. For more details,
we refer the reader to [45, Theorem 1.4.2]. [ |
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Example 10.2.3 We now provide two concrete examples of differential op-
erators in R2, such that the associated semigroups {T'(t)} are not analytic
in Li. For this purpose, let A; and Ay be the operators defined on smooth
functions by

Aru(z,y) = Au(z,y) — (fc +y(a® + y2)"/2> Dyu(z,y)
~ (v - @@® +9»)"?) Dyu(e,y)
and
Azu(w,y) = Du(z,y) = (@* +9?) (2 = y(@? +y*)"'2) Doua,y)
~(@ + ) (y - 2(@® + y*)"?) Dyu(z,y),

for some 7 > 1 and any (x,y) € R%. We can rewrite the operators A; and A
in the compact form (10.2.1) taking U;(x,y) = (24) "1 (2% + y?)/, Gj(z,y) =
(z2 + y?)/?+0=D(y, —x) for any (z,y) € R? and j = 1,2. It is immediate to
check that the condition (10.2.2) is satisfied. Moreover, if we take o, = (n,0)
for any n € N, also the assumptions of Theorem 10.2.2 are satisfied with
a=r—1+2jand §=r—2+2j, j =1,2. Therefore, the semigroup {T;(¢)}
associated with the operator A; is not analytic in Ly (p € [1,4+0)) either
for j =1 or for j = 2, where

dpy = Qie_%(szryQ)dxdy,
™

-1
dug = (/ e~ 1@ +y*)’ da:dy) e~ 1@ +y?)? dxdy.
]R2
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Chapter 11

The Cauchy-Dirichlet problem

11.0 Introduction

In this chapter we consider the parabolic Cauchy-Dirichlet problem
Dyu(t, x) — Au(t,z) =0, t>0, x€Q,
u(t,z) =0, t>0, x€df, (11.0.1)
u(0,z) = f(x), x €9,

where Q C RY is an unbounded connected smooth open set; f is a bounded
and continuous function on ; A is the usual second-order uniformly elliptic
operator

N N
A= Z qi;Dij + Z biD; + c, (11.0.2)
=1

1,j=1

with unbounded coefficients

We show that, under rather weak assumptions of the smoothness of the
coefficients g;;, b; (i,7 =1,...,N) and ¢ and assuming the existence of a Lya-
punov function associated with the operator A, the Cauchy-Dirichlet problem
(11.0.1) admits a unique classical solution (i.e., a function u € C12((0, +-00) x
Q), bounded in (0, +00) x © and continuous in [0, +00) x Q\ ({0} x Q) which
solves (11.0.1)). This, as usually, will allow us to define a semigroup {7'(¢)} of
bounded linear operators on Cy(£2).

Next, assuming somewhat heavier assumptions on the growth rate of the
coefficients at infinity, we show that such a semigroup satisfies an uniform
gradient estimate similar to that proved in Chapter 6. The results of this
chapter have been recently proved in [59].

The chapter is split into sections as follows. First, in Section 11.1, we show
two maximum principles for the solution to the problem (11.0.1). In the first
one, which is rather similar to that proved in Chapter 4, we deal with classical
solutions to the problem (11.0.1) which are continuous in [0, +00) x Q. In the
second one, we weaken a bit the assumptions on the continuity of u. Indeed,
we just assume that u is continuous in [0, +00) x Q \ ({0} x 9Q). This latter
maximum principle is the keystone to prove the uniform gradient estimates.

In Section 11.2, by virtue of the previous two maximum principles and some
classical Schauder estimates, we prove the existence and uniqueness of the
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300 Chapter 11. The Cauchy-Dirichlet problem

classical bounded solution u to (11.0.1), and, then, we define the semigroup
{T(t)}.

Next, in Section 11.3, under somewhat heavier assumptions on the growth
rate of the coefficients of the operator 4, we prove that the gradient estimate

wt
IDT()f oo < C A1 floc: >0, (11.0.3)
Vi
holds for any w > 0, some positive constant C' = C(w) and any f € Cp(Q).
First, in Subsection 11.3.1 we prove (11.0.3) for classical solutions to the
problem (11.0.1) enjoying some more regularity properties. This is done ap-
plying the Bernstein method as we did in Chapter 6. Unfortunately, it is not
immediate to adapt the procedure in the proof of Theorem 6.1.7 to our sit-
uation, due to the fact that no a priori information of the sign of Du on
(0, +00) x 0N is available. To overcome such a difficulty, we first prove the
gradient estimate (11.0.3) at the boundary of Q by a comparison argument
with a suitable one-dimensional parabolic problem. This and the maximum
principle in Proposition 11.1.3 then allow us to prove the uniform estimate
(11.0.3).

Finally, in Subsections 11.3.2 and 11.3.3, adapting to our situation the ap-
proach introduced by P. Cannarsa and V. Vespri in [26, 27], we prove (11.0.3)
for any classical solution to the problem (11.0.1). This is done in the follow-
ing way. The operator A is approximated by a family of uniformly elliptic
operators A, such that, for any p > 2, their realizations in L?(Q)) generate
analytic semigroups {S:(¢)}. Then, using the Sobolev embedding theorems,
it is shown that, for any f € C2°(Q), the function u. = S.(-)f is the classical
solution to the problem (11.0.1), with A being replaced with the operator A..
Then, letting € go to 0* and using a compactness argument based on classical
Schauder estimates, it follows that u. converges to T'(t)f, which satisfies all
the additional assumptions needed, in Proposition 11.3.7, to prove the gradi-
ent estimate (11.0.3). Hence, (11.0.3) follows in this particular case. Finally, in
the general case when f € Cp(Q), the estimate (11.0.3) is obtained by approx-
imating f with a suitable sequence of C2°(2)-smooth functions converging,
locally uniformly and in a dominated way, to f.

Unfortunately, to the best of our knowledge, estimates for the higher-order
derivatives of the function T'(t)f when f € Cp(€2) seem not to be available
for a general domain €. As it is readily seen, differently from what happens
when Q = RY (see Chapters 6 and 7), the Bernstein method cannot be easily
extended to estimate second- and third-order derivatives of the function T'(¢) f
and this is essentially due to the boundary conditions.

This fact prevents us to make the machinery of Chapter 6 work to study the
nonhomogeneous elliptic problem and the nonhomogeneous Cauchy-Dirichlet
problem in 2 and to prove optimal Schauder estimates. To the best of our
knowledge there are only a few results in this direction (see Remark 11.3.16)

We conclude this introduction with the following remark.
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Remark 11.0.1 Differently from what happens in the whole of RY, there
never exists an invariant measure p associated with the semigroup {7T'(¢)}
considered in this chapter. Indeed, if this were the case, then

/QT(t)du:/Qfdu, (11.0.4)

for any f € Cy(2). But, according to Corollary 11.2.2, it holds that 0 <
T(t)1 <1 for any ¢ > 0. Hence, from (11.0.4), it should follow that T'(¢)1=1
which is a contradiction.

11.1 Two maximum principles

Here, we prove two maximum principles for the classical solutions to the prob-
lem (11.0.1). Throughout this section we assume that the following conditions
are satisfied:

Hypotheses 11.1.1 (i) Q is an unbounded connected open set with uni-
formly C?T“-boundary for some « € (0, 1);

(ii) gij = gj; € CL(Q) for any i,j = 1,..., N and there exists ko > 0 such
that

N
3 @& = wolé,  weq, eRY; (11.1.1)

i,j=1
(iii) ¢(x) <0 for any = €
(iv) gij,bi,c € C*T*(Q2N B(R)) for any 4,5 =1,..., N and any R > 0;

(v) there exist a positive function ¢ € C?(Q2) and a positive constant Ag
such that

lim  p(z) = +oo
giwean

and
sup(Ap(z) — dop(z)) < +o00.
zeN
The following proposition provides us a maximum principle for classical

solutions to the Cauchy-Dirichlet problem (11.0.1), which are continuous in
[0,T] x €.
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Proposition 11.1.2 Assume that Hypotheses 11.1.1 are satisfied. Fiz T' > 0

and let uw € C([0,T] x Q)N CH2((0,T] x Q) be a bounded function satisfying
Diu(t,x) — Au(t,z) <0, te€(0,T], z € Q,
u(t,z) <0, te (0,7),z €09, (11.1.2)
u(0,2) <0, x € Q.

Then, u < 0. In particular, if u € C([0,T] x Q)NCH2((0,T] x ) is a bounded
solution to the Cauchy problem

Duu(t,z) — Au(t,z) =0, 0<t<T,x €,

u(t,x) =0, 0<t<T,ze€df,

u(0,2) =0, x € Q,
then, u = 0.

Proof. The proof is close to that of Theorem 4.1.3. Of course we can limit
ourselves to proving the first part since the second part can then be deduced
applying the first one to the functions v and —u.

We set v = e~ 0!y and we prove that v < 0 in [0, T] x Q. For this purpose,
for any n € N, we introduce the function v, : [0,T] X  — R defined by
v (t, ) :U(t,x)—w, te0,T], =€qQ.
n

Replacing ¢ with ¢ + C for some suitable constant C' > 0, we can assume

that Ay — Mg < 0. Now, a straightforward computation shows that v, sat-

isfies (11.1.2) with the operator A4 being replaced with A — A\g. Due to our

assumption on ¢, the function v, attains its maximum at some point (¢, x,).

Repeating the same arguments as in the proof of Theorem 4.1.3, we can see

that v, <0 in (0,7) x Q. Thus, letting n go to +oco gives v < 0 in [0, 7] x Q.
|

The next proposition provides us with a maximum principle for classical
solutions to the problem (11.0.1) which are not continuous in {0} x 9.

We introduce a few notation which will be used in the proof of the next
proposition and, more generally, throughout this chapter. By d : @ — R and
Qs (6 > 0) we denote, respectively, the distance function

d(x) = dist(z, 092), r€Q
and the set _
Qs ={z € Q:d(z) < d}. (11.1.3)

In view of the assumptions on 2, the function d is C?-smooth, with bounded
second-order derivatives in g, if 6 > 0 is sufficiently small. See [66, Lemma
14.16] and also Appendix D.
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Proposition 11.1.3 Suppose that Hypotheses 11.1.1 are satisfied and let u €
CH2((0,T) x Q) nC([0,T) x 2\ ({0} x 9Q)) be bounded in (0,T) x Q. If
Diu < Au in (0,T) x Q and v <0 in (0,T) x 0QU ({0} x Q), then u <0 in
(0,T) x Q.

Finally, if Dyu < Au and u is bounded in (0,T) x 0QU ({0} x Q) (T > 0),
then

sup  u(t, @) < u(0,)|ec+  sup  Ju(t, €.
(t,2)€(0,T)x (t,£)€(0,T)x0Q

Proof. We limit ourselves to proving the first part of the proposition, since
the last assertion then easily follows applying this part to the functions u— K,
where K = sup )¢ (0,1)xo0 [¢(t; )] + [1(0, )]0 B

To begin with, we observe that there exists a function g € C%(Q) such that

g>0 in Q, |Dgl =1 on 09, 0N ={reQ:g(r)=0}.

Indeed, let  be a smooth function such that 0 <7 < 1in Q, n = 1in Qs/9
and 1 = 0 outside {235/4. It is easy to check that the function g =nd+1—n
satisfies the claim.

Now, we introduce the function v = e~*o*y, where \g is given by Hypothesis
11.1.1(v), and we prove that v < 01in (0,7 x Q. For this purpose, we fix R > 1
and consider the set

Qr=QNB(R) = {g>0}n{R? — |z|*> > 0}.

Moreover, we define the function vg : (0,7) x Qg — R by setting

vr(t,z) = v(t, z) — ”g&@(x), t€(0,T), x€Qg,
R

where Cr = infjo 7% aB(R)NQ) - As in the proof of Proposition 11.1.2,we
can assume that Am — Agp < 0. By Hypothesis 11.1.1(v), Cg tends to +oo as
R tends to +oc0. Further, it is easy to see that vy satisfies
Diyvg — Avg + Avgr <0, in(O,T) X Qr,
vp < 0, in (O,T) X 8QR,
vg <0, in {0} x Q.
We claim that vg < 0 in (0,7) x Qg. Once the claim is proved, letting R
tend to 400, we will obtain that v < 0in (0,7) x 2 and we will be done.

To prove that vg < 0 in (0,7) x Qg, for any £, A > 0 we introduce the
function ¢ : (0,T) x Qr — R defined by

o (30 Y | (- ]

1/)(15793) -

t&fio
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for any ¢t > 0 and any x € Qp, where kg is given by (11.1.1) and h(x) =
R? — |z|? for any z € RV. A straightforward computation shows that

Dyp(t,-) — AY(t, ) = %2{(/\ — o)t* — £ [ko — 2(QDyg, Dg) — 2g(A — c)g]t

teg?[1 - 4:(QDg, Dg) }w, )

1

th—g{(A — ¢)t? — e [ko — 2(QDh, Dh) — 2h(A — c)h]t

+eh?[1 — 4e(QDh, Dh)] }w(t, )

(Mt + Al )., (11.1.4)

= 5
for any t € (0,400). We now claim that we can fix ¢ > 0 sufficiently small
and A sufficiently large such that (D; —.A)y > 0 in (0,400) x Qg. To prove
the claim, we begin by considering the first term in the last side of (11.1.4).
Since |Dg| > 1 on 99, we can fix § > 0 such that |Dg(z)| > 3/4 if z € Qg
and g(x) < 4. Then, we split Qp = {z € Qr: g(x) >} U{zr € Qg : g(z) <
0} :=Qpr1UQpa. If x € Qp 1, we have

Ai(t,z) > M? —¢ (/@0 + 2sup|g(A — c)g|) t+ed” (1 — 4¢| Q| oo sup |Dg|2) .
QR QR

(11.1.5)

It is now clear that, if we fix e = (8]Q||s supq,, [Dg|?) " and, then, A = A(e, 0)
large enough, we can make the right-hand side of (11.1.5) nonnegative.
Now, let z € Qg 2. Then,

ro — 2(Q(x)Dg(x), Dg(x)) — 29(x) (A - ¢)g) (z)

< ko — 2k0|Dg(x)[* + 2g(z) sup |(A—c)g]
R

< o (@) + Lsup (A= o)g]?

=TTy 2 oy g

Therefore,

1 1 1
A (t, ) > <)\ —5 sup |(A — c)g|2> t2+§€m0t+€g2 <§ — 4¢||Q| o Sup |Dg|2> )
Qr

Qr
(11.1.6)
Again, we can fix ¢ = (16]|Q[o supq,, [Dgl*)~" and, then, A = X(e) large
enough such that the right-hand side of (11.1.6) is nonnegative. Similarly,
we can argue with the function As. Indeed, the keystone to prove that A is
nonnegative in (0,400) x g was the fact that |Dg| > 1 when g = 0. Now, if
we consider the function h it is easy to check that, since R > 1, then |Dh| > 1
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when h = 0. Summing up, we have shown that we can fix the parameters A
and ¢ such that Dyp — Ay > 0 in (0, +00) X Qp.

Let us now suppose by contradiction that 0 < M = SUP(0,7)xQx VR for some
T > 0. For any a > 0 we introduce the function v, r defined by

Va,r(t,x) = vR(t,x) — Ma*™ Y (t + a, x),

for any (t,z) € [0,7] x Qg \ ({0} x Q2NIB(R)). Clearly (D¢ — A+ Xo)va.r <0
in (0,T) x Qr. Take n > 0 such that Aa —en?a~! > 0 and introduce the set

I.r = {z € Qr : min{g(z), h(z)} <n}.

For any = € I, r we have

en?
a®"p(a,x) >2exp | da— — | > 1.
a

By continuity, there exists § > 0 such that, for any ¢ € [0, 6] and any x € I,, g,
a*™YP(t +a,x) > 1.

It follows that v, r < M — M =01in [0,6] x I, .

Since vg(0,-) < 0 in Qg \ I, r, we have v, r(0,) < 0 in Qg \ I r. The
boundedness of Qi and the continuity of u in [0,T) x Qg \ I, r imply that
va,r < 0in [0,6] x (g \ Ip,r) for some ¢ > 0. Hence, v, g is nonpositive in
[0,0] x Qg \ ({0} x 0Q N B(R)).

Applying the classical maximum principle in [§,T) x Qr, we get that v, p <
0 in [§,T) x Qr and, consequently, we obtain that v, r is nonpositive in
[0,T) x Qg \ ({0} x OQR). _

Finally, letting a go to 0, we find that vg < 0in [0,7) x Qr \ ({0} x 0Qr),
and we are done, letting R tend to +o0. [ |

Remark 11.1.4 Observe that the above theorem covers also the case of cer-
tain nonsmooth domains, whose boundaries can be described by a finite num-
ber of functions g; as in the statement. For further details, we refer the reader
to [59, Theorem A.2].

11.2 Existence and uniqueness of the classical solution

In this section we prove that, under Hypotheses 11.1.1, the Cauchy-Dirichlet
problem (11.0.1) has a unique bounded classical solution u (i.e., a function
u € CH2((0, 4+00) x ) which is continuous in [0, +00) x Q\ ({0} x 9€), bounded
in (0,400) x 2 and solves the Cauchy problem (11.0.1)).



306 Chapter 11. The Cauchy-Dirichlet problem

Theorem 11.2.1 Suppose that Hypotheses 11.1.1 are satisfied. Then, for any
f € Cp(Y), the Cauchy-Dirichlet problem (11.0.1) admits a unique bounded
classical solution w. Moreover,

lulloo < 1£1oo

andu >0 if f > 0.

Further, if f € C2t2(Q), then u belongs to C1T*/22+2((0,T) x (AN B(R)))
for any R, T > 0. Moreover, Du belongs to C'+/2:2+e((e, T)x Q') for any 0 <
e < T and any bounded open set Q' CC Q. In particular, Du € C12((0, +00) x
Q).

Proof. Uniqueness follows from Proposition 11.1.3. So, let us prove that the
Cauchy-Dirichlet problem (11.0.1) actually admits a solution with the claimed
regularity properties. We split the proof into two steps. First in Step 1, we
consider the case when f € C?**(Q) and then, in Step 2, we deal with the
general case.

Step 1. Let f € C?*T2(Q). To prove that the problem (11.0.1) admits a
classical solution, we use an approximation argument different from that used
in the proof of Theorem 2.2.1. Instead of approximating the domain, we rather
approximate the coefficients of the operator A. For this purpose, we consider

the sequence of uniformly elliptic operators A with bounded coefficients in
C*(Q) defined by

N N
A(n) = Z qijDij + Zbin)Dz + c(”)u, n €N,
ij=1 i=1
where the coefficients bgn) (t=1,...,N) and ¢ coincide, respectively, with
b; and c in QN B(n), and ¢™ < 0 in Q. Let u,, € C*/22+((0,T) x Q) N
C([0,T] x Q), for any T > 0, be the classical solution of (11.0.1), with A
instead of A (see Proposition C.3.2). The maximum principle in Proposition
11.1.2 yields [Jup]ooc < |floo for any n € N. Let us fix R > 0 and observe
that, since 2 is unbounded and connected, dist(2\ B(R+ 1), Q2N B(R)) > 0.
Since A™ = A™) = Ain QN B(R + 1) for n,m > R+ 1, from the local
Schauder estimates in Theorem C.1.5 (see (C.1.19)), for any 7' > 0, there
exists a positive constant C, independent of n and m, such that

lun — um||01+a/2v2+“((O,T)X(QHB(R))) < Clu, - um”C((O,T)x(QﬁB(RJrl)))
< 20| flloo-

Now, using a compactness argument as in the proof of Theorem 2.2.1, we can
determine a subsequence {u,, } converging in C12(F), for any compact set

F C [0,T] x Q, to a function u € Cl+a/2’2+a([O,T] x ), which solves the

loc

Cauchy-Dirichlet problem (11.0.1) and satisfies |t < ||f]oo- Moreover, by
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the maximum principle in Proposition 11.1.2, we deduce that u is nonnega-
tive, whenever f is. Note that, applying the same arguments as above to any
subsequence of {u,}, one can actually show that the whole sequence {u,}
converges to u in C12(F), for any compact set F C (0,T) x €.

The further regularity properties of the function u follow from Theorem
C.1.4(ii).

Step 2. Now, we consider the general case when f € Cy(Q2). Let {f,} €
C?*2(Q) be a sequence of smooth functions converging to f uniformly on
compact subsets of 2 and such that | f]lcc < | f]oo for any n € N. Moreover,
let u, € C'/22+2((0,T) x (2N B(R))), for any R, T > 0, be the solution
of (11.0.1) given by Step 1, with f,, instead of f. Let us fix € > 0. According
to Theorem C.1.5, for any € € (0,7) we can determine a positive constant C,
independent of n and m, such that

lun — umllcr+arzzraeryx@nBr)) < 2C[fllsos n,m € N.

Now, as in Step 1, we can find out a subsequence {u,,} converging to a
function u € C'+/22+((¢,T) x (2N B(R))) for any &, R > 0, ¢ < T, which
solves the equation Diu — Au =0 in (0,7T) x © and vanishes in (0,7") x 9.

To conclude the proof, it remains to show that w(¢,-) converges to f as ¢
tends to 0T, uniformly on compact sets of €.

For notational convenience, in the rest of the proof we denote by ug the
classical solution to (11.0.1) corresponding to g € C2T(Q).

We fix a compact set K C  and a function ¥ € C?T*(Q) such that
0<¥<1inQ and ¥ =1in K. Moreover, we split

Uny, = U f,, + U(1—9) fr, » keN, (1121)

and we claim that there exists a positive constant C, independent of £ such
that
lua—)f,, ()] < C(A=uy(t,-)), t>0. (11.2.2)

To prove (11.2.2), it suffices to observe that, for any m € N and any ¢ > 0,
Ton () (A=) )] < [fnilloe A= T ()9) < C(A=Tn(t)9),

where {T},} is the semigroup associated with the operator A and let m
g0 to 400, using the fact that (1 — ) f,, and ¢ are compactly supported in
Q. Now, subtracting 9 from both the sides of (11.2.1) and letting k go to
+o00 give

u(t, ) = f| < lugs = f| + C(1 = uy),

for any ¢ > 0. Since 9,9 € C.(Q), then uyy and uy tends, respectively, to 9 f
and 9 as t tends to 0, uniformly in Q. Since ¥ = 1 on K, it follows that u(t, -)
tends to f uniformly on K as ¢ tends to 0F. This shows that actually u is the
classical solution to (11.0.1). The proof is now complete. [ |
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Corollary 11.2.2 The family {T'(t)} defined by T(t)f = u(t,-) for anyt >0
and any f € Cp(Q), where u is the classical solution to the problem (11.0.1),
is a semigroup of positive contractions in Cp(£2).

Proof. The semigroup law (i.e., the equality T'(t + s) = T'(t)T'(s) for any
s,t > 0) and the positivity of the semigroup (i.e., T'(t)f > 0 whenever f > 0)
follow immediately from the maximum principle in Proposition 11.1.3 and
Theorem 11.2.1. [ ]

11.3 Gradient estimates

This section is devoted to prove that, under Hypotheses 11.1.1 and suitable
additional growth assumptions on the coeflicients of the operator A, for any
w > 0 there exists a positive constant C' = C'(w) such that

ewt
I DT () floo < C v t >0, (11.3.1)
for any f € Cy(Q). Of course, it suffices to prove (11.3.1) in some time-domain
(0,T), and then to use the semigroup rule to extend it to all the positive times
(see the proof of Theorem 6.1.7). As mentioned at the very beginning of this
chapter the arguments that we need to prove (11.3.1) differ from those used
in Chapter 6 in the case when Q = RY.
Throughout this section we assume the following additional assumptions on
the coefficients of the operator A. We recall that s is defined in (11.1.3).

Hypothesis 11.3.1 There exist some constants k, M, 3,d;,ds € R, s < 1/2
and § > 0 such that

N
> Dibj()6i&; < (—sclx) + k)¢, req, EcRY, (11.3.2)
i,j=1
N
> bj(x)Djd(x) < M, x € Q;, (11.3.3)
j=1
|De(z)] < B(1 — e(z)), z € Q, (11.3.4)

b(z)] < dye®l®l, reQ. (11.3.5)
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Remark 11.3.2 Observe that if s =0 in (11.3.2) and (2 is star-shaped with

respect to 0, then Hypothesis 11.1.1(v) is a straightforward consequence of the
positivity of —c and the boundedness of ¢;; (¢,5 =1,..., N). Indeed, since

(b(x),z) = (b(0),x) + /O %(b(tm),x)dt

1 N
= (b(0),z) + / > Dibj(tw)wiz;dt,
0 =1
for any x € Q, from (11.3.2) we get
(b(x),z) < (b(0),z) + k|z|?, x € Q.

Hence, if we take ¢(x) = 1+ |z|? for any z € (2, we get
Ap(z) = 2Tr(Q(x)) + 2(b(), x) + c(z)(1 + |z[*)
< 2Te(Q(x)) + 2[b(0)||z] + klz|* + c(2)(L + |z[*).
Since ¢ < 0 and the ¢;;’s are bounded for any ¢,j = 1...., N, we can determine
Ao sufficiently large such that Ap — Mg < 0 and Hypothesis 11.1.1(v) is

satisfied taking as a Lyapunov function the function ¢ : RV — R defined by
o(z) = 1+ |z|? for any z € RV.

Remark 11.3.3 As we will see in Subsection 11.3.4, the gradient estimate
(11.3.1) may fail if we do not assume Hypothesis 11.3.1.

Let us state the main result of this section. Its proof will be given in Sub-
section 11.3.3.

Theorem 11.3.4 Suppose that the coefficients of the operator A satisfy Hy-
potheses 11.1.1 and 11.3.1. Then, the classical solution u to the Cauchy-
Dirichlet problem (11.0.1) satisfies the gradient estimates (11.3.1).

11.3.1 A priori gradient estimates

In this subsection we prove the gradient estimate (11.3.1) assuming some more
regularity on the classical solution u to the problem (11.0.1). To begin with,
let us prove the following lemma which plays a crucial role in obtaining the a
priori gradient estimates.

Lemma 11.3.5 Leta,b,§ be positive constants and let g : [0, +00)%x[0,d] — R
be the classical solution to the Cauchy-Dirichlet problem

g:(t, ) = agrr(t, 1) + bgr(t, 1), t>0, re(0,0),
g(t,0) =0, ¢g(t,0) =1, t >0, (11.3.6)
g(o,r) = 17 T e (0’6)7
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i.e., g € C([0, ] [ ;0]\ ({0} x {0,0})) N CH2((0,T) x [0,0]). Then g, > 0,
grr <0 in (0,400) x (0,8) and there exists a positive constant C such that
0< (tr)<£7’ t>0,r€(0,0) (11.3.7)
— g Y — \/E Y Y ) * b

Proof. The existence and the uniqueness of the classical solution g to the
problem (11.3.6) follows from the results in Section 11.2, where we replace 2
with (0, 4).

To prove that g satisfies the claimed properties, we find out an explicit
representation formula for g. For this purpose, let us consider the differential
operator (B, D(B)) defined by

Bu=au" +bu'  D(B)={uc C*|0,6]): u(0)=u(d) =0}

According to Theorem C.3.6(iv), (B, D(B)) generates an analytic semigroup
{R(t)} of positive contractions in C([0,¢]). Let us introduce the function ¢ :
[0,6] — R defined by

P(r) = q/ eibs/ads, r € [0,4],
0

where ¢ = a(1 — e~%/%)/b. As it is immediately seen, By = 0, ¢(0) = 0 and
() = 1. A straightforward computation shows that g(¢,-) = R(¢t)(1—1) + ¢
for any ¢ > 0. Since the function ¢t — R(t)(1 — %) is analytic in (0,+00)
with values in D(B™) for any n € N (see Theorem B.2.2(iv)), we immediately
deduce that g is a C*°-smooth function in (0, +00) x [0, §]. To show that g, is
nonpositive in (0,+00) x (0,d) we begin by observing that, according to the
maximum principle, we have

0<g(t-) <1, t > 0. (11.3.8)

Hence R(t)(1— 1) < 1— 14 for any ¢t > 0. Moreover, from (11.3.8) we also
deduce that

glt+s,-) = R(t+s)(A—¢) + 7

R(t)R(s)(1— ) + ¢

S R() (A=) + 4 =g(t,),

for any s,t > 0. Therefore, the function g(-,r) is decreasing for any r € (0, 9).
This implies that g:(¢,r) < 0 for any ¢ € (0,+00) and any r € (0,9). From
the differential equation solved by g, we now deduce that

agrr(t, 1) + bgy(t,r) <0, t>0, r€(0,9),

or, equivalently, that

d% (ebr/a g7-) <0.
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Hence, the function r +— e"/%g,.(t, r) is decreasing in (0, §) for any ¢ > 0. Since
g(t,0) =1 and 0 < g < 1, we deduce that g.(¢,d) > 0 and, consequently,
gr(t,-) >0 for any t > 0.
Now, since

1
Grr = E(gt - bgr)a

by difference, we immediately deduce that g, < 0 in (0,400) x (0, ).

To conclude the proof, let us check (11.3.7). For this purpose, we observe
that since {R(¢)} is an analytic semigroup, for any 7' > 0 there exists a
positive constant C' = C(T') such that

C
lager(t, <) + bgr(t,)]oo < 7 te (0,7). (11.3.9)
Now, since C*([0, 6]) belongs to the class J; /5 between C([0,4]) and C?([0, 8])
(see Proposition A.4.4), then there exists a positive constant C' such that

1 1 1
loler oy < Clvls (”U”él([o,a]) + ||U"||§o)
C
< 5z Ivlos + Celvllor o) + Clt”loos (11:3.10)

for any v € C%([0,4]) and any £ > 0. Now, choosing Ce < 1 we deduce that

Ce "
e

||'U||C1([0’5]) S C(E)”’U”oo + (11.3.11)

for some positive constant C(e), blowing up as € tends to 0F. Hence, from
(11.3.9) and (11.3.11), we deduce that

ot < € (5 Ion(t ) ) < 22 4 2l 1)

for any ¢t € (0,T), any T > 0 and some positive constants C; and Cs, inde-
pendent of ¢ € (0,T). Hence, up to replacing ¢ with a smaller constant, we
finally obtain that, for any T > 0, there exists a positive constant C' = C(T)

such that o
lgrr(t Yoo < =7 te(0,7).

Now, from the first part of (11.3.10) and (11.3.11), we get

lgv (. Yoo < Clla(t, N E gt )% < Clgrr(t. )% t>0,

where C is independent of ¢ > 0, and we immediately get (11.3.7). This finishes
the proof. ]

Taking advantage of Lemma 11.3.5, we can prove the following a priori
gradient estimates on the boundary of €.
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Proposition 11.3.6 Assume that Hypotheses 11.1.1 and the estimate (11.3.3)
are satisfied. Then, there exists a positive constant Cy depending on kg, M, 6, T
and the sup-norm of the diffusion coefficients g;; (i, = 1,...,N) such that
any bounded classical solution u of (11.0.1), differentiable with respect to the
space variables in (0,T) x Q, satisfies the estimate

Co
Vit

Proof. For any = € Q5 (see (11.1.3)) let &(x) be the unique point on OS2
satisfying | — £(z)| = d(z). Then, we can write

Dut, )] < 2| flee,  te(0,T), € €O (11.3.12)

z = ¢(z) — d(z)v(¢(z)),

where v(&) is the outer unit normal to 9Q at £&. Moreover, Dd(z) = —v(£(z))
for any x € 5. To proceed, we observe that, since u = 0 on 012,

puto)l = S|, >0 econ

Hence, in order to prove the claim it is enough to show that

(T)1)(z) < % d(z), te(0,7), xeQs, (11.3.13)

for some Cp as in the statement of the proposition, where {T'(¢)} is the semi-
group defined in Corollary 11.2.2. Indeed, once (11.3.13) is proved, using the
fact that the semigroup is order preserving, for any f € Cp(Q2), any & € 9
and z = £ 4 d(z)v(§), we can write

(T@) ) (@) = (T @) )] = (TS (@)] < | floo(T )N (2) < %d(x)llfllom
(11.3.14)

and (11.3.12) easily follows dividing both the first and the last side of (11.3.14)
by d and letting x go to &.

To prove (11.3.13) we use a comparison argument. For this purpose, let
z:(0,T) x Qs — R be the function defined by

z(t,x) = g(t,d(x)), t>0, x €y,

g :[0,400) x [0,6] — R being the solution to the problem (11.3.6), where we
take a = ko and b = My := sup,.cq(A—c)d (which is finite, since the diffusion
coefficients are bounded and the drift b satisfies (11.3.3)). By (11.3.7) we know
that

C

|Z(ta$)| = g(t,d(I)) < %d(x)v

t>0, z ey,



11.3. Gradient estimates 313

for some constant C' depending on the same quantities as in the statement of
the proposition. Thus, to prove (11.3.13) we have only to show that

(T(®)D(x) < z(t,x), t>0, z€Qs. (11.3.15)

Let us consider the function v = z — T(-)1 in (0,+00) x Q5. In view of
the assumptions on (2, the function d is in C?(Qs) and, consequently, v €
C2((0,4+00) x €s), it is continuous in [0, +00) x Q5 \ ({0} x 9Qs), bounded
in (0, 400) x €25, and nonnegative in (0, 4+o00) x 98 U ({0} x Q5). Moreover,

N
Dy — Av = <I€o - Z QijDidDjd> grr(+,d(+))
=1

+(Mo — Ad + cd)g, (-, d(-)) — cg(-,d(-)) = 0,

since g, gr, —grr are nonnegative. The maximum principle in Proposition 11.1.3
now yields (11.3.15) and it concludes the proof. [ |

The following proposition provides us an a priori estimate of Du.

Proposition 11.3.7 Let Hypotheses 11.1.1 and 11.3.1, but estimate (11.3.5),
be satisfied. Then, for any T > 0, there exists a positive constant C, depending
on ko, k,s,08,T and |DQ| oo, such that

IDu(t, oo < %nfnoo, te(0,7), (11.3.16)

for any bounded classical solution u of (11.0.1) such that
(1) Du belongs to C12((0,+00) x Q);

(i) V't |Du| is continuous in [0, +00) x Q\ ({0} x 99), bounded in (0,T) x §
for any T > 0 and it satisfies

lim vt|Du(t,z)| = 0, x €,
t—0t

as well as the gradient estimate (11.3.12).

Proof. Changing ¢ to ¢ — 1 (hence u to e *u) we may assume that |Dc| <
—pc (see (11.3.4)). To get (11.3.16) we apply the Bernstein method. For this
purpose, we define the function

v(t,x) = |u(t,z)|* + at|Du(t,z)|?, t>0, x€Q,

where the constant a > 0 will be chosen later. Due to assumptions (i) and (ii),
v belongs to C12((0, +00) x ), it is continuous in [0, +00) x O\ ({0} x 99Q),
bounded in (0,+oc) x € and v(0,-) = f2. We claim that we can fix a > 0,
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depending only on ko, h,k,s,[,T and |DQ|e (which is finite, since ¢;; €
C}(Q) for any i,j =1,...,N), such that

Dy(t,z) — Av(t,z) <0, te (0,T), z €. (11.3.17)
Proposition 11.1.3 and estimate (11.3.12) will imply that

v(t.2) < |flee+  sup  at[Du(t, ) < (1+aCHIfI%,
(t,£)€(0,T)x 00

for any ¢ € (0,T) and any = € Q. Therefore, the estimate (11.3.16) will follow
with C' = (C2 +a~1)1/2.
To prove (11.3.17) we observe that v satisfies the equation

N
Dy — Av = a|Du|2 -2 Z ¢i; Div Dju + g1 + g2,
ij=1
where
N N
g1 = at<2 Z D;b; D;u Dju + QUZ Dj;cDju+ c|Du|2> + cu?,
ij=1 =1

N N
go = 2at< Z DhqithuDiju— Z qijDihuDjhu>.
i,j,h=1 i,7,h=1

Using Hypothesis 11.3.1 and the inequality 2ab < ca? 4+ ¢~ 16, which holds
for any a,b,e > 0, and recalling that ¢ < 0, we can easily show that, for any
e >0,

DguAvﬁc(lgt)uQ

+ {a — 2Ko + at [ka —(2s—1)c+ % - ﬁec} } | Dul?

+(e| DQ|we — 2k0)at | D>ul?. (11.3.18)

Recalling that 2s < 1 and choosing £ < min{2k¢|DQ|c, (1 — 2s)37 '}, from
(11.3.18) we get

D
Dw—Av <c (1 - ?T) u? + {a2n0+aT [2k+ %]}|Du|2

Now, taking a small enough, we get immediately (11.3.17). [ ]
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11.3.2 An auxiliary problem

As a second step, in order to prove Theorem 11.3.4, in this subsection we
introduce an auxiliary problem set in LP-spaces. We still consider an elliptic
operator A of the type (11.0.2), but we assume that its coefficients satisfy the
following set of hypotheses.

Hypotheses 11.3.8 (i) the coefficients ¢;;, b; (i,7 =1,...,N) and ¢ sat-
isfy Hypotheses 11.1.1(ii) and 11.1.1(iv);

(ii) there exist 0 < o < 1/2k¢ and [ > 0 such that
@) < -1, |De(@)| < Ble(a)],  |b(a)| < ole(@)|2,  weQ.

We are going to show that, under the previous hypotheses, the operator A
generates an analytic semigroup in LP(2), for any p > 2. For this purpose we
adapt the ideas of [26, 27, 119], where the case = R" is considered.

We introduce the space D, defined by

D, = {u e W2P(Q)nW,"(Q) : cu € LP(Q)},
and we endow it with the norm
lulp, = lulwzr@) + lculze @), u € Dp. (11.3.19)

As it is immediately seen, D, is a Banach space when it is endowed with the
norm in (11.3.19). Moreover, we consider the dense subspace D of D), defined
as follows:

D={uecC>®0Q): u‘

00 = 0, suppu CC Q}.

Finally, we denote by Ag the operator defined on smooth functions by
N
Aop = > 4 Dijep,
i,j=1

and by A, the realization of the operator A in D, defined by A,u = Au for
any u € D.

In what follows to shorten the notation we denote by || - ||, and | - |,
(4 = 1,2) the usual norms of LP(Q) and W/ (), respectively.

Lemma 11.3.9 For any p > 2 there exists a positive constant C', depending
on N,p,3, R and the coefficients q;; (i,j =1,...,N), such that

lle]/2Dull, < el Aoul, + Ce™* (fullp + leully), (11.3.20)

for any 0 <e < R and any u € D.
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Proof. Fix u € D. Integrating by parts and using the fact that v = 0 on
0 and p > 2 we obtain

/|c|%|Du|de:/ lc|? | DulP~2| Dul?dx
Q Q

= B/ le|? Y (De, Du)| DulP~ *udx
2 Ja
N
f(p72)/ﬂ |e| 2 u|DulP~* Z ijuDiuDjud:c
ij=1
—/ le|2 u|DulP~2 Au da.
Q

Using the Holder inequality, and observing that, by Hypothesis (11.3.8)(ii),
|De| < Ble| < ﬁ|c|%, we get

/ c%| DulPdz
Q

<o / | DufP~ ¢ *F |elda
2 Jo

o= 24 V) [ 187 Dul el ul| Duldo
Q

1-1 1
< ([ rpapac) ([ ieplura)
2 \Ja Q
1-2 1 1
+(p2+\/ﬁ)</ |c|‘£|Du|de) </ |c|p|u|pd:c> (/ |D2u|pda:) :
Q Q Q

or, equivalently,

1 ﬁp 1
[l Dul; < — leulpllel Dullp +(p — 2+ VN)[le | D*ull,.

It follows that

1 Bp / 1 1
llel= Dulp < =~leuly +p—2+ VN Jleul3 | D?ul;

< Ce Heulp + e[ D?ull,,

for any € € (0,1), with C' depending on 3, p, and the statement follows with
| D?ul|,, instead of |Aou|,. To complete the proof it suffices to observe that

| D?ull, < C(llullp + [ Aoul), (11.3.21)
n

for some positive constant C, independent of u (see [66, Lemma 9.17]).
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In what follows to simplify the notation we set
N
a&n) = > a&my,  &EmeRN. (11.3.22)
i,j=1
Moreover, we introduce the function &’ : RV — R defined by

bi(x) = bi(x) — ZDjQij($)7 x €.

From Hypotheses 11.3.8 we obtain that
V' (2)] < ole(z)|® + K, (11.3.23)

for a positive constant K depending only on the sup-norm of the gradient of
the diffusion coefficients.

Proposition 11.3.10 For any p > 2 there exist two constants Ao and A\
such that

=20l < M — Apulp, > Ao, (11.3.24)

Ci|ullp, < ||Au — Apul, < Co|ulp,, A > A, (11.3.25)

for any u € D and some positive constants Cy,Cy depending only on A\, N, p,
B, o, ko and the sup-norm of the coefficients q;; (i,j=1,...,N).

Proof. To shorten the notation, we denote by C' any positive constant
depending at most on A\, N, p, 5,0 and the coefficients ¢;; (4,5 = 1,...,N),
which may vary from line to line.

To prove (11.3.24) we multiply the identity f = Au — Apu by ul|u|P~2 and
integrate by parts over 2. We get

/ (A — O)ulPdz + (p— 1) / luP~2¢(Du, Du)dz
Q Q
= / uluP~2 fdx + / ululP~2 V', Du)dz. (11.3.26)
Q Q
Using (11.3.23), the Cauchy-Schwarz and Young inequalities we deduce that

/u|u|p*2 (b’,Du}d:cgo/ |c|%|u|p*1|Du|da:+K/ |u|P~ | Du|dx
Q Q Q

2 2
< 0(/ |c||u|pdzv) (/ |u|p_2|Du|2da:)
Q Q
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1 1
2 2
+K(/ |u|p2|Du|2dm) (/ |u|pdx)
Q Q
1 o’ —2 2
< — [ |dJufPdx + — | |ulP”*|Dul*dx
2 Ja 2 Ja

K2
+g/ |u|p_2|Du|2dx+—/ lufPda. (11.3.27)
Q de Jo

Combining (11.3.26) and (11.3.27) gives

K? 1
<)\ —)/ |u|Pdx + —/ |c||u|Pdx
4e Q 2 O

2
+ ((p — 1)Ko — 7 - 5> / |u|P~2| Du|*dz
2 0

< (/Q|f|”dx); (/Q |u|pdm)1_%. (11.3.28)

Since 0 < 0 < v/2kg, p > 2 and ¢ < —1, we can fix e sufficiently small and,
then, take A > )Xo := K?/(4¢) to make all the terms in the left-hand side of
(11.3.28) nonnegative. The estimate (11.3.24) now easily follows.

Let us now show the first inequality in (11.3.25). We begin by estimating
cu. For this purpose, we multiply the identity Au — Ay,u = f by |¢[P~ uju[P~2
and integrate by parts over Q. Taking (11.1.1) into account, we obtain

/Q()\|c|p_1 + |c|P)|ulPdx + Ko(p — 1)/Q [P~ ulP~2| Dul?dx

< [N e fulde + (o =1) [ 1Pl 2a(Du Duyds

= (p—1)/9|c|”_2u|u|”_2q(Du,Dc)d:c+/Q|c|p_1u|u|”_2<b',Du>da:
+/Q|c|p—1u|u|p—2fdx. (11.3.29)

Let us estimate the last side of (11.3.29). Arguing as in the proof of (11.3.27),
we get

‘ / [P~ u|u[P~2 (b, Du)dx
Q

o? 1 9 9 1 K? 1
< (G +e) [ el 2pulds + 5 [ (elulrde + o [ 1epaps,
2 Q 2 Q 45 Q

(11.3.30)
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for any € > 0. Similarly, using Hypothesis 11.3.8(ii), we get

/ P2l lg(Du, Do)\ de
Q

< 1Qls [ el *|Deljul” ™! Duldo
Q

1 1
2 2
< IIQlloo6< / |c|P1|u|p2|Du|2da:) ( / |c|p1|u|f’da:)
Q Q

2 32
< 5/ |c|p_1|u|p_2|Du|2dx+M/ |e[P~t |ulPda. (11.3.31)
0 e Ja

Summing up, from (11.3.29)-(11.3.31) we get

2 2 22
<>\{4(_g(p IIQII s >/| P~ YulPdz + = /IcIPIUI”dﬂf

+ ((p — 1) (ko —¢€) — % - 5) / |c|p*1|u|p*2|Du|2d:c
Q

([ Ifl”daf)%( / |c|p|u|pdx)1 '

Hence, choosing e sufficiently small and, then,

K+ (p— )IIQIIQﬁ2
4e

A > A\ =

we get
leuly < 2] 715 (11.3.32)

We now use Lemma 11.3.9 with ¢ = (20)~! to estimate the second-order
derivatives of u. We have

|6, D), < ollle|Z Dul,

1
< 5 Moully + 20*Clull, + 20°Cleull,

1 1 1 A
< 311+ 310Dl + (5 202 leuly + (5 +20%C)

Hence, taking (11.3.24) and (11.3.32) into account, we get |(b, Du)||l, < C| fll,
and, then, by difference, |Aoul, < C|f[,. From (11.3.21) we get | D?u, <
C| flp- Moreover, since ¢ < —1, from (11.3.20) we deduce that

| Dulp < Clf -

Now, the first inequality in (11.3.25) follows.



320 Chapter 11. The Cauchy-Dirichlet problem

To prove the other estimate in (11.3.25) it suffices to show that
16, D) < Clulp,, (11.3.33)

for any u € D, and this can easily be done, taking (11.3.20), with € = 1, and
Hypothesis (11.3.8)(ii) into account. [ |

Remark 11.3.11 The estimate (11.3.33) and the density of D in D, show
that the operator A, is well defined in D,. We still denote by A, the oper-
ator so extended to D,. Of course, such an operator satisfies all the results
in Proposition 11.3.10. In particular, by (11.3.25), the graph norm of A, is
equivalent to the norm of D,,.

Proposition 11.3.12 For any p € [2,+00), (Ap, Dp) generates a strongly
continuous analytic semigroup {S(t)} in LP(Q).

Proof. Without loss of generality, we replace A with the operator B, =
A, — kI, defined in D(B,) = D,, where k > 1 is a suitable positive constant
to be fixed.

We split the proof into two steps. First we prove that B, generates a strongly
continuous semigroup in LP(€2) and then, in Step 2, we show that such a
semigroup is analytic.

Step 1. To begin with, we fix ¢’ € (0,1/2Kg) and k > 0 sufficiently large
such that )
' (z)| < o'l (z)]2, T €, (11.3.34)

where ¢ = ¢ — k. Since now we can take K = 0 in (11.3.23), the estimate
(11.3.28) implies that B, is dissipative in LP().

Let us show A— B, is surjective for some A > 0. The Lumer-Phillips theorem
(see Theorem B.1.7), then, will imply that B, is the generator of a strongly
continuous semigroup of contractions. For this purpose, for any € > 0, we set

b , c
——— o =
V1—¢c 1—cc

As it is immediately seen, b. and ¢, satisfy Hypothesis 11.3.8, uniformly with
respect to € > 0 with the same constants ¢ and [, provided that &k > 1.
Since b, and c. are bounded, the realization B. , of the operator B. = Ag +
(be, D) + ¢, in LP(), with domain D(B.,) = W2?(Q) N W, (), generates
an analytic semigroup (see Theorem C.3.6(ii)). Moreover, (11.3.24) implies
that there exists A\g such that

be =

— k. (11.3.35)

(A =Ao)lully < [Au = Be pulsp, uw€ D(B:p), A> o,

for any ¢ > 0. Since D(B. ;) is dense in LP(Q), applying the Lumer-Phillips
theorem to the operator B., — Agl, we easily deduce that the resolvent of
B. , contains the half-line (Ao, +00) for any ¢ € (0,1).
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Now, given f € LP(Q), let u. € W22(Q) N W, P(Q) be such that (2A¢ —
Bc p)us = f. According to Proposition 11.3.10 we know that

luclap + llcctelp < Clfp,

for some positive constant C, independent of . By a weak compactness ar-
gument, we can determine a sequence {e,} converging to 0 such that w.,
tends weakly to a function u in W2P(Q) N W, P (Q). Moreover, we can assume
that u., tends to u both strongly in Wﬁ)f (Q) and a.e. in Q. Applying Fatou’s
lemma, we easily see that |cu|, < C|f|,. Hence, u € D(Bp). Similarly, it is

easy to check that u solves the differential equation Au — Bpyu = f. Therefore,
the operator 2\g — B, is surjective, and the Lumer-Phillips theorem applies.

Step 2. We now prove that the semigroup {R(t)} generated by B, is ana-
lytic. For this purpose, we fix u € D and set u* := u|u[P~2. An integration by
parts shows that

-2
fRe/ u* Bpudx = Re/ <g|u|p_2q(Du, Du)+ pTﬂ2|u|”_4q(Du, Du)> dx
Q Q

fRe/ﬂ|u|p*2 (b, Du) da:f/c’|u|pda:, (11.3.36)
Q Q

where ¢ is given by (11.3.22). Since
Re (|u|?*q(Du, Du)) = q(Re(@Du), Re(wDu)) + ¢(Im(uDu), Im(aDu))
(11.3.37)
and
Re (@%q(Du, Du)) = q(Re(@Du), Re(@Du)) — q(Im(wDu), Im(wDu)),

(11.3.38)
from (11.3.36)-(11.3.38) we easily deduce that

fRe/ u* Bpudx = (p — 1)/ |ulP~*q(Re(@Du), Re(@Du))da
Q Q

[ gt )

7/ |u|P—2 (b’,Re(ﬂDu))d:cf/c’|u|pda:. (11.3.39)
Q Q

The condition (11.3.34) and the Holder inequality imply that

/ lulP~2 (¥, Re(uDu))dx
Q

<o / 1'|} [Re(@Du) | |u*~2dz
Q
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1 1
2 2
<o (/ |c’||u|pdx) (/ |u|p4|Re(UDu)|2dx)
Q Q
2

\;;—0(/9 IC'Ilul”dx)% (/Q |U|p_4q(Re(ﬂDu),Re(ﬂDu))daz) . (11.3.40)

If we set

<

F? ::/ |u|P~*q(Re(@Du), Re(@Du))dz,
)

G2 = / luP~*q(Im(@Duw), Tm(7Du))d,
Q

H? = / /| |ulPde,
Q

from (11.3.39) and (11.3.40) we get

* (0/)2 2 9 1,9
—Re [ v Bpude > |p—1—-———— |F*+G"+ -H". (11.3.41)
Q 2%0 2

Now, we consider the imaginary part of fﬂ u* Bpudx. Integrating by parts,
we can easily show that

-2
Im/ u* Byudx = —Im/ (g|u|p_2q(Du,Dﬂ)+p 5 62|u|p_4q(Du,Du)) dx
Q )
+Im/ TlulP~2 (b, Du) dx. (11.3.42)
Q

Since Im(q(Du, Du)) = 0 and Im(q(wDu,uDu)) = 2q(Re(uDu), Im(uDu)),
we get

Im/ u* Bpudx = (p—2)/ |ulP~*q(Re(@Du), Im(@Du))dx
Q Q
+Im/ﬂ|u|p_2 (', Du) dz. (11.3.43)
Q

Using, first, the Cauchy-Schwarz inequality for the inner product induced by
the matrix @) and, then, the Holder inequality, we can show that

< FG,

/Q|u|”_4q(Re(ﬂDu),Im(ﬂDu))d:c

whereas the other term in the right-hand side of (11.3.43) can be estimated
as in (11.3.40), replacing everywhere the real part of wDu with its imaginary
part. Summing up, we get

‘Im/ u* Bpudz
Q

a_l

< (p-2)FG+ ——GH. (11.3.44)

NG
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Combining (11.3.41) and (11.3.44), it follows that we can determine a positive
constant C such that

Im/ u* Bpudz| < C (—Re/ u”* Bpudx) , (11.3.45)
Q Q

for any u € D. By density, (11.3.45) can be extended to any u € D(B,).
Formula (11.3.45) immediately implies that the numerical range r(B,) of

B, is contained in the sector {A € C : ImA| < —CRe A} so that, applying

Theorem A.3.6, we can complete the proof. [ |

To conclude this subsection we show some regularity properties of the func-

tion S(-)f.

Proposition 11.3.13 Letp > N+ 1. Then, for any f € C°(Q) the function
u = S(-)f is the bounded classical solution of the Cauchy-Dirichlet problem
(11.0.1). Moreover, u € C*te/22+2((0,T) x (Q N B(R))) for any R > 0.
Further, Du € Cy([0,T] x Q) N C1 /224 (¢ T) x Q') for any 0 < e < T,
any ¥ CC Q and any R > 0 and it belongs to C*+*/2:2+((0, T) x (QNB(R))).

Proof. Fix f € C°(2) C D(Ap). Since C°(Q) is dense in LP(£2), according
to Proposition 11.3.10 and Remark B.2.6, the function ¢t — S(¢)f is continuous
in [0, +00) with values in W2P(Q). Since p > N + 1, the Sobolev embedding
theorems (see [2, Theorem 5.4]) and Remark B.2.6 imply that both v and Du
are bounded and continuous in [0, 7] x Q for any 7' > 0. To conclude that u is
a classical solution to (11.0.1), we have to show that u € C12((0,4+00) x Q).
Since {S(¢)} is analytic, the function u is continuously differentiable in [0, +00)
with values in W2P(Q) (see again Remark B.2.6). The Sobolev embedding
theorems yield Dyu € C([0, 4+00); Cp(2)).

Now, fix € € (0,T) and set

7= sup (||u(t, Mwzr @ + | Deult, -)||W2,p(m). (11.3.46)
e<t<T
Since u(t,-) € D(A}) for any ¢ € [¢,T] and any n € N, the function Aj,uf(t,-)
belongs to W2?(Q). Observing that

Tr(QD?u(t,-)) = Ayul(t,-) — (b, Du(t,-)) — cu(t,-)
= Dtu(ta ) - <b7 Du(ta )> - Cu(ta ')a le (EaT]a
and u(t,-) € W22(Q), by difference, we deduce that Tr(QD?u(t,-)) € WLP(Q).

loc
By local regularity results for elliptic equations in LP-spaces, we deduce that
u(t, ) € Wﬁf(ﬂ) for any t € [¢,T] (see Theorem C.1.1). Moreover, since the

coefficients of the operator A are locally bounded in €, from (11.3.46) we
deduce that, for any pair of bounded open sets £y CC Qs CC €2, it holds that

lu(t, wse .y < Cr (1Apult, ) = (b, Dult,-)) — cu(t, ) lwre () + lul Lry))
< Cor, (11.3.47)
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for some positive constants C; = C1(21,Q2) and Co = C3(21,2) and any
t € [, T]. We have thus proved that D?u(t,-) € WHP(Qy) for any t € [, T].
Since p > N + 1, the Sobolev embedding theorems imply that D?u(t,-) €
C%(Qy) for some 6 € (0,1) and, by virtue of (11.3.47),

sup [|D*u(t,-)|coq,) < +oo. (11.3.48)
e<t<T

Now, without loss of generality, we assume that {2; has a smooth boundary.
Therefore, applying Proposition A.4.6 with X = C(Q;), Y = C**0(Q0y), Z =
C%(Q4), I = [¢,T] and § = 0 (and taking Proposition A.4.4 into account), we
immediately deduce that D?u € C([e,T] x Q1) and the arbitrariness of ¢, T
and € implies that D?u € C((0,4+00) x ). We have so proved that u is a
classical solution to the problem (11.0.1).

The last part of the assertion follows from Proposition 11.1.3 and Theorem
11.2.1. This finishes the proof. [ |

11.3.3 Proof of Theorem 11.3.4

To prove that the bounded classical solution to the Cauchy-Dirichlet problem
(11.0.1) satisfies the gradient estimate (11.0.3) we use an approximation ar-
gument. First we prove the assertion in the case when f € C°(Q) and, then,
in the general case.

Step 1. Let f € C°(f2). For any ¢ € (0,1), let c. : RN — R be defined by

ce(z) = —eexp (4dz/1 + |]?), xRV,

Taking (11.3.5) into account, it can be easily shown that for any o > 0 there
exists Cy e > 0 such that

b] < olee +¢|Y? + C,e. (11.3.49)
Moreover, using (11.3.4), we get
|D(c: 4+ ¢)| < Bo(1 —cc — ), (11.3.50)

where 3y := max(3,4ds), 8 and ds being given by (11.3.4) and (11.3.5).

Let A, = A+ c. — k. Taking (11.3.49) and (11.3.50) into account, one can
check that, if k is sufficiently large, the operator A. satisfies Hypotheses 11.3.8
with 3,0 being replaced by 3y and some o’ € (00, /2f0). Hence, it generates
an analytic semigroup {S.(¢)} in L?(Q) for any p > 2. By Proposition 11.3.13
we know that if p > N + 1, the function u. = Sc(+) f is the bounded classical
solution to the problem (11.0.1), where we replace A with the operator A..
Moreover, Du, is bounded and continuous in [0, T] x €, for any T > 0, and it
belongs to C12((0, +00) x Q). Hence, u. satisfies the assumptions of Proposi-
tion 11.3.7. Since the coefficients of the operator A, satisfy Hypotheses 11.3.1
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with constants being independent of € € (0,1) (see (11.3.49) and (11.3.50)),
we can find out a positive constant C' = C(T'), independent of €, such that

C
IDus(t ) € —lfler tE (O.T) (11.3.51)

Since, for any a € (0, 1), the C®-norms of the coefficients of the operator
A are bounded, in bounded subsets of €2, uniformly with respect to €, argu-
ing as in Step 1 of the proof of Theorem 11.2.1, we can show that, up to a
subsequence, u. converges to T(+) f in C*2([0,T] x (2N B(R))), for any R > 0,
as € tends to 0*. Moreover, letting € go to 07 in (11.3.51), we get

C
DT () flloo < 7

and the assertion follows in this case.

1f 1o te(0,7), (11.3.52)

Step 2. Given a function f € Cp(Q2), we approximate it by a sequence
{fn} € C*(Q) of smooth functions converging to f uniformly on compact
subsets of Q and such that || fn]co < | f]loo for any n € N. Arguing as in Step
2 of the proof of Theorem 11.2.1, we easily see that, up to a subsequence,
T(-) fn converges to T(-)f in C12(F) for any compact set F' C (0,T) x Q and
any T > 0. By (11.3.52), we know that

C C
IDT'(t) frlloe < %Ilfnlloo = %”f”om te (0, 7).

Letting n go to 400, we get the assertion. [ |

11.3.4 A counterexample to the gradient estimates

In this subsection we show that the gradient estimate (11.0.3) fails, in gen-
eral, if Hypothesis 11.3.1 is not satisfied. The following result generalizes an
example in [144].

Example 11.3.14 Let us consider the following Cauchy-Dirichlet problem
in RZ = {(z,y) € R?, z >0}
Dyu(t,z,y) = Au(t, z,y) + g(y) Dou(t, z,y), t >0, (z,y) € R3,
u(t70’y):07 t>07y€R7

u(0,z,y) = 1, (z,y) € RE,
(11.3.53)
where g(y) = y/1 + y? for any y € R.
Observe that (11.3.3) fails. Indeed, in this situation d(z,y) = x and, conse-
quently, the condition (11.3.3) reads as

V1t+y2 <M, (z,y) € Q5 = {(x,y) e R? : z € (0,0)},
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which, of course, leads us to a contradiction, letting y go to oco. However, The-
orem 11.2.1 guarantees that the problem (11.3.53) admits a unique bounded
classical solution u. Since €) is convex, to prove that the gradient estimate
does not hold, it suffices to show that, for any ¢t > 0, u(¢,) is not uniformly
continuous in 2. This can be done showing that, for any ¢,z > 0,

supu(t, z,y) = 1. (11.3.54)
y>0

Indeed, if wu(t,-) were uniformly continuous in Ri, then, for any ¢t > 0, the
function  — wy(z) = sup,~ u(t, z,y) would be continuous in [0, +00). Since
w(0) = 0, we would get wi(z) < 1 for any « in a sufficiently small neighbor-
hood of z = 0, contradicting (11.3.54).
To prove (11.3.54), we fix n > 0 and take r, = v/n? — 1. Moreover, we
denote by v = v, the classical solution to the problem
Duw(t,z,y) = Av(t,z,y) + nDyo(t, z,y), t>0, (x,y) € Ry,
v(t,z,y) =0, t>0, (z,y) € ORn,

v(0,z,y) =1, (x,y) € Ry,
where R,, = (0, +00) X (r,, +00). We are going to show that for any ¢,z > 0

() T sup va(tzy) =1 (i) ult,z,9) > va(t,,y), neEN.
notooy Sy,
(11.3.55)
Clearly (i) and (ii) give (11.3.54). Indeed, they give sup,~qu(t,z,y) > 1 and

the maximum principle in Proposition 11.1.3 implies that u < 1.

Let us prove (11.3.55)(i). We look for the solution vy, in the form v, (¢, z,y) =
an(t, )by (t,y), with a = a, and b = b, solving, respectively, the Cauchy
problems

Dia(t,x) = Dyga(t, ) + nDya(t,z), >0, >0,
a(t,0) =0, t>0, x>0,
a(0,z) =1, x>0

and
Dtb(tvy) = Dyyb(t7y)a t > 0; Yy > Tn,
b(t,rn) =0, t>0, (11.3.56)
b(an):]-a Y >Tn.

To obtain an explicit formula for a,, we begin by observing that a,(t,z) =
a1(nt,nx). Next, setting z(t,x) = e®/2e'/*a;(t,x), we see that z solves the
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Cauchy problem

Dyz(t,x) = Dypz(t,x), t>0, x>0,
2(t,0) =0, t>0, (11.3.57)
2(0,z) = €3, x> 0.

Due to the well known representation formulas for the solutions to (11.3.56)
and (11.3.57), we can write

+‘X’ _na—=z|2 _Inatz|? L
4n2t — e 4n2t )e 2
n\/47r

s [T g (11.3.58)
S — e S 0.
\/_/ a‘+wt ﬁ [L‘—nt ’

2

an(t,z) =

1 Y—"Tn L2
b (t,y) = ﬁ/o et dz,

for any t,x > 0, any y > r, and any n € N. Hence,

sup an(t, z,y) = an(t,z) sup by(t,y) = an(t, x).
Y>rn y>rn
Letting n go to +o00, from (11.3.58) we immediately get (11.3.55).

To prove (11.3.55)(ii) we use the maximum principle in Proposition 11.1.3.
Set w = u—wy, in (0,4+00) X R,. We have w = 0 in {0} X R,,. Moreover, w > 0
n (0,+00) X OR,,. Indeed, the quoted maximum principle implies that u > 0
in (0, +00) x Q. To conclude that u > v,, in (0, +00) x R%, it suffices to show
that

th(ta z, y) 2 Aw(ta z, y) + g(y)Dzw(ta z, y)a t> 0) (l‘, y) € Rn
(11.3.59)
For this purpose we observe that

th(ta ac,y) = Aw(t7x’y) + g(y)wa(t,x,y) + [g(y) - n]Dl‘an(t7x)bn(t7y)’

for any t > 0 and any (z,y) € R,. From (11.3.58) we easily deduce that a,(t, -)
is increasing in (0, +00). Therefore, since y/1 + y2 > n for any y € (ry, +00),
it follows that [g(-) — n]Dyanb, > 0 in (0, +00) x R, and (11.3.59) follows.

Remark 11.3.15 We remark that, if we take g(y) = —+v/1 + 2 in (11.3.53),
then Hypotheses 11.1.1 and 11.3.1 are satisfied. Therefore, the gradient esti-
mate (11.0.3) holds. This shows that (11.3.2)-(11.3.5) are not merely condi-
tions on the growth rate at infinity of the coeflicients.



328 Chapter 11. The Cauchy-Dirichlet problem

Remark 11.3.16 As it has been claimed in the introduction of this chapter,
as far as we know, uniform estimates for higher order derivatives of the func-
tion T'(t)f seem to be not available in a general domain €. This prevents us
to perform the same techniques as in Chapter 6 to prove optimal Schauder
estimates for both the nonhomogeneous elliptic problem with Dirichlet bound-
ary conditions and the nonhomogeneous Cauchy-Dirichlet problem associated
with the operator A.

The situation is different when €2 is an exterior domain. Indeed, very re-
cently, estimates for the higher-order derivatives of the function T'(¢)f have
been proved in [71].

We remark that in the particular case when Q is the halfspace Q = {z €
RY : (z,v) > 0} (v being an unitary vector in RY) and A is the operator
defined by

N
Au(z) = Au(x) + Z bijzjDiu(x), x € £,

ij=1

where B = (b;;) is a matrix such that v is an eigenvector of both B and B*,
optimal Schauder estimates for the elliptic problem

{)\u(x) —Au(x) = f(z), x €,

(11.3.60)
u(z) =0, x € 09,

(A > 0), are available and they have been proved by E. Priola in [127]. To state
them, we need to introduce some notation. We denote by A any orthogonal
matrix such that A(Q) := RY = {z = (z1,...,2n) € RV : 21 > 0}. Moreover
we set B = ABA* and we denote by By € L(RY~1) the matrix obtained from
B by erasing the first line and the first row.

Assuming that f € C2(RY) for some a € (0,1), E. Priola shows that, for
any A > 0, the problem (11.3.60) admits a unique solution u € C; ™ (RY) if
and only if

[/ = sup ¢ 3[F(A710, 7)) = F(AT(0,))] < +oo.

In such a case, there exists a positive constant C, independent of f, such that
”“”c,f*a(m < C(A+ 1 flog@yy)-

This result shows that, differently from what happens when Q = RY, when
we have Dirichlet boundary conditions on 9 (and € is not an exterior do-
main), we cannot expect, in general, to prove optimal Schauder estimates for
the solution to the elliptic equation in 2, only assuming that the data are
Holder continuous in €2: we need to assume some additional conditions on
them.



Chapter 12

The Cauchy-Neumann problem: the
convex case

12.0 Introduction

Let Q be a smooth convex unbounded domain in RY. In this chapter we
consider both the parabolic problem with homogeneous Neumann boundary
conditions

Dyu(t, x) — Au(t,z) =0, t>0, ©e,

@(t, z) =0, t>0, x€oQ, (12.0.1)
ov
U(O,l‘):f(l‘), r €

and the elliptic problem

Au(z) — Au(z) = f(x), x€Q,
ou (12.0.2)

(@) =0, z €09,

when f € Cy(Q). Here, A is given, as usual, by

N N
Ap(x) = Y aij (@) Dijp(w) + Y bj(x) Dip(w) + c()p (), z €,
ij=1 j=1
(12.0.3)
on smooth functions and v(z) denotes the outer unit normal to 92 at « € 9.
Under suitable assumptions on the coefficients of the operator A, we show
that the Cauchy-Neumann problem (12.0.1) admits a unique classical solution
u (i.e., a function u € C(]0, +00) x Q)NC%L((0, +00) x Q)NCL2((0, +00) x Q)
solving the Cauchy-Neumann problem (12.0.1) pointwise) which is bounded
in (0,7) xQ for any T' > 0). This will allow us to associate a semigroup {7T'(¢)}
of bounded operators with the Cauchy-Neumann problem (12.0.1) by setting
T(t)f = wu(t,-) for any t > 0.

As in Chapter 2, the solution to the problem (12.0.1) is obtained by ap-
proximating our problem with a sequence of Cauchy-Neumann problems in
(convex) bounded domains Q,, (n € N). The Neumann boundary condition

329
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gives some problems. Indeed, differently to what happens in the case consid-
ered in Chapter 2, it is not immediate to show that the solutions u, to the
Cauchy-Neumann problems in the bounded sets €2,, converge to a solution
to the problem (12.0.1). To overcome such a difficulty, we prove an a priori
gradient estimate for the functions u,, with constants being independent of
n. This forces us to assume stronger hypotheses on the coefficients than those
in Chapter 2. In particular, we have to assume some dissipativity and growth
conditions on the coefficients of the operator A.

Once this gradient estimate and a suitable maximum principle for bounded
classical solutions to the Cauchy-Neumann problem (12.0.1) is proved, one
can show that the sequence {u,} converges to a bounded classical solution u
to the problem (12.0.1) and that T'(t)f satisfies the following estimate:

C
DT () flloo < 7€||f||o<>7 t€(0,7), (12.0.4)

for any f € Cy(Q2), any T' > 0 and some positive constant Cr, independent of
f. Moreover, one can also show that

IDT()floe < Clfloyay. ¢ >0, (12.0.5)

for any f € C1(Q) and C, as above, is a positive constant independent of f.
The gradient estimates

C _
”Dun(ta )”oo < TZ;HfHOO’ te (OvT)v f € Cb(Qn)

and
1Dun(t, oo < Cliflcra,y te(0,T), feC, ()

are proved by using the Bernstein method as we did in Chapter 6. Here ¢y =
supgq ¢ and Cr and C' are two positive constants independent, respectively, of
t € (0,T) and of ¢t > 0. Moreover, they are independent of n as well.
Concerning the elliptic problem (12.0.2), we show that, for any A > ¢ :
supg, ¢(x) and any f € Cy(Q), it admits a unique solution u € D(A), where

D(A) = {u € C(Q)N ﬂ W2P(Q N B(R)) for any R >0 :
1<p<+oo (1206)

Au € Cy(Q), %(m) =0 for any:EGE)Q}.

Moreover, using (12.0.4) and (12.0.5), we then show that D(A) c C}(RY)
and that C} (Q) is of class Jy /o between Cy(2) and D(A), that is

[Dulloe < MululZ|(A - w)uls, f € D(A),

for any w > 0.
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In Section 12.3 we come back to the parabolic Cauchy-Neumann problem
and, under somewhat heavier assumptions on the growth of the coefficients
at infinity, we prove the pointwise estimate

(DTO @) < e T@IDF) @), t>0, 2 €T, feCL@),
(12.0.7)
where @, are suitable real constants. But, here, it must be T'(t)1 = 1, otherwise
(12.0.7) fails for f = 1. Thus, we suppose that ¢ = 0. Next, using (12.0.7) we
prove the pointwise estimates

T2
2k0(1 — e=72t)

)2awxvmxm, pe 2, 40),
(12.0.8)

(TOf))(@),  pe(l2), (1209)

Imeﬁ@W§<

— 41—k
CpOpt™ 2

(DTONEP < E

for any ¢t > 0 and any x € Q, where ,/(1 — e~?»") is replaced with 1/t when
o, = 0.

As in Chapter 7, such estimates lead to some interesting results. First, they
allow to prove that

1
o 2 —
DTl < (5 ) Wl 020 7€ G
which improves (12.0.4), since it shows that the constant can be taken in-
dependent of T and, when ko < 0, it shows that the sup-norm of DT(t)f
decreases exponentially to 0 as ¢t tends to +o0.

Next, when 73 < 0, (12.0.8) and (12.0.9) provide us with a Liouville type
theorem. Namely, they imply that the constants are the only distributional
solutions to Au = 0 which belong to D(.A).

We also show that, under the same assumptions which allow us to prove
the uniform gradient estimates,

v y
b EL£y7<__L__ ) b
(oronep < (% e T TOs@),
for any t > 0, any = € Q, any f € C3(Q) and any p > 1. Again, we can use
this estimate to improve the gradient estimates proved in Section 12.1, when
t approaches +o0.

Finally, in Section 12.4, we briefly generalize some results of Chapter 8 to the
case of the invariant measure associated with the semigroup {T'(¢)} considered
in this chapter. As in the case when Q = R, whenever an invariant measure
exists, the semigroup can be extended to a strongly continuous semigroup
defined in the LP space related to the measure u, for any p € [1,4+00).

Using the pointwise estimates of Section 12.3 we prove gradient estimates
for the semigroup in LP(2, ). Such estimates allow us to give a partial char-
acterization of the domain D(L,) of the infinitesimal generator of {T'(¢)} in
LP(Q, ).
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In the last part of the section we deal with the case when
1
Ap = 5A¢ — (DU, Dy),

on smooth functions ¢, and U is a convex function. In such a situation a
complete description of D(Ls) is available. Moreover, the Poincaré inequality
can be proved, provided a suitable dissipative condition is satisfied.

12.1 Construction of the semigroup and uniform gradi-
ent estimates

In this section we prove that for any f € C,(Q), the Cauchy-Neumann problem
(12.0.1) admits a unique classical solution (i.e., a function v € C([0,400) X
Q) N CH2((0,+00) x Q) that solves pointwise the problem (12.0.1)), which
is bounded in [0,7] x Q for any 7" > 0. This will allow us to associate a
semigroup of bounded linear operators with the problem (12.0.1), as explained
in the introduction. To carry out our programme we assume the following set
of hypotheses.

Hypotheses 12.1.1 (i) Q is a convex unbounded open set of class C?T2
for some « € (0,1);

ii) the coefficients ¢;; and b; (7,7 = 1,...,N) and ¢ belong to CL7%(€) and
J J loc
N
Z qi;(2)&&5 > K(z)|€)?, reQ, ¢cRY, (12.1.1)
i,j=1
for some function % : Q — R such that 0 < kg := inf,cpn K();

(iii) there exist some constants go,vy > 0, co, ko, 5 € R, < 1/2 such that

|Dgij ()] < qor(z), =z €, (12.1.2)
N
> Dibj(2)&&; < (=Be(x) + ko)l¢]”,  x€Q, RN, (12.1.3)
ij=1
sup ¢(z) = ¢y, (12.1.4)
€N
|[De(z)] <1+ |e(x)]), =€ (12.1.5)

iv) there exist a function ¢ € C?(Q) and a constant Ao > ¢ such that
¥

lim @(z) = +o0, sup(Ap — Agp) < 400, %(z) >0, z el
Q

|z|—+o0
(12.1.6)



12.1. Construction of the semigroup and uniform gradient estimates 333

Remark 12.1.2 Suppose that 0 € Q. Then (z,v(z)) > 0 for any = € 9.
Therefore, one might look for a function ¢ satisfying (12.1.6) in the form
o(z) = g(|z|?), for any x € Q, where g : [0,+00) — R is a smooth and
increasing function such that lim;_, ;. g(t) = +o0.

We now introduce a nested sequence {€2,} of bounded convex domains,
with C?T®-smooth boundaries, such that

Ua=2, B(n)NoQ C 9Q,, n>0. (12.1.7)

n>0

Moreover, we denote by {T},(t)} the strongly continuous analytic semigroup
generated by the realization A,, of the operator A with homogeneous Neumann
boundary conditions in €2,,, i.e., by the operator A,, : D(4,) C Cy(Q) — Cy(Q)
defined by

Apu = Au, u € D(4,), (12.1.8)

where

D(A,) = {u € ﬂ W2P(Q,): Aue C(,), ?(3&) =0, z € 6(2"},
1<p<+oo v
(12.1.9)
(see Theorem C.3.6(v)). According to Proposition C.3.3, for any f € C(Q,),
the function w,, = T},(-) f belongs to C([0, +00) x Q,)NC+e/2:2+ (¢, T|x Q,,)
for any 0 < € < T and it is the unique classical solution of the Cauchy problem

Diun(t, z) = Aun(t, ), t> 0,z € Qy,
uy,
a—i(tw) =0, t>0,z€0Q,, (12.1.10)
un(0,2) = f(x), z € Qp.
Moreover,
1Tl c@,yy < e t>0, (12.1.11)

and T,,(t)f > 0 for any ¢ > 0 and any nonnegative function f € C(Q,).
We can now state the main result of this section.

Theorem 12.1.3 Under Hypotheses 12.1.1 there exists a unique classical so-
lution u € C'llota/Q’Ha((O7 +00)xQ) to the Cauchy-Neumann problem (12.0.1),
which is bounded in [0,T] x Q for any T > 0. Moreover, u, = T,,(-)f con-
verges to u uniformly on compact sets of (0, +00) x Q. Further, there exists a

semigroup {T(t)} in Cy(Q) such that u(t,-) = T(t)f for anyt >0 and
I7(t) floo < € £lloo, f€G(Q).

Finally, for any w > 0, there exists a positive constant C,, such that

ewt
IDT'(t) flloo < Cw%”f”om t>0, (12.1.12)



334 Chapter 12. The Cauchy-Neumann problem: the convez case

for any f € Cy(Q).

Proof. Fix two open sets " and Q" such that ' C Q" and dist(Q2', Q\ Q") >
0, and let ng € N be such that Q" c Q,, for any n > ng. According to Theorem
C.1.5, there exists a positive constant C, independent of n, such that

lunlcavarezta(erxay < Clfloos

for any n > ng. This estimate implies that there exist a subsequence T, () f
and a continuous function u : (0, +00) x @ — R such that
lim (T, (t)f)(z) =u(t,x), t>0, z€Q.
k——+oo
Moreover, T, (-)f converges to u in C*+3/2:2+8([c, T] x ) for any 8 < a,
any bounded set ' C Q and any 0 < ¢ < T. As it is immediately seen, u
is a solution of the equation Diu — Au = 0 in (0,+00) x © and its normal

derivative vanishes on (0, +00) x 9Q. Moreover, u € C’IIOJCFQ/Q’HQ((O, +00) x Q).
By (12.1.11) we get

lu(t, )| < e f|oo, t>0, €. (12.1.13)

Hence, u is bounded in (0, 7] x Q for any T > 0.

In contrast to what we showed in Section 2.2, when we dealt with the
Cauchy problem in the whole of RY | in general, the sequence {T},(t)f} is not
increasing for any fixed ¢+ > 0 and any nonnegative function f € Cy(f2). This
lack of monotonicity is strictly related to the choice of Neumann boundary
conditions.

To prove the continuity of u on {0} x Q, we observe that the arguments
used in Step 2 in the proof of Theorem 2.2.1, based on a localization argu-
ment, cannot be immediately adapted to our situation, since they only allow
us to prove the continuity of T'(-)f on {0} x Q. To overcome this difficulty,
we apply a different technique which requires us to prove some gradient esti-
mates for the function T,,(¢) f, with constants being independent of n, and a
maximum principle for bounded solutions to the problem (12.0.1). To prove
such a gradient estimate we strongly take advantage of the convexity of 2.

Proposition 12.1.4 Let Hypotheses 12.1.1 be satisfied and fir T > 0. Then,
there exists a constant Cr > 0, independent of n € N, such that

IDT, (1) o < %nfnoo, te(0,T), (12.1.14)

for any f € Cy(Q). Moreover

IDT(t) floe < Cre2 | fllen @y, t>0, z €y, (12.1.15)

for any f € CH(Q,) such that Of /Ov =0 on 98, and some positive constant
C4, independent of n. Here, co is given by (12.1.4).
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Proof. Let us begin the proof by checking the estimate (12.1.14). Without
loss of generality, we can suppose that ¢g < —1. Indeed, once the assertion
is proved in this situation, the general case will follow by replacing .4 with
the operator A" = A — (co + 1)I. Moreover, we can suppose that f € D(A,,).
Indeed, for a general f € Cy(Q) it suffices to split Ty, (t)f = T),(t/2)Tn(t/2) f
and to observe that T),(t/2)f € D(A,).

Let n > 0, set u, = T,,(+) f and define

O (t, ) = |un(t, 2)|* + at| Dun(t, z)]?, te(0,T), 2 €Q,, (12.1.16)

where a > 0 will be chosen later. Since u,, € C([0, +00); D(A4,))NC((0, +0);
Dy, (1+ a/2,00)) and D(A,) C C}(Q,) with a continuous embedding (see
Theorems B.2.2 and C.3.6(v)), we easily deduce that Du,, € C([0,4+00)x2,,)N
CY1((0,400) x Q,,) . Moreover, according to Theorem C.1.4(ii), Du,, is twice
continuously differentiable with respect to the space variables in (0, +00) x €2,,.
It follows that v,, € C(]0, +00)x Q,)NCH1((0, +00) x Q,)NC%2((0, +00) x Q)
and v, (0,-) = 0.

We claim that, for any T > 0 arbitrarily fixed, a can be properly chosen
such that the function v,, satisfies

Dyv,(t,x) — Avy(t,2) <0, t€(0,T], z € Qp,

%(t,ac)gO, te (0,7], z € I

Once the claim is proved, the classical maximum principle will yield v, < |f|?
in (0,7) x ,, and (12.1.14) will easily follow, with C7 = a~'/2. In the sequel,
to simplify the notation, we drop out the dependence on n, when there is no
damage of confusion.

As a first step, we prove that

%(t,x) <0, te (0,T), x €. (12.1.17)

This is the crucial point of the proof and it is the only part in which the
convexity of Q plays a crucial role. Since, by assumptions, du,,/Ov identically
vanishes on 9€2,, we have

Ov ou
a(t,ac) = Qua (t,x) + 2at Jz:lD Ju(t, ) Diu(t, x)v;(z)
= 2at Z DZu(t, ) Dyu(t, z)v;(z), (12.1.18)

4,j=1
for any ¢t € (0,T] and any x € 9%,,. Now, we differentiate the relation

ou

EZDU'VZO,
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with respect to x;, obtaining

N N
> Diyju(t,x)vi(x) + > Diu(t, z)Djvi(z) = 0. (12.1.19)
j i=1
Multiplying by D;u(t, z) both the sides of (12.1.19) and summing with respect
toj=1,...,N, we get

N N
Z D;ju(t, z)Dju(t, x)vi(x) + ZDiu(t, z)Dju(t,z)D;v;(x) = 0. (12.1.20)

i,j=1 i=1

From (12.1.18) and (12.1.20), we get

v
£ ——QGtZDVJ )Diu(t, x)Dju(t, x), te (0,7], x € 0Qy.

4,7=1

Since Q,, is convex, Dv(z) is a positive definite matrix for any = € Q,, and
(12.1.17) follows.

Let us now show that if a is suitably small, then Dyv—Av < 01in (0, 7] x Q.
With some computations one can see that v satisfies the equation

N
Dyv — Av = a|Dul* — 2 Z gi; DiuDju + g1 + g2,

ij=1

for any t € (0,7] and any = € Q,, where

g91(t, x) = 2at Z D;b;(x)Dsu(t, z)Dju(t, ©) + ate(z)|Du(t, z)|?

,j=1
N
+2atu(t, x) Y Dic(x) Diult, z) + c(x) |u(t, )|,
=1
92(t, ) = —2at Z ¢ij (z)Dipu(t, ©) Dipul(t, x)
i,j,h=1

N
+2at Z Dyqij(x)Dpu(t, z)Dyju(t, ).
i,4,h=1

Using (12.1.5) we get

N
2atu Z Dj;cD;u < 2at|u||Du||Dc|
i=1
< 2a9t(1 — o) ul|Dul

< ant(l — c)u? + 2ayet(1 — ¢)| Dul?,
€
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for any € > 0. Recalling that ¢ < —1 and using (12.1.3), it follows that
g < (1 - azt)cu2 — at(26 — 1+ 2ve)c|Dul? + 2at(ko + ve)| Dul>.
€

Since § < 1/2 we can choose £ > 0 such that 23 — 1 + 2ve < 0. Therefore,

g1 < (1 — ﬂt)ch + 2at (ko + ve)| Dul?, (12.1.21)
€
in (0,T] x Qp.
Now, we consider the function gs. By (12.1.2) we have
N N
Z DngijDnuDiju < qok|Dul Z | Dijul
i,5,h=1 t,j=1
< qokN|Dul||D?ul
2N2
< B LIDul? + €'k D%uf?,  (12.1.22)

4e’
for any ¢’ > 0. Then, using (12.1.1), we get
2772

N
g2 < aqggl tk | Dul? + 2at(e’ — 1)k | D?ul?,

in (0,T] x Qy,. Choosing ¢’ < 1 we obtain

2 n72
@GN
< a
92= 2¢’

tk|Dul?, (12.1.23)

in (0,7T] x Q. The estimates (12.1.21) and (12.1.23) imply that

Dyv— Av < <1 — agT)cu2

q2N2
+ {a + 2aT (ko +ve) " + (a%TT - 2) m} | Dul?,

in (0,7] x Q. It is now clear that there exists a sufficiently small value of
a = a(T) > 0, independent of n, such that Dy — Av < 0in (0,7] x Q,.

Now, we briefly prove the estimate (12.1.15). It suffices to show that it holds
for any f € D(A,) (see (12.1.9)). Indeed, D(A,,) is dense in C}(Q,,). This is
a classical result, and it can be checked adapting the proof of the forthcoming
Lemma 13.1.10.

So, let us check (12.1.15) for any f € D(A,,). For this purpose, we introduce
the function wy, : [0, +00) x Q defined by

wn (t, ) = |un(t, 2)|* + a |Duy(t, ©)|?, t>0, z€Q,.
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The above arguments show that w,, € C([0,T]x Q,,) for any T' > 0. Moreover,
it belongs to C12((0,T] x ). Straightforward computations show that the
function w = w,, satisfies

Dyw(t,x) — Aw(t,x) = —2 Z ¢i;j (x)Diu(t, ) Dju(t, x)
4,j=1
+h1(t,l‘) + hg(t,l’),

for any ¢t € (0,T] and any = € ,, where h = hy + he and hy and hy are
defined as g1 and g, with the coefficient a - ¢ being everywhere replaced with
a. Moreover, it satisfies dw/dv = 0 on 98, and w(0,-) = f2+a|Df|?. Arguing
as above, we can show that for a suitably small value of a > 0, independent
of n and T, we have h < 0. Thus, the classical maximum principle yields

w(t,z) < e’ sup w(0,z) < e (|f|% +a[DfIS),  t>0, 2 €Qy,
xelly

and (12.1.15) follows with C; = a=/2 v 1. [ ]

Now, we prove a maximum principle for bounded classical solutions to the
Neumann parabolic problem in §2.

Theorem 12.1.5 If 2 € C([0,T] x Q) NC*1((0,T] x Q) N CH2((0,T] x Q) is
bounded and satisfies

Dyz(t,x) — Az(t,z) <0, te (0,7], z€Q,
0z
v
z(0,z) <0, T €1,

(t,x) <0, te(0,T], xedf,

then
z(t,x) <0, te0,T], =€Q. (12.1.24)

In particular, the Cauchy-Neumann problem (12.0.1) admits at most one clas-
sical solution which is bounded and continuous in [0,T] x Q. Moreover, it
satisfies |u(t,)]oo < €| f|loo, where co is given by (12.1.4).

Proof. Let ¢ be as in (12.1.6). We can suppose that ¢ > 0 and (A—X)p < 0;
otherwise we replace ¢ with ¢ 4+ C, for a suitable constant C' > 0, and take a
larger A if needed.

Denote by v : [0,7] x Q — R the function given by v(t, ) = e *z(t,x) for
any t € [0,T] and any = € Q, and consider the sequence {v,} defined by

v (t, ) = v(t,x) — %(p(x), tel0,T], = €.
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We have
Dy (t,x) — (A= X)vp(t,z) <0, te(0,7], z€Q,

%(t,x)go, te(0,T], =e€o9,
1,
v (0,2) < - 1gf<p, x € Q.

For any n € N the function v,, attains its maximum in [0,7] x © at some
point (¢, z,). Moreover, we have

lim v,(tn,zn)= lim sup v, = sup wo. (12.1.25)
n—+00 n=E0 g T [0,T]x

According to the strong maximum principle (see [60, Theorem 2.14]), we
cannot have t, > 0 and z,, € 0. If (t,,z,) € (0,T] x Q we have

Doy (tn, ) >0,  Avy(tn, Tn) — c(Tn)vn(tn, z,) <0,
and, therefore,

A —c(zpn)) sup vy =\ —c(zn))vn(tn, zn) < A+ Dt — Aoy, (tn, ) <0,
[0,T1xQ

which yields
sup v, <0.
[0,T]xQ

If instead fn = 0 we have
( z ) < L .Ilng
n tna n ——1 .
v n Q

Thus letting n go to +00 and taking (12.1.25) into account, we obtain (12.1.24).
[ |

Remark 12.1.6 It is worth noticing that in the proof of the quoted theorem,
we never used the assumption that €2 is convex.

We can now conclude the proof of Theorem 12.1.3.

Proof of Theorem 12.1.3 (continued). To prove that u is a classical solution
to the problem (12.0.1), it remains to show that « is continuous at ¢ = 0.

The proof is similar to that of Theorem 2.2.1 and it strongly relies on the
gradient estimate (12.1.14). Hence we limit ourselves to sketching it.

For any arbitrarily fixed z € Q, we consider two open neighborhoods U; C
Uy of xg such that Qg := Uy N is sufficiently smooth. Then, we introduce a
smooth function ¥ € C'*®° (ﬁo) such that ¥ = 0 in a neighborhood of Q2 N AUy,
Y=1in U NQ and 09/0v = 0 in Uy N ON. Finally, for any k € N such that
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Qo C Qy,,, we introduce the function v,, = 9T, (-)f. Such a function solves
the equation

Doy, (t,x) — Avp, (t, ) = ¢, (t,z), t>0, z € Qo,
where
N
Uny (£, 2) = =(Tn, () ) (@) (A = )9)(2) — 2 Z Gij () (DiTo, (8).f) () D0 (),

for any t > 0 and any x € €y, and, due to the choice of the function ¥, its
normal derivative vanishes on 9.
From (12.1.14), we immediately see that

C
s (8 Moo = 7

for any k € N, and some positive constant C' = C(T'), independent of k.
We now represent vy, through the variation-of-constants formula

te (0,7), (12.1.26)

Uny, (t7 ) = TO(t)(ﬁf) + /O TO(t - S)wnk (57 ')d57 t>0,

where {Ty(¢)} is the strongly continuous analytic semigroup generated by the
realization of the operator A, with homogeneous Neumann boundary condi-
tions, in C(Qp) (see Theorem C.3.6(v)). Using the estimates (12.1.11) and
(12.1.26) it is easy to show that

(T (8)F(2) — F(0)] = vy (8 2) — F(0)]
< [(To() (D)) — F(ao)| +Ca / s—heenlt=)gs,

for any x € (2; and some positive constant C;. Letting k go to +o00, we easily
see that u is continuous at (0, zo).

In conclusion, we have proved that u € C(]0, +00) xﬁ)ﬂC’llnga/ZQJra ((0, 4+00)
%) and it is a solution of the Cauchy-Neumann problem (12.0.1). Moreover,
since u is bounded in [0,7] x Q for any 7" > 0 (see (12.1.13)), by Theorem
12.1.5, u is the unique bounded classical solution to the problem (12.0.1).

Now, we prove that the whole sequence T),(-)f converges to u in C12(F)
for any compact set F' C (0,+00) x Q. For this purpose, we observe that,
applying all the above arguments to any subsequence {T,, (-)f}, we can show
that there exists a subsequence {7}, (-)f} converging to u in CY2(F) for
any compact set F'. This, of course, implies that the whole sequence {T,,(-) f}
converges to u in C1?(F), and we are done.

Now, if we set (T'(t)f)(z) := u(t, ) for any t € (0,+00), any = € Q and any
f € Cy(Q), where u is the solution to the problem (12.0.1) satisfying the initial
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condition u(0,-) = f, it is immediate to check that {T'(¢)} is a semigroup of
the linear operators in Cy,(€2).

Finally, letting n go to 400 in (12.1.14), we deduce that T'(t)f satisfies
(12.1.12) in (0,T"). Then, we can use the semigroup law to extend it to all the
positive t (we refer the reader to the proof of Theorem 6.1.7 for the details).

|

Our purpose now consists in showing that the more f is smooth, the more
the behaviour near ¢ = 0 of the function DT'(¢)f is good. More precisely, we
want to show that

IDT(0)floe < Ce3 | floy@y: ¢ >0, (12.1.27)

for any f € CL(Q). Unfortunately, it is not immediate to deduce (12.1.27)
from (12.1.15), since this latter estimate has been proved for the functions
f whose normal derivative vanish on 0%),,. To overcome such a difficulty, we
use an approximation argument: given f € Cl(Q) we approximate it by a
sequence {f,} C CL(Q) for which (12.1.15) holds for any n € N. Then, to
conclude that (12.1.27) holds, we need to show that DT'(t)f, converges to
DT(t)f as n tends to +oo for any ¢ > 0, at least pointwise. This convergence
result is proved in the next proposition which shows us that {T'(¢t)} satisfies
the same continuity properties as the semigroup defined in Chapter 2.

Proposition 12.1.7 If{f,} C Cy(Q) is a bounded sequence converging point-
wise in Q to a function f € Cy(Q), then T(-)fn converges, as n tends to +oo,
to T(:)f in C12([e,T] x ﬁl) for any 0 < e <T and any bounded set ' C ).
Further, if {fn} converges to f uniformly on compact subsets of Q, then
T(:)fn converges to T(-)f uniformly in [0,T] x 7 for any T > 0 and any
bounded set ' C (.
Finally T(t)f can be represented in the form

(T() ) () = /Q fWptaidy), >0, z€q, (12.1.28)

where p(t,z;dy) is a positive finite Borel measure on Q. In the case when
¢ =0, p(t,x;dy) is a probability measure for any t > 0 and any x € Q.

Proof. Throughout the proof, without loss of generality, we assume that
f = 0. To prove the first part of the proposition it suffices to adapt the
arguments in the proof of Theorem 12.1.3. So, we limit ourselves to sketching
the proof, pointing out the main differences.

Let {f,} be a bounded sequence in Cy(f2) converging pointwise to zero
in Q, and set u, = T(-)fn. Applying the Schauder estimate (C.1.19) and
the maximum principle to the sequence {un}7 we can extract a subsequence

{un, } converging in C12(fe,T] x Q) to a function u € CT2((0, +00) x Q),



342 Chapter 12. The Cauchy-Neumann problem: the convez case

for any 0 < € < T and any bounded set ' C . Moreover, the function u
is a bounded solution of the equation Dyu — Au = 0 in (0, +00) X , and its
normal derivative vanishes on the boundary of €2. To conclude that u = 0,
by Theorem 12.1.5 it suffices to show that w is continuous up to ¢t = 0 and
that u(0,-) = 0. This can be obtained by a localization argument. So, we fix
zo € Q. Moreover, we consider (as in the proof of Theorem 12.1.3) two open
neighborhoods Uy C Uy of zy such that Qg := Uy N Q is sufficiently smooth.
Further, we introduce a smooth function ¥ € C°°(£)y) such that ¥ = 0 in a
neighborhood of QN AUy, ¥ =1 in U; NQ and 09/0v = 0 in Uy NI Finally,

we set v, = VYu,,. Then, we can write

Un,, (£, ) = To(t) (9 fn,,) + /0 To(t — $)in, (s, -)ds, t>0,

where {Tp(t)} is the semigroup generated by the realization of A in C(Qo)
with homogeneous Neumann boundary conditions (see Theorem C.3.6(v)) and

N
¢nk = —’U,nk (.A — 6)19 -2 Z qijDiunij'l?-

ij=1

Using the gradient estimate (12.1.12) and the boundedness of { f,, } it follows
that

[Un,, (8, )| < [(To(£)Ofn, ) ()| +CVE,  t€[0,T], 2 € Qy, keN, (12.1.29)

where C > 0 is a constant independent of & € N. We now claim that
To(t)(Vfn,) vanishes as k tends to 0 for any ¢t € [0,T]. Once the claim is
proved, letting k go to 400 in (12.1.29), we will get |u(t,x)| < Cv/t and,
consequently, u will turn out to be continuous at (0,xz¢), where it will van-
ish. To prove the claim, we take advantage of the LP-theory. We observe
that, for any p € (N, +00), the semigroup {Tp(t)} extends to an analytic
semigroup in LP(€y) (see Theorem C.3.6(iii)), and, by the Sobolev embed-
ding theorem (see [2, Theorem 5.4]), the domain of its generator A, is con-
tinuously embedded in C(§p). Since ¥f,, converges to zero in LP({)) and
I1To () (9 fr, ) D(a,) < CtH fu |lL» for some positive constant C, independent
of k, we deduce that Ty(t)(¥fn,) converges to 0 in D(A,) and, consequently,
uniformly in ©, as k tends to +oo. So far, we have proved that the subsequence
Un, converges to zero in C12([e, T| x ﬁ/) for any 0 < ¢ < T and any bounded
Q' C Q. As in the proof of Theorem 12.1.3 we can now prove that the whole
sequence {u,} converges to zero in C%2([e, T| x ﬁl) for any 0 < ¢ < T and
any bounded set ' C Q, as stated.

Suppose now that {f,} converges to zero uniformly on compact subsets of
Q. By (12.1.29), with v, instead of v,, , we get

[un(t,2)| < [To() (O fa)loc + CVE < e*T [0 fulle +CVE,  t€[0,T], €,
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for any n € N, where C' > 0 does not depend on n € N. Therefore, for any
€ > 0, we have

”un”C([O,T]xﬁl) < eI fplloo + CVE+ ”un”c([a,T]xﬁl)'

Since uy, and Jf, vanish as n tends to 400, respectively in [e,T] x Q and in
Q, we get

lim sup ”“n”C([o,T]xﬁl) < CVE,

which, of course, implies that u, converges to zero uniformly in [0,7] x Q.
Since €2 is arbitrary, the conclusion follows.

We can now prove (12.1.28). By the Riesz representation theorem, for any
x € Q, there exists a positive finite Borel measure p(t, z;dy) in © such that
(12.1.28) holds for any f € Cy(Q2). Now, if f € Cy(Q2), we consider a bounded
sequence {f,} C Co(€2) which converges to f uniformly on the compact sets
of Q. Writing (12.1.28) with f,, instead of f and letting n go to +o00, we obtain
the desired formula, by dominated convergence.

To conclude the proof, we observe that, if ¢ = 0, then T(¢)1 = 1 and,
consequently, fQ p(t,z;dy) =1 for any t > 0 and any = € Q. This implies that
p(t, x; dy) are all probability measures. [ ]

We can now prove (12.1.27).

Proposition 12.1.8 Under Hypotheses 12.1.1, there exists a positive con-
stant C such that (12.1.27) holds for any f € CL(Q).

Proof. To prove (12.1.27) we fix f € C}(Q) and, for any k € N, we consider
a function J5 € C}(Q2) such that

0<% <1, |D%|oc<L, Yp=1 in Qy, % =0 on 09,
where L > 0 is a constant independent of £k € N and Q is as in (12.1.7).
If ng is such that supp(ds) C Q,,, then, for any n > ng, the function f;, =
V1. f belongs to CL(Qy,). Thus, T),(t) fx satisfies the estimate (12.1.15). Since,
according to Theorem 12.1.3, T}, (t) fx tends to T'(t) fi, in C*(€2,,) for any n € N,
letting n go to +o00, we get

(DT () fr)(z)| < C1€C70t||fk||cg(ﬁ) < Cre?'(1+ L)”f“cg(ﬁ)a

for any t > 0 and = € (). Now, using Proposition 12.1.7, we obtain that
DT (t) fn(x) converges to (DT(t) f)(z) for any t > 0 and any = € . Therefore,
(12.1.27) follows with C' = C1(1 + L). [ |
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12.2 Some consequences of the uniform gradient esti-
mates

In this section we show some useful consequences of the uniform gradient esti-
mates proved in Section 12.1. To begin with, we observe that, using (12.1.28),
it is easy to see that the semigroup can be extended to the space By(€2) of
all the bounded Borel functions f : & — R. We still denote by {T'(¢)} such
a semigroup. Moreover, as the following proposition shows, the so obtained
semigroup is irreducible (i.e., (T(t)xv)(x) > 0 for any ¢ > 0, any = € Q and
any open set U C ) and it is strong Feller (i.e., it maps By(2) into Cy(Q)).

Proposition 12.2.1 The semigroup {T'(t)} is irreducible and strong Feller.

Proof. To begin with, let us prove that {T'(¢)} is irreducible. Fix an open
set U C Q. We are going to prove that (T'(t)xy)(x) > 0 for any ¢ > 0 and any
z € Q. For this purpose, we approximate xu by a sequence of nonnegative
continuous functions f,, converging monotonically to xy and such that f; does
not identically vanish in 2. Then, according to the representation formula
(12.1.28), (T'(t) fn)(z) converges monotonically to (T'(¢)xu)(x) as n tends to
400, for any ¢ > 0 and any = € Q. To conclude that T'(-)xy > 0, it suffices to
show that T'(t) f1 > 0 for any ¢ > 0. By contradiction, let us suppose that there
exist to > 0 and zp € Q such that (T'(to)f1)(xo) = 0. The nonnegativity of
the semigroup {7'(¢)} immediately implies that (¢, zp) is a minimum point of
the function T'(+) f1. Therefore, according to Proposition C.2.3(iii), T'(-)f1 =0
for any ¢ € (0,%9] and any x € ', where ' is any bounded open subset of ,
which contains the point xg. In particular, taking ¢t = 0, we get f; = 0 in '
and hence f; = 0 in 2, which, of course, cannot be the case.

Similarly, if (T'(to)f1)(x0) = 0 at some point (tg,zo) € (0,+00) x 0, we
can find out a bounded open set )’ of class C?** such that zg € 9Q and ' N
(xo+ B(r)) C QN (xo+ B(r)) for some r > 0. Then, according to Proposition
D.0.5, ' satisfies the interior sphere condition, so that T (tg)f/0v > 0 at
x = x¢ (see Proposition C.2.3(iii)), which, of course, cannot be the case.

To prove that the semigroup {T'(¢)} is strong Feller, we adapt the technique
of [37, Theorem 3.2], which strongly relies on the gradient estimate (12.0.4).
For this purpose, we fix f € By(2) and introduce a bounded sequence {f,,} €
Cy(Q) converging pointwise to f. By (12.0.4), for any ¢ > 0 and any z¢ € €,
we can determine a constant C' = C(t), such that

that, due to the convexity of €, implies that T'(¢) f,, is a Lipschitz continuous
function, uniformly with respect to n € N. Letting n go to +o00, we deduce
that T'(t) f is Lipschitz continuous as well. This completes the proof. [ |
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Remark 12.2.2 In fact, in the proof of Proposition 12.2.1 we have shown
that if f € Cp(2) is a nonnegative function which does not identically vanish
in , then T(t)f > 0 in Q for any ¢t > 0.

We now show that, if f € C1(Q), then the gradient of T'(-)f is continuous
at ¢ =0.

Proposition 12.2.3 If f € CL(Q) then
Tim T(0)f ~ oy, =0 (122.1)

for any open bounded set ' C Q, i.e., DT(-)f is continuous up to {0} x €.

Proof. The proof is similar to that of Theorem 12.1.3. We fix o € Q and
introduce two open neighborhoods Uy, U; of xy with U; C Uy. Moreover, we
set Qo =UpNQ, O =U; NQ and we assume that g is sufficiently smooth.
Finally, we denote by ¥ € C*°(€)y) any function vanishing in a neighborhood
of QN IUy and such that ¥ =1 in Q4, 9¥/0v = 0 on 9N N V.

The same arguments as in the proof of Theorem 12.1.3 show that

on(t,) = OT()f = To(t)(Df) + / To(t — ) (s, )ds.

where {To(t)} is the semigroup generated by the realization of the operator
A in C(Qp) with homogeneous Neumann boundary conditions, and

N

=—(TO A=) =2 qi(DiT(-)f)Dy9.

i,j=1

According to Proposition 12.1.8, for any 7" > 0 there exists a constant C; > 0
such that

WOl < Cullfleyms € (0.T) (1222)

Moreover, since {u € C*(€) : Ou/0v =0 on 0} belongs to the class J; /o

between C,(Qo) and the domain of {T,()} (see Theorem C.3.6(v)), we easily
deduce that

Cy Cy
IDTo(0gle < Zloloy € Zlole:  teOT,  (1223)

for any g € C,(Q2), where Cy > 0 is a suitable constant. Now, from (12.2.2)
and (12.2.3) we get

Du(t, z) — Df (xo)
— (DT 1)) (@) + / (DTo(t — )b (s, ))(x)ds — Df (o)

t

C

2 ds,
s

Vi—s

< [DTo()(0f)(x) = Df(wo)| + Cillfller @) |
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forany t € (0,7T) and any z, zg € Up. Since DT(-)(¢f) is continuous at (0, zg),
then Dv is continuous at (0,zg) as well. Finally, since v = T(-)f in Q, we
conclude that DT'(¢) f is continuous at (0, ), and (12.2.1) easily follows. N

We now use the previous gradient estimates to characterize the weak gen-
erator A of the semigroup {7T'(¢)} and to solve the elliptic problem

Au — Au, in Q,

(12.2.4)
@ =0, on 99,
ov

when f € C,(Q).
As in the case of the Dirichlet problem in the whole RY, the family of
bounded operators {R(\)} defined by

+oo
uﬂﬂﬁ@%:A TW ) )dt,  x el

for any f € Cy(Q) and any A\ > ¢, is the resolvent family associated with
some closed operator A : D(A\) C Cy(Q) — Cp(Q2). So from now on, we write
R(\, A) instead of R(\). Adapting the proofs in Section 2.3, it can be shown
that the weak generator (A, D(A)) is given by

wup 17O = fl

D(A) = {f € Cy(Q) : < +oo and 3g € Cp(Q) s.t.

te(0,1) t
tli%1+ (T(t)f)(f) — /(@) =g(x), forany x € ﬁ},

Af(2) = tim TOH@=F@) o5 e pa).

)
t—0+ t

Our aim now is to show that D(A) = D(A) and A = A, where

D(A) = {u € C(Q)N ﬂ W2P(QN B(R)) for any R >0 :
1sp<oo (12.2.5)

Au € Cy(Q), %(m) =0, foranyx € GQ}.

For this purpose, we first prove the following maximum principle for the el-
liptic problem (12.2.4).

Proposition 12.2.4 Let u € Cy(Q) N W*P(Q N B(R)), for any R > 0 and
any p € [1,+00), be such that Au € Cp(Q) and

Au(z) — Au(z) <0, x € Q,

ou

g(I) < 0, HASS 897
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for some X\ > X, where Ag is as in (12.1.6). Then u < 0. In particular, for any
X > Ao there exists at most one solution w € D(A) to the problem (12.2.4).

Proof. As in the proof of Theorem 12.1.5, we may assume that ¢ > 0 and
Ap — Ao < 0. We introduce the sequence

un(x) = u(zr) — %ap(a@), r €,

and we note that

Ay, (z) — Aup(x) <0, x €,

(12.2.6)
%(m) <0, x € 0f.

If we prove that u, < 0 for any n € N, the conclusion will follow letting
n go to +o0o. By contradiction, suppose that w, has a maximum point at
x, € . Adapting the second proof of Lemma 4.1.2 to this situation, we can
show that if z, € Q, then ((A — ¢)uy)(x,) < 0. Thus, by (12.2.6) we have
(A = c(xn))un(zn) < 0 and, hence, uy,(z,) < 0.

Suppose now that x, € 0Q is such that u,(z,) > 0 and u,(z) < up(zy)
for any = € (2. These assumptions will lead us to a contradiction since they
will imply that (Quy,/0v)(z,) > 0.

Let y + B(r) C Q be such that (y + B(r)) N 92 = {z,,} and assume that
un > 0in y + B(r). Moreover, fix a > 0 such that the function z : RN — R,
defined by z(x) = e—alz=yl® _ g=ar® fo; any = € RV, satisfies Az > 0 in
D= {z€RY :r/2 < |z —y| <r}. Then, set w, = u, + ez, where ¢ > 0 is
such that

Wp () < un(Tn), x €y+ 0B(r/2). (12.2.7)

A straightforward computation shows that
Aw, (z) = Auy,(z) + eAz(z) > Auy(z) > 0, z € D. (12.2.8)

Let 2,, be the maximum point of w,, in D. iy belongs to 0D (this is a classical
result that can be obtained arguing as in the proof of Lemma 4.1.2) and, due
to (12.2.7), it belongs to y + OB(r). Since z = 0 on y + dB(r) and z, is a
maximum point for the function w, in Q, it follows that wy (&) = wy(2y,).
Therefore, z,, is a maximum point of w, in D as well. As a consequence,

owy, ouy, 0z
5 (zn) 5 (xn) + 5, (xn) >0
Since 0z/0v(x,) < 0, it follows that (Quy,/0v)(z,) > 0. [ |

Proposition 12.2.5 For any f € Cy(Q) and any A > co (see (12.1.4)), the
function u = R(\, A) f belongs to D(A) and solves the problem (12.2.4). More-
over, D(A) = D(A) and Av = Av, for anyv € D(A). Finally, D(A) C CL(Q2)
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with a continuous embedding and, for any w > cy, there exists a positive con-
stant M, such that

[Dufloe < My fJufd [(A - w) ulZ, (12.2.9)
for any w € D(A).

Proof. Let f € Cy(Q) and, for any A > cg, set u = R()\,E)f and u, =
R(M\ A,)f (n € N), where A, is the generator of the semigroup {75, (t)} (see
(12.1.8), (12.1.9)). Of course,

+oo
Uy () = / e M T () f)(z)dt, =€ Q. (12.2.10)
0
Therefore, for any A > ¢y and any n € N, it holds that
il < (14 52 ) 1l

Since T, (-)f tends to T(~)f locally uniformly in (0, +00) x © (see Theorem
12.1.3), from (12.2.10) taking (12.1.11) into account, we immediately see that

[unfoo <

lim u, =u,
n—-+o0o
pointwise in  and in L?(§,), for any k € N. Furthermore, by the LP-estimates
in Theorem C.1.2, we have

”Um - un”W?vi"(Qk) < C(p7 k)”um - U’TL”LP(Q;C+1)5 m,n > ka

for any p € (1,400) and any k € N, where ¢(p, k) > 0 is a constant indepen-
dent of m, n. Therefore, u,, converges to u in W2P(Qy), for any k € N and any
p € [1,+00). Hence, u € W2P(QN B(R)), for any R > 0 and any p € [1, +00).
The Sobolev embedding theorems (see [2, Theorem 5.4]) imply that w,, con-
verges to u also in C1(€);) for any k € N, and, therefore, du/0v = 0 on 0.
Finally, since A\u,, — Au,, = f for any n € N, letting n go to +oo, it follows
that Au — Au = f in Q. Therefore, u belongs to D(A) and solves the problem
(12.2.4). Since R(A, A) is surjective from Cy(Q) onto D(A), we deduce that
D(A) C D(A) and A = A in D(A).

Conversely, let u € D(A) and set f = Au — Au € Cp(2), where A =
2max(Ag, o), and ¢g, Ag are given, respectively, by (12.1.4) and (12.1.6). By
the above results, the function v = R()\,/T)f is a bounded solution of the
problem (12.2.4) as well. Proposition 12.2.4 yields that « = v, implying, in
particular, that u € D(A).

To complete the proof, let us prove (12.2.9). For this purpose, we fix u €
D(A), w > ¢p and A > 0. Then, we set

— —+00 .
w(@) = (RO + w, A) f) (@) = /O O PR F) @) dt,  zeT
(12.2.11)
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where f = (A + w)u — Au. By virtue of the estimate (12.1.12), we may
differentiate under the integral sign in (12.2.11) obtaining

Du(x) = /0+°O eI DT f) () dt, €

and, then,

+oo =M\t
e C
1= GV seq,

T TA

where C, > 0 is a constant. Therefore,

|Du(z)| < Co|| flloo

[ Duoo < @ﬁ(ﬁnu”m + %)

and, taking the minimum over A > 0, we get (12.2.9). [ ]

12.3 Pointwise gradient estimates and their consequences

In this section we prove some pointwise estimates for the gradient of T'(¢)f,
similar to those proved in Chapter 7. We assume that ¢ = 0. Indeed, as it
is immediately seen, some of such estimates fail if T'(¢)1 # 1 (take f = 1 in
(12.3.2)) which is the case if ¢ Z 0.

Proposition 12.3.1 Assume that the coefficient ¢ of the operator A identi-
cally vanishes in Q and that Hypotheses 12.1.1 are satisfied with the condition
(12.1.2) being replaced by the following one:

N N 2
Z ( Dh‘]ij(z)fh> < qok(x)[€]?, re, E€RY. (12.3.1)
h=1

Q=1
Then, for any p > 1 and any f € CL(Q), we have
(DTONE@P < e TOIDITNE), 20, 8, (1232)

where o, = pko +§q0, if p>2 and op = pko + ﬁqo, ifl<p<2.

Further, if ¢;; = 6;5 for any i,5 =1,...,N, then (12.3.2) can be extended
also to the case when p =1, setting o, = ko for any p € [1,400).
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Proof. The proof is similar to and even simpler than those of Theorems 7.1.2
and 7.3.1. Hence, we just sketch it in the case when p € (1, 2] and the diffusion
coefficients ¢;; depend on z. For this purpose, we fix § > 0 and introduce the
function w : [0, +00) x Q — R defined by

w(t,x) = (|Du(1fac|2—|—5)g t>0, z€Q,

where u = T'(-)f. By Propositions 12.1.8, 12.2.3 and Theorems 12.1.3, C.1.4,
w € Cp([0, +00) x Q) NC%L((0, +00) x Q) NCL2((0, +00) x Q) and it satisfies
the equation

th(t,l') - Aw(taz) = fl(tvx) + f2(t7x)a t> 07 T e Qa
where

fi=p(Duf+48)%"

N N
X ( > DugijDyuDiju+ Y Dib;DjuDju — Tr(QD2uD2u)>,
i,5,h=1 4,j=1

(12.3.3)

fo=p(2-p) (|Du|2 + 5) 52 (QDQuDu7 DQuDu).

Taking (12.1.3) (with ¢ = 0) and (12.3.1) into account, we obtain that

p—2

fi <p(|Duf*+6) 2
X <z€/{|D2u|2 + Z—Z|Du|2 + ko|Du|* — Tr(QD2uD2u)>,

for any € > 0. On the other hand, applying (7.1.4) with |a] = |8 = 1, we
obtain

(QD*uDu, D*uDu) < |Dul?*Tr(QD?*uD?u).

Then, choosing € = p — 1, we get

fot fo < op (1D +6) = \Dul? = 0w — 80, (|Dul? +6) 7

which yields

wl‘d

Dyw — Aw < opw — (op N0)62.
Therefore, by a comparison argument we see that

w(t,-) < e T(t)((|Df? +6)%), t>0,
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if 0 > 0, and
w(t,) < e T(t)((|Df|* +06)8 —6%) + 5%, t>0,

if o, < 0. Then, letting § go to 0", we get the assertion from Proposition
12.1.7. |

As it is immediately seen, the assumption (12.3.1) is rather restrictive, since
it does not allow us to consider diffusion coefficients of polynomial type. As
the following proposition shows, this trouble may be overcome assuming a
dissipativity condition of negative type on the drift term, in order to balance
the growth at infinity of the derivatives of the ¢;;’s (4,5 =1,..., N).

Proposition 12.3.2 Assume that the coefficient ¢ of the operator A identi-
cally vanishes in Q. Moreover, assume that Hypotheses 12.1.1 but (12.1.2) are
satisfied with ko being replaced by a negative function k : Q — R, and that
there exist two constants C > 0 and o € (0, 1] such that

|Daij(x)] < C(r(2))", zeQ, i,j=1,....N
and c2N?
Op := sup <—1a(n(x))o‘ + k(z)) < 400. (12.3.4)
zeQ 4p0(p0 — 1)/@0

for some pg € (1,2). Then, for any p > po,
(DT (1) f)()|P < e (TE)(IDSI)) (@), t>0, z€Q  (123.5)

Proof. 1t is similar to that of Proposition 12.3.1. The only difference is in
the estimate of term Zivj he1 PnqijDiuDjpu which now should be estimated
as follows:

N e
E DnqijDruDiju| < Ck® (4—|Du|2 +€|D2u|2) ,
5
i,7,h=1

for any € > 0 and, then, suitably choosing € in order to make the coefficient
in front of | D?u|? in the expression of fi + fo vanish. [ ]

We can now use the gradient estimates in Propositions 12.3.1 and 12.3.2 to
prove a second type of pointwise gradient estimates.

Proposition 12.3.3 Under the assumptions of Proposition 12.3.1, for any
f € Cp(Q) we have

p

OTONE < (g ey ) TOUPNE. 120, €8,
(12.3.6)
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for any p > 2, and

1—-2
Cpopt™— 2

(DT (@) f) ()" < ro(l— e ot

(T@)f17) (=), t>0, z€Q, (12.3.7)
for any 1 < p < 2, where ¢, = (p(p — 1))?/% and op 15 given by Proposition
12.3.1. When o, = 0 in (12.3.6) and (12.3.7), we replace o, /(1 — e~ 77t) with
1/t.

The same results hold true under the assumptions of Proposition 12.3.2,
provided we take p > po and replace everywhere o, with op.

Proof. Without loss of generality, we limit ourselves to proving the assertion
under the assumptions of Proposition 12.3.1.

We first prove (12.3.6). For any § > 0 and any n € N, we introduce the
function ®@,, : (0,t) — Cp(Q2) defined by

@u(s) = Tu(s) ((Tult = ) +6)%).

where {T},(¢)} is, as usual, the semigroup introduced before Theorem 12.1.3.
Moreover, we set gn(s) = (|Tn(t — s)f|? + 6)P/? for any s € (0,t). As it is
immediately seen, g,(s) € D(A,) for any s € (0,%) (see (12.1.9)). This implies
that A, ®,, = T,,(-)Angn. Hence, taking the positivity of the semigroup {77, (¢)}
into account, we get,

®,(5) = Tu(s) (Angu(s) = p(g(5))'~FTult = 5)f AuTolt = 51 )
= Tu(s) (p9n(9)) 7% (0 = DITult = 5)f12 + )
X(QDT,(t = 5)f, DTu(t — 5)1))

> p(p — 1)ko
< Inls) <(g"(5)>1‘%IDTn<t — )P <|Tn<t —)fI2+ % >)
> p(p = )roTn(s) ((%(S))lf% | DT (t - s)f|2> : (12.3.8)

Now, we fix z € Q and ¢ € (0,t/2). Integrating (12.3.8) with respect to s from
ctot—e, we get

(Tut =) (1T @112 +6)F) ) (@)
> o= [ (1266) (no)*F DT = 9)1P) ) @)

Since {T},(t)} is a strongly continuous semigroup, then, for any x € €2, the
function (T, (t — ) {(|Tw(e) fI* +0)% }) (x) tends to (T,,(¢) {(|fI*+6)%}) ()



12.8. Pointwise gradient estimates and their consequences 353

as € goes to 0. Therefore, from the monotone convergence theorem, we get
(T (112 +)8)) (@)
t
_2
> plp= o [ (T0(6) (o) FIDTAE = 97 P)) (@), (1239)

for any = € €. Now, arguing as in the proof of Proposition 12.3.1, it easily
follows that for any n € N the semigroup {7, (t)} satisfies

(DT () f) ()P < e (Tu(6)(|DFI))(2), t>0, z€Q,

where o, is the same as in (12.3.2). Hence, using the Hélder inequality, we
can write

|DTo(8)f" < e To(s) (IDTo(t — ) fI7)

= ¢ T, (5) (90 (5))F ! [DTult = 5) 17 (90 (5))' )

< e {T.(5) (0u) 10Tt~ 9)/P) } {Tu(e)gn()) %

Then, using the Young and Jensen inequalities and recalling that (a+ b)p/ 2<
a?/? 4+ bP/? for any a,b > 0, we get

DT 0 < v { BT ((9n(0) D0 - 9)1P)

+(1=2) 7 (Tat)(117) + 6% }

Integrating from 0 to ¢ and taking (12.3.9) into account gives

1 — et v
— DTn t p <
S IPL0IT < g

+t (1= 2) 7= (Ta(F17) + 6%)

T (t) ((f12 +9)%)

where, if 0, = 0, we replace the term (1 — e~ 77") /o, with ¢. Letting & go to 0
and, then, minimizing with respect to € € (0,+o0), we deduce (12.3.6) with
{T(t)} being replaced with the semigroup {7, (¢)}. To get (12.3.6) it is now
sufficient to take the limit as n goes to +oo, recalling that T,,(-)f converges
to T(-)f in CY2(D) for any compact set D C (0,+00) x Q (see the last part
of the proof of Theorem 12.1.3).

To prove (12.3.7) it suffices to apply the Jensen inequality and (12.3.6) with
p = 2. Indeed, since p(t, z; dy) are probability measures for any t > 0, = € Q,
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it follows that (T'(t)(|f|?))?/? < T'(t)(|f|P). Therefore,

(DT @) = ((DTO N @)
< (e MO

2%0(1 — 6_0275)

A

< (%) T (@)

1—e02t)

and (12.3.7) follows.

Corollary 12.3.4 For any f € Cy(Q) it holds that
10 < (5T ) Ul 150
= \ 20 (1 — e—721) < ’

if o2 # 0, and

1
IDT () flloo < \/T()t”f”""’

if oo = 0. Here, 02 = 09 under the assumptions of Proposition 12.3.1, whereas
To = 09 under the assumptions of Proposition 12.3.2.

t>0,

Corollary 12.3.4 gives uniform gradient estimates sharper than those of The-
orem 12.1.3. Indeed, it shows that we can take w = 0 in (12.1.12). Moreover,
under the assumptions of Proposition 12.3.1 it gives an explicit description
of the constant C, in terms of ¢y and ko (see (12.1.3) and (12.3.1)). Finally,
in the case when o9 < 0, (12.3.4) shows that the sup-norm of the gradient of
T'(t)f vanishes exponentially as ¢ tends to +oo.

Another interesting consequence of the gradient estimate in Proposition
12.3.3 is shown in the following proposition which provides us a Liouville type
theorem. We omit the proof since it can be obtained arguing as in the proof
of Theorem 7.2.5.

Proposition 12.3.5 Suppose that Proposition 12.3.3 holds with Go <0 (where
T2 is as in Corollary 12.3.4). If f € D(A) is such that Af =0, then f is con-
stant.

To conclude this section we show that under the same assumptions as in
Section 12.1, we can prove estimates similar to (12.3.2) even if a bit weaker. In
any case, they can allow to improve the uniform gradient estimate (12.1.12). In
fact, they show that as ¢ tends to +oo the sup-norm of DT'(¢) f stays bounded.

Proposition 12.3.6 Under Hypotheses 12.1.1, there exists a constant Cp > 0
such that

(DTOHE)IE <G (2 +IDfDF) @), t>0, el
(12.3.10)
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for any f € CL(Q).

Proof. Since the proof is similar to that of Proposition 12.3.1, we limit
ourselves to sketching it, pointing out the main differences. In the case when
p € (1,2] and f € C**2(Q), we introduce, for any § > 0, the function w
defined by

w(t,z) = (alu(t,z)? + |Dult, )2 +06)*,  t>0, zeq.

Here a > 0 is a real parameter to be fixed later on. By virtue of Propositions
12.1.8 and 12.2.3, the function w is bounded and continuous in [0, +00) x €2.
Moreover, by Theorem C.1.4, w is differentiable once with respect to the time
variable and twice with respect to the space variables in (0,400) x £, and it
solves the differential equation Dyw — Aw = f1 + fo, where now

N N
fl = pw1*% ( Z DhqithuDiju + Z DibjDiuDju
i,5,h=1 i,5=1
—a{QDu, Du) — Tr(QD2uD2u)>, (12.3.11)

fa=p2- p)wlf% (Q(auDu + D*uDu), auDu + D*uDu).

Moreover, dw/dv < 0 in (0, +00) x 9. Using the Cauchy-Schwarz inequality
twice, first for the inner product induced by the matrix () and, then, for the
Euclidean one, we get

(Q(auDu + D*uDu), auDu + D*uDu)

1 1 2
(Tr(QD*uD?u))® |Dul| + alu| ((QDu, Du))?

IN

IN

(alul® + |Dul?) {Tr(QD*uD?u) + a{QDu, Du) } .
Hence,
fo < p(2 - p)(au? + |Dul?) 5~ {Tr(QD?*uD?u) + a(QDu, Du)} .

Therefore, we get

N N
Dyw — Aw = pwl_i{ Z Dygij DpuDjju + Z D;b;DiuDju
i,j,h=1 ij=1

—(p—1) [a(QDu, Du) + Tr(QD2uD2u)} }

(12.3.12)
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The first term in the right-hand side of (12.3.12) is immediately estimated
by (12.1.22) (where we take ¢’ = (p — 1)), whereas, to estimate the remaining
ones, it suffices to use the dissipativity condition (12.1.3) and the ellipticity
condition (12.1.1) as in the proof of Proposition 12.1.4. So, finally, we get

ki
Dyw — Aw < pw' ™ <Kp + K_z —a(p— 1)> x| Dul?,

where K, is a suitable positive constant. It is now clear that we can choose a
sufficiently large such that Dyw — Aw < 0 in (0, +00) x . Hence, from the
maximum principle in Theorem 12.1.5 we get

(alu(t, 2) + [Du(t,2)? + 0)% < (T(1) ((af* + DS +0)F) ) (@),

for any ¢t > 0 and any x € Q. Letting § go to 0, the assertion follows. [ |

Remark 12.3.7 Repeating verbatim the proof of Proposition 12.3.3, it can
be easily checked that, for any n € N, the semigroup {7, (¢)}, introduced in
the proof of Theorem 12.1.3, satisfies (12.3.10) with the same constant C,,.

Theorem 12.3.8 Under Hypotheses 12.1.1, for any p € (1,400) and any
f € Cp(), we have

D

OTONEP < (S +1) TOUPDE, (123.13)

for any t > 0. In particular, the function DT(-)f is bounded in (a,+00) x Q
for any a > 0.

Proof. It can be obtained arguing as in the proof of Proposition 12.3.3. The
only difference is that now, using (12.3.10) with T'(¢) replaced with T5,(t), we
obtain

IO < G B3T,(0) [(0n(0) (Tt = 917 + 1D 0~ 917

+ (1 - g) ez (Tn(t)|f|p+5%) }

Using the Jensen inequality as in the last part of the proof of Proposition
12.3.3, we obtain

To(s) ((9n()' FITult = ) 12)

IN

To(5)9n (s)
Ta(s) (Tult = $)(1S17) + 0% )
Ta(6)(If17) + 6%,

IN
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Hence,

DT 011 < G BT [(an (o) 1D 0 = )P

#(1-5)e (mwasr + o)

23 (T f1) +5%>},

[N RS

and now (12.3.13) follows arguing as in the proof of Proposition 12.3.3. N

12.4 The invariant measure of the semigroup

In this section we briefly generalize some results of Chapter 8 to the case of
the invariant measure associated with the semigroup {T'(¢)} considered in this
chapter. To simplify the notation, throughout this section we simply write L1
and WP (k € N, p € [1,400)) instead of LP(£2, p1) and W*?(Q, 1). Moreover,
we denote by | - [, the usual norm of LF.

In view of the extension of the gradient estimates in Section 12.3 to this
setting, we assume that c identically vanishes in .

To begin with let us prove the following theorem.

Theorem 12.4.1 There exists at most one invariant measure of {T(t)}. Such
an invariant measure is absolutely continuous with respect to the Lebesgue
measure and its density o is a positive function which belongs to Wﬁmp(Q) for
any p € (1,400). In particular, o is continuous in 2 (not necessarily bounded).

Proof. We split the proof into three steps.

Step 1. Here, we assume that 4 is an invariant measure of {T'(¢)}. Repeating
with slight changes the same arguments as in the proof of Theorem 8.2.2, we
can easily show that p admits a density o € Wﬁmp(Q) (see also [21, Section 2]
for more details). Moreover, using the Harnack inequality (see [142, Corollary
5.3]), we can show that

sup o(z) < C inf o(x), (12.4.1)
zeK zeK

for any compact set K and some positive constant C' = C(K). Of course,
the estimate (12.4.1) and the continuity of ¢ in Q imply that g is everywhere
positive.
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To conclude this step of the proof, let us show that p is absolutely continuous
with respect to the Lebesgue measure. For this purpose, let {€2,,} be a sequence
of bounded sets such that Q, C Q11 for any n € N and {J,,cy Q2 = Q. By
the above results,

w(y,) = / odx, n € N.
Q

n

The Fatou lemma now implies that

1= pu(Q) :/dia:.

Therefore, o is everywhere positive in Q and it belongs to L1(f), i.e., u is
absolutely continuous with respect to the Lebesgue measure on the o-algebra
of the Borel set of €.

Step 2. We now prove that there exists at most a unique invariant measure
of {T'(t)}. For this purpose, we begin by observing that the semigroup {7T'(¢)}
is ergodic, i.e.,

t
lim 1/ T(s)fds:/fdu, ferL? (12.4.2)
t—+oo t J Q L

To prove the formula (12.4.2), one can argue as in the proof of Proposition
8.1.11 with minor changes. Indeed, Proposition 8.1.13 holds also in this sit-
uation as it can be easily seen repeating step by step the same proof (note
in particular that, using the formula (12.1.28), one can show that, if {f,}
is a bounded sequence of bounded and continuous functions converging to a
function f € By,(RY) pointwise, then 7'(-) f, converges to T'(+)f pointwise in
[0,4+00) x Q as n tends to +00). We need to modify the proof of Proposition
8.1.11 only to show that x4 € C = {f € Li :T(t)f = f p—a.e. for any t > 0}
if and only if u(A) = 0 or u(A) = 1. For this purpose, suppose that y4 € C
and p(A) > 0. Then, T(1)xa = xa p-almost everywhere in . Therefore,
T(1)xa > 0 p-almost everywhere in A. Since the semigroup is strong Feller
(see Proposition 12.2.1), then T'(1)xa € Cy(2). Moreover, according to Re-
mark 12.2.2; the function T'(2)x 4 is everywhere positive in Q2. Therefore, the
equality T(2)xa = xa can hold u-almost everywhere in € if and only if
u(Q2\ A) =0 that is if and only if u(A4) = 1.

Step 8. We can now conclude the proof. Suppose that pq and ps are two dif-
ferent invariant measures of {T'(¢)}. Then, according to the Chacon-Ornstein
theorem (see [124, Chapter 3, Section 8]), for any Borel set A we can determine
two sets My and Ma, with p;(M;) =1 (j = 1,2) such that

1 n
lim —/ (T(s)xa)(x)ds = / xadp; = pi(A), reM;, j=1,2.
0 Q

n—-+oo n
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Let us observe that M; N My # &. Indeed, since the densities o1 and g2 of
p1 and po (with respect to the Lebesgue measure) are positive in ), then,
for any compact set K C €2, the restriction uf( of the measure p; to K
(j = 1,2) is equivalent to the Lebesgue measure (restricted to the Borel
sets of K). Fix a compact set K such that p;(M; N K) > 0 (j = 1,2) and
suppose, by contradiction, that My N My = &. Since p1 (2 \ M7) = 0, then
pi (M N K) = uf(K). Moreover,

p1 (MiUMe) NEK) = pit (M0 K) + pg (Mo N K) < ppt (K) = pgt (M N K).

Hence, pf€(My N K) = 0. Since, pf€ and pff are equivalent to the Lebesgue
measure, then uf (M3 N K) = 0, which, of course, cannot be the case.

Now, taking € My N My, from (12.4.3), we easily deduce that p;(A) =
12(A) and the arbitrariness of A allows us to conclude that @y = po. [ ]

The following theorem gives a precise description of the behaviour of the
function T'(¢t)f as t tends to +oo, for any f € Li. For the proof, we refer the
reader to [42, Theorems 3.4.2 & 4.2.1].

Theorem 12.4.2 For any f € L we have

lim |T(t)f = fl, =0,

t——+oo

where f = [, fdpu.

As in the case when © = RY the main existence result of an invariant
measure of {T'(t)} is the Khas'minskii theorem.

Theorem 12.4.3 (Khas’minskii) Suppose that there exists a function ¢ €
C?(Q) such that

0
@ >0, lim  Ap(z) = —o0, 92 — 0 on 99.
|z]—4o00 ov

Then, the semigroup {T(t)} admits an invariant measure L.

Proof. It can be obtained arguing as in the proof of Theorem 8.1.20, adapt-
ing to our situation the proof of Theorems 8.1.18 and 8.1.19. [ |

From now on, we always assume that the semigroup {7T'(t)} admits an in-
variant measure. In such a situation, as the following proposition shows, the
semigroup can be extended to a strongly continuous semigroup of contractions
defined in LP(Q) for any p € [1,+00). We will still denote by {T'(¢)} such a
semigroup.
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Proposition 12.4.4 Let p be the invariant measure of {T(t)}. Then, the
semigroup can be extended to a strongly continuous semigroup of contractions
in LY, for any p € [1,+00). Moreover, the set D(A) (see (12.2.5)) is a core of
the infinitesimal generator Ly of the semigroup in LE.

Proof. It can be obtained arguing as in the proofs of Propositions 8.1.8 and
8.1.9. m

We now use the gradient estimates in Section 12.3 to derive some gradient
estimates for functions in L7.

Proposition 12.4.5 Under the hypotheses of Proposition 12.3.3, T'(t) maps
L¥, into Wj’p, for any t > 0. Moreover, under the assumptions of Proposition
12.3.1,

1
cpaptl_g P
2T ) E 1,27
(o2 =) 1l e

1DT@) fllp < (12.4.4)

1
g9 2
)> e p=2,

2%0(1 — e~ 02t

for any t > 0, where ¢, and o, are the same as in the quoted proposition.
When o, = 0 in (12.3.6) and (12.3.7), we replace o,/(1 — e~ ") with 1/t.

Similarly, under the assumptions of Proposition 12.3.2 the same estimate
holds for any p > po, provided we replace everywhere o, with op, which is
given by (12.3.4).

Proof. Tt follows arguing as in the proof of Proposition 8.3.2, taking the
pointwise gradient estimates in Proposition 12.3.3 into account. [ |

As the following proposition shows, the estimates (12.4.4) can be used to
give a partial characterization of the domain of the infinitesimal generator of
the semigroup {7'(¢)} in L.

Proposition 12.4.6 Let p > 1, under the assumptions of Proposition 12.3.1
and p > po, under the assumptions of Proposition 12.3.2. Then, D(L,) C Wj’p
and, for any w > 0, there exists a positive constant M, , such that

IDfly < Mol FIZ 1Ly — )15 f e D(Ly). (12.4.5)

Moreover, under the assumptions of Proposition 12.3.1, the estimate (12.4.5)
holds true also with w = 0, if o, < 0. Similarly, under the assumptions of
Proposition 12.3.2, the estimate (12.4.5) holds true also with w = 0, if 5, < 0.

Proof. The proof is similar to that of Proposition 8.3.3. So we skip the
details. m
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To conclude this section, we consider the case when the operator A is given
by
Ap = Ap — (DU, Dy), (12.4.6)

on smooth functions, under the following hypothesis on U:

Hypothesis 12.4.7 The function U belongs to C*(RY),
lim U(zx) =+o0

|z|—+o0
and
N
> DU ()65 > 0, reRY, ¢ RV,
i,j=1

Let us denote by p the measure defined by

p(de) = K~ te V@ dg, K= / e U@y, (12.4.7)
Q

Lemma 12.4.8 The measure p in (12.4.7) is the invariant measure of {T(t)}.

Proof. Let us fix f € Cy(Q) and denote by {T,,(t)} (n € N) the approxi-
mating semigroup defined in Section 12.1. We know that the function T, (¢) f
belongs to C?(,,) for any ¢ > 0. Moreover, for any ¢t > 0, 9T,,(t)f/0v = 0 on
00y, and T, (t) f converges pointwise to T'(t)f as n tends to +00. An integra-
tion by parts shows that

Qp

for any t > 0. Therefore,

d

G [ msau= [ Anwd=o.  t>0
dt Qn O

which implies that
/ Tn(t)fduz/ fdu, t>0, neN.
Q, Q,

Letting n go to 400, from the dominated convergence theorem we deduce that

/QT(t)fdu=/Qfdu, t>0,

which, of course, implies that y is the invariant measure of {T'(¢)}. [ |

As it has been proved by G. Da Prato and A. Lunardi in [40], a precise
characterization of the domain of the infinitesimal generator of {T'(¢)} in L?
is available, when A is given by (12.4.6). As in Chapter 8, we simply write L
instead of Ls.
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Theorem 12.4.9 Under Hypothesis 12.4.7, the resolvent set p(L) contains
the halfline (0, +00) and

)
D(L) = {u eW2?: (DU,Du) € L7, a—z =0on 0(2} : (12.4.8)
Moreover,
ID¥R(\, L)| b2y < 282571, k=0,1,2. (12.4.9)

Proof. We split the proof into two steps.

Step 1. Here, we prove that, for any f € Li and any A > 0, the Neumann
problem
Au(z) — Au(z) = f(x), z€€Q,
P (12.4.10)
a—Z(x) =0, x € 09,

admits a unique solution u belonging to the space defined by the right-hand
side of (12.4.8) and

| D*ully < 25AF 2| f]lo. (12.4.11)

Let us first prove the uniqueness part. For this purpose, let u be a solution
to the problem (12.4.10) (corresponding to f = 0) with the claimed regularity
properties. An integration by parts shows that

)\/ u?dp = )\/(Au)udu: 71/ | Dul?dp,
Q Q 2 Jo

and, of course, this implies that v = 0.

To prove the existence part, we approximate the operator A with the se-
quence of operators {A,} defined as the operator A, with U being replaced
by the function U, given by

Un(z) =U(z) + g(dist(x,ﬂ))Q, reRY, neN.

As it is immediately seen, the function U, tends to +oo as |z| tends to
+00. Moreover, since  is convex, U, is convex in RY. Therefore, accord-
ing to Remark 8.4.4, the realization L™ in Lin of the operator A, with

domain D(L™) = {u € W22(RN ) : (DU, Du) € L*(RY, 11,,)} generates
a strongly continuous semigroup in L2(R¥Y, y,,), where

pn(de) = K tem e, Ky = | e @da,

n
RN

Let us extend the function f to the whole of RY by zero and let us still denote
by f such an extended function. For any A > 0, the equation

Au—Au=f
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admits a unique solution v € D(L(™) which satisfies
| D L2 @y iy < 2°AT Y £l s k=0,1,2; (12.4.12)

see Theorem 8.4.2 and Corollary 8.4.3.

We now use a compactness argument to prove that, up to a subsequence,
u, converges to a solution of the problem (12.4.10) which belongs to Wi’Q
and satisfies (DU, Du) € Li. For this purpose, we begin by observing that

1 1

1 2 v, )’ Joe™Vdx \*
= [ — d = = .
||f||L2(RN7Mn) (Kn Lf € ’I’) <j‘RN e—Undx ||f||2

Therefore, the sequence {|f].2®~ ,,)} is bounded. From (12.4.12) we now
deduce that the restriction of the functions u, to {2 gives rise to a bounded
sequence in W22, Indeed, | D*ul12(q ) < |D*ul12(q,p,)- Hence, there exists
a subsequence {uy,, } C {u,} which converges weakly in Wi’Q and strongly
in W3/22(Q N B(R)), to a function u € Wi’Q, for any R > 0. Moreover, we
can assume that u,, converges to u pointwise a.e. in ). This implies that the
function u solves the differential equation in (12.4.10). Since u and Au € L2,
then the function (DU, Du) belongs to L. Further, (12.4.9) follows by virtue
of (12.4.12).

Finally, let us prove that the normal derivative of u identically vanishes on
0f). Using the formula (8.1.29), we can show that

/(Dun,Dzb)d,u —/ Apuntpdiiy,
RN RN

== [ Chuunidien = [ (A
RN\Q Q

RN\Q Q

RN\Q Q

L [ Oun

—U,
_ nd
KTL 90 01/ we 7

for any ¢ € C°(RY), where do is the surface measure related to 9€2. There-
fore,

1 Ouy,
o | Gmvetdo = [ Dun DO N [ i,
Kn Joq Ov ]RN\Q< ) RN\Q
(12.4.13)

for any 1 € C°(RY). Let us observe that the right-hand side of (12.4.13)
vanishes as n tends to +o0o. Indeed, the sequence {u,} is bounded in Wi’Q
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and, as it is easily seen, the W1’2(RN \ ©, pp,)-norm of ¢ goes to 0 as n tends
to +00. As far as the left-hand side in (12.4.13) is concerned, we observe that,
since u,, converges to u in W?3/22(Q N supp ), then du,,/dv tends to du/dv
in L2(0Q Nsupp ) as n tends to +o0o. So, we have

Oou

ou
—U . n —U,
— do= 1 — "d
/69 8Vw€ 7 ”HHEOO aq OV ve 7

from which we deduce that du/0v = 0 on 0.
Finally, the formula (12.4.9) follows from (12.4.12), letting n go to +oo.

Step 2. Denote by L the realization of the operator A in Li with domain
given by the right-hand side of (12.4.8).

Since the operator L is dissipative and self-adjoint in Li, according to
Theorem B.2.9, it generates a strongly continuous analytic semigroup {S(¢)}
in L2. To conclude the proof, we need to show that T'(t) = S(t) for any ¢ > 0.
For this purpose, we begin by observing that L and L coincide in C2°(£2). To
see it, it suffices to observe that C$°(Q2) is properly contained in the space
defined by the right-hand side of (12.4.8). Moreover, it is also contained in
D(L). Indeed, according to Proposition 12.4.4, the space defined by (12.2.5)
is a core of L.

Now, fix f € C2°(Q) and ¢ > 0. Moreover, let ¢ : [0,¢] — L2 be the function
defined by 9(s) = S(t — s)T'(s)f for any s € [0,¢]. Since {S(¢)} and {T'(¢)}
are both strongly continuous semigroups and {T(¢)} is also analytic, then the
function v is continuously differentiable in [0,¢) with values in Li and

W' (s) = =S(t — s)T(s)Lf + S(t — s)LT(s)f
= —S(t—s)T(s)Lf + S(t — s)T(s)Lf
= 0.
Therefore, 1(s) = 1(0) for any s € (0,t). Since ¢ is continuous up to s = t, we

deduce that ¥ (t) = ¥(0) or, equivalently, that T'(¢) f = S(¢t)f. This completes
the proof. [ |

To conclude this section we prove the Poincaré inequality.

Theorem 12.4.10 Suppose that A is given by (12.4.6) with U € C?*(RY)
satisfying

N
> DU )& > dolé]?, re, ¢eRV,

4,j=1

for some negative constant dy. Then,

= 1
/RN |f = FPdp < s /RN |DfPd, fewy? (12.4.14)
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Moreover,

IT@)f = fll2 <e®|f = Fle, t>0,
for any f € Li. Finally, we have a spectral gap for L, namely

o)\ {0} c{AeC: Re A< 1/do}.

Proof. The Poincaré inequality can be proved arguing as in the proof of The-
orem 8.6.3, taking Theorem 12.4.2 into account and observing that according
to Proposition 12.3.1,

(DT () f)(2)* < YT (O)(IDf*)(2), t>0, z e

The second and the last part of the theorem can be proved repeating the
same arguments as in the proof of Proposition 8.6.4. Hence, we omit the
details. [ ]






Chapter 13

The Cauchy-Neumann problem: the
NOoNconvexr case

13.0 Introduction

In this chapter we consider the case when ) is a nonconvex unbounded open
subset of RY | uniformly of class C2+<, for some a € (0, 1), and we show that,
under somewhat heavier assumptions on the coefficients of the operator

N N
Ap(x) = > qij(@)Dije(x) + > bj(x)Dig(x) + c(z)p(), zeqQ,

ij=1 j=1

(13.0.1)

we can recover the results proved in Chapter 12. In the convex case the key-
stone to prove the existence of a classical solution to the problem

Dyu(t,x) = Au(t,z), t>0,z€Q,

@(t,m) =0, t >0,z €09, (13.0.2)
ov
u(0,z) = f(x), r €N

(i.e., a function u € C([0, +00) x Q) N C%L((0, +00) x Q) NCH2((0, +00) x Q)
which solves the problem (13.0.2) pointwise) was the a priori estimate (12.0.4)
for the classical solution w, to the Cauchy problem (12.1.10) in bounded
domains. Such an estimate was proved by using the Bernstein method. The
convexity of € played a crucial role since it allowed us to approximate by
convex bounded domains €2,,, and the convexity of €2, was essential to apply
the Bernstein method. Indeed, if F' is a smooth convex open set, then any
smooth function w defined in F', with normal derivative identically vanishing
on OF), satisfies 9|Dw|?/0v < 0 on OF (see Proposition 12.1.4). In the case
when §2 is not convex, there is no a priori information on the sign of the normal
derivative of |Duy,|? on 9 and so the technique of Section 12.1 cannot be
applied. To overcome such a difficulty, here we do not approximate the domain
but we rather deal directly with the problem in the whole of 2. Taking the
geometry of € into account, we introduce a suitable positive function m and
we prove that, if Ju/0v = 0 on 99, then d(m|Du|?)/dv < 0 on 9. Once we
have this preliminary result, we apply the Bernstein method to the function

367
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v := u? + atm|Du|?, u being the classical solution to the problem (13.0.2),
and we get (12.0.4) for the function u. To apply such a technique we need
to assume that w is sufficiently smooth in order to be able to differentiate
v once with respect to time and twice with respect to the time variables in
(0, +00) x Q.

Next, we focus our attention on showing that the Cauchy-Neumann prob-
lem (13.0.2) actually admits a (unique) classical solution which satisfies the
smoothness assumptions that we needed to apply the Bernstein method.

To guarantee the uniqueness of the bounded classical solution to the prob-
lem (13.0.2), we assume as in the previous Chapters, the existence of a Lya-
punov function for the operator A, which allows us to prove a maximum
principle.

To prove the existence of a solution to the problem (13.0.2) with the claimed
regularity, we adapt to this situation the technique of Chapter 11. For this
purpose, we consider auxiliary problems in LP(£2), which involve suitable new
operators A, (¢ > 0) and we show that, for p large enough and f smooth
enough, there exists a unique bounded classical solution u. to the problem
(13.0.2) with A replaced with A.. The regularity of the functions u. and the
suitable choice of the operators A, allow us to apply the a priori gradient
estimate proved before to the functions u. (¢ > 0) obtaining that

IDuct, e <
for any T' > 0 and some positive constant Cp, depending on T, but being
independent of e. At this point, we show that there exists a sequence {u., }
which converges to a solution u of the problem (13.0.2). Letting n go to +oo
in (13.0.3), we find that u satisfies (13.0.3) as well.

A standard approximation argument yields the gradient estimate in the
general case when f is bounded and continuous. Finally, the semigroup rule

can be used to show that, for any w > 0, there exists a positive constant
C = C(w) such that

1 loc t € (0,7, (13.0.3)

C w
IDu(t, Yoo < —eIfloe, £>0, (13.0.4)

This procedure works if we assume, among other assumptions, that the
diffusion coefficients are bounded in ) with their first-order derivatives. In
particular, this assumption is essential when we deal with the auxiliary prob-
lem in LP(§2). However, if Q is an exterior domain, we can allow the diffusion
coefficients to be unbounded in €. In such a situation, we approximate the
operator A by a sequence of elliptic operators {A,,} with bounded diffusion
coefficients to which we can apply the previous results, getting the existence
of a unique bounded classical solution u,, satisfying the gradient estimate
(13.0.4). Then, letting n go to +oo, we finally see that u, converges to the
(unique) solution to the problem (13.0.2), which, of course, satisfies (12.0.4).
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As a consequence of the results so far proved we can define, as usual, a semi-
group {T'(t)} of linear bounded operators in the space Cy(2). We show that
the results in Proposition 12.1.7 as well as all the results in Subsection 12.2
can be extended to the case when 2 is not convex. Concerning the pointwise
estimate, we confine ourselves to the case when ¢ = 0. In the case when the
diffusion coefficients are bounded we show that the semigroup {T'(¢)} satisfies
(12.0.7) with e*oP! being replaced with C,e»! for some constants C), > 0 and
M, € R. In the case when (2 is an exterior domain, we are able to recover the
estimate (12.0.7), by assuming new conditions on the coefficients, which are
slightly more restrictive than those used to prove the uniform gradient esti-
mate. But we still allow the ¢;;’s to be unbounded. On the other hand, still
when € is an exterior domain, we can prove an estimate similar to (12.3.10),
under the same set of hypotheses used to get (12.0.4).

Next, we derive another type of pointwise gradient estimates that, in some
cases, allow us to improve the estimates on the behaviour of the sup-norm
of DT(t)f when t approaches infinity and f € Cy(Q), as well as to prove a
Liouville type theorem for the operator A.

Finally, in Section 13.4, we briefly generalize to this situation some results
of Chapter 12.

The results of this chapter have been proved in [16].

13.1 The case of bounded diffusion coefficients

We begin this section by recalling that, if  is uniformly of class C?T® for
some « € (0,1), then the distance function

x — d(z) = dist(x, 09),
belongs to CZ(T'(p)) for some p > 0, where
(p) :={z € Q:d(x) < p}. (13.1.1)
Moreover,

Dd(z) = —v(§(z)),

(
where £(z) is the unique point on 09 such that d(x,00Q) = |z — £(x)]. In
particular, formula (13.1.2) implies that |Dd(z)| = 1 for any z € I'(p). We
refer to Appendix D for the proof of these properties concerning the distance
function.

Finally, according to Remark D.0.3,

13.1.2)

) ov
My := z16116}0Q {E(Z) Ty =1, 7ov(x) = 0} > —00.
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Therefore, we can define the constant wy which will be used throughout this
chapter, by setting

wo = max {0, —Mo}. (13.1.3)

We can now state the hypotheses that we always assume to be satisfied in
this section.

Hypotheses 13.1.1 (i) € is an open nonconvex unbounded set uniformly
of class C?T for some a € (0,1);

(ii) the coefficients ¢;; and b; (i,j = 1,...,N) and c belong to Ot ().
Moreover, ¢;; € C}(Q), for any i,j =1,..., N, and

Z 0 (0)&& > rol€?,  z€Q, £eRY, (13.1.4)

i,5=1
for some positive constant kq;
(iii) c(z) < 0 for any x € Q and there exist two constants ¢y and 7 such that

—cp = sup ¢(z), |De(z)| < v(1 —e(x)), « €
z€Q

(iv) there exist k1, ko € R and s1, s2 > 0 such that

Z Dibj(x)&:€; < (ki — sic(x)|€]?, z€Q, £eRY;

7,j=1
N
Zb] ) < kg —s2c(x), x€T(p),
with 1
S1 + 2 5 Dy < o (13.1.5)

(v) there exist two constants dq,ds > 0 such that

|b(x)| < dy exp(da|z|), =€

vi) there exist a function ¢ € C2(Q) and a constant \g > ¢p such that
2

lim ¢(z) =400, sup(A—Xo)p(z) < 400, 0_(,0(30) >0, xe€ oS
|z]—+o00 zeN ov

The requirement that ¢;; € CL(Q) (i, = 1,...,N) as well as Hypothesis
13.1.1(v) are essential in order to prove the existence of a bounded classical
solution to the problem (13.0.2). The geometry of € is taken into account by
Hypothesis 13.1.1(iv)(b) which requires that the growth of the component of
the drift along the outward normal direction is balanced by the potential in
a neighborhood of 0f2.
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13.1.1 A priori estimate

In this subsection we are devoted to prove the following a priori estimate

—k

|Du(t, 2)| < Crt™ = | fllo s te(0,T), x€Q, k=0,1, (13.1.6)

for any T'> 0 and any f € CF(Q) (satisfying 0f/0v =0if k = 1), when uis a
bounded classical solution to the problem (13.0.2) with the further property
that Du € Cy([0,T] x Q) N C%1((0,T] x Q) N CH2((0,T] x Q). We will deal
with the existence of such a solution in the next subsection. In order to prove
(13.1.6) we adapt to our situation the classical Bernstein method. For this
purpose, we introduce the function m :  — R defined by

m(z) =1+ wop(d(z)), z € Q, (13.1.7)

where wy is given by (13.1.3) and ¢ € CZ([0,+0o0)) is any function such that

0<v <3 v(0)=0, ¥(s)=2, s>= (13.1.8)
YO0)=1, 0<¢ <1, —ggw”go, (13.1.9)
0

m(x):1+onEO, x € Q\T'(eg), mlz)=1, z €.

Let us prove the following fundamental lemma.

Lemma 13.1.2 Let u € C?(Q) be such that Ou/Ov = 0 on 9S). Then, the
function v := m|Dul|? satisfies

ov <0

(2) <0, xeon.

Proof. Since Du(z) - v(z) = 0 for any = € 99, differentiating along a unit
tangent vector 7, we obtain

0 9 ov
a—(Du(ac)u(ac)) = D*u(z)T-v(z)+ a—(x)Du(ac) =0, z€0Q. (13.1.10)

T T
We now observe that, from (13.1.2), (13.1.3) and (13.1.9), it follows that, if
x €0 and 7-v(z) =0,|r| =1, then

om v v

E(x) — 25(:0) T =woy'(0)Dd(x) - v(x) —2—(z) - T
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Therefore, if we choose, for any = € 91,
7 = 7(2) = m(z)|Du(z)| "  Du(z) = |Du(z)| ! Du(z),

from (13.1.10) and (13.1.11) we get

ov om 5 5
5(%) = E(%)IDU(CC)I + 2m(z) D u(x) Du(x) - v(x)
= |Du(x)[? {Z—T(x) - 2%(@ -r} <0, xe€d0.

We can now prove the a priori estimate (13.1.6) requiring, for the time
being, a further regularity property to the function u, that will be removed
later.

Proposition 13.1.3 Assume that Hypotheses 13.1.1 are satisfied and let u €
C([0,T] x Q)NCO1((0,T] x Q) NCY2((0,T] x Q) be a bounded solution of the
Cauchy-Neumann problem (13.0.2). Further, assume that the function Du is
bounded in [0,T] x Q and it belongs to C%'((0,T] x Q)N CY2((0,T] x Q), for
any T > 0. Then, there exists a constant C > 0 such that (13.1.6) holds. In
particular, if ¢ = 0, then (13.1.6), with k = 1, holds with a constant being
independent of T.

Proof. We begin by proving (13.1.6) with & = 0. For this purpose, let us
define the function

v(t,x) = |u(t,z)]* + atm(z)|Du(t,z)*, t>0, z€Q,

where a > 0 is a parameter that will be chosen later. By the assumptions,
v € Cp([0,T] x Q) NCY%L((0,T] x Q) NCH2((0,T] x ) and v(0,-) = f2.

We claim that there exists a suitable value of @ > 0, independent of f, ¢, x,
such that

Dyw(t,z) — Av(t,x) < Mv, te(0,T], z€Q,
y (13.1.12)

E(t,ac)go te(0,T], =€dQ,

for some constant M > 0, having the same dependence as a. Then, by the
maximum principle in Theorem 12.1.5, applied to the function e=M*v, we get

v(t,z) < eMTsupw(0,2) = M| f|%, t€ 0,7, x € Q,
z€Q

which yields (13.1.6), with & = 0 and Cr = eMT/2q=1/2 since m(x) > 1 for
any = € Q.
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According to Lemma 13.1.2, dv/dv < 0 on 092. Thus we have only to

prove that v satisfies the differential inequality in (13.1.12). A straightforward
computation shows that v solves the following equation:

Dy — Av = am|Dul? + cu® — 2(Q Du, Du)

1
+2at{ — mTr (QD*uD?u) + §mc|Du|2

N N
+m Z DhqithuDijqum Z le]DZ’U,D]’U,
i,5,h=1 i,j=1
+mu(De, Du) — “2% (d)(QDd, Dd)| Dul?
—%w’(d)(/ld — cd)|Dul? — 2woy’ (d)(QDd, D%D@}.

(13.1.13)

Let us estimate each term in the right-hand side of (13.1.13). By the ellipticity
condition (13.1.4) we have

—m Tr (QD*uD?u) < —m#o|D?ul?. (13.1.14)

Using the boundedness of Dg;; (4,7 = 1,...,N) and the Holder and Young
inequalities, we can write

m Z DngijDruDjju < m( Z [{Dg;;, Du) |2) ( Z |D”u|2)

i,7,h=1 i,7=1 i,j=1

< 1DQlaem | Dul? + 51DQloc m | D*uf?, (13.1.15)

for any 6 > 0. From Hypothesis 13.1.1(iv)(a) we get

N
m Z DibjDiuDju < kym|Dul|* — syme|Dul? (13.1.16)
ij=1

and, from Hypothesis 13.1.1(iii), it follows that, for arbitrary § > 0,

mu(De, Du) < ym(1—c)|u||Du| < vém(1—c)|Du|? —|—4 m(1—c)u?. (13.1.17)

)
Using (13.1.9) and the Holder inequality yields

wo

~0"(d)(QDd, Dd)| Du” < :}—§||Q||00|Du|2. (13.1.18)
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Analogously, by Hypothesis 13.1.1(iv)(b) and (13.1.8) we have

wo

f%@//(d)(fld — cd)| Duf’ = =224 (d)(Tr(QD?d) + (b, Dd)) | Duf?

W W
< 2 (|Qlscl D2l + kz) IDuf? — szl Duf”
(13.1.19)

Finally
—2wot' (d){QDd, D*uDu) < 2wo| Q| oc|D?*u| | Dul

w
< 55 1Qlc | Dul? + 2800 Qoo | D*uf*.  (13.1.20)

Now, combining the estimates (13.1.14)-(13.1.20) and using the fact that m >
1, whenever it is necessary, we get

Dy — Av < (am — 2ko)|Dul? + cu?

+2at{ (51D + 28w0] @l — ) M| D?u?

1
— (51 + v + %52 — 5) mc|Du|2

DOl 1
+ 1Dl + k1476 4+ wo| Qlloe | — + [D?dlso
46 €0

kowq

M

wo 2, 7 N2
+ 25||Q||Oo]m|Du| +45m(1 c)u }

By (13.1.5) we can choose  small enough to have
1
1DQ)sod + 2008]|Qlloc — Ko <0, 51 +70 + %52 -5 <0

Therefore, we obtain

Dy — Av < (am — 2ko)|Dul? + cu® + 2aT{Km | Du|? + 415(1 —c)m ’U,Q},

where we have set

DQ| s 1
K o= 129 g 64 QU (= + D% ) +
46 €o

Since m < 14 wpeg/2, it follows that

kQWO
2

wo
+ 22 Qle.

Dy — Av < Kl + @)m F2TK) — 2,{0] | Dul?

Woéo \ ¥ 2 WoEo \ ¥V o
- -1 T(14+ — |— T(1+ —— | —u".
[ +a ( + 5 )26}% + a ( + )%u
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Now, it is clear that there exists a sufficiently small value a > 0, which is in-
dependent of f,t, x, such that v satisfies the differential inequality in (13.1.12)
with M = aT+(2 + woeo)/(49).

In order to prove (13.1.6) with & = 1, it suffices to replace the function v
with u? + am|Du|? and to argue as above. [ |

13.1.2 Existence of the solution to problem (13.0.2) and uni-
form gradient estimates

The aim of this subsection is to prove the existence of the bounded classical
solution u to the problem (13.0.2) and to show that u satisfies the estimate
(13.1.6). The crucial point consists in proving the statement in the case when
f is smooth. Indeed, the general case then will follow by approximating f €
Cy () with a sequence of smooth functions. For this purpose, by adapting
the technique of Subsection 11.3.2, we approximate the operator A by new
operators A. = A+ c., where the auxiliary potential ¢, is chosen in such a way
that A, generates a strongly continuous analytic semigroup {7-(¢)} in LP(Q)
for any p € [2,400). We prove that, for any € > 0, the function v, = T.(-)f
solves the problem (13.0.2), with A. replacing A and, for p large enough,
it enjoys the regularity properties of Proposition 13.1.3. Hence, it verifies
(13.1.6). Taking the limit as € goes to 0% allows us to prove the existence of
a classical solution of (13.0.2) as well as of (13.1.6) for such a solution.

Generation of analytic semigroups in LP-spaces

For notational convenience, throughout this subsection, we denote by | -
|, and | - | the usual norms of the spaces LP(Q) and WHP(Q) (k € N),
respectively.

We assume more restrictive conditions on the coefficients of the operator A
in (13.0.1). More precisely, in this subsection we always assume the following
hypotheses.

Hypotheses 13.1.4 (i) the coefficients ¢;; and b; (i,j = 1,...,N) and c
belong to CLE*(Q) for some a € (0,1). Moreover ¢;; € C} (), for any
i,7=1,...,N, and

N
> aii(@)&6&5 > rolél?, zeQ, ¢eRY,
i,j=1
for some positive constant kq;
(ii) there exist § > 0 and o € (0,+/2k¢) such that

(i) e(@) <=1, (i) [De(w)| < Ble(@)l, (i) |b(@)| < ole(@)]?,
(13.1.21)
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for any = € .

For any p € [2,+00), we introduce the Banach space

0

D, = {u € W2P(Q) : 8_Z =0 on 09, cuc€ L”(Q)} , (13.1.22)

which is endowed with the norm

lulp, = lull2p + lculp, u € Dy,
and the subspace
— 0
D:{ueC?(Q):%:OOnE)Q}.

As the following lemma shows D is dense in D,, for any p € [2, +00).

Lemma 13.1.5 For any p € [2,400), D is dense in D,.

Proof. Let U, and g, be as in Definition D.0.1 and let {z; + B(R)}ien be
a countable family of balls with the following properties:

(i) the closure of z; + B(2R) is contained in €, for any ¢ € N;

(i) Usen(z; + B(R)) covers Q \ ., where Q. = {x € RY : d(x) < ¢} and
€ > 0 is given by the condition (ii) of Definition D.0.1;

(iii) there exists s € N such that at most s among the balls {z; + B(2R)}
overlap.

We now introduce a covering {2 }xen of Q defined as follows:
Qor, = 1 + B(R), Qo1 = Vi = g, (B(1/2)),
and with this covering we associate a partition of the unity {¥;} such that

(i) the C%-norms of the functions 9 are bounded by a constant independent
of k;

0V2k+1

(ii) Yax41 satisfies the Neumann condition
v

=0on QQk+1 N of.

Now, let u € W?P(Q) be such that du/dv = 0 on IQ and cu € LP(%),
and fix € > 0. We claim that there exists a function ¢ € C?(Q) with compact
support in 2, such that /v = 0 on I and

lu — ollwzr @) + llcu — colLra) <e. (13.1.23)
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To prove the claim, for any k € N we set up = Ypu, asx = |c|r~(2p+B2R))
azkt1 = || Lo (vinn). We observe that

+oo
@)= up(x),  zeq,
k=1

and that ag > 1 since, by assumptions, ¢ < —1. At this point, the idea
is to approximate each function wug by regular functions. Consider first the
case when k is even. Then, u, € W*P(RY) with suppur C x/2 + B(R).
By classical results, there exists a function vy € C%(RY) with suppvy C

T2 + B(2R) such that
s — vilwa @y = lur — vilwes (o os BeR) < ﬁ (13.1.24)
It follows that
et = ckllLoay ot B < aklur = Vilio(ey Ry < 75 (13.125)
Now, assume that k is odd and consider the function @y defined by g (y) =
ug (g, (y)) for any y € BT(1/2) = {z € B(1/2) | zx > 0}. Since the change of

variables is of class C?, @, € W2P(BT(1/2)) and, if y € B(1/2) with yy = 0,
then, taking Remark D.0.2 into account, we get

T y) = (Diig(y), o) = ((Dus) (g7 (), Jaclor ) when)
YN
: - v(gt =
= anten G P W vlg W) =0

since Quy /Ov = udy /Ov+10u/Ov = 0, thanks to the choice of V. It follows
that the extension of @, with value zero in RY \ B*(1/2) belongs to W2?(RY)
and its normal derivative identically vanishes on {yy = 0}. A standard tech-
nique based on a truncation argument and convolution with functions which
are even with respect to the last variable allows us to construct, for any ¢’ > 0,
a new function o, € C*(RY) with supp @, C B(1), 90 /dyn =0, if y € B(1)
and yy = 0, such that

E./

ok — trllwzeB+a)) < Tar

It is immediate to check that the function vy = 9k (g,(+)) belongs to C?(U, N
Q), it has support contained in U, and its normal derivative vanishes on
U, N 99Q. Since the C?-norm of g, can be taken independent of n (by the
condition (iii) in Definition D.0.1), we can choose &’ sufficiently small such
that

€

3
vk — uk||W2,p(Uan) < 4—kak, cvr, — cuk”Lp(U"mQ) < T (13.1.26)
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At this point, for any n € N, we set

v () = ka(z), xz €.

k=1

Of course, v, € C%(Q) and dv,/dv = 0 on IQ. Moreover, using (13.1.24),
(13.1.25) and (13.1.26), we obtain
Lp(Q)

<1 — zn:’l?k> U
= (13.1.27)

As n goes to +00, the two last terms in the right-hand side of (13.1.27) vanish
by dominated convergence. Therefore, choosing n sufficiently large, we get
(13.1.23) with ¢ = vy, [ |

+
W2 ()

2
lu=val, < 3o+

<1_§9k> v

Now, our purpose consists in showing that, under Hypotheses 13.1.4, the op-

erator A with domain D,, is well defined and generates an analytic semigroup
{T,(t)}, and that, for any f € Cy(Q) and any p > N, the function T)(t)f
is a classical solution to the problem (13.0.2) satisfying the assumptions of
Proposition 13.1.3.
For this purpose, we are going to adapt the techniques in Subsection 11.3.2,
which are based on integration by parts. We note that since the conormal
vector associated with the operator () needs not to coincide with the normal
derivative on 0f), integrating by parts, we are led to some surface integrals
which we would avoid. For this purpose, we show that we can replace the
matrix @ with a new matrix Q' such that Tr(QD?*u) = Tr(Q'D?u) for any
u € D, and the conormal vector associated with @’ coincides with the nor-
mal vector on 0. This allows us to eliminate the surface integrals. For this
purpose, for any x € Q we introduce the matrix S(z) defined by

S(z)y = 9(z){(y, Q(x)Dd(z)) Dd(x) — (y, Dd())Q(z) Dd(z)}, yeRY,

where ¥ € CZ(RY) is such that ¥ =1 in T'(p/2) and it vanishes outside I'(p)
(see (13.1.1)). Then, we set Q'(z) = Q(z) + S(x). As the following lemma
shows, Q" has all the claimed properties.

Lemma 13.1.6 We have:

(i) g € CL@) (i,j = 1,...,N) and 30—, 4} (2)&i&; > rol€|? for any
x € Q and any £ € RY;

(i) Tr(QA)(z) = Tr (Q'A)(x), for any symmetric matriz A and any x € Q;

(i5) Q' (z)v(z) = (v(x), Q(z)v(x))v(x), for any x € ON.
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1 1
Moreover, for any u € D, and any v € Wh4(Q), with = + = = 1, we have
P q

N N
/Q(Aou)vd:c:f Z /Qijqgj D;udx — Z /qujDiuDjvd:c. (13.1.28)

i,j=1 1,5=1

Proof. Since S is skew-symmetric, the properties (i) and (ii) follow immedi-
ately. Similarly, the property (iii) follows easily taking (13.1.2) into account.
In order to prove (13.1.28), it suffices to write Agu = Tr (Q'D?u), and to
integrate by parts using the property (iii). [ ]

For notational convenience, we now introduce the vector-valued function
b : Q — RY defined by

N
bi(z) =Y Djgl;(x) — bi(), reQ, i=1,...,N.
j=1

Taking the assumption (13.1.21) into account, it is immediate to see that
¥] < |b] + VNIDQ' |0 < olet + VN|DQ' | (13.1.29)

Proposition 13.1.7 For any p > 2, the operator A, is well defined in D,.
Moreover, there exists a positive constant \g, depending on ko, 0, p, N, |@Q] oo,
”DQ”ooafY; such that

= Al > A= Ao)lulp,  A> Ao, w€ Dy (13.1.30)

Moreover, for any X\ > Ao, there exist two constants C1,Co > 0 (depending
also on X), such that

Ci|ulp, <A — Aul, < Calulp,, u € Dp. (13.1.31)

Proof. It can be obtained arguing as in the proof of Lemma 11.3.9 and
Proposition 11.3.10, writing Au = Tr(Q'D?u) + (b, Du) + cu. Indeed, observe
that, according to Lemma 13.1.6, the conormal derivative relevant to the oper-
ator u +— Tr(Q'D?u) coincides, up to a multiplication factor, with the normal
derivative. Therefore, integrating by parts gives rise to the same integrals as
in the proof of Proposition 11.3.10. [ |

Next step consists in proving that, for any p € [2, +00), the operator A with
domain D,, generates an analytic semigroup of linear operators in LP(€2). For
this purpose, we approximate the operator A by operators with bounded
coeflicients.

Proposition 13.1.8 For anyp > 2, (A,, D,) generates a strongly continuous
analytic semigroup {T,(t)} in LP(Q).
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Proof. The proof is close to that of Proposition 11.3.12, so that we limit
ourselves to sketching it. To prove that A, generates a strongly continuous
analytic semigroup, we fix ¢’ € (0, /2¢) and replace the operator A, with
the operator B, = A, — k defined in D(A,), choosing k sufficiently large such
that

V' (2)] < oI ()2, z€Q,

where ¢ = ¢ — k. This is possible since b’ satisfies (13.1.29). Then, we approx-
imate B, by the operators By, . = Tr(Q'D?-) + (b., D -) + ¢, where b. and c.
are the same as in (11.3.35), i.e.,

b= —— =S 4k

© o Vi—ec T e
Arguing as in the proof of Proposition 11.3.12 and taking Proposition 13.1.7
into account, we can show that, for any A > Xy (where )¢ is given by
Proposition 13.1.7) and any f € LP(Q2), there exists a sequence of functions
ue, € WP(Q), solutions to the equations Au., — Bp ., u., = f, such that
Oue, /Ov = 0 on 0 and c., u., € LP(Q2). Moreover, u., converges weakly in
W2P(Q) to a solution u € W2P(Q) of the equation Au — Byu = f such that
cu € LP(Q2). To conclude that uw € D,, it suffices to show that du/0v = 0 on
0. By the classical interior LP-estimates applied to the operator A — Ay (see
Theorem C.1.1), for any pair of bounded and smooth open sets Q' C Q" C ,
we have

lue, — ve, lwe2r @y < Cllue, — e, Loy + [ fen = fenllr@r))s

where f., = f+ (bc,, Duc,) + c_ u., and C is a suitable positive constant
independent of n, m. Since u., and fe, converge to u and f + (b, Du) + cu,
respectively, in LP(QNB(R+1)), ue, converges to u in W2P(Q)’). Therefore, by
continuity du., /Ov converges to du/dv on 9 and, consequently, du/Ov = 0
on 0 as well. From the arbitrariness of ', it follows that du/dv = 0 on
092. Hence, the operator AI — B, is surjective for any A > X¢. Since it is
quasi-dissipative, due to (13.1.30), and since it has domain dense in L?(f2),
according to the Lumer-Phillips theorem (see Theorem B.1.7), the operator
B, generates a strongly continuous semigroup {R(t)} in LP(2).

To show that {R(¢)} is analytic, it suffices to show that there exists a
positive constant ¢ such that, for any u € D,,

‘Im/ u* Bpudz
Q

where u* = |u[P~?4. Indeed, (13.1.32) implies that the numerical range of B,
is contained in the sector {A € C : [ImA| < —¢Re A}, and Theorem A.3.6
yields the analyticity of {R(¢)}.

<g (—Re/ u*Bpudx) , (13.1.32)
Q
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Integrating by parts, it is immediate to check that the real and imaginary
parts of [, u* Byudx are given, respectively, by (11.3.36) and (11.3.42), with
q' instead of ¢, where ¢’ is the bilinear form induced by the matrix Q’. Since
Q@ and Q' differ only in a skew symmetric matrix S, it follows that

Re([ul?¢'(Du, Du)) = Re(|u|*q(Du, Du))

and
Re(w?q'(Du, Du)) = Re(u?q(Du, Du)).

Hence, the real part of fQ u* Bpudx can be estimated by

* (@) 2 2 Lo
—Re [ v"Bpudz > (p—1— —— |F*+G“+ -H", (13.1.33)
Q 2[4/0 2

where

F2:/ |ulP~*q(Re(wDu), Re(wDu))dz,

Q

GQ:/ |u[P~*q(Im(TDu), Im(@Dw))dz,
Q

H = / 1| [ulPdye
Q

(see the proof of Proposition 11.3.12 for further details).
As far as the imaginary part of the integral is concerned, we observe that

Im(|u|?¢’(Du, Du)) = ¢'(Re(@Du), Im(@Du)) + ¢’ (Im(@Du), Re(@Du))
= —2s(Re(uDu), Im(uDu)),

where s denotes the bilinear form induced by the matrix S. Moreover,

Im(q' (uDu,uDu)) = —¢'(Re(wDu), Im(uDu)) + ¢'(Im(wDu), Re(uwDu))
= 2¢(Re(uDu), Im(uDu)).

Therefore,
Im/ u* Bpudx = —p/ |u|P~*s(Re(wDu), Im(wDu))dx
Q Q
+(p—2)/ |u|P~*q(Re(@Du), Im(wDu))dx
Q

—Im/ |u|P~%7 (b, Du) dx,
Q
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that differs from (11.3.43) only in the integral containing the bilinear form s,
that can be estimated by

‘/Q |ulP~*s(Re(@Du), Im(@Du))dx

< ||S||OO/Q|u|p74|Re(UDu)||Im(ﬂDu)|dax

150 ([ 1P~ ire@puae) ([ -t P
Q Q

1
— S ' G- (13.1.34)
Ko

IN

IN

Using (11.3.44), we can write

‘(p - 2)/Q |ulP~*q(Re(@Du), Im(uDwu))dx — Im/Q |ulP~?u (b, Du) dz

a_l

<(p—2)FG+—GH. (13.1.35)

NG

Combining (13.1.34) and (13.1.35), we get

‘Im/ u* Bpudz
Q

From (13.1.33) and (13.1.36) we obtain (13.1.32) provided we choose ¢ > 1
large enough. The proof is now complete. [ |

a_l

GH. (13.1.36)

p
< — 24+ —||Se | FG +
(p IS ) N

We now study the relation between the semigroup {7},(¢)} and the Cauchy-
Neumann problem (13.0.2).

Proposition 13.1.9 For any p > N and f € C***(Q) such that 0f /Ov = 0
on 09, the function u = Ty,(-)f is the unique bounded classical solution to the

problem (13.0.2). Moreover, u € C-t*/**7*([0,400) x Q) and Du belongs to

loc

Co([0,T] x Q) N CY2((0,T) x Q) for any T > 0.

Proof. Let f be as in the statement of the proposition. As it is easily
seen, f € D, (see (13.1.22)). Therefore, the density of D, in LP(Q) im-
plies that the function u is continuous from [0,4+oc0) in D, (see Lemma
13.1.5, Theorem B.2.2 and Proposition B.2.5) and, hence, in W?P?(Q). Since
p > N, according to the Sobolev embedding theorems (see [2, Theorem 5.4]),
u € C([0,+00); CL(2)). In particular, u and Du are continuous functions in
[0, +00) x © and they are bounded in [0, T] x Q for any T > 0.

Let us now prove that u € C*2((0,T] x Q) for any T' > 0. For this purpose,
we observe that, since {T,(¢)} is an analytic semigroup, u € C'([e, T|; D,) for
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any 0 < & < T Using again the inclusion D,, C W%?(Q) and the Sobolev em-
bedding theorems, we find that D;u € C([g,T] x Q) and, by the arbitrariness
of &, we have Dyu € C((0,7] x ).

In order to show that the second-order space derivatives of u are continuous
in (0,7] x Q, we consider two bounded open sets ©; and 9, contained in
Q) such that dist(Q2;,2\ Q2) > 0. For any fixed ¢,ty € [¢,T], the function
v =u(t,-) — u(to, -) solves the equation

N
Z gi; Dijv = T,(t)Af — Tp(to)Af — (b, Dv) — cv := g(t, %o, ),

ij=1

where the right-hand side belongs to W1?(£3). By the classical LP-regularity
theory (see Theorem C.1.2), v belongs to W3P(Q;) and

”u(ta ) - u(th ')”W&p(Ql)
< C1(llg(t, to, Mwro () + [ult, ) = ulto, Nwr ()
< Co(|T(#)Af = T(to)Af lwree) + lult, ) — ulto,)w2r ),

for some positive constants C'; and Cs, independent of ¢, ty. Since the map ¢ —
T(t)Af is continuous in (0, +oc0) with values in D, then, in particular, it is
continuous in (0, +00) with values in WP (). Since u is continuous in (0, +00)
with values in W?2?(Q), u € C((0,+00); W3P(€1)). Therefore, using once
more the Sobolev embedding theorems, we deduce that u € C([e, T]; C%(Q)),
which implies that Du, D*u € C((0,+00) x Q), by the arbitrariness of &, T
and €. Thus, we have established that u € C%2((0,+00) x ), and, con-
sequently, that u is a bounded classical solution to the Cauchy-Neumann
problem (13.0.2).

To show that u € C’1+a/2’2+a([0, +00)x ) and Du € Cl+a/2’2+a((0, +00) X

_ loc loc

Q), let {Q,,} be a sequence of smooth and bounded open sets such that

(i) Q C Qug1,  nEN, (i1) 0 C | ) 09, (iii) @ = | ] Qn.
neN n€eN

Denote by {T;,(t)} the analytic semigroup generated by the realization A,, of
the operator A with homogeneous Neumann boundary conditions in C(Q,,)
(see Theorem C.3.6(v)). As it is easily seen, if n is sufficiently large, then f €
Da(a+1,00) = {u € C***(Q,) : du/0v = 0 on 95,} (see Theorem C.3.6).
This implies that for such values of n, the function u,, = T,(-)f belongs to
Cllota/2’2+a([0, +00) x Q) and Du,, € C’llota/2’2+a((0, +00) x Q). Moreover,
by the classical maximum principle, it follows that

lunloe < 1flloc; neN, (13.1.37)

Now, we fix k € N such that supp f C Q, and two bounded smooth open
subsets Q' C Q' CC Q, such that dist(Q', 2\ @) > 0. By the classical
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Schauder estimates in Theorems C.1.4, C.1.5 and by (13.1.37), we deduce
that there exist two constants C; = Ci(k) and Cy = Ca(e, ¥, Q") such that

”Un - um||Cl+a/2v2+“([O,T]><§k) § Cl ”Un - um||c([07T]><§k+l) S 2C11 ”f”ooa
[Dun = Dumlgrvarzztaerpxay < C2lun = tml oo rxay < 2620 floo,

for any n,m > k. By a compactness argument, we can determine a sub-
sequence {uy,} converging to a function v € C’IIOJCFQ/Q’HQ([O,Jroo) x ) in

C12(F), for any compact set F' C [0, +00) x €, such that Du,, converges to
Duv € CLF/2212 (0, 400) x Q) in C12([e, T x ) for any £ € (0, T) and any

loc
Q' cC Q. As it is immediately seen, v is a classical solution to the problem
(13.0.2) and, consequently, it coincides with «, by Theorem 12.1.5. We have so
proved that u admits continuous third-order space derivatives in (0, +00) x €.
This finishes the proof.

Proof of the existence of the classical bounded solution to (13.0.2)

We are now in position to prove the existence of the solution to the problem
(13.0.2) together with the gradient estimate (13.1.6). For this purpose, as it
has been already pointed out at the beginning of the section, we approximate
the operator A by operators satisfying the assumptions of Subsection 13.1.2,
including the extra condition (13.1.4). To begin with, we prove the following
approximation result which will be useful in the sequel.

Lemma 13.1.10 Let f € Cy(Q). Then, there exists a sequence of functions
{fn} C C*F2(Q) with the following properties:

(@) |fuloo < C, for some positive constant C and any n € N;

(i) % =0 on 0Q for any n € N;

(iii) fn converges to f as n tends to +oo, uniformly on compact sets of €.

Moreover, let f € CL(Q). Then, there exists a sequence of functions {f,} C
C2+2(Q) with the following properties:

(1) Ofn/Ov =10 on 0Q for any n € N;

(14) ”fn”C{;(ﬁ) < C||f||c§(§) (k =0,1), for any n € N and some constant
C > 0, independent of n;

(tit) fn and Df, converge to f and Df, respectively, as n tends to +oo,
uniformly on compact sets of €.
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Proof. We first prove the second part of the statement, since we need it
to show the first one. In order to prove the second part of the statement,
it is sufficient to repeat, step by step, the same construction as in the proof
of Lemma 13.1.5 and to observe that Y_;_, ¥ and > ,_, DU} converge as r
tends to +oo, respectively to 1 and 0, uniformly on any compact set Q' of .
Moreover, we can also assume that the C2t®-norm of ), can be estimated by
a constant independent of k.

We can now prove the first part of the lemma. For this purpose, we observe
that if {T'(¢t)} denotes the semigroup associated with the Laplacian with homo-
geneous Neumann boundary condition in 2, then, for any n € N, the function
gn = T(1/n)f belongs to C?(Q), 8g,/0v = 0 on 9N and |gnlee < | floo-
Moreover, g, converges to f as n tends to +o0o, uniformly on compact sets of
Q. Now, applying the second part of the lemma to any function g,, we can
conclude the proof. ]

Theorem 13.1.11 Under Hypotheses 13.1.1, for any f € Cy(Q), the Cauchy-
Neumann problem (13.0.2) admits a unique bounded classical solution u. The
function u belongs to C’IIOJCFQ/Q’HQ((O, +00) x Q) and it satisfies the gradient
estimate (13.1.6) with k = 0. If, in addition, f € CL(Q), then the estimate

(13.1.6) holds with k = 1.

Proof. The uniqueness of the bounded classical solution to the problem
(13.0.2) follows immediately from Theorem 12.1.5. So, let us prove the exis-
tence part.

In the case when f € C?7%(Q) the proof follows repeating the same argu-
ments as in Step 1 of the proof of Theorem 11.3.4. Hence, it is omitted.

Let us now consider the case when f € C,(Q). Let {f,} be a sequence of
functions in C2+*(Q) with df,,/0v = 0 on 9N and assume that f,, converges
to f uniformly on compact sets of  and it satisfies || fn]oo < C|f]oo With
C' being independent of n (see Lemma 13.1.10). Denote by w, the solution
to the problem (13.0.2), with initial datum f,. Arguing as in Step 2 of the
proof of Theorem 11.3.4, we can easily show that, up to a subsequence, u,
converges in C12(F), for any compact set F' C (0, +00) x Q, to a function u €
C’llota/2’2+o‘((07 +00) x ) which solves the differential equation Dyu — Au = 0
and such that du/0v = 0 on Of.

It remains to show that u is continuous at (0,x¢) with value f(x) for
any zo € €2, in order to conclude that u is the bounded classical solution to
(13.0.2). To this aim it suffices to argue as in the proof of Proposition 12.1.7,
taking the gradient estimate (13.1.6) into account.

In the case when f € C}(f2), we can assume that the sequence {f,} satis-
fies also ||fn||cb1(§) < C”f”cg(ﬁ)- Then, letting n go to +oo in the following

estimate

Dun(t, )] < Crlfull s < Crlfleym.  0<t<T. zed,
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we get (13.1.6) with k = 1. [

Remark 13.1.12 In the case when f € C?*%(Q0), the Schauder estimates in
Proposition 13.1.9, that we used to prove the convergence of the sequence u,,
show that Du,, is bounded in [0, 7] x © for any T' > 0 and it converges to Du
in [0,T] x Q' for any bounded open set Q' C Q. Therefore, the function Du
is continuous in [0, +00) x Q and it is bounded in [0, 7] x Q for any 7' > 0. If
¢ = 0, then Du is bounded in [0, +o0c) x €, since the estimate (13.1.6) with
k =1 holds with T' = 400 (see the end of the proof of Proposition 13.1.3).

Finally, by classical regularity results (see Theorem C.1.4), Du belongs to
C12((0,+00) x Q).

For any f € Cy(Q), any ¢ > 0 and any = € Q, we set (T(t)f)(z) = u(t, ),
where, according to Theorem 13.1.11, w is the unique bounded classical solu-
tion to the problem (13.0.2). Then, {T'(¢)} is a semigroup of linear operators
in Cy,(Q2), such that 17 1o, @)y < 1 for any ¢ > 0, as a consequence of The-
orem 12.1.5. To conclude this section we state some remarkable properties of
the semigroup {T'(¢)}, which we need in Subsection 13.3.

Theorem 13.1.13 Let {f,,} C C,(Q) be a bounded sequence converging point-
wise to some function f € Cy(Q) as n tends to +oo. Then, for any 0 <
e < T < +oo and any bounded set Q' C Q, T(-)fn converges to T(-)f in
CY2([e,T] x V). Further, if f, converges to f locally uniformly in Q, then
T(-) fn converges to T(-)f uniformly in [0,T] x .

As a consequence, for any t > 0 and x € Q there exists a positive, Borel
measure p(t, x;-) such that p(t,x; Q) <1 and

TONE = [ Twtadn, e C@. (13.1.39)
Proof. 1t suffices to argue as in the proof of Proposition 12.1.7. [ |

Let A be the weak generator of the semigroup {T'(t)} defined in Section
12.2. The following proposition characterizes the operator A.

Proposition 13.1.14 [t holds that

D(A) = {u € Cp() N Mi<petoo WHP(QN B(R)) for any R>0:

du

Au € Gy (ﬁ), o

() =0 for any x € 89},

Au = Au, u € D(A).
(13.1.39)
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In particular, A and T(t) commute on D(A\) for any t > 0.
Finally, D(A) € CL(Q) with a continuous embedding and, for any w > co,
there exists a positive constant M, such that

[Dufloe < Mo fJuf [(A = w) ulZ, (13.1.40)

for any u € D(A\)

Proof. The proof is similar to that of Proposition 12.2.5. So we limit our-
selves to sketching it, pointing out the main differences. To prove that, for
any f € Cp(Q2), the function

belongs to the space defined in the right-hand side of (13.1.39) and it solves
the elliptic equation Au — Au = f, we use an approximation argument which
slightly differs from that used in the proof of the quoted proposition. We first
consider the case when f € C?*+%(Q) is such that df/0v = 0 on 9. For any
n € N, we introduce the operator A with bounded coefficients belonging to
C*(QN B(R)) for any R > 0, defined by

N N
A(”)u = Z q'ijDijU + Z bi")Dzu + c(")u,

i,j=1 i=1

for any u € D(A™) where

D(A(")) - {u e ﬂ W2P(Q N B(R)) for any R > 0 :

p>1

u, A"y € Cy(Q), du/dv =0 on 6(2}.

We assume that bgn) = b; and ¢ = cin QN B(n) and ¢™ < 0 in Q.
According to Proposition C.3.3 (with ¢ = 0) and Theorem C.3.6(v), we
deduce that the operator A(™) generates an analytic semigroup of contractions
{T(t)} in Cp(Q2). Arguing as in Step 1 of the proof of Theorem 11.3.4, it turns
out that 7T),(t)f converges to T'(t)f pointwise in Q. Therefore, by dominated
convergence, the sequence R(\, A™)f = fOJrOO e MT,(t) fdt converges to u =
R(M\, A)f pointwise in  and in LP(') for any bounded subset €' of € and
any p € [1,400). Now arguing as in the proof of Proposition 12.2.5, we can
show that u € D(A).

In the general case, when f € Cy(Q), we consider a sequence of functions
{fa} C C*2(Q), bounded in Cy(Q), with df,/0v = 0 on 9, and converging
to f pointwise in © (see Lemma 13.1.10). Using the representation formula
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(13.1.38), we can show that (T'(t) f,)(z) converges to (T'(t)f)(z) for any t > 0
and any x € Q. Since |T(t) fullo < [Ifnlloc < O, C being a positive constant
independent of n, the dominated convergence theorem implies that R(A, 121\) fn
tends to R(\, A)f in LP(Q2N B(R)) for any R > 0 and any p € [1,+00). Now,
arguing as in the previous step, we can show that R(A, A\) f belongs to the
space defined by the right-hand side of (13.1.39) and solves the differential
equation \u — Au = f. This completes the first part of the proof which shows
that the realization A of the operator A with domain given by the right-hand
side of (13.1.39) is an extension of A.

To show that D(A) € D(A) and to prove (13.1.40) it suffices to argue as in
the proof of Proposition 12.2.5. For this purpose, we remark that Proposition

12.2.4, which is the main ingredient to prove the inclusion D(A) C D(A),
holds also when €2 is nonconvex. [ |

13.2 The case when (2 is an exterior domain

In this section we deal with the case when Q@ C RY is an open subset of
RY such that RN \ Q is bounded and has uniformly C2*“-smooth boundary.
Our aim consists in extending the gradient estimate (13.1.6) to some cases in
which the diffusion coefficients ¢;; (i, =1,...,N) are unbounded in 2. Let
us state the hypotheses that we always assume in this section.

Hypotheses 13.2.1 (i) Hypotheses 13.1.1(i), 13.1.1(v), 13.1.1(vi) are sat-
isfied;

(ii) the functions ¢;; = gj;, b; and ¢ (i,=1,..., N) enjoy the same regularity
assumptions as in Hypothesis 13.1.1(ii);

(iii) there exist constants 3y > 0 and 7 € [0,v/2/N) and a function x : RV —
R such that

N
> aii@)&E = s@)EP, e, E€RYN, 0< ko= inf 5(x);
ij=1 €N

|Dgij ()] < Bor(a) + rle(@)|2 (k(2))2,  w€Q, ij=1,...,N;

(iv) there exists a positive constant kq such that

N
3 Dibj(@)&ig; < kilel?, ze€Q, £eRV.

ij=1
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Set 2, = @\ I'(p), where I'(p) has been defined in (13.1.1) and fix, now and
for the rest of this section, a real number R > 0 such that

RY\ Q, C B(R).

For any n € N such that n > R, let us introduce a nondecreasing odd function
¥y, € CZ(R) such that

(1) Yn(z) =z for any 0 < z < m;
(i) ¢n(z) =n+ 3 for any z > n+ 1;
(iii) 0 <% (x) <1 for any = € R.

Then, we set ¥,,(z) = (¥n(21),...,Yn(zN)) for any x = (21,...,25) € RV,
and we define the functions qgl), ™ by

(@) = g (Va@),  D(@) = c(Wa(z),  ze.

Finally, we introduce the operator A defined on smooth functions by

Ay Z q(") z)Djju(x) + Zb )+ ™ (x)u(x), z € Q.
4,5=1

(13.2.1)

We observe that, by construction, qf] ), ¢ are bounded in Q together with

their first-order derivatives. Moreover, qu ), ™ e 1t (Q N B(R)), for any

R > 0 and they satisfy Hypotheses 13.1.1(iii) and 13.2.1(ii), with x(z) replaced

with x(™(z) = v(¥,(z)) and with the same constants kg, 3, 7. We note that

the functions b, n)( ) = bi(¥y(x)), i =1,..., N, do not preserve Hypothesis
13.2.1(ii), in general. This is the reason why we do not approximate the drift.

We assume that A" n > R, satisfies the following additional hypothesis.

Hypothesis 13.2.2 There exist a positive function ¢, € C? (ﬁ) and a posi-
tive constant )\én) > 0 such that

lim o, (x) = +oo, sup (.A(")gon - )\(()n)gon> < 400,
Q

|| —+o0

Opn,

> .
81/( x) >0, z€df

Remark 13.2.3 A case in which both the Hypotheses 13.1.1(vi) and 13.2.2
are satisfied is when there exist two constants A\g > 0 and C' € R such that

2Tr(Q(x)) +2(F (), 2) + (c(x) = Ao) (L + |2f*) < C
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2(F(z),z) — Xo(1+z|*) < C,
in a neighborhood of co. Indeed, in such a case the function ¢ defined by
p(x) = v(@) + (1= ¢(x))(1 + |2]), €,

where 1) € C2(B(R + 1)) is such that 1 = 1 in B(R), is a Lyapunov function
for both the operators A™ (n € N) and A.

At this point, by applying to the operator A n > R, the results of the
previous section and, in particular, Theorem 13.1.11, we deduce that, for any
f € Cy(9), the parabolic problem

Du(t,z) — A™Mu(t,z) =0, t>0,z€Q,

%(w) =0, t>0,x €00, (13.2.2)
U(O,l‘) = f(x)v x e Q,

admits a unique bounded classical solution u,, € C’llota/ 2’2+0‘((07 +00) x Q)

and for any T' € (0, +00) there exists C(™ > 0 such that
1k o
|Duy, (t, )| < O™t = 1 lex @) te(0,7), z€Q, k=0,1,

for any f € CF(Q), satisfying 0f/0v = 0 on 9Q if k = 1. We observe that
the dependence of C(™ on n relies on the fact that, according to Proposition
13.1.3, such a constant depends on the C''-norms of the diffusion coefficients
qu) (i,7 =1,...,N), which in fact depend on n and blow up as n tends to
+o00. Now, we want to show that, in the framework of this section, it is possible
to modify a little bit the computations in the proof of Proposition 13.1.3 in
order to make the constant C' in (13.1.6), independent of n. Once this step is
done, a standard approximation argument will prove that the sequence {u,}
converges to the unique bounded classical solution to the problem (13.0.2)
which satisfies (13.1.6).

In order to carry out our program, we observe that, by construction, qu) (z) =
¢ij (%) (i, =1,...,N) and ¢ (x) = V(z) if n > R and = € T'(p). Hence, we
have

(i) — (A" —)d) (@) = ~((A=)d) (&) <My, weT(p), n>R
(i) 1Q") (@) Dd(x)| = Q) Dd(x)| < My, €L(p), n>R

(13.2.3)
where M; € R and My > 0 depend on the sup-norm of g;;,b;,¢ (4,5 =

1,...,N) on the compact set I'(p). We use such conditions in the next propo-
sition.
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Proposition 13.2.4 Let u be the bounded classical solution to the parabolic
problem (13.2.2), where A™ is defined by (13.2.1). Then, u verifies (13.1.6),
with a constant C independent of n.

Proof. We limit ourselves to proving the statement in the case when u
satisfies the regularity assumptions of Proposition 13.1.3. The general case
then will follow arguing as in Theorem 13.1.11. Moreover, since the proof we
provide is similar to that of Proposition 13.1.3, we just sketch it, pointing out
the main differences in the case when k£ = 0 in (13.1.6).

Fix n € N and introduce the function v : [0, +00) x 2 — R defined by

v(t,x) = |u(t,z)|* + atm(z)|Du(t, z)|?, t>0, z€Q.

Since v satisfies the boundary condition dv/dv < 0 on 9, we have only to
show that Dyv — A™v < Mu, for some a, M > 0 independent of n. Recalling
that D;uv—A™v is given by (13.1.13) with A replaced with A and observing
that qgl), ™ satisfy Hypothesis 13.2.1(iii), with & being replaced with ("),
we get

—mTr (Q™ D*>uD?u) < —mx™|D?ul?, (13.2.4)

N
m Z Dkqgl)DkuDiju < Nm (Bor™ + r|c(”)|%( )%)|Du||D2u|
ij k=1

N2 2
450 m&™ |Du)? + em &™) | D?ul|?
1

—&N??m ™ | Dul? + 4—ém/i(”)|D2u|2, (13.2.5)

for any ¢, € (0,1). From Hypotheses 13.2.1(iv) it follows that

N
m > DibjDiuDju < kym |Dul?, (13.2.6)
ij=1

and from Hypothesis 13.1.1(iii), which is satisfied also by ¢ with the same
constant ~y, we get, for arbitrary 6 > 0,

uw(Dc™, Du) < 4om (1 — ™) | Du|? + %m (1 —c™)u?
Using (13.1.9) and (13.2.3)(ii) it follows that

Z ¢\ D;d(-) Djd()|Dul® < E—M2|D ul?. (13.2.7)

3,j=1

Analogously, by (13.1.8) and (13.2.3)(i) we obtain

=~ SV AO)AMA() — d()|Duf* < M| Duf? (13.2.8)
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Finally, for any ¢ > 0,
—2wot)’ (d(-))(Q™ Dd, D*uDu) < 2woMy |D?u||Du|
< wiMie | Dul? +¢|D*ul?.  (13.2.9)

From the estimates (13.2.4)-(13.2.9) and recalling that m satisfies (13.1.7), we
get

Drvy— A%, < {a (14 252)

woMs  woM;  w2M?2
x[1+2T(k1+75+ OE 2 4 021+ 052)]
0

TN?
o [ (1 252) S ] o

—at (26N°r® +2v6 — 1) m ™| Du,, |?

wogp \ aTy w2 ( w0€0> alyl (), 2
14 X002 2020\ &2 7
+( + 5 ) 25 n T [ + B 95 | € Un

+at ( 2+ 2 + 2—~ + 2—) x| D%, [, (13.2.10)
in (0,7] x Q for any arbitrarily fixed 7' > 0. Since r € [0,4/2/N) we can
choose & € (1/4,1) such that —1+2N?r? > 0. Then, we choose a sufficiently
small value of € > 0 in order to make the last term in the right-hand side
of (13.2.10) vanish. At this point, we fix § > 0 such that also the third term
vanishes and, then, a > 0 such that

71+aTN2(1+ ”050)50 <0
2 4e

and

< 0.

—1+aT<1+wO€O) B

2 /26
With these choices of the parameters we obtain

Dy, — A™ v,

M2
< [ <1+T)+GT(2+MOEO)(/€1+’75+ — M, + 2M1+ 5 )

N? T
+n0(1+w02€o)< 24 aT 60>}|Dun|2+(1+w050)a ol 2

2 20

Choosing a smaller value of a, if necessary, we finally obtain D,v, — A, <
Muy, in (0, T] x Q, where M = aT'(24wpeo)y/(49). Note that all the constants
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involved are independent of n. Hence, the conclusion follows as in Proposition
13.1.3. [ |

We are now in position to prove the main theorem of the section.

Theorem 13.2.5 For any f € Cy(Q) the Cauchy problem (13.0.2) admits a

unique bounded classical solution u, which also belongs to Cllota/Q’%a((O, +00)

xﬁ)_. Moreover, the estimate (13.1.6) holds true with k = 0. Finally, if f €
CL(Q), then the estimate (13.1.6) holds also with k = 1.

Proof. We limit ourselves to proving the assertion when f € Cy(Q), since
the other case follows straightforward from this one.

For any fixed f € Cy(Q) and any n > R, let u, be the unique bounded
classical solution to the problem (13.2.2). As it has been already pointed out,

Up € Cl+a/2’2+a((0,+oo) x Q). Moreover, Theorem 12.1.5 yields |u,]oo <

loc
| flloo and u,, satisfies the gradient estimate

1Dun(t,2)| < Ot~ | flg,y e te(0,T], z€Q, (13.2.11)

for any T' > 0 and some positive constant Cr, independent of n, as a conse-
quence of Proposition 13.2.4.

In order to prove that there exists a subsequence of {u,}, which converges
to the bounded classical solution to the problem (13.0.2) in C*?([e, T] x ')
for any € € (0,7) and any Q' CC €, we argue as in Theorem 13.1.11. Hence,
we may skip in this context some details. First, we show that a subsequence
{un, } converges to a solution u to the differential equation in (13.0.2), which
satisfies the boundary condition Ou/dv = 0 on 9. For this purpose, we apply
the Schauder estimates in Theorem C.1.5 to the function u,, observing that
the constants which appear can be taken independent of n, since for any
bounded set © C Q, one has A™ = A in Q, if n is sufficiently large. Then,
to prove the continuity of v at ¢ = 0, we use a localization argument and the
gradient estimate (13.2.11). For the same reason as above, also in this case all
the constants involved can be taken independent of n. [ ]

Remark 13.2.6 We remark that all the results in Remark 13.1.12, Theorem
13.1.13 and Proposition 13.1.14 can be extended to the case when §2 is an
exterior domain. The proof of Remark 13.1.12 follows from the arguments in
the proof of Theorem 13.2.5, whereas the proof of Theorem 13.1.13 can be
obtained just as in the case when the ¢;;’s are bounded (4,5 =1,...,N). In
the proof of Proposition 13.1.14 only a slight modification is needed. Since now
the coefficients ¢;; need not to be bounded, one has to change the definition
of the approximating operators A(") replacing the gi;’s with a sequence of
bounded coefficients qu)
in Q and qgl) = ¢i; in QN B(n). Then, the proof can be obtained just repeating
the same arguments as in the quoted proposition.

such that the operator A is still uniformly elliptic
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13.3 Pointwise gradient estimates and their consequences

In this section we are devoted to proving some pointwise gradient estimates
for the function T'(¢t) f. We start by proving the following estimate

(DT(#)f)(@)P < Cp e (T()(IDFIP)) (@), t>0, zeQ, (133.1)

in the case when the diffusion coefficients are bounded. Here, M, is a real
constant that can be explicitly determined (see (13.3.3)). As it is immediately
seen, T(-)1 = 1 is a necessary condition in order to have (13.3.1), hence we
need to assume ¢ = 0.

Theorem 13.3.1 Let Hypotheses 13.1.1(z), 13.1.1(4¢), 13.1.1(4v)-13.1.1(v7)
be satisfied. Further, assume that ¢ = 0. Then, for any p € (1,400), there
exist two constants Cp, > 0 and M, € R, such that (13.3.1) holds for any
feCi).

Proof. The techniques used are similar to those in the proof of Proposition
12.3.1. The only differences are in the case when p € (1,2]. Hence, we sketch
the proof only in this case, pointing out the main differences. We assume that
f€C*(Q) and 9f /Ov = 0 on 9. The general case then follows by density
by virtue of Lemma 13.1.10 and Theorem 13.1.13. We replace the function w
defined in the proof of Proposition 12.3.1 with the new function w defined by

w(t,z) = (m(z)|Du(t,z)|* + (5)g , t>0, z€Q,

where u = T'(-)f. We sketch the proof in the case when p € (1, 2], pointing
out the main differences.

According to Remark 13.1.12, w is differentiable once with respect to the time
variable and twice with respect to the space variables in (0, +00) x £ and it
is bounded and continuous in [0, +00) x Q. Moreover,

Dyw — Aw =mf1 + f2 + f3,
where f is given by (12.3.3) (with m|Du|? + § instead of |Dul|? + §),

N
D_ 1

ivjok=1
N
p_ 1
f3 = p(2 —p)(m|Du|* + )22 Z ij (§|Du|2Dim + m(DQUDU)i)
ij=1

1
X (5 |Du|?*Djm + m(DQUDU)j) .
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Using (13.1.14), (13.1.15) (with |DQ| <!e instead of §) and (13.1.16) we get
fisp (m|Du|2 + 5)571
1
X { (4—€||DQ||§O + k1> |Du|? + e| D?ul? — Tr(QDQuDQu)} .

Since Am = woy)'(d(+))Ad + wetp” (d(-)){Qd, d), from (13.1.18), (13.1.19) and
(13.1.20), with ¢ instead of 0, we get

f2 < pwo (m|Du|2 + (5)§71

1 1 ke
{1l (£ 4 102+ 5+ 52) 1D 4 2l D),

for any € > 0. Finally, using the Cauchy-Schwarz inequality twice, first for
the inner product induced by the matrix ) and, then, for the Euclidean inner
product, and recalling that

(a+B8)2 < (1+e)a? + %62,

for any «, 8, > 0, we get
N
1 2 2 1 2 2
Z 4ij §|Du| D;m + m(D*uDu); §|Du| D;m + m(D*uDu);

i,7=1

< [% ((QDm, Dm))* |Dul® + m (Tr(@QD*uD?))* 'D“'}

12
< m|Dul? [% ((QDm,Dm>)% | Du| + (mTr(QDQuD2u))2]

< (m|Dul* +9)

X (m(l + &) Tr(QD*uD?u) + m1 21Dy 2(QDm, Dm>) . (13.3.2)

Therefore,

f3 < p(2 = p)(m| Duf® + )5

X (m(1+5)Tr(QD2uD2 )+mw0 1 ||Q||00|Du|2)
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Now, choosing € > 0 small enough to have 1 — (14 ¢)(2 — p) > 0 from the
previous estimate and (13.1.14) we get
Dyw — Aw

< p(m|Dul* + 5)571

IIDQII2 > wo
X{[ " IIQII +2 || locl@lle + 52 1€1
2
wo wgeo -, (1+e)(2-p) , 2
—ko — k D
+ 2 ? 4+ 2woey 2 * 4de <o |@loc [l Dul

5
+ {5 + 5woeo + 2woe|Qlloo — (1 — (1 4+)(2 — p))/@o} |D2u|2}7
where ky = min{0, k2}. Let us now choose ¢ > 0 such that

1
€+ 5&)0606 — Ko + (1 + E)(Q —p)lio + 25&)0“@”00 =0

and set
DQJ? W
My = p{ P2 by 4 24l + P10 Qe + 521U + ke
2
Woco _ (0+9)2=-p) »
— k . 13.3.3
iy 4 BRI gq). (13.3.3

Therefore, we get Dyw — Aw < Mpw — (M, A 0)6%. Arguing as in the proof of
Theorem 7.1.5, taking the maximum principle in Theorem 12.1.5 into account,
we deduce that

w(t,z) < Mt (T() (12 4+mIDfH)?)) (@),

for any ¢ > 0 and any « € 2, which gives us (13.3.1) with C), = (14wpeo/2)?/2.
|

Now, we prove the second type of pointwise estimates.

Theorem 13.3.2 Let Hypotheses 13.1.1(¢), 13.1.1(4¢), 13.1.1(4v)-13.1.1(v7)
be satisfied. Further, assume that ¢ = 0. Then, for any p € (1, 400) and any
feCy(f)

(DT ) @) < Kyt 2 (TE)(fP)(2),  t€(0,400), z€Q,
(13.3.4)
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where
2 1+ woeg) & M.t .
2+ woco): v if pe(1,2],
Ky, =4 [2p(p—1)rolz 1T — e
K3, if p>2,

with M, being given by (13.3.3). In the case when M, =0, the term Mpt(1l —
e~ Mrt)=1 should be replaced with 1.

Proof. We limit ourselves to sketching the proof (13.3.4) in the case when
f € C?*2(Q) is such that df/0v = 0 on 9%, and p € (1,2], since it is
similar to that of Proposition 12.3.3. The general case then will follow from
an approximation argument (see Lemma 13.1.10) and the Jensen inequality.

For any § > 0, we introduce the function ® : (0,¢) — C(Q) defined by

@(s) = T(s) (1T (¢ = )12 +0)%),

and we set, for any s € (0,t), g(s) = (|T(t — s)f|* + 6)P/2. The first step
consists in showing that

@'(s) 2 p(p ~ DroT(s) ((9(s))' =7 DTt = 5)f1) .

for any s € (0,t). This can be done as in the proof of Proposition 12.3.3,
after proving that g(s) € D(A\) for any s € (0,t), where D(A\) is defined
in Proposition 13.1.14. This is not immediate since now the operator A has
unbounded coefficients. By Remark 13.1.12, g(s) € C}(Q) N C%(Q2) and it
satisfies dg(s)/Ov = 0 on 9N. To conclude that g(s) € D(A), we just need to

show that Ag(s) € Cy(Q2). For this purpose, we observe that
Ag(s) = plg())' ¥ {T(t — 8)f AT(t — 8)f + (QDT(t — 5)f, DT(t — 5) )}
+p(p —2)(g(s)' "7 |T(t — 8)f|{QDT(t — )f, DTt — 5)f).

Since f € D(A) then, by Proposition 13.1.14, AT(t — s)f = T(t — s).Af and,
therefore, Ag(s) is bounded and continuous in Q. This implies that A®(s) =
T(s)Ag(s) for any s € (0,1).

The second step consists in showing that

(Te) (172 +0)F) ) (@)
> plp— Do | (1) () FDT(E - )17) ) (@),

for any = € Q. So, arguing as in the proof of Proposition 12.3.3, we are led to
showing that (T'(t — ) ((|T(e)f|* + 6)%)) (z) tends to (T'(t) ((f*+6)%)) ()
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as ¢ tends to 0, for any z € Q. This was immediate in the proof of the quoted
proposition, since {T,(t)} was a strongly continuous semigroup, whereas, now,
it is guaranteed by Theorem 13.1.13.

From now on, the same arguments in the proof of Proposition 12.3.3 yield
to (13.3.4). Hence, we skip the details. [ |

Now, we show that the pointwise estimate (13.3.4) can be extended to the
case when () is an exterior domain. For this purpose, we apply the same
technique as in Chapter 7, first proving that, for any p € (1, +00), there exists
a constant Cj, > 0 such that

(DT f)(@)]P < Co(TA)(f2+ |IDfP)E)(x),  t>0, 2€Q, (13.3.5)

for any f € C}(Q) such that 9f/0v = 0 on 9. As above we still assume that
c=0.

Theorem 13.3.3 Under Hypotheses 13.2.1 and 13.2.2 (where we take ¢ = 0)
there exists a constant C, > 0 such that (13.3.5) holds true.

Proof. Since the proof is similar to that of Theorem 13.3.1, we limit ourselves
to sketching it, pointing out the main differences. In the case when p € (1,2]
and f € C?T2(Q), we introduce, for any § > 0, the function w defined by

b
2

w(t,z) = (alu(t,z)|* + m(z)|Du(t,z)|* +6) 2, t>0, xe€Q. (13.3.6)

Here a > 0 is a real parameter to be fixed later on. By virtue of Remark 13.2.6,
the function w is differentiable once with respect to the time variable and
twice with respect to the space variables in (0, +00) x £ and it is continuous
in [0,+00) x Q, due to Remark 13.2.6. Moreover, it satisfies the equation
Dyw — Aw = mfi1 + fo + f3, where f1 is given by (12.3.11) (with w as in
(13.3.6) and a being replaced by a/m),

1
fo= _pr*% (§|Du|2Am +2(QDm, DQUDU>)

and

fa =2 (1= 1) (QD(as? + m|Duf?), Dl + m|Duf?).

The function f; can be immediately estimated as in (13.2.5) and (13.2.6),
where we take ¢(™) = 0 and replace ™ with . Similarly, since

Am = woy)'(d(-)) Ad + w" (d(-))(Qd, d),
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f2 can be estimated by (13.2.7) and (13.2.9). To estimate f5 we observe that,
arguing as in the proof of (13.3.2), we get

(Q(D(au2 + m|Dul?), D(au2 + m|Du|2))

< [((QDm, Dm))? |Dul + 2m (Tr(QD*uD?u))? | Dyl

+2alu| ((QDu, Du))? }

< (alul® +m|Dul?)

=

X {m { ({QDm, Dm))% |Du| 4 2 (Tr(QD2uD2u))
+4a{QDu, Du>}

< (alu|* + m|Dul?) <4m(1 + &)Tr(QD?*uD?u)

+m1 :_r c | Du|*(QDm, Dm) + a{QDu, Du})

Hence, we obtain for 1 — (1 +¢)(2 —p) > 0,

th — Aw
< p (u* + m|Dul? 4 6) L

N22 2a(1 — 2
x{[< Bo , 2a( p)>ﬁ+k1+%M1 W0S0_ -

de 2 4 woeo 4 + 2wpeg
1 1 14+¢)(2—
+ =+ =+ MWO W()MQ m|Du|2
€0 2¢ 4e

1
+[ (1 + 5%50) £+ 2ewoMakgt — 1+ (14¢€)(2 - p)] K|D2u|2}.
Now we can choose € = 1 > 0 such that

1
(1 + §w050> g1 — 1+ (1+e1)(2—p) +2ewMakgt =0, (13.3.7)

Then, we fix a sufficiently large such that

_ VB 20(l-p)

L, :
4eq 2 4+ woeo
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and

2
wWo€o
4 + 2wpeg

1 1 14+¢1)(2—
+ | — 4+ — +—£————ll£———£2u@ woﬂ4é < 0.
€0 2eq 4eq

w
Lako + k1 + 70M1 -

With this choice of 1 and a, we easily see that
Dyw — Aw < 0.

Therefore, using the same technique as in the proof of Theorem 13.3.1, we
finally get (13.3.5) in the case when p € (1, 2], with

Cpmax{a”/2, (1+$)5}.

The other cases follow just as in the proof of the quoted theorem. [ ]

The estimates (13.3.5) can be improved in the case when the dissipative
condition is satisfied with the constant k; replaced with a function (still de-
noted by k1) which, roughly speaking, balance the growth of the coefficients
at infinity. In such a situation, we can recover the results in Theorem 13.3.1
and, in some particular cases, we can allow the exponential term appearing
in the estimate of DT'(t)f to be of negative type. We reformulate Hypotheses
13.2.1 and 13.2.2 as follows:

Hypotheses 13.3.4 (i) the coefficients ¢;; = ¢;; (i, =1,...,N) satisfy

N
Z qi(2)&&5 > w(@)€)?, (eRY, zeQ,

ij=1

for some function x such that 0 < ko = inf_ g (x). Moreover, there
exist o € (0,1] and By > 0 such that

|Dgij(x)| < Bo(k(x))7, z e Q;
(ii) Hypotheses 13.1.1(i), 13.1.1(v), 13.1.1(vi) and 13.2.2 are satisfied;
(iii) there exist a function k; : RN — R and py € (1,2) such that
N
> Diby(@)6&; < ki@, EeRY, zel
ij=1
Moreover,

N?53
451

Li:= sup {kl(x) +

z€RN

(K(I))U} < 400,
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where
2(po — 1)ko
(6 —+ wopEo — 2p0)l€0 + 4woM> '

g1 =

Remark 13.3.5 In the case when lim|,|_; o k1(2)(k(x)) ™7 = —oo, Hypoth-
esis 13.3.4(iii) is satisfied by any pg € (1, 2].

Theorem 13.3.6 Under Hypotheses 13.3.4 the estimate (13.3.1) holds true
for any p € [po, +00), with M, being replaced with wy,, where

W
Wp:L1+_OM1_

_weo M.
2 1+ 2woeo wo | woz:

(13.3.8)

w?e 1 1 1 2 —
0 - _+_+( +e1)(2-p)
281 €o 481
ifpe (1,2 and w, = w’? if p € (2,400).

Proof. The proof can be obtained arguing as in the proof of Theorem 13.3.1,
estimating the terms containing ) and its gradient as in the proof of Theorem
13.3.3. |

We are now in a position to extend the results in Theorem 13.3.2 to the
case when (2 is an exterior domain.

Theorem 13.3.7 Under the same assumptions as in Theorem 13.3.3, the
estimate (13.3.4) holds true with K, t~P/? replaced with K, ¢, where

~ 1 Wwo€o %
K,,=———— +1 1
<[p<p—1>mo]p/2+ )( A ) ’

ifpe(1,2], and IN(p,t = 1?5742 if p € (2,+00).
Similarly, under the assumptions of Theorem 13.3.6, {T'(t)} satisfies (13.3.4)
for any p > po, with M), being replaced with w, given by (13.3.8).

Proof. The proof of the second part of the theorem can be obtained arguing
as in the proof of Theorem 13.3.2, whereas the proof of the first part can
be obtained applying the technique in the proof of Theorem 12.3.8 to the
semigroup {7}, (t)} associated with the operator .A™ defined in (13.2.1). This
yields (13.3.4) with T,,(¢) instead of T'(¢). Recalling that a suitable subsequence
of T,,(t) f converges to T'(t)f in CH2(F) for any compact set F' C (0, +00) x
(see the proof of Theorem 13.2.5), we deduce the assertion. [ |

To conclude this section, we briefly see some consequence of all the previous
pointwise gradient estimates. First of all, as the following proposition shows,
they allow us to improve the uniform gradient estimate (13.1.6) with k£ = 0,
in the case when ¢ = 0. We skip the proof since it is immediate.
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Proposition 13.3.8 Under the assumptions of Theorem 13.3.2, for any f €
Cy(Q) it holds that

1
M>(2 + woeo) \ 2
<l —" 0.
DTl < (e ) Ul t>0, (1339)
if My #0 and
1
2 2
I DT () f]oo < (#) Ifloos  t>0, (13.3.10)
Iiot
if My = 0.

Similarly, under the assumptions of Theorem 13.3.3, for any f € Cy(Q), it
holds that

2+ Wo€o

1
2
1+ 2kt o) t>0.
Tirg (1+2ko )) I£1

D7)l <
Finally, under the assumptions of Theorem 13.3.6, {T'(t)} satisfies (13.3.9)
(with My replaced with we given by (13.3.8)) and (13.3.10).

Proposition 13.3.9 Let the assumptions of Theorem 13.3.2 be satisfied and
suppose that M, < 0 for some p € (1,400). If f € D(A) (see (13.1.39)) is
such that Af =0, then f is constant. The same result holds in the case when
Q is an exterior domain, under the assumptions of Theorem 13.3.6, provided

that w, < 0 for some p € [py, +0).

Proof. The proof is similar to that of Theorem 7.2.5. Hence it is omitted.
|

13.4 The invariant measure of the semigroup

In this section we deal with the invariant measure p of the semigroup whenever
it exists. To simplify the notation, we simply write L?, and W, ® (p € [1, 400))
instead of LP(Q2, ) and W'P(Q, ). Moreover, we denote by | - [, the usual
norm of LE.

In view of the extension of the gradient estimates in Section 13.3 to this
setting, we assume that ¢ identically vanishes in .

First of all we observe that, repeating just the same proofs as in Section
12.4, we can show that, when the invariant measure exists, it is unique and is
absolutely continuous with respect to the restriction of the Lebesgue measure
to the o-algebra of Borel sets of ). Moreover, its density ¢ is everywhere
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positive in © and it belongs to Wli)Cp(Q) for any p € [1,+00). In particular,
o is a continuous function in . The Khas'minskii theorem, in the version of
Theorem 12.4.3, is still the main existence theorem of an invariant measure.
When {T'(¢)} admits an invariant measure it can be extended to a strongly
continuous semigroup of contractions in Lf for any p € [1,+00), and the

-~

set D(A) (see (13.1.39)) is a core of the infinitesimal generator L, of the
semigroup.

The following proposition is the main result of this section: under the as-
sumptions of Section 13.3 it allows us to prove that the semigroup maps L%
into Wj’p. Moreover, it provides us some useful estimates of the behaviour of
the gradient of T'(t)f near ¢t = 0, when f € L?.

Proposition 13.4.1 Assume that the semigroup {T(t)} admits an invariant
measure and let Hypotheses 13.1.1(4), 13.1.1(i%), 13.1.1(iv)-13.1.1(vi) be sat-
isfied. Further, suppose that ¢ = 0. Then, T(t) maps L¥, into WZL”’, for any
t >0 and any p € (1,+00). Moreover,

(2 +WOEO)% < Mpt ) % 7%
[2p(p — 1)Ko \1— e Mot t72 | flp, p € (1,2),
IDT(t) f], < (13.4.1)

2 + woeo Mot B 1
t 2 > 9
( 4K 1 — e~ M2t ”f“Pa p = 2,

for anyt > 0 and any p € (1,400), where M, is given by (13.3.3). In the case
when M, = 0, the term Mpyt(1 — e~ Met)~1 should be replaced with 1.

The same results hold in the particular case when € is an exterior domain,
and Hypotheses 13.3.4 are satisfied. In such a case, the estimate (13.4.1) is
satisfied for any p > po, where pg is given by Hypothesis 13.3.4(iii), with the
constant M, being replaced with the constant w, defined by (13.3.8).

Finally, if Hypotheses 13.2.1 and 13.2.2 (where we take ¢ = 0) are satisfied,
then T'(t) maps LY, into Wl}’p for any t > 0 and any p € (1, +00). Moreover,

1 » 3
(W“) (H%) 175> 2 € [0, 2),

1 3 WoEQ B 1
— 41 1+—— | t72 > 2.
(5 t1) (1+552) hu 0

(13.4.2)

DT (@) flp <

A partial characterization of the domain of the infinitesimal generator of the
semigroup {7'(¢)} in L, now follows easily from the estimates in Proposition
13.4.1. We skip the proof since it can be obtained arguing as in the proof of
Proposition 8.3.3.

Proposition 13.4.2 Suppose that Hypotheses 13.1.1(¢), 13.1.1(#4), 13.1.1(iv) -
13.1.1(vi), or Hypotheses 13.3.4 are satisfied. Then, D(L,) is continuously
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embedded in Wj’p for any p € (1,+00) (under Hypothesis 13.1.1) and for any
p > po (under Hypothesis 13.3.4). Moreover, for any w > 0, there exists a
positive constant M, such that

IDfly < MuplFIZN(Ly = )15 f € D(Ly). (13.4.3)

In the case when the estimates in Proposition 13.4.1 are satisfied with an
exponential term of negative type, we can take w = 0 in (13.4.3).

The same results hold under Hypotheses 13.2.1 and 13.2.2 (where we take
¢ =0), for any p € (1,+00).

13.5 Final remarks

To conclude the chapter, we observe that the results of these chapter have
been very recently generalized in [17, 71] in the case when Q is an exterior
domain Q. To be more precise, under assumptions comparable with those in
Hypothesis 6.1.1, uniform estimates up to the third-order have been proved
in [71], for the semigroup associated with the operator

N N
A(p = Z qijDiju + ijDjU,

ij=1 j=1

with boundary conditions Bu = 0 on 02, where B is a rather general class of
differential boundary operators, including the Dirichlet and Neumann bound-
ary operators.

Such estimates have been the keystone to prove optimal Schauder estimates
for both the elliptic equation

Au—Au=f, inQ,
Bu =0, on 01},

(for X positive) and the parabolic problem
Diuu—Au=f t>02€Q,
Bu =0, t>0,z €00,
u(0, ) = o, z€Q,
adapting the arguments in Chapter 6.

Finally, in [17], the pointwise estimates of Section 13.3 have been obtained
removing the Hypothesis 13.1.1 and 13.2.2.
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Chapter 1/

The Cauchy problem in Cy(R")

14.0 Introduction

In this chapter we generalize the results in Chapters 2 and 6 to a class of
linear degenerate elliptic operators in Cy(R™ ) of the type

Z ¢ij () Dyju(z Z bijx;Diu(z reRY, (14.0.1)
1,j=1 i,j=1

under the following assumptions on the coefficients and on r.

Hypotheses 14.0.1 (i) N/2<r < N and

Z i (2)&&; > K@)’ EER’, zeRY,

1,7=1

for some function x : RN — (0, +00) such that kg := inf cpn k(z) > 0;

(i) there exists a positive constant C' such that
D235 (x)] < Cla] 120" /(@) (14.0.2)

for any z € RV, any 4,7 = 1,...,7 and any |a| < 3;

(iii) the matrix B can be split as

B1 By
B= )
Bs B,
with B, € L(R"), By, B; € L(RN"",R"), By € L(RN™"). Morcover,

rank(Bs) = N —r.

The prototype of this class of elliptic operators is the degenerate Ornstein-
Uhlenbeck operator

Z ¢i; Diju(z Z bijx;Diu(z zeRV, (14.0.3)

3,j=1 3,j=1

407
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where the matrix @ = (g;;) is singular and positive definite, while the matrix

t
Q, :/ e*BQet  ds, t>0 (14.0.4)
0

is strictly definite positive for any ¢t > 0 (see Chapter 9). In such a case some
results, similar to those that we present here, have been proved by A. Lunardi
in [107], without assuming that » > N/2 (see also Remark 9.2.4). Note that
the condition (14.0.4) is equivalent to the hypoellipticity of the operator .A.
Elliptic operators similar to those considered in this chapter have been also
investigated, generally with different techniques, by other authors. Among
them, we quote the papers [63, 84, 95, 96, 97, 98, 110, 111, 122].

Here, we show that, if A is given by (14.0.1) with the coefficients satisfying
Hypotheses 14.0.1, then the Cauchy problem

Dyu(t, ) = Au(t,z), t>0,z€RY,
(14.0.5)

U(O,l‘):f(l'), QCERN,

admits, for any f € Cy(RY), a unique classical solution u (i.e., a unique
function u continuous in [0, +00) x RY and continuously differentiable in
(0, +00) x RY once with respect to time and twice with respect to the space
variables, which solves (14.0.5)), which is bounded in [0, 4+00) x RY. There-
fore, as in the nondegenerate case, we can then associate a semigroup {7'(¢)}
of bounded linear operators with the operator A by setting T'(-)f = u. The
results that we present are taken from [102, 103].

We stress that the coefficients ¢;; may be unbounded in RY, but Hypotheses
14.0.1 give some bounds on their growth at infinity (see (14.1.3)). Notice that,
due to our assumptions on @ and B, the hypoellipticity condition (14.0.4) is
satisfied for any ¢t > 0 and any = € RV,

We construct the semigroup {7'(¢)} as the “limit” (in a sense to be made
precise later on) as € tends to 07 of a family of semigroups {7 (¢)} associated
with the uniformly elliptic operators

N
Ac=A+e > Dy, £ >0, (14.0.6)

Jj=r+1

and to which all the results of Chapter 2 can be applied.

To prove the convergence of the function T.(-) f to T'(:) f, we first determine
suitable estimates for the sup-norm of the space derivatives of the function
T.(t)f, for any ¢t > 0, with the constants therein appearing, being indepen-
dent of € (see (14.2.1)-(14.2.4)). Such estimates replace the interior estimate
(C.1.15) and make the compactness argument used in the proof of Theorem
2.2.1 work also in this situation.

Once the convergence of T.(-) f to a solution to the Cauchy problem (14.0.5)
is proved, sharp estimates on the behaviour of the sup-norm of the space
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derivatives of T.(t)f as t approaches 07 can be obtained, just letting € go to
0" in (14.2.1)-(14.2.4).

We remark also that some properties that we proved for Markov semigroups
associated with uniformly elliptic operators in Cy(R™) can be generalized also
to this situation (see Section 14.3). In particular, the semigroup {T'(¢)} is
strong Feller and irreducible.

The uniform estimates are used in Section 14.4 to prove some regularity
properties for the distributional solutions to both the elliptic equation

Mu(z) — Au(z) = f(x), zeRN, feC,®Y), x>0,
and to the nonhomogeneous Cauchy problem

Du(t,z) = Au(t,x) + g(t,z), t>0,z€RN,
u(0,z) = f(x), r € RV,

when f and g are sufficiently smooth function.
To conclude this section, let us introduce a few notations.

Notations. Throughout this chapter, for any x € R, we denote by Q(x) €
L(R") the (strictly) positive definite matrix defined by (Q(x))i; = ¢ij(x) for
any 1 < 4,7 < r. Similarly, for any ¢ > 0 and any = € RY, we denote by

Q¥ (x) = (qg) (z)) € L(RY) the matrix defined as follows: qgj) (x) = qij () if
i,j <7 g (@) = dyeifivj>r.

14.1 Some preliminary results on the operator A,

In this section we recall and prove some remarkable properties of the semi-
group {7.(t)} in Cy(RY), associated with the operator A. (¢ > 0) (see
(14.0.6)). Such results will be used in following sections.

To begin with, we recall that, according to the results in Section 2.1, for any

e >0, u=T.(-)f belongs to Cy([0, +00) x R¥) N CLT*/2272((0, +00) x RY)
and it solves the Cauchy problem

Du(t,z) = Acu(t,z), t>0,xcRN,
(14.1.1)

’U/(O,I) :f(.f), xGRN,
for any f € Cp(RY). Moreover,

1T () fley @y < 1flloos t>0, feCyRY). (14.1.2)
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Actually, T.(-)f is the unique classical solution to the Cauchy problem
(14.1.1), which is bounded in [0,7] x RN for any T > 0. Indeed, the as-
sumptions on the growth of the diffusion coefficients ¢;; (i,7 = 1,...,N) in
Hypotheses 14.0.1 imply that there exists a positive constant C such that

r(z) < Clx)?, lgij ()| < C|z)?, i,5=1,...,N, (14.1.3)

for any z € RY. Therefore, the function ¢ : RN — R, defined by ¢p(z) =
1+ |z|? for any z € RV is a Lyapunov function for the operator A. (¢ > 0),
(i.e., it satisfies Hypothesis 4.0.2). The uniqueness of the bounded classical
solution to the problem (14.1.1) now follows immediately from Theorem 4.1.3.

Now, we prove some boundedness and continuity properties up to ¢t = 0
of the functions (¢,x) — tU=R/2(T_(t)f)(z) when f € CF(RY) (j,k € N,
1 < j <k < 3), similar to those in Theorem 6.1.7.

Proposition 14.1.1 Suppose that Hypotheses 14.0.1 are satisfied. Then, for
any T >0, anye >0 and any k = 0,1,2,3, there exists a positive constant
C = Cr. such that

3
G-mt . ~

St | DITL(t) flloe < Cllflor@ny,s t € (0,7 (14.1.4)

j=0

Proof. To begin with, we note that the estimate (14.1.4) does not follow
immediately from Theorem 6.1.7. The techniques therein used need to be
adapted to our situation. Indeed, the quoted theorem to be applied requires
that the modulus of derivatives of the diffusion coefficients of the operator
A at any x € RY could be estimated by C%(x), where ®(z) is the minimum
eigenvalue of the matrix Q(¢) (x). Therefore, it requires that the derivatives of
the coefficients are bounded in R, which may be not the case in our situation.

We limit ourselves to proving (14.1.4) in the case when (k,1) = (0,3), the
other cases being similar and even easier. For any n € N, let v, ¢ : (0, +00) x
RY — R be the function defined by

Un,e(t,2) = [up,e(t, x)|* + atﬂi|Dun,a(t, )] + a2t219ﬁ|D2un7€(t, z)[?
+at398 | D3u,, o (t, )|,

for any ¢ > 0 and any x € B(n), where un,e denotes the classical solution to
the problem

Dtun,s(t; 1') = Aeun,s(tvx)a t> 0; T € B(Tl),
Un (t, ) =0, t >0,z € IdB(n),
Un,(0,2) = In(2) f(2), z € B(n),

and ¥, € C*(RY) is such that XB(n/2) < Un < XB(n)- From now on, to
simplify the notation, when there is no damage of confusion, we do not write
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explicitly the dependence on n and e of the functions that we consider. As it

is immediately seen, the function v solves the Cauchy problem
Dw(t,z) = Acv(t,z) + g(t,z), te[0,T],z€ B(n),
v(t,z) =0, t€10,T], z € 0B(n),
v(0, ) = (f(x))?, z € B(n),

where g = Z?Zl g; is given by
N N
g1 = —2 Z qz(;)DiuDju — 2at? Z qg)DihuDﬂlu

i,j=1 i,5,h=1
N

N
—2a°t*9* Z qg)DihkuDj}mu—QaBtzW Z Qf)DihkluDjth,

J
i3,k k=1 i,k k,l=1

g2 = —2at9(A0)|Dul? — 4a*t293(A0)|D?*ul? — 6a3t39° (A9)| D3ul?

N N
—8atd Y ¢\ DIDpuDyu — 16a**9° > ¢\ D9 DyruDingu

i,5,h=1 i,4,h,k=1
N N
~24a*9° > ) DjDuguDipgu + 2at9* Y bi;DuDju
i,4,h,k,l=1 i,j=1
N N
+4a?t*9* Z bij DinuDjpu + 6at39° Z bij DinkuDjpru,
i,j,h=1 i,4,h,k=1

T N T N
g3 = 2at))? Z ZD}LQijD}zUDijU+4a2t2194 Z Z Dhqij DpguDijru
i,j=1h=1 i,j=1h,k=1
T N
+6a3t3196 Z Z DhqithkluDijklu
i,j=1h,k,l=1
T N
+6a3t3196 Z Z thqijDijluthlu
i,j=1 h,k,I=1
T N
+2a%t2094 Z Z Dpiqi; DijuDpiu
i,j=1 h,k=1
T N

+2a3t319° Z Z Dpkiqij DijuDpru,
i=1 h,k,l=1
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N N
g = —2at| Du* Y ¢ DD — 12*20*|D*uf* Y 4 D D0

ij=1 i.j=1

N
—30a*304 | D*ul? Y 4! DD,

1,j=1

g5 = a¥?|Dul* 4 2a*t9* | D*u|? 4 3a3t295| D3u|?.

In the rest of the proof, to simplify the notation, we denote by D;lu (resp.

D%Qu) (k =1,2,3,4) the vectors whose entries are the k-th-order derivatives

of u corresponding, respectively, to multi-indices o with at least a component

less than r + 1, and multi-indices o with all the components greater than 7.
Taking Hypothesis 14.0.1(i) into account, we easily deduce that

g1 < —2(e A ko)|Dul* — 2at192n|Di,1u|2
—2at¥*e| D% yul* — 2a°t*9* K| DY, jul®
72a2t21945|D§#72u|2 - 2a3t3196n|Df¢’1u|2 - 2a3t31965|Df¢’2u|2.
(14.1.5)

To estimate the function gy we observe that, arguing as in the proof of
(6.1.23)-(6.1.25) and taking (14.1.3) into account, we get

|(AD) ()] < C1, (Q¥) (x)DI(x)):| < C { ; ") i z i : (14.1.6)

for any € RY and some positive constant C, independent of ¢ and . Now,
using (14.1.6), we obtain

N
8at} Z q§;)Dj19DhuDihu

i,j,h=1
r N N N

< 8at? Z Z qz(;)DjﬁDhuDihu + Sat} Z Z qz(;)DjﬁDhuDihu
i=1 j,h=1 i=r41j,h=1

r N N N
< 8at1901\/EZ Z | Dpul||Dipu| + 8atdCh Z Z |Dpul||Dipul

i=1 h=1 i=r+1h=1
r
< 8atCy (E'DUF + 5192/@|D72#,1u|2)

46

r o
+8atCh ( |Dul? + H—0192K|D?2¢71u|2 + 6192|D?2¢72u|2)

N 1
< 8atC’14—5|Du|2 + 8atCy 6 (1 + K—O) O?K|D3 ul® + 8atC169°| D3, yul®.
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Similarly, we can estimate all the other terms in the definition of go and g3,
so that, finally, we get

ga2 < 2at {Cl + Cl + ”B”} |Du|2

1 N B
+4at{2015<1 )+ t<01+ﬁ+” ”)}W D2, yul?
Ko

Ko (5%0 aYo)

N
+4at {2015 + at <01 + Clg + ||B||) } 192|D§¢,2u|2

+2a21 {8015 (1 ! ) + 3at (ClN LG @) } 9k DY yul?
1) Ko Ko Ko ’

) } 9D, ul

Ny 1
+24a3t3C1 6 (1 + K—O) 0Ok| DY yul? + 246 t°C160°| DY, Hul®  (14.1.7)

120242 {8015 + 3at (ClN

and

N
g3 < atC |Du|2 + atCN {25 + at (—

N 2,2 2
5 +N+n—0) +a?t 25}0 K| D2 uf?

+a*t’CN? ( +1+ atC%) 9| D% pul?

0

3 3
+a2t2CN {45 + atN (25 +34+ 24 25) } 194/€|D§;&,1u|2

Ko Ro

3

343172
t"CN* | —=
+a (25

+ 3) VDY, o + 6a*t* CONV° k| DY, yul?, (14.1.8)
for any 0 > 0, where C is given by (14.0.2). For further details, see the proof
of the estimate (6.1.26).

Now, let us fix 7' > 0. Observing that g4 < 0in (0, +00) xR, from (14.1.5),
(14.1.7) and (14.1.8) we deduce that

N N2
g < { —2(e Akg) +aT <201 + 2015 +2|B| + 025 > }|Du|2

Cy N01 ||B||>
—
aYo) (5%0 Ko

1
+at{2+8016<1 >+QC’N5+4 T(

R0

+aTCN (](;7

N N
+N+— + aT 5) }|D§¢71u|2
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N
+at{ — 26 +8C10 + 4aT <01 + Cg + ||B||)

1 CN

2 2 2 2
1 N B

+a2t2{ — 241606 (1 + —) +4CN6S + 6aT (Cl— + G + U)
o) 5/10 o) Ko

3
+3+ Pl 25) }194/<|D;1u|2

2
+aTCN (25%0

N
+a2t2{ —2¢ +16C16 + 6aT <Cg +C + ||B||>
Ton? (2 4 3) Lot s up?
+a 2% + | #72u|
1
+2a3t3{ —1+3aT$6 {3CN +40, (1 + —)} }196|D;£ wul?
Ko ’

+2a°t* {—e + 12TC16} ¥°| D yul?,

for any ¢t € (0,T]. A straightforward computation shows that we can choose
(a,0) such that ¢ < 0in (0,7] x B(n). Theorem 4.1.3 now implies that

on,e (8, 2)| < C flloo te[0,T], =€ B(n),

for some positive constant 5, independent of u and n. Since, by Proposition
2.2.1, up, converges to u. on compact sets of (0,+00) x RV, as n tends to
+00, letting n go to +o0o we get (14.1.4). [ |

The following theorem guarantees the continuity of the functions (¢, z) +—
t12(DIT.(t)f)(x) at t = 0, for any j = 1,2,3 and any f € Cy(RV). Its
proof is essentially based upon Proposition 2.2.9 and the interior estimates in
Theorem C.1.4.

Proposition 14.1.2 Under Hypotheses 14.0.1, for any f € CFRYN) (k =
0,...,3) and any £ > 0, the function (t,z) — t0=R"/2(DIT.(t) f)(x) is con-
tinuous in [0, +00) x RN for any j =0,...,3. In particular,

(14.1.9)

for any x € RN and j,k =0,1,2,3.

Proof. The continuity of the functions (¢,z) — tU=R"/2(DIT.(¢)f)(z) in
(0,4+00) x RY is a classical result recalled in Theorem C.1.4. Moreover, the
formula (14.1.9)(ii) can be proved by arguing as in the proof of Proposition
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7.1.1. So, we just need to show that the formula (14.1.9)(i) holds. We limit
ourselves to dealing with the case when k = 0, since the other cases are
similar and even simpler. We use a localization argument. For any z € RY we
fix r, R > 0 with R—r > 1. Applying (C.1.16) and (C.1.18) with Q' = z+B(r)
and Q =z + B(R) yields

sup t2[Du(t, y)| + sup t|Du(t,y)|
(t,y)€(0,1) x (z+B(r)) (t,9)€(0,1) x (z+B(r))
+ sup t2 |D3v(t, y)|
(t,y)€(0,1) X (z+B(r))
<C sup lv(t, y)l, (14.1.10)

(t,y)€(0,1)x (z+B(R))

for any solution to the parabolic equation D;v — A.v = 0 and some pos-
itive constant C = C(r, R,¢). Now, we fix a sequence {f,} € C(RY) of
smooth functions, bounded in the sup-norm and converging locally uniformly
in RY to f as n tends to +oco. Applying (14.1.10) with v = T.(-)(f —
fn) and taking Proposition 2.2.9 into account, we deduce that the function
(t,z) = jn(t,x) = t9/2(DIT.(t) fo) () (j = 1,2,3) converges uniformly in
(0,T) x (z+ B(R)) to the function (¢, x) — v;(t,z) := t/2(DIT.(t)f)(z). By
(14.1.9)(ii), each function v, ; is continuous in [0, 1] x (x + B(r)) and it van-
ishes at ¢ = 0. Hence, each v; (j = 1,2, 3) is continuous in [0, 1] x (z + B(r))
and it vanishes at t = 0, as well. The estimate (14.1.9)(i) follows. [ |

14.2 Existence, uniqueness results and uniform estimates

In this section we show that, for any f € Cy(RY), the problem (14.0.5) admits
a unique classical solution u bounded in [0, +00) x RY, where we recall that
by classical solution we mean, as usual, a function u : [0, +00) x RV — R
continuous in [0,4+00) x RY, continuously differentiable, once with respect
to time and twice with respect to the space variables in (0,+00) x RY,
which satisfies (14.0.5). Moreover, we show that the family of linear oper-
ators {T'(t)} € L(Cp(RY)) defined by T'(t)f = u(t,-), for any t > 0 and any
f € Cp(RYN), gives rise to a semigroup of linear operators satisfying

IDiT(#) flo < Cet 2 O fl, £ 0, (14.2.1)

IDiT(t) flloo < Cett=UHIEIHHG=N o 2> 0, (14.2.2)
IDijnT () flloo < Cett— 3~ HE=N=HG=)=H(R=r) | >0, (14.2.3)
for any ¢,j5,h = 1,..., N and some positive constants C' and w, independent

of f and ¢. Here, H(s) = 0if s <0 and H(s) = 1 if s > 0. Furthermore, we
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prove that the more f is regular, the more the estimates (14.2.1)-(14.2.3) can
be improved. More precisely, we show that

1T fler@ny < Ce [ flop @y t>0, k=1,2,3, (14.2.4)
IDiT () flloo < Ce't 2 HOD fleagny,  t>0, i<j,  (14.25)
ID T floe < Ce't5e | flopgny, >0, 1<j<h k=0,1,2,
(14.2.6)
where
r 3—k , B N
chin ="+ H{i =)+ (2= k)~ L= K)HG —r)+ 1=k H(h ),

and C, w are as above.

As it has already been claimed in the introduction, we will construct the
semigroup {7'(¢)} as the limit as ¢ tends to 0" (in a sense to be made clear)
of the semigroup {7.(t)}. As a first step in this direction, in subsection 14.2.2
we show that each semigroup {7.(¢)} satisfies (14.2.1)-(14.2.6) with constants
being independent of . This will allow us to apply a compactness argument to
prove the convergence of the function T.(-) f to what we will denote by T'(-) f,
for any f € Cyp(R™). Moreover, letting € go to 0T in the previous estimates
written for the approximating semigroups, we will see that {T'(¢)} satisfies
(14.2.1)-(14.2.6) as well.

14.2.1 Some preliminary lemmata

In this section we collect some very easy results of linear algebra that we need
in this chapter. For the reader’s convenience we give the proofs.

Lemma 14.2.1 Suppose that A € L(R™,R™) is a given matriz. Then, there
exists a matriz C € L(R™,R™) such that

AC + C* A"

is strictly positive (resp. negative) definite if and only if n > m and rank(A) =
m.
Let B € L(R™,R™). Then, there exists a matriz C € L(R™,R™) such that

CB + B*C*
is uniformly positive (resp. negative) definite if and only if m > n and rank(B)
=n.

Proof. As far as the first statement is concerned, we limit ourselves to prov-
ing that we can choose C' such that the matrix AC +C*A* (resp. CB+ B*C*)
is strictly positive definite. Replacing C by —C we get the assertion also in
the other case.
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Suppose that the matrix AC + C*A* is strictly positive definite. Then, for
any £ € R™\ {0}, we have
0 <((AC + C*A%)E, §) = 2(ACK, §).

Hence, the matrix AC' is not singular, i.e., its rank equals m. Suppose that
n < m. Then the ranks of A and C' equal at most n and, consequently, the
rank of AC' is at most n. This implies that AC is singular. Hence, n > m.
Moreover, rank(A) = m, otherwise rank(AC") would be strictly less than m
and AC' would be singular.

Vice versa, let us assume that n > m and rank(A) = n. Moreover, let
D € L(R™) be an invertible matrix such that

AD = (A Ay),

where A; € L(R™) is invertible and Ay € L(R"™™ R™). Let C € L(R™,R")

be the matrix defined by
_ AT'K
C= )
0

K € L(R™) being any strictly positive definite matrix. We set C' = DC and
observe that

AC = ADC = A\ AT'K = K.

Hence, AC + C*A* = 2K so that the matrix AC + C*A* is strictly positive
definite.

Let us prove the last part of the lemma. The same arguments as above
show that if CB + B*C™* is strictly positive definite, then m > n. Vice versa,
suppose that m > n, rank(B) = n, and let C' = B*. Then,

((CB+ B*C)¢,€) = 2(B"BE, €) = 2| B[,

for any & € R™. Since rank(B) = n, then the mapping T : R® — R™, defined
by T(€) = B¢ for any € € RV, is injective. It follows that the matrix B*B is
strictly positive definite and this finishes the proof. [ |

Lemma 14.2.2 Fiz k,n € N and let A(t) € L(RY) be the matriz defined by
Alltk A12tk+1 ...... Alntk+n—1

A;th-i-l A22tk+2 ...... Agntk"'"

, t>0,

Ainthrnfl Agnthrn ...... Anntk+2n72
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where A;j € LRNi RN) (Ny + ...+ N, = N) and Ay = Ay for any i =
1,...,n. Then, A(t) is positive (resp. negative) definite, for any t > 0, if and
only if it is positive (resp. negative) definite at t = 1. In such a case if, for
any & € RN, we split € = (&1,...,&,) with & € RN: | we have

n—1
(A0S, €) = Anin(A(1) Dt F271¢544 2, t>0, (14.2.7)
3=0
if A(1) is positive definite, and
n—1
(A0S, €) < Amax (A1) D t7271€;44 )%, t>0, (14.2.8)
j=0

if A(1) is negative definite.

Proof. Of course, if A(t) is strictly positive (resp. negative) definite for any
t > 0, then, in particular, it is strictly positive (resp. negative) definite at
t=1.

Vice versa, assume that A(1) is strictly positive definite. For any ¢ > 0 and
any ¢ € RV, split as in the statement of the lemma, let

-7 -
g = (tk/2§1,tk/2+1€2,.“)tk/2+n 1§n)T.

As it is immediately seen,

(A1), ) = (A(1)E, 8).

Therefore, A(t) is strictly positive (resp. negative) definite and the inequalities
(14.2.7), (14.2.8) follow. ]

Lemma 14.2.3 Suppose that Q, A € L(RY) are two positive definite matri-
ces. Further, assume that the submatriz Qo = (qij)f’jzl 18 strictly positive
definite and q;; = 0 if i V j > r. Then,

Tr (QA) Z )\min(QO)T‘r (Al)a

where Ay is the submatrix obtained from A by erasing the last N —r rows and
lines.

Proof. Since Qg is strictly positive definite, then there exist an orthogonal
matrix B = (b)), € L(R") and a diagonal matrix A = diag(A1,..., )
such that Qo = B*AB. This implies that the matrix B € L(RN ), defined 1 by
b” =b;; if1<4,5 <, bZ] = d;; if i V j > r, is orthogonal and BQB* A=
diag(A1, ..., Ar, 0,. O) Hence,

Tr (QA) = Tr (B~'ABA) = Tr (ABAB~') = Tr (ABAB?*).
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We now observe that since A is positive definite, then BAB* =: (cij)f-\szl is.
This, in particular, implies that ¢;; > 0 for any i = 1,..., N. It follows that

Tr (ABAB™) = > Aj¢jj > ATr (BA1 B*) = Amin(Qo) Tr (A1),

j=1

and the assertion follows. [ ]

14.2.2 Uniform estimates for the space derivatives of the ap-
proximating semigroups {7.(¢)}

To begin with, we introduce a few notations. We set D, 1w = (Dyw, ..., D,w)
and Dy ow = (Dpyqw, ..., Dyw). Then, we introduce, instead of the corre-
sponding tensors, the vectors D*w (k = 2,3,4) consisting of all the derivatives
D;, ... i,w ordered as follows: Dy, . ; w precedes Dy, . j w if i; < j; for any
l=1,...,k and there exists [y € {1,...,k} such that i;, < ji,, or {j1,...,Jk}
contains more indexes j; > r + 1 than the set {i1,...,4}. Finally, we set
Drw® = ((DF w)T,. ..,(Df,,ﬁ_lw)T), where the vector DF ;w contains all
the derivatives thm’ikw with ip11-; < 7 < ipyo—; (when such inequalities
are meaningful). For instance, if N =4, k = 3 and r = 2, then

(DEJUJ)T = (Din1w, Di1a2w, Dy2sw, Dagow),
(DE,QU})T = (D113w, Di1aw, D1gsw, Digaw, Dagsw, Dassw),
(D? qw)" = (D1ssw, Dysaw, Dysgw, Dagzw, Dagaw, Dasgw),
(D? 4w)" = (Dss3w, Dyssw, D3sgw, Daggw).

Theorem 14.2.4 Let € > 0 and assume that Hypotheses 14.0.1 are satisfied.
Then, for any k = 1,2,3 and any w > 0, there exists a positive constant
C = C(w), independent of €, such that

k42j—2

IDE Te(t) flloe < Ce*'t™ 2 || flloos t>0, j=1,....,k+1, (14.2.9)

for any f € Cy(RY) and any € > 0.

Proof. In order to simplify the notation, throughout the proof, we simply
write u instead of T.(-) f. Moreover, for any function v depending on ¢ and x
we write v(t) when we want to point out only the dependence on t. Finally,
we set

1 1
ny, = §m(m +1), n? = Em(m +1)(m+2), meN.  (14.2.10)
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Let us introduce the function ¢ : [0, +00) x RY — R defined by
1 .
§(t,w) = 50’ (ult, z))* + (F(t) Du(t, z), Duft, z))

+(G(t)D?u(t, ), D>u(t,x)) + (H(t)D3u(t, z), D3u(t, z)),

for any t > 0 and any = € RY, where

atl, 4t2F
F(t) = , (14.2.11)
42 FF i3Iy,

21 0 0
Gity=| 0 a ®t'Ly_, a3t°G; |, (14.2.12)
_4 « _z
0 a 5t9GT  « StGIn}Vir
Q153 ], 0 0 0
0 a StIn_pm 0 0
H(t) = e g , (14.2.13)
0 0 oW, o 12t8H,
N—r
_13 « _9
O 0 o 12 t8H1 o stgln?\]77‘

for any t > 0. Here,

i) F1 is any matrix such that BsF} + F; B3 is strictly negative definite
153
(such a matrix exists by virtue of Lemma 14.2.1);

(ii) —¢ = Amax(BsF1 + F} B3);

(iii) Gy € L(R"}Vﬂ',RT(N’T)) and H; € L(R”?Vﬂ'f?,RT”}Vﬂ'fl) are suitable
matrices (with entries being independent of «) to be determined later
on, as well as the positive constant a.

We require that the matrices F(t), G(t) and H(t) are strictly positive def-
inite for any ¢t > 0. According to Lemma 14.2.2 it suffices to assume that
F(1), G(1) and H(1) are strictly positive definite and, as a straightforward
computation shows, this is the case if we assume that

o — 4| Fy|? >0,
a T —a 3 |Gy)? > 0, (14.2.14)

— o~ |Hy|? > 0.

17
o 8

From Propositions 14.1.1 and 14.1.2 it follows that the function £ is a classical
solution of the Cauchy problem

th(ta ) = Aef(ta ) + ge(tv ')7 t>0,
£(0,) = 30’ f2,
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where ¢(&) = gf) ~+ g2 + g3 and

9t 2) = —a3(Q (x)Du(t, z), Du(t, z))
72Tr(Q‘E)( )D?u(t, ) F(t) D*u(t, z))

_9 Z a; (t)D2D;u(t, ), D?Dju(t, x))
4,j=1
_9 Z q<€> (t)D3D;u(t,x), DEDju(t,x));  (14.2.15)
7,j=1

g2(t,x) = (F'(t)Du(t, z), Du(t z)) + (G'(t)D?u(t, z), D>u(t, z))
+(H' () Diu(t, x), Diu(t, z))
+((BF(t) + F(t)B*) Du(t, z), Du(t, x))
+2(G(t)[DZ, (Bx, D)]u(t, x), Diu(t, x))
+2(H (t)[D2, (Bx, D)|u(t, z), D}u(t, z)); (14.2.16)

T

g3(t,x) =2 > Dyju(t,z)(F(t)Dgi;(x), Du(t, z))

',j*l
+2 Z *anj )Dij]u(tam)aDzu(tam»
7,j=1
+2 Z *aqu )Dij]u(tvx)aDzu(tam»a (14217)
7,j=1

for any ¢t > 0 and any = € RY.

We claim that we can fix o and the matrices G; and H; such that both
g <0in (0,Ty] x RN for some Ty > 0, independent of &, and the conditions
(14.2.14) are satisfied. Theorem 4.1.3 then will imply that

E(t,x) < %a3(f(t,x))2, te(0,Ty), RN, (14.2.18)

Since we are assuming that the matrices F(t), G(t) and H(t) are strictly
positive definite for any ¢ > 0, then, by (14.2.18), all the terms in the definition
of ¢ will turn out to be bounded from above by 1a®f? in (0,Tp] x RY and,
consequently, Lemma 14.2.2 will lead us to the estimate (14.2.9) in (0, Tp] with
w = 0 and C replaced with a new constant C;. The semigroup rule, then, will
allow us to extend the previous estimate to all the positive ¢, as in the proof
of Theorem 6.1.7. So, let us prove the claim. For this purpose, we begin by
observing that, since the matrices F(t), ((G(t)D?D;u(t), D2D;u(t)));; and
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((H(t)D2D;u(t), D3Dju(t)));; are strictly positive definite, then gf) < g in

(0, +00) x RN where the function g; is obtained from g( ) replacing, at any
x € RV, the matrix Q) (z) with Q(®)(z). Now, Lemma 14.2.3 implies that

g1(t) < —a®k| Dy u(t)|* — 2%2 (D?u( u(t))is
—QHZ (t)D?Dyu(t), D*Du(t))

72112 () D3 D;u(t), D2 Dsu(t)).

Hence, using properly the inequality
207tPab < a1 tP1a? + a2 %212 2y =m1 +72, 208=/p1+02), (14.2.19)
holding for any «, a,b,t > 0, we obtain
91(t) < —a’k[Dyqu(t)|? — 2tk (K1 D7 yu(t), D2 ult)) — 2ust’| D2 Hu(t)]?
+H K5 (a2t D2 ju(t)? + o~ 743| D yu(t)]?)
—2t5(K3D? yu(t), D2 ju(t)) — 2a_T6t4ﬁ<K4D372u(t),Df,2u(t)>
—20a7 5%| D3 qu(t)]? + @~ 5| K| 5 | D2 yu(t)
+a O K| 5 [D3 su(t)? — 207 52 5( KDY yut), DY u(t)
207 % t5/@(K7Df,2u(t), DiQu(t))
—2a"YWTk(Ks D2 gu(t), D2 yu(t)) — 207 31k D yu(t)[?
+HKols(a™ 7| DY su(t) + o~ #°| DL ju()]?),

for any t > 0, where K1, K3, K4, K¢, K7, Kg are suitable diagonal matrices
whose minimum eigenvalue is 1, whereas the entries of the matrices Ko, K5
and Ky depend linearly only on the entries of F}, G; and Hy, respectively. In
particular, all the previous matrices are independent of a. Therefore,

91(t) < —a®k|D, yu(t)? + (=20 + a2 | Ka|)tk| D2 u(t)?
+(=20+ @™ 2| Ko )t | D? u(t)
—204| D3 yu(t)|” + (—207 16 + a7 | K5 )t | D2 yu(t)
+(—207% + a7 | K5 )t D2 gu(t)]? — 207 15 6| DY yu(t)|®
—2a7 5 7R DY yu(t) + (=207 + o™ 8 | Ko| )t | DY su(t)|”

+(=2a75 + o™ B Ko |)st’| DY yu(t)]?, (14.2.20)
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for any t > 0.

Throughout the rest of the proof, to simplify the notation, we will denote by
0¢(t") (k > 0) any function h, depending on ¢, possibly on «, |G1| and |Hq],
but being independent of z, such that lim; .ot ¥h(t) = 0. Moreover, in the
estimates for g and g3 we will write explicitly only the terms which are not
negligible, as ¢ tends to 0%, with respect to the terms in the right-hand side of
(14.2.20), and we use the notation now introduced to denote all the other ones.
For instance, if a term is negligible with respect to —2uxt®| D7 yu(t)|* we simply
denote it by o;(t*)k|D2 yu(t)[?, or by o0,(t?)| D2 yu(t)[?, if it is independent of
K.

In order to estimate the function g . we observe that

[va <B£L’,D>]U(t,l‘) = EDEU(%HC)’
( t>0, x € RV, (14.2.21)
[Dfa <B£L’,D>]U(t,l‘) = MDEu(ta :L')a
where
My Ms O 0
Ly Ly O Ms My Ms 0
L=]|LsLyLs |, M=, M M M, | (14.2.22)
0 Lo L 0 0 My Mo

L; (j=1,...,7)and M; (j = 1,...,10) being suitable matrices whose entries
linearly depend on the entries of B, but are independent of o, G1, H;. Using
properly the inequality (14.2.19), we get

2(G(t)[D2, (Bz, D)]u(t), Diu(t))

< 20| L || D2 yu(t)? + [ Lall(a2#| D2 yu(t)* + o~ ##°| D2 yu(t)?)

+a” s |Gl Ls | (£21D2 ju(®)? + 5| D2 yu(t)[?)

+a7 15| Ly | (D2 ju(t)* + t°| D2 yu(t)[*) + 207 16t Ly || D2 pu(t)?

+207 5 8 |G| 6| D2 pu(®)?

HILs (o 258 D2 yu(t)]? + o~ 7| D2 yu(t)?)

a5 |G| (|La] + [ Le]) (£11D2 pu(®)]? + °| D2 su(t) )

+a S0\ Lg| (ID2 qu(t)? + [ D2 yu(t)[?)

+07 5 Amax(G1 Ls + L3G1)E| D2 5u(t)|” + 207 51| L || D2 su(t) P,
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that we can rewrite, with the notation introduced above, as
2(G(t)[D?, (Bz, D)]u(t), D2u(t))
= {0# | L] + o (1)} DZ yu(t)
+{a72 | La|l + a7 | Ls | + 0r(1)}| D2 yu(t)
{0 S Amax(GFLs + LEGH) + a8 | L[| + 0, (1) }°|D? yu (1) (14.2.23)
Similarly,
2(H (t)[D3, (Bz, D)]u(t), D}ul(t))
< {5 | Ma] + 0 (1)} D2 u(t)?
+H{aT T M| + a7 2| Ms| + 0, (1)} D2 yut)?
+{a™ | Mg| + a5 | Ms]| + 0, (1)}°| D2 su(t)]”

Ham B | Ms| + @ T Apax (Hf Ms + Mg Hy) + 0,(1)}3 D3 u(t)]2.
(14.2.24)

Now, observing that
((4(BsFy + Fy B3)D. ou(t), Dugu(t)) < —du|D. pu(t)|?, t >0,
from (14.2.23) and (14.2.24) we get
92(t) < a1 (t)|D,yu(t)? + az(t)| D u(®)® + as(t)|D? yu(t)®
+aa(t)|D? pu(t)* + as ()| D2 zu(t)]* + ag ()| DY yu(t)]?
+ar(t)| DI yu(t)? + as(t)| DI su(t)* + ag(t)| DI 4u(t)?, (14.2.25)
where
a1(t) = a + 82| Fy| + a?||Bs| + o(1)
= {—t+a  2B|F| + | Bs]) + o (1)},
= {4+ a?|La| + 0:(1)}t,

= {4077 + a " F|Ly||Ls| + a2 + 0,(1)}¢2,

(t)
(t)
(t)
(t)
a5(t) = {607 F + 0™ S Anax (G Ls + LEG1) + a7 8 | Ls| + 0,(1) 17,
(t) = {15776 + a5 | Ma| + 0, (1) }2,

(t) = {10075 + o~ ¥ [ M + o~ [ Mg + 0p (1)},

(t) = {3 | Ms| + Ta~" + o~ [ M5 + 0,(1)}1°,

(t) =

{90& 8 +a 48 ||M8||+04 12)\max(H1M8+M8H1)+0t( )}t8
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Finally, we consider the function g3 . and we observe that, for any 4,7 =

)

(D2, q;j(x)Dijlu(t, z) = Diju(t,z)D?qi;(z) + N D3u(t, x),

[D3, qij(x)Dyjlu(t, ©) = Djju(t, z)D3q;;(x) + R(z)D3u(t, x) (14.2.26)
+8(2) Diult, ),

where, for any 2 € RV, the matrices N(z) € L(R"~ R"N), P(z) € L(R"~)
and R(z) € LR~ , R"~) (n¥, := N(N+1)(N+2)(N+3)/24), split according
to the splitting of the vectors D¥u (k = 2,3,4), are given by

Ni(z) 0 00

N(z) = | Na(x) N3(z) 00 | (14.2.27)
0 Ny(z)00

: (14.2.28)

R(z) = , (14.2.29)

the entries of the matrices N;(z) (j = 1,...,4), Pj(x),R;(z) (j = 1,...,6)
being linear combinations of the entries of the derivatives of the diffusion
coefficients ¢;;(x). In particular, A, P and R are independent of a, G, Hy
and there exists a positive constant C', independent of z, such that

INs () + |15 ()| + [ Rj ()] < Can/r(2), z eRY, (14.2.30)
foranyi=1,...,4and any j = 1,...,6. Hence, using properly the inequality

(14.2.19) (where now a and b are given, respectively, by v/&|D¥ ;u| and | DI";ul
for suitable 4, j, k,m), and taking Hypothesis 14.0.1(ii) into account, it is easy
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to check that
93(t) < or(D|Dw1u()? + 04 (t)| D 2u()]* + 04 (t) 5] D yu(t)]*
+ou(t) KID* 2u(t)]* + 0 (t°)|DZ gu(t)]* + 04 (t*)K| DL yu(t)”
+ou(tY)K[ DI qu(t)]* + 04 (t°)K] D gu(t)]* + 04 (t%)| D7 qu(t)]?
(

+0u(12)K| D 1u(t)[* + 0, (1)K[ DL yu(t)|* + 04 (t7)k| DY gu(t)|?,
(14.2.31)

for any ¢ > 0. Summing up, from (14.2.20), (14.2.25) and (14.2.31) we deduce
that

99 (t) < {=ra® + 0a(a®) + 0, (1)} Da yu(t)?
{4 0a(1) + 0/ (1) }*| D 2u(t)|?
+{—2a + 0a(a) + 0:(1)}st| DI yu(t)|?
+{=20+ 0a(1) + 0¢(1)}st*| D2 yu(t)[?
+{ Amax(G7Ls + L§G1)047% + Oa(aié) + Ot(l)}t5|D3,3U(t)|2
+{=26 + 04 (1) + 0/ (1) }*| D3 yu(t)[?
{20775 + 04(a7 1) + 0, (1) }st?| D2 yu(t)[?
H{—2a7F + 0a(a” %) + 0 (1) }1°| D2 gu(t)|?
{07 Amax(H Ms + M Hy) + 0a (@7 12) + 0,(1)}£3] D2 ju(t)
{2071k + 0,(1)}#°| DL yu(t)]?
+{—207% + 0,(1)}st°| D yu(t)?
{207+ 0o (@) + 0 (1) }st | D gu(t)]?
+H{—2a7% +oa(a” )R D ju(t)?, (14.2.32)

where by 0, (a®) (k € R) we have denoted any function h : (0, +00) — R,
depending on «, and possibly on GG; and Hi, but being independent of ¢, such
that limg— 100 @ *h(a) = 0.

To prove that ¢(®)(t,2) < 0 for any ¢ in a right neighborhood of 0 (inde-
pendent of €) and any # € R, we show that we can fix a, Ty > 0 and the
matrices G and H; so that all the terms in the right-hand side of (14.2.32)
are negative in (0,7p] x R™. As a first step we prove that we can fix a > 0
and the matrices G; and H; so that

sup a;(z) <0, ji=1,...,9, (14.2.33)
z€RN
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where a;(z) are obtained from the terms in curly brackets in the right-hand
side of (14.2.32), disregarding the terms of type o0:(1). Once (14.2.33) is proved,
it will be an easy task to check that we can fix Ty > 0 such that the right-hand
side of (14.2.32) is negative in (0, Tp] x RY.

An easy asymptotic analysis shows that all the coefficients @; (j =1,...,9)
satisfy (14.2.33) for a > 0 sufficiently large, provided that G; and H; can
be chosen so that the matrices G7Ls + LG and Hf Mg + Mg H; are strictly
negative definite. By virtue of Lemma 14.2.1 and Hypothesis 14.0.1(i), this
is the case if the ranks of the matrices L5 € L(R"}Vﬂ',RT(N’T)) and Mg €
L(R”?Vfr, RN -r) are, respectively, n}\,# and ”?vfr- Straightforward compu-
tations show that, up to rearranging the rows, we can split Ls and Mg into
blocks (according to the splitting of the vectors D3u, k = 3,4) as follows:

SO 0o -+ .- 0
* Sl 0 0
[/5:507 Mgz N
0
ke e * SN—T‘—l

B, 0 ... 0
* B0 0

0
ke e % Bév_"'_l

and the matrix Bg is obtained from Bj by removing the first j columns. Here
and above by “x” we denote suitable matrices whose entries depend linearly
only on the entries of Bs (recall that the entries of the matrices Ls and Mg
are independent of «). Since, by Hypothesis 14.0.1(iii), rank(B3) = N —r,
then rank(Ls) = nk_, and rank(Mg) = n%,_,. Hence, from Lemma 14.2.1,
we deduce that, if we set G; = —Ls, and H; = —Mg, then the matrices
GiLs + LGy and H{ Mg+ Mg Hy are strictly negative definite. Therefore, if
a > 0 is large enough, the estimate (14.2.33) holds. Up to choosing a larger a,
we can also assume that the conditions (14.2.14) are satisfied. Then, fixing T}
sufficiently small, but independent of &, we obtain that ¢(*) < 0 in (0, Tp] x RV
and F(t), G(t) and H(t) strictly positive definite for any ¢ > 0. By the above
remarks, this concludes the proof. ]
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As in the nondegenerate case, the more the initial datum f is regular, the
more we can improve the estimates of the derivatives of T, (¢)f near t = 0. We
state this fact in the following theorem.

Theorem 14.2.5 Under the same assumptions as in Theorem 14.2.4, for
any k =1,2,3, h € N with h < k, there exist two positive constants w and C,
independent of €, such that

k—h

| D% Te(t) flloo < Cewty=(—h=1)7"— rEyy >0, j<k4L
(14.2.34)
for any f € CHRYN) and any £ > 0. In particular, if h = k, (14.2.34) holds

true for any w > 0 and some positive constant C' = C(w).

Proof. Since the proof is close to that of Theorem 14.2.4, we just sketch it,
pointing out the main differences. We confine ourselves to proving (14.2.34)
when h = k = 3, the other cases being similar and even simpler. As in
the previous proof we write u for u., and w(t) when we want to stress the
dependence on t of u but we are not interested in the dependence on the
space variables.

Let us introduce the function &3¢ : [0, +00) x RY — R defined by

&3 %a3u2 + (F Du, Du) + (G D?*u, D?u) + (H D3u, D3u),  (14.2.35)
where F' = F(1) (with F; being replaced with (|By|| + 1)F1), G = G(1)
(with G4 = —Ls) and H = H(1) (with Hy = —Mjs) (see (14.2.11)-(14.2.13)
and (14.2.22)) and « is a positive constant to be determined later on. Using
Proposition 14.1.2 we can show that &3 is continuous up to ¢ = 0. Moreover,
straightforward computations show that it satisfies

{Dt§3(t7 ) = A€€3(ta ) + gf:‘(t7 ')7 t> 07
£(0,-) = 303>+ (FDf,Df) + (G Df,DIf) + (HD:f, Dif),

where §(¢) = N (&) + g2 + g3, the functions g ) and § §; (4 =1,2) being obtained

from the corresponding functions g§ ®) and g; (7 = 1,2) in the proof of Theorem

14.2.4, by replacing everywhere F'(t), G(t) and H(t) with F', G and H, and
disregarding the terms containing the matrices F', G’ and H’.

The proof now follows the same ideas as in the proof of Theorem 14.2.4.
The function g1 . can be estimated, as the right-hand side of (14.2.20), by

g1(t) < —a®k|Dyu(®)? + (—2a + a2 | K|k D? yu(t)[?
(=20 + a7 3 | Ko )8 | D2 yu(t)?
—26| D3 ju(t)? + (~2a~ 16 + a” & | Ks|)k|[ D3 Hu(t)[?

+(=207% + | Ks|)s| DE su(t)]? — 2076 | DY ju(t)|”
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—20a7 5 k| DY qu(t)? + (207" + o~ B | Ko| k| D yu(t)
(=207 % + " B |Ky|)wt?| D yu(t) . (14.2.36)

Here, the matrices K1, ..., Kg are defined as the corresponding ones in the
formula (14.2.20), with the only difference that now Gy = —L5, H; = —Ms.
As far as the functions g, and g3 are concerned, using properly the inequality
(14.2.19) (with g = 0) and arguing as in the proof of (14.2.25) and (14.2.31),
we get

32(t) + 33(t) < —t|Du2u(t)]* = 2075 Auin (L5 L) | D2 zu(t)
—2\in (Mg Ms)a™ 3 |D2 ju(t)* + 0a ()| Ds u(t)?
+0a(1)| D 2u(t)]? + 0a()|DF yu(t)]? + 0a(1)|DZ yu(t)|?

+00(1)| D2 gu(t)]* + 00 (1) D2 u(t)* + 00 (a™18)| D3 yu(t)|?
+0a (0 )| D3 gu(t)? + 00 (™) | D3 4u(t)|?

+0a (a7 T0)k| DL u(t)]? + 0a (0% )| D2 Ju(t)?

+oa (o™ )k D} gu(t)]?, (14.2.37)

for any ¢ > 0, where, as in the proof of Theorem 14.2.4, 0, (a*) (k € R) denote
real functions such that lim,_. 1 a %0, (a®) = 0. Therefore, from (14.2.36)
and (14.2.37), we obtain

§9(t) < —{a®k + 0a(a®)} D 1u(t)]” = {1+ 0a (1)} D pu(t)?

—{20 4 0 (@) }5|D? ju(t)]? = {20 + 0a(1)}£| D2 yu(t)?

—{207 5 Anin(LELs) + 0a(a™# )} D2 yu(#)|”

—{2k+ 0a (D} DZ ju(®)2 = {20775 + 00 (a™76) x| D2 yu(t)

—{2075 + 0a (%) }x| D2 yu(t)?

—{207 1 Anin (MG M) + 00 (0™ )} D2 yu(t)?

20" T k| DL yu(t)? — 207 5 k7| D yu(t)[?

—{207" + 0a (@™ )}8I DL yu(t)? — {207 F + oa(a” ¥) }u| DY u(t).
(14.2.38)

Now, from (14.2.38) and the condition (14.2.14) (where we replace Fy with
(| B4] + 1)F1), it follows that we can fix a > 0 such that F, G, H are strictly
positive definite and §(*) < 0 in (0, +o00) x RY. This implies that

IT=() flles @ry < Collfllopmyy, te(0,To), feCyRY), (14.2.39)
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for some positive Ty, and some positive constant C' = C(Tp). The semigroup
rule then allows us to extend (14.2.39) to all the positive ¢ obtaining (14.2.34).

To prove (14.2.34) with h,k = 1,2, it suffices to apply the previous argu-
ments to the functions & defined by

1
& = §a3u2 + (F Du, Du) + (k — 1)(GD?u, D?u), k=1,2,
where F and G are as in (14.2.35).
Finally, to prove (14.2.34) with (h,k) = (1,2) and with h = 1,2, k = 3, it
suffices to apply the previous arguments, respectively, to the functions &; »,

1,3 and & 3 defined by

&1kt m) = & (t,2) + (G(t)D?u(t, z), D2u(t, x))
+(k - 1)<H1(t)Dfu(t,:c), Dfu(t,x)}, k= 27 3;

for any t > 0, z € RV, and

Eo3(t,x) = &(t, o) + (Ha(t)D3u(t, x), D3u(t, z)), t>0, z€RY,
where
tIn% 0 0
G(t) 0 04_1_76151(1\[_,«)71% 704_%t2L5 ,
0 —a 5t2LF o 31,
N—r
Q16122 0 0 0
0 a I N_pm 0 0
Hl(t) 1,4 _13 5 )
0 0 a L —am 27 My
_13 « 9
0 0 —a"2M§ o stGIn:&ir
a~Totl,: 0 0 0
0 a S thn_pn 0 0
Hy(t) = " ,
0 0 a Mth —aT 1t My
0 0 —a MG a”5t3 ],
N—r

for any ¢t > 0. Here, as in the proof of Theorem 14.2.4, nl and nZ, (m € N)
are given by (14.2.10). [ |
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14.2.3 Construction of the semigroup

In this section we prove that, for any f € C,(RY), the Cauchy problem
(14.0.5), associated with the degenerate elliptic operator A, admits a unique
classical solution uy. This will allow us to define a semigroup of bounded
linear operators in Cy,(RY) by setting T'(t)f = u¢(t,) for any t > 0 and any
f € Cy(RN). At the same time we will also show that the semigroup {7'(¢)}
satisfies the uniform estimates (14.2.1)-(14.2.6).

The following theorem will be fundamental in order to prove our results,
since it provides us a useful maximum principle for the classical solution to
the Cauchy problem (14.0.5).

Theorem 14.2.6 Assume Hypotheses 4.0.1 and 4.0.2. Fix T > 0, f € C(RY),
g :(0,T] x RN — R. Further suppose that the function u € C([0,T] x RY)
is such that Dyu € C((0,T) x RN), u(t,-) € W2P(RN), Au(t,) € C(RN) for

any t € (0,T] and any p € [1,400) and it solves the Cauchy problem

Dyu(t,z) — Au(t,z) = g(t,z), te (0,T], z € RV,
wu(t,x) (t,z) = g(t,x) (0,71 (14.2.40)
U(O,.ﬁ):f(I), .fERN.
Then, the following properties are met:
(i) if
sup f(x) < +oo, g<0in (0,7] x RV,
T€RN
and u satisfies
t
lim sup ( sup u( ,:c)) <0, (14.2.41)
|z| =400 \ t€[0,T] o()
then
u(t,x)gmaX{O,supf}, tel0,T], =RV,
RN
(i) 1f
inf f(x) > —oo0, g>0in (0,7] x R,
zeRN
u satisfies
lim inf ( inf “(t’x)> >0,
|z|—+oo \t€[0,7] ()
then

u(t,m)zmin{O,IiRanf}, te0,T), =cRY,
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(iii) In particular, for any f € C(RYN) such that

flz) _

|z —+o0 @()

)

there exists at most one solution of the parabolic problem (4.1.7) (with
g = 0) in C([0,+00) x RN) such that Dyu € C((0,T] x RN), u(t,-) €
W2P(RN), Au(t,-) € C(RN) for any p € [1,+00) and any t € (0,T),

and such that (14.2.41) holds for any T > 0.

Proof. The proof can be obtained arguing just as in the proof of Theorem
4.1.3. Indeed, such a proof can be repeated with no changes also in the case
when the operator A is elliptic but not uniformly elliptic. The essential tool
needed in the proof of Theorem 4.1.3 is the existence of a Lyapunov function
¢ € C?(RY) such that supg~ (Ap — Ap) < 0 for some A > 0. In our situation,
using (14.1.3) it is easy to check that the function ¢ defined by p(z) = 1+ |x|?
for any € RY is a Lyapunov function for the operator A corresponding to
A =2(v/NC + ||B|), where C is given by (14.1.3). ]

We can now prove the main result of this section.

Theorem 14.2.7 Under Hypotheses 14.0.1, for any f € Cy(RY) there ex-
ists a unique classical solution u to the problem (14.0.5). Moreover, if we set
u(t,") =T(t)f for any t > 0, the family {T(t)} is an order preserving semi-
group of contractions in Cy(RY) satisfying the estimates (14.2.1)-(14.2.6).
Finally, for any compact set D C (0, +00) x RN and any f € Co(RYN), T.(\)f
converges to T(:)f in C2(D) as e goes to OF.

Proof. We split the proof into several steps. First in Steps 1 to 3 we prove
that, for any f € C,(RY), the problem (14.0.5) admits a (unique) classical
solution uy; we define the operator T'(¢) (¢t > 0) and we show that T.(-)f
converges to T(-)f in C12(D) as € tends to 0T for any compact set D C
(0, +00) x RN . Moreover, we show that {T'(t)} is an order preserving semigroup
of contractions in C,(RY) and it satisfies (14.2.1), (14.2.2), (14.2.4) (with
k = 1,2) and (14.2.5). Then, in Steps 4 and 5, we show that u; is thrice-
continuously differentiable with respect to the space variables in (0, +00) x RN
and T'(t) satisfies the estimates (14.2.3), (14.2.4) (with k = 3) and (14.2.6)
(with k =0,1,2), for any ¢ > 0.

Step 1. For any f € Cy(RY) and any ¢ € (0,1], we set u. = T.(-)f. Using
the estimates (14.2.1) and (14.2.2), we deduce that the family of functions
{uc : € € (0,1)} is contained in B([Tp, T); C3(RYN)), for any 0 < Ty < T, with
norm being independent of e. Moreover, since Dyu. = A.ue, then {Diu. :
e € (0,1)} is equibounded in [Ty, T] x B(R) for any R > 0. It follows that
ue € Lip([Ty, T); C(B(R))) N B([Ty, T) x C3(B(R))). From Propositions A.4.4
and A.4.6, we deduce that u. € C=/3([Ty, T]; C***(B(R))) and Dyu. €
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C=/3([Ty, T]; C(B(R))) with norms being independent of ¢. It follows that
the families of functions { D D?u, : e € (0,1)} (2a+|B| < 2) are equibounded
and equicontinuous in [Ty, 7] x B(R) for any 0 < Ty < T and any R > 0.
Hence, there exists an infinitesimal sequence {e,} such that, for any compact
set D C (0,+00) x RN, ., converges in C1%(D) to some function uy, which,
of course, solves the differential equation Dyuy — Auy = 0.

We now assume that f € C2(RY) and prove that us is continuous up to
t = 0. For this purpose we observe that, since C2(RY) is contained in the
domain of the weak generator of the operator A, (see Propositions 2.3.6 and
4.1.10), by Lemma 2.3.3 and Proposition 2.3.5 we can write

T ON@ = 1) = [ (DT, 6@
_ /O (Ao, Te, (5) ) (@) ds
- /O (T, (5)A., f)()ds,

for any ¢ > 0 and any x € RV, Using (14.1.2) we get

t
I, () f = flloo < St%pN/O (Tt () A, f)(@)]ds < | Ac,, flloot < Ot fllcz @y,
re
for any ¢ > 0 and any n € N, where C' is a positive constant, independent of
n. Letting n go to +o00, we deduce that us(t,-) tends to f uniformly as ¢ tends
to 0. Hence, the function uy is a classical solution to the problem (14.0.5).
Repeating the same arguments as above and taking Theorem 14.2.6 into
account, we can show that any sequence {u. }, with ], vanishing as n go to
+o00, admits a subsequence converging to uy in 01’2(D) for any compact set
D C (0,+00) x RM. This implies that 7.(-)f converges to uy in C1?(D) as ¢
tends to 0T for any D as above.

Step 2. We now assume that f € Co(RY) and let u., = T., (-)f be as in
Step 1. Moreover, we denote by {f} € C2(RY) any sequence converging to
f umiformly in RY. We fix m € N and observe that, by Step 1, T:, (t)fm

n

converges to T(t) f,, as n tends to +oo, locally uniformly in RY and for any
t > 0. According to (14.1.2),

Iz, (O)f = Tz, () fmlloo < I = fmlloos t>0, n,meN.
So, letting n go to +oc0, we get
lup(t,-) =T ) fmlloe < 1f = Finlloo, t>0, meN. (14.2.42)
Hence, from (14.2.42) it follows that
lup @) = flloo < lup(t,) =T (&) fmlloo + 1TE) fn = finlloo + [fm = flloo
< 2||f - fm”oo + ”T(t)fm - fm”ocn
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for any t > 0 and any m € N, and, from Step 1, we deduce that us(¢,-) tends
to f uniformly in RY as ¢ tends to 0. Hence, the function u r is a classical
solution to the problem (14.0.5). Then, with the same arguments as in Step
1 we can easily show that T.(-)f converges to T(-)f in C12(D) as € goes to
0%, for any compact set D C (0, +oc) x RV,

Step 3. We now assume that f € Cy(RY) and adapt to our situation the
technique in the proof of Theorem 11.2.1. We preliminarily observe that by
Theorem 4.1.3, T.(¢)1 = 1 for any ¢ > 0. Hence, T'(t)1 is well defined for any
t>0and T()1=1

We now fix a compact set K € RY and a smooth function 7, compactly
supported in RY, such that = 1in K and 0 < 5 < 1. By linearity and Step
2, we easily see that for any ¢ > 0, the function T'(¢)(1 — n) is well defined.
Moreover, since {T.(¢)} is an order preserving semigroup, T.(¢)(1—n) > 0 for
any t > 0 and any € € (0,1). Thus,

0<T@H)(1—n)=1-T(t)n, t>0.

Since, by Step 2, T(t)n tends to 7, uniformly in RY then T'(t)(1— n) tends
to 0 as t tends to 0T, uniformly in K.
Now, let u., =T, (-)f and uy be as in Step 1. Splitting T (t)(1—1n)f) =
T, (t )f T., (nf), it is immediate to check that T, (-)((1—1n)f) converges in
CY2(D) to uys(t,-) — T(t)(nf), for any compact set D C (0, +00) x RY. Since

(Te, (A=) (@) < [floe (T, (O)A=m)(2),  t>0, z€RY, neN,

for any n € N, then

ug(t,x) = (T () (@) < [ floo (T(E)(A=n))(2), t>0, zeR".

It follows that us(t,-) — T'(t)(nf) vanishes uniformly in K, as ¢ tends to 0.
Recalling that T'(¢)(nf) tends to f, uniformly, in K as ¢ tends to 0T, we easily
deduce that uy(t,-) converges to f, as t tends to 07, uniformly in K, as well.
By the arbitrariness of K, uy is continuous up to ¢t = 0 and it is a classical
solution to the problem (14.0.5). Arguing again as in Step 1, we can then show
that T.(-)f converges to T(-)f in C*2(D) as e goes to 0T, for any compact
set D C (0, +00) x RY

Now, the estimates (14.2.1), (14.2.2), (14.2.4) (with £ = 1,2) and (14.2.5)
easily follow letting ¢ go to 07 in (14.2.9) and (14.2.34), recalling that the
constant occurring in these latter estimates are independent of .

To conclude the proof of this step, we observe that the family of contractive
operators {T'(t)} (T'(0) = I) is an order preserving semigroup of linear oper-
ators in Cp(RY). The semigroup rule follows from Theorem 14.2.6 since, for
any f € Cp(RY) and any s > 0, both the functions u(¢,-) = T(¢)T(s)f and
v(t,-) = T(t+s)f are both classical solutions to the Cauchy problem (14.0.5)
with f replaced with T'(s)f. The maximum principle also implies that {T'(¢)}
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is an order preserving semigroup, and, since T.(t) are all contractions, then
T(t) is a contraction as well, for any ¢ > 0.

Step 4. We now prove (14.2.3), (14.2.4) (with k = 3) and (14.2.6) (in the case
when ¢ < r), using a localization argument. Without loss of generality, we can
assume that f € C3 (RY). Indeed, once (14.2.3) and (14.2.6) are established for
any f € Cg (R™), then they can be extended, respectively, to the cases when
f € BUCRY) and f € BUC*RY) (k = 0,1,2) by a density argument,
by approximating f € BUC*(RY) with a sequence of functions in Cg’ (RM),
converging uniformly to f in BUC*(RY). Finally, for a general f € Cf(RY),
it suffices to split, for any ¢t > 0, T'(t)f = T'(t/2)T(t/2)f and apply the above
results with f replaced with T'(¢/2)f € BUCK(RY).

Observe that, to prove the previous estimates, it suffices to show that,
for any ¢ € {1,...,r} and any j,h € {1,..., N}, the function D;,T(¢)f is
continuously differentiable with respect to the i-th space variable. Indeed,
suppose, for instance, that i = 1, j <7, h > r and f € Cy(RY). The estimate
(14.2.9) (with k& = 3) implies that, for any xo,...,xy, the function z —
(DjpTe(t) f)(x,x2,...,2n) is Lipschitz continuous in R and

[(D]hTE(t)f)(’ L2y .- 7$N)]Lip(]R) < Cewtt_% ”f”Cb(]RN)a t>0,

for suitable C,w > 0, independent of zs,...,xn. Since D;,T.(t)f converges
to D;pT(t) f locally uniformly, then the function (D;nT'(¢)f)(, x2,...,zN) is
Lipschitz continuous in R as well, and

(DT @) F) (w2, 2n)uipey < Ce“t 2| flo,@vys ¢ > 0.

Therefore, if D;,T(t)f is continuously differentiable with respect to the di-
rection eq, then the function Dy;,T(t)f satisfies (14.2.6).

So, we fix i < rand j,h < N, and prove that the function D;,u = D;pT(-)f
is continuously differentiable in (0, +00) x RY with respect to the i-th variable.
For this purpose, let nz : R — R be a smooth function compactly supported
in B(R) (R > 0) such that ng = 1 in B(R/2). For any k € R, with |k| <1 we
introduce the operator 7} defined on C,(RY) by

Y(x + kep) —(x)
k )

() = zeRY, e CRY).

Moreover, we set Ug,k,R = T,?U&R where v, g = u.ng and u, = T.(-)f. As it is
easily seen, the function U?’ k. 18 the classical solution to the Cauchy problem

Dtvg,k,R(tﬁ) = -AEU?,k,R(ta z) + gg,k,R(ta z), t>0,zeR",

vf 1, 1(0,2) = 7 (nrf)(2), z € RN,
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where, for any t > 0,

9Lk r(t,) = =7 (us(t, ) Aciin) — 2 Z Qi Diue(t, - + kep) i (D)

l,m=1

—2 Y @7 Dive(t,+)) Dniig

l,m=1

23" (rfatm) Duie(t, + hew) Dy (- + hen)

l,m=1
N
—2¢ Z Donuc(t, - + ken) (7] Dnir)

m=r+1

N
—2¢ Z (TI?DmUa(ta'))DmnR

m=r—+1

- Z (77 Gim ) Dimve, R (1, +Zblth’”€R( ). (14.2.43)

l,m=1 =1

By the results of Chapter 6, ’U?,k, r can be represented by the variation-of-
constants formula

vy m(tw) = (Ts(t)(T;?(ﬂRf)))(Z)Jr/o (To(t = 5)gE k. r(s, ) ()ds, (14.2.44)

for any ¢t > 0 and any 2 € RY. We are going to show that we can take the
limit as € tends to 0% in (14.2.44) and write

vi r(t @) = (13 (unr)(t, ) (x)

= () (L (1 )))(@) + / (T(t - 5)g}: p(s, ) (w)ds, (14.2.45)

for any t > 0 and any z € RY, where gk R is obtained from g6 k.r by T€-
placing u. with v and letting ¢ = 0 in (14 2.43). Of course, thanks to the
previous steps, it suffices to deal with the convolution term in (14.2.44). Since
ue converges to u in C*2(D) for any compact set D C (0, +00) x RV and ngr
is compactly supported in RY, then the continuous function g?, kR COnverges
uniformly in R to the function gz’ r as € tends to 0", This implies that, for
any s,t > 0, Tg(t)g?,k’R(s, -) converges to T(t)gZ’R(s, -) locally uniformly in
RN as ¢ tends to 0T. Indeed, for any compact set K C RV, we have
Sup, (T(D)gL 1, m (s ) (@) = (T(t)gr r(s, ) ()|
< sup (T-(1)g2 k. (5, ) (@) — (T=()gk R (5, ) (@)]

+sup |(T2(t)gk r(s,)) () — (T()gk r(s,)) ()]

zeK



14.2. Existence, uniqueness results and uniform estimates 437
< 924k — 9k rllo + sup (T(D)gk R (5,)) (@) = (T()g R (5,)) (@),
x

and, by virtue of Step 1, the last side of the previous chain of inequalities
vanishes as ¢ tends to 0F. Moreover, since f € C3(RM) and {T.(t)} is a
semigroup of contractions for any € > 0, then TE(-)gg kR 1s bounded in [0, T x
RY for any T > 0, uniformly with respect to € € (0,1). Therefore, letting £ go
to 07 in (14.2.44), by the dominated convergence theorem we get (14.2.45).

Next step consists in showing that we can let k go to 0 in (14.2.45) getting
the fundamental representation formula

Dyur(t,z) = (T()(Da(nrf)))() + / (T(t - 5)gh(s, ) (w)ds, (14.2.46)

for any t > 0 and any = € RY, where

gh = —Dp(uAng) — 2 Z QimDiuDpmnr — 2 Z QimDrnuDmnr

l,m=1 l,m=1

r r N
—2 Z (Dhqim)DiuDynr + Z (DhQIm)DlmURJFthlDlUR;

l,m=1 l,m=1 =1

(14.2.47)

and vg = ungr. The convergence of the integral term in (14.2.45) follows from
the dominated convergence theorem, since g,}; p converges uniformly in RY,
to the function glh%, as k tends to 0. To show this, it suffices to observe that,
for any v € C(RY) such that Dy € C(RY), the function 7)) converges
to Dpip, locally uniformly in RV, as k tends to 0. Similarly, 7*(ngf) and
ol 2(t,+) (t > 0) converge uniformly, respectively, to Dy, (nrf) and Dpvg(t,-)
as k tends to 0.

Now, taking advantage of the representation formula (14.2.46), we can show
that the function Dyvp is twice continuously differentiable in (0, T') x RY with
respect to the i-th and j-th space variable, for any 7" > 0. To simplify the
notation, in the rest of the proof, we denote by C; positive constants which
may depend on R, but are independent of ¢, € and k.

Using a simple interpolation argument, from (14.2.34) (with h = k = 2,3)
we deduce that 7.(-)f € B((0,7); CZT*(RY)) with norm being independent
of e. Therefore, letting £ go to 0%, we get T(-)f € B((0,7); CZt*(RY)) as
well and, consequently, g% € B((0,T); C¢(RY)) for any o € (0, 1).

Next, interpolating the estimates (14.2.2) and (14.2.5) we get

IDiT(#0lloe < Ot~ [l ovo vy (14.2.48)

for any 1 € C(RY). The estimate (14.2.48) implies that the function s —
IDi;T(t — 8)gh(s, )| is in L1(0,t). Hence, (14.2.46) and Step 3 imply that
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the function Dyvg is twice continuously differentiable with respect to the i-th
and j-th space variables in (0,7) x RY. Since vg = u in B(R/2) and R is
arbitrarily fixed, we deduce that Dpu is twice continuously differentiable with
respect to the i-th and j-th space variables as well. The estimates (14.2.3)
and (14.2.4) (with k = 3) follow.

Step 5. We now prove the estimate (14.2.6) in the case when i,j,h > r.
The same arguments as in Step 4 show that it is not restrictive to consider
the case when f € C’f} (RN). We are going to show that the right-hand side
of (14.2.46) defines a function which is twice continuously differentiable in
(0, +00) x RY, with respect to space variables z; and xj. As a first step,

we show that the function g% in (14.2.47) belongs to B((O,T);CS/Q(RN))
for any T > 0. Of course, this is the case if Dy,u € B((0,T);C3/?(B(R)))
for any I,m = 1,...,r. To show that Dj,,u € B((0,T); C%/?(B(R))) we use a
bootstrap argument, first showing that it belongs to B((0,T); C;+9/3(B(2R)))
for any 6 € (0, 1). For this purpose, we replace the function g defined in Step
4, with the function nsgr. Interpolating the estimates (14.2.5) and (14.2.6)

(with k = 1) we get
_o+1
”DlmT(t)w”Cg/i"(RN) < Cot™ ”w”Cl}(RN)v te (OaT)a 1<i<m,

for any ¢ € CL(RY). Hence, the function ¢ — ||DlmT(t)w||ce/3(RN) is inte-
b

grable in (0,7). Therefore, since by Step 4, T'(-)¢ and Dy, T(-)3 both be-

long to B((0,T); CH(RN)) for any I = 1,...,r, it follows, first, that gy €

B((0,T); CH(RM)) and, then, using the formula (14.2.46), that Dj,u belongs

to B((0,T); C**?/3(B(R))). As a straightforward consequence, from (14.2.47)

(with R replaced with 2R) we deduce that gh, € B((0,7); C;JFG/B(RN)) for
any 6 € (0,1). Now, we interpolate first (14.2.6), respectively, with k = 1 and
k =2, and then (14.2.2) and (14.2.5), obtaining

8 _
| Din T ()] cp mry < Cat 2||¢||C;+9/3(RN), (14.2.49)

0—3
1D T ()Y lloo < Cat s 9] qrvor5 gy (14.2.50)
<, (RY)
for any t € (0,7T) and any 1 < [,m < r. Again, interpolating (14.2.49) and
(14.2.50) yields

46

—15
”DlmT(t)w”C;ﬂ(]RN) <Gt 12 ||1Z)||C;+9/3(RN)5 te (OvT)v 1<i<r.
(14.2.51)

Taking 6 = 4/5 in (14.2.51), we easily see that the function

10 1D T (¢ = )9 (5) |72 v,

is integrable in (0,7). Hence, from the formula (14.2.46) we get Djnver €
B((0,7); CS/Q(RN)) and, consequently, Dy,u € B((0,T); C3/2(B(R))), since
var = u in (0,+00) X B(R).
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Now, we are almost done. Indeed, interpolating (14.2.4) and (14.2.5), we
get

_3 .o
”DUT(t)w”OO § CGt 4 ||1/)||C§/2(RN), te (OvT)a 1,] >T,

that, due to the above results, implies that the map s — | D;; T (t—s)gk(s, )]s
is integrable in (0, t). Therefore, from (14.2.46) we easily deduce that D;jru(t, -)
exists for any ¢ > 0. [ |

Remark 14.2.8 In fact, in Step 2 of the proof of Theorem 14.2.7 we have
shown that, for any f € Co(RY), T'(t)f converges to f uniformly in RY as t
tends to 0F.

Remark 14.2.9 Uniform gradient estimates similar to those in Theorem
14.2.4 have been proved in [37] in the case when the operator A is obtained
from the degenerate Ornstein-Uhlenbeck operator in (14.0.3) replacing the
drift term Bz, with the term Bz + F(z). The smooth function F' is assumed
to satisfy

(DF(2)Gi€,€) < C(Gi&,€), t>0, z,§ €RY,
for some constant C' € R, and the matrix G; is defined as in (14.0.4) with
B being replaced with the matrix —B. Moreover, F' should either belong to
CZ(RY,RY) or be Lipschitz continuous and satisfy

(F(z) — F(y), = —y) <nlz —y|? z,y € RY,

for some constant n € R.

14.3 Some remarkable properties of the semigroup

In this section we first prove a continuity property of the semigroup {7T'(¢)}
that will play a fundamental role in order to prove the Schauder estimates
of Section 14.4. Then, we prove that {T'(¢)} is strong Feller and, finally, we
characterize the domain of its weak generator.

Proposition 14.3.1 Let {f,} C C,(RY) be a bounded sequence of continuous
functions converging to f € Cy(RYN) locally uniformly in RN. Then, T(-)fn
converges to T(-)f locally uniformly in [0, 4+00) x RN and in C12(D) for any
compact set D C (0,+00) x RV,
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Proof. Without loss of generality, throughout the proof we assume that
f =0 and sup,,cy | fn]oe < 1. As a first step, we show that T'(-) f, tends to
0 in C12(D), for any compact set D C (0,+00) x RY. Since the function
T(-) fn solves the differential equation Dyu — Au = 0 in (0, +00) x R, by the
estimate (14.2.1)-(14.2.3) it follows that the sequence {T'(-)f,} is bounded in
Cte/2.24e(K) for any compact set K C (0,4+00) x RN and any a € (0,1).
Therefore, the Ascoli-Arzela theorem implies that there exists a subsequence
{T(:)fn,} converging in C*2(D) to some function g, for any compact set
D C (0,4+00) x R¥. As it is easily seen, the function g solves the differential
equation D;g — Ag = 0. Let us prove that ¢ = 0. For this purpose, according
to Theorem 14.2.6, it suffices to show that g can be extended by continuity
at t = 0 by setting g(0,-) = 0. So, let F' C RY be a compact set and take
any smooth function 7 compactly supported in R such that n = 1in F and
0 <7 < 1. Recalling that {T'(¢)} is a semigroup of contractions (see Theorem
14.2.7), we can write

(T (@) ) (@) = (T f ) (@)] < [ frri oo [T = (T (E)n) ()]
< [L=(T()n) ()], (14.3.1)

for any t > 0 and any z € RY. Now, since f,,, converges locally uniformly in
RY as k tends to +oo, the function T'(t)(nf,,) converges uniformly in RV to
0. Hence, letting k go to 400 in (14.3.1) gives

lg(t, ) = (T(E)(nf) ()] < 1= (T(#)n)(x)], t>0, zeR"Y.

Since both 1 and 7 f are compactly supported in RV, then, by Remark 14.2.8,
T(t)n and T'(t)(nf) tend, respectively, to n and 0 uniformly in RV, as ¢ tends
to 0T. Therefore, from (14.3.1) we deduce that g tends to 0 as ¢ tends to 0T,
uniformly in F. The arbitrariness of F' implies that g can be extended by
continuity at t = 0 setting ¢(0,-) = 0, and we are done.

Repeating the same arguments as above we can show that any sequence
{T () fn,} admits a subsequence which converges to 0 in C12(D) for any set
D as above. This implies that, actually, all the sequence {T'(-)f,} converges
in C12(D) to 0, for any D as above.

Now, to check that T'(-) f,, converges to 0 locally uniformly in [0, +00) x RY
it suffices to argue as in the proof of Proposition 2.2.9. [ |

Corollary 14.3.2 There exists a family of probability Borel measures
{p(t,z;dy) : t>0, € RV},
such that
(T f)(x) = . F)p(t, z; dy), t>0, zc RV, (14.3.2)

for any f € Co(RN). It follows that, if {f.} € Co(RY) is a bounded sequence
converging pointwise to f € Cy(RN), then T(-) f, tends to T(-)f pointwise.
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Proof. 1t can be obtained arguing as in the proof of Proposition 12.1.7,
taking Proposition 14.3.1 into account. Therefore, we omit the details. [ ]

Next, arguing as in the proof of Proposition 12.2.1 and taking the gradient
estimate in (14.2.9) into account, the following proposition can be proved.

Proposition 14.3.3 The semigroup {T(t)} is strong Feller.

We now observe that since {7'(¢)} is a semigroup of contractions, then for
any A > 0 we can define the linear operator R(\) € L(Cy(RY)) by setting

—+o0
(ROV)() = / T f) (@)dr, xRV

As in Chapter 2, it is immediate to check that {R(X) : A > 0} is the resolvent
family associated with some closed operator A : D(A) C Cp(RY) — Cy(RV):

the weak generator of the semigroup {7'(¢)}. From now on, we write R(\, A)
instead of R(\).
In the next proposition we characterize D(A) and we show that Au = Au for

-~

any u € D(A), where Au is meant in the sense of distributions. The following
lemma is the keystone in order to prove the forthcoming Proposition 14.3.5.

Lemma 14.3.4 For any f € C2(RY) such that Af € C,(RY) it holds that
Tt)Af = AT (t)f, t > 0. (14.3.3)
Proof. To prove (14.3.3) we first show that
T.(t)Acf = AT-(D)f, t>0, (14.3.4)

for any € > 0 and any f € CZ(RY) such that Af € C,(RY). Here, A. is given
by (14.0.6). For this purpose, we recall that, according to Lemma 2.3.3 and
Propositions 2.3.6, 4.1.1(i), T'(t)A.u = A.T(t)u for any u € Dpax(Ae), where

Dinax(A2) := {g eG,®Y)N (| WZPRN):Age Cb(RN)},
1<p<+oc0
and A.g = A.g for any g € Dax(Ac). Since f € Dpax(Ac) for any € > 0,
then (14.3.4) follows.

Now, we are almost done. Indeed, a straightforward computation shows
that A.f converges uniformly in RY to Af as ¢ tends to 0. Moreover, from
Theorem 14.2.7 we know that T.(t) f converges to T'(¢)f in C?(K), as € tends
to 0T, for any ¢ > 0. Therefore, from (14.1.2) we get

IT=(0) A f = T () Af e
< NTe@(Af = Ao + I(Te(t) = T(6)Af low)
< Aef = Afloo + I(T=(t) = T(#)Af e ()
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and the last side of the previous chain of inequalities vanishes as € tends to 0%.
This implies that T (¢).A. f tends to T(¢).Af, locally uniformly in RY, for any
t > 0. Similarly, for any ¢ > 0, A.T.(t) f tends to AT (¢)f locally uniformly in
RY as € tends to 0. Hence, taking the limit as ¢ tends to 07 in (14.3.4), we
get (14.3.3). [ |

We are now in a position to prove the following proposition.
Proposition 14.3.5 The following characterization holds true:
D(A) = {f € Gy®Y) : 3{fu} € CE®RY), g € CH(RY) :
fn — f, Afn — g locally uniformly in RY
and ilég (Ifnlloo + [Afnlsc) < +oo}. (14.3.5)

Moreover, Af = Af for any f € D(A). Here and above, Af is meant in the
sense of distributions.

Proof. We adapt to our situation the technique of [107, Theorem 6.2]. For
this purpose, let us denote by Ay the realization of the operator A in Cy,(RY)
with domain D(Ag) = {f € CZ(RY) : Af € C,(RM)}. Taking Lemma 14.3.4
into account, it is easy to check that, for any f € D(Ay),

o~ JFOO
(RO\A)Af) () = / (T () Af) (x)dt

+o0
_ /O e AT(t) ) (2)dt

_ /Om Y (%T(t)f) (w)dt

—f(@) + AR, A) f)(x), (14.3.6)

for any € RY and any A > 0. Therefore, R(A,A\)(Af — Af) = f and,
consequently, f € D(A\) and A\f = Af.

Now let f € Dy (the function space defined by the right-hand side of
(14.3.5)). By the above results we know that

fa = RO, AN fo — Afy), neN, A>0. (14.3.7)

Let us now show that, for any bounded sequence {h,} C Cy(RY), con-
verging to some function h € Cy(RY) locally uniformly in RY, the function
R(\, A)h,, converges to R(\, A)h, locally uniformly in RY, as well. For this
purpose, we observe that, for any compact set K C RV,

IR A) (i — W) < / e NIT(E) (i — ) ey
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By Proposition 14.3.1, |T'(t)(hn — h)|c(x) converges to 0 as n tends to +oo,
for any t > 0. Moreover,

IT@) (hn = W)lc)y S NT @) (hn = h)loo < lhn = hlloo < [[hn] + 1] < C,

for any n € N and some positive constant C, independent of n. A straightfor-
ward application of the dominated convergence theorem shows that R(\, A)h,
converges to R(\, E)h as n tends to 400, locally uniformly in RY. Hence, let-
ting n go to +o00 in (14.3.7) gives f = R(\, /T)()\f — ¢) and, consequently,
f € D(A) and g = Af. Moreover, for any ¢ € C°(RN) we have

Afn pdr = / fnA*pdx, n €N, (14.3.8)
RN

RN

where by A* we denote the adjoint of the operator A, i.e., the operator defined
by

ZDW ¢ V) (x wax] Di(x) —¢(2)Tx(B),  weRY,

7,j=1 7,j=1
(14.3.9)
for any smooth function . Hence, letting n go to +oc in (14.3.8), we obtain
that g = Af and, consequently, A f=Af.

Now, we prove that D(A) C Dy. For this purpose, fix u € D(A) and X > 0.
Further, let f € Cy(RN) be such that u = R(, A)f. By convolution, we can
regularize f obtaining a sequence {f,} C CZ(RY) bounded in Cy(R") and
converging locally uniformly to f as n tends to +oo. Taking Theorem 14.2.7
into account, we deduce that R(X, A)f, belongs to CZ(RY) for any n € N.
Moreover,

PN Foo
(AR, A) f.) () = / AT (1) f) () dt

for any x € RY and any n € N. Since, by the above results, R()\,A\)fn
converges to u, locally uniformly in R, letting n go to +oo in (14.3.10)
we deduce that AR()\,/T) fn converges to Au — f, locally uniformly in RY.
Moreover, as we can easily see, the sequences {R(\, A) f,} and {AR(X, A) fn}
are bounded in Cy(RY). Therefore, u € Do. [ |
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14.4 The nonhomogeneous elliptic equation and the non-
homogeneous Cauchy problem

In this section we are devoted to prove existence, uniqueness and regularity
properties of the bounded and continuous distributional solution to the elliptic
equation

Au(z) — Au(z) = f(x), z e RV, (14.4.1)

and to the parabolic Cauchy problem

Dyu(t,z) = Au(t,z) + g(t,z), t>0,zcRY,
{t( ) (t,z) +g(t,2) (14.4.2)

u(0,z) = f(x), r € RN,
The main results that we prove are contained in the following two theorems.

Theorem 14.4.1 Assume that Hypotheses 14.0.1 hold and let 6 € (0,1), X >

0. Then, for any f € Cg’e/g(RN), there exists a function u € C§+9’(2+9)/3(RN)
solving the equation (14.4.1) in the sense of distributions. Moreover, there
exists a positive constant C, independent of u and f, such that

lullgzsoarorsguy < Clfl oo gy (14.4.3)

Such a function u is the unique distributional solution to the equation (14.4.1)
which is bounded and continuous in RN and it is twice continuously differen-
tiable in RN with respect to the first r variables, with bounded derivatives.

Theorem 14.4.2 Assume that Hypotheses 14.0.1 are satisfied and let 0 €
(0,1), T > 0. Further, let f € C§+9’(2+9)/3(RN) and let g € Cy([0,T] x RY)
be such that g(t,-) € Cg’g/g(RN) for any t € [0,T] and

sup |g(t, )| ,0.0/3 < +o0.

s Tolt g ey
Then, there exists a function u € Cy([0,T] x RN), solution to the problem

(14.4.2) in the sense of distributions, such that u(t,-) € C§+9’(2+9)/3(RN) for
any t € [0,T) and

sup ”u(ta ')||C§+9’(2+9)/3(RN) < C(||f||c§+9v(2+9)/3(RN)+tES’[18%] ”g(tv ')”cg’e/S(]RN))a

te[0,T)
(14.4.4)

for some positive constant C, independent of u, f and g. Moreover, u is the
unique distributional solution to the problem (14.4.2) which is bounded and
continuous in [0, T] xRN and it is twice continuously differentiable with respect
to the first v space variables in [0,T] x RN, with bounded derivatives.
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To prove Theorems 14.4.1 and 14.4.2, in the spirit of Chapter 6, we first
characterize the behaviour of the semigroup in the anisotropic space Cg’ 0.6 (RM)
(0 € [0, 1]). More precisely, we show that for any 0 < a < § < 1 and any w > 0,
there exists a positive constant C = C(a, 8,w) such that

3(B—)

||T(t)||L(CSQ,Q(RN),CSB,5(RN))gcewtt— T, t>0. (14.4.5)

Two steps are the main ingredients to prove (14.4.5):

Step (i): the interpolation set equality
(Co(RN), CPH(RN))g,00 = CPP/(RY), (14.4.6)
with equivalence of the corresponding norms, for any 6 € (0, 1);

Step (ii): the estimate

IT(] oo @ny e gy < Cet 7, £>0, k=0,1. (1447)

Once the Steps (i) and (ii) are established, an interpolation argument allows
us to prove (14.4.5). We begin by proving Step (i).

Proposition 14.4.3 For any 6 € (0,1), the formula (14.4.6) holds true with
equivalence of the corresponding norms.

Proof. Throughout the proof we identify RY with R” x RY~". Moreover,
we denote by Cy, (k € N) positive constants which are independent of s, ¢t and
f € Cy(RY). Finally, since the proof is rather long, we split it into three steps.

Step 1. Let us denote by A; and As, respectively, the realization in Cy(RY)

of the operators Ay = Y., D;; and Ay = ZfV:TH D;; with domains

D(A)) = {u € CyRY) 1u(-,y) € ﬂ WEP(R™), Vye RN,

loc
1<p<+4o0
Aiu e Cy (RN)}
and

D(Ay) = {u €C,®Y):u(x,) e [ WRl@®RY™), VzeR",

loc
1<p<+o0

Aou € Cb(RN)}.
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Further, let us set A3 = —AZ2. In this step of the proof we show that

(X, D(Aj)g00 = G2 PPRUBRN) =12, (14.48)
(X, D(As))p.00 = Gy O (RY), (14.4.9)

for any 8 € (0,1), with equivalence of the corresponding norms. For this
purpose, we will take advantage of the characterization of the interpolation
spaces (X, D(A))g,0 given in Proposition B.2.12, when A is the generator of
an analytic semigroup in a Banach space X. Indeed, taking Theorem C.3.6(iv)
into account, it is easy to check that A; and Ay are sectorial operators. More-
over, since the realization of the Laplacian in Cj,(R”) satisfies (B.2.1) for any
¢ € (m/2,), then the operator A; satisfies (B.2.1) for any ¢ € (w/2,7) as
well. Therefore, according to Theorem B.2.10, also the operator Aj is sectorial
in Cb(RN).

In the sequel, we simply write D4, (8,00) and Da,(8,00) to denote the
interpolation spaces (X, D(4;))3,00 and (X, D(A43))s, (j = 1,2).

We begin by proving (14.4.8) in the case when j = 1. For this purpose, we
preliminarily observe that the analytic semigroup {74 (t)}, associated with the
operator Aj, is given by

TCON@) = gmgrs | T fewds 150 @) €BY,

for any f € C,(RM).
To prove the inclusion Cgﬁ’O(RN) C Dy, (B,00), we fix f € Cfﬁ’O(RN) and
observe that

(T () f)(@,y) — f(z,y)

- 2(4;)7“/2 /RT e (f(z = Viz,y) = 2f (z,y) + flz + Viz,y))dz,

for any ¢ > 0 and any (z,y) € RY. Therefore,

t8 L1220 0g
1T (t) f = flloo < W[f]cfﬁ,o(RN)/we i |z|Pdz, (14.4.10)

and Proposition B.2.12 implies that Cfﬁ ’O(RN ) is continuously embedded in

DAI (6; OO)
Let us now prove the other inclusion in (14.4.8). We begin by observing
that

) 1 . _
(@) [DaTi(t) flloe < Crt™2[fllcy ), (i) A1 T1(t) flloc < Crt ™" floo,

(14.4.11)

for any f € Cp(RY), where D, denotes the gradient with respect to the first

r variables. Let us fix f € D4, (0, 00) and assume that § € (0,1/2). Then, for
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any t > 0, any z1, 22 € R” and any y € RV~", it holds that

[f (22, y) = flz1,)]

< (M@ f) (@2, y) = flaz,y)| + [(T1(@) ) (@2, y) — (To(t) f)(z1, y)]
(T (@) f)(z1,y) — f(21,9)]

< 2[[MNpa, 3,00)t” + [DTi(8) flloslz — 21, (14.4.12)

where [[f]]p,, (8,00) is given by Proposition B.2.12. So, we need to estimate
the sup-norm of D, T (t)f. As it is easily seen,

for any ¢ = 1,...,r. Combining (14.4.11)(ii) and Proposition B.2.12, we de-
duce that

[AVTL(#) f oo < Cot” M fDa(8,00)s t € (0, +00). (14.4.14)
Now, from (14.4.11)(i) and (14.4.14), we get
1Di AL T1(s) flloo = |DiT1(s/2) A1 T1(5/2) flloo
< |DiT1(s/2)| Ly @y 1 A1T1(5/2) flloo
< 35”2 | flp.a, (8,00 (14.4.15)

for any s > 0, so that we can let n go to +o0 in (14.4.13) obtaining

+oo
D;T (t)f = — DiAlTl(S)de, t >0,

t

and
IDT3(8)flloo < Cat* 31 flps, 5.00) (14.4.16)

Now, taking t = |z — z1|? in (14.4.12) and (14.4.16), we get
|f(332,y) - f(mlay” < C%)||f'||D141 (ﬁ,oo)|x2 - x1|26a
for any |z — 1] < 1. Moreover, if |x2 — 21| > 1 we have

|f@2,9) = f@1,9)] <2l < 20D, (g.00) |22 — 21[*,

so that D4, (8,00) C CfB’O(RN) with a continuous embedding.
Suppose now that 8 > 1/2. According to (14.4.13) and (14.4.15) we have

| DTy (t2) f — DiT(t1) flloo < Colta — t1]° /2| fI D4, (850): t1,t2 >0,
(14.4.17)
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for any i = 1,...,r. This implies that DTy (¢)f converges uniformly in RV as
t tends to 0. Since Ty(-)f is continuous in [0, +00) x RY and T1(0)f = f, we
obtain that f € C}(RY).

Now, taking the estimates (14.4.11)(i) and (14.4.16) (which, of course, holds
true also in the case when § € (1/2,1)) into account, we get

1D DiT1(8) f oo = [D2T(t/2) DiT(t) f oo
< DT (/2)]oo|DiT () f oo
< CLCut" M fllpa, (8,00 (14.4.18)
Hence, from (14.4.17) (where we take t; = 0) and (14.4.18), it follows that

|Dif(z2,y) — Dif(x1,y)]

< DTy (@) f)(w2,y) = Dif(x2,y)| + [(DiT1(t) f) (w2, y) — (DiT1(t) f) (21, 9)]
+(DiT1 () f)(@1,y) — Dif(z1,y)]|

< 2|DT (@) f = flloo + 1D DiT1(t) fllool® —

< 206t" 2 |ulp,y, (,00) + C1O8" |z — 21| f D4, (5,009

for any t > 0, any x1,20 € R”, any y € R¥V"" and any 1 = 1...,r. The
same arguments as in the case when S < 1/2 allow us to conclude that
D4, (8,00) C Cgﬁ’O(RN) with a continuous embedding.

So far, we have proved (14.4.8) (with j = 1) in the case when 3 # 1/2. Let
us now consider the case when § = 1/2. For this purpose, we observe that

D4, (1/2,00) = (Da,(1/4,00), D4, (3/4,00))1/2,00
= (05/2’0(RN% CS/QVO(RN))UZOO-

Since (02/2(RT), 02/2(RT))1/2700 = C}(R") (see Theorem A.4.8) and the op-
erator T, : Cp(RY) — Cy(R"), defined by T, f = f(-,y) for any f € C,(RY),
belongs to L(C’IS%H)/Q’O(RN), CZS%+1)/2(RT)) (k = 0,1) with norms being in-
dependent of y, then Proposition A.4.2 allows us to conclude that D 4, (1/2, 00)
is continuously embedded in C;’O(RN). This concludes the proof of (14.4.8),
in the case when 57 = 1.

The proof of (14.4.8), with j = 2, is completely similar, so we skip it.

Let us prove (14.4.9). From the general interpolation theory, we know that,
for any 3 € (0,1),

D, (8/2,00) = (Co(RY), D(AT)) 2,00 = (D(A1), D(A})) g,00 = D a, (148, 00),

(14.4.19)
with equivalence of the corresponding norms. Hence, (14.4.9) follows immedi-
ately if we show that

Da, (14 8,00) = IO (RN, (14.4.20)
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with equivalence of the corresponding norms. The embedding Cg +26 ’O(RN ) C

D4, (14 f8,00) is an obvious consequence of (14.4.8) and the characterization
of D(A;). To prove the other embedding, we fix f € D4, (1+ 3, 00) and prove
that f admits second-order derivatives, with respect to the first r variables,
which belong to CEB’O(RN). For this purpose, we observe that, by (B.2.6), we
can write

f= /m e 'T(t)gdt, (14.4.21)
0

where g := f— A; f belongs to Dy, (8, ) = Cfﬁ’O(RN). Taking (14.4.16) into
account, it is immediate to check that f is once-continuously differentiable
with respect to the first r variables and

1Dz flloo < C71glD4, (8,00)- (14.4.22)

Splitting D;;T1(t)g = D;T1(t/2)D;T1(t/2)g for any ¢ > 0 and any i,j =
1,...,r, and using (14.4.11)(i) and again (14.4.16), we can show that

IDi;Ta(t)glle < Cst”Hlglpa, (8,000 i,j=1,...,r (14.4.23)

Hence, f is twice continuously differentiable in RY with respect to the first r
variables and

1Dij flloo < Collgllpa, (8.00) < Crol flpa, (148,00)s t>0, i,j=1,...,m
(14.4.24)
This implies that f € C2°(RY) with norm bounded by Ci1lflpa, 1+8.00)-

Since we already know that Dy, (8, 00) = CEB’O(RN), it is sufficient to prove
that D;; f € Da,(8,00). Using (14.4.11)(ii) and (14.4.23), we get

+oo
€2 A T1(§) Dis f |ow < H / glﬁetAlm+t/2>DijT1<t/2>gdtH

+o00 1
<C Arnorl
< 12||9||DA1<6700>/0 L +t)t=8""

for any ¢ € (0,1). Therefore, all the second order derivatives of f (with respect
to the directions e;, e;, with 4, j < r) arein D4, (3, 00) = CSB’O(RN) (see again
Proposition B.2.12) and

[Dij fllcze.0@ny < Cralglpa, (8.00) < Cral flpa, 148.00)-

The formula (14.4.20) now follows.
Step 2. Here, taking advantage of the results in Step 1, we show that

(Co(RN), 3% (RY)), oo = €27 R, (14.4.25)
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for any o € (0,4/3) and any v € (0,1). This can be done adapting the proof
given in [107, Theorem 2.2]. We begin by proving (14.4.25) in the case when
a € (0,2/3). By (14.4.8) we can write

C;M(RN) = Da, (3c/2,00) N D a, ()2, 00).
The characterization (14.4.25) will follow immediately if we show that
(Cb(RN)a Da, (30&/2, OO) NDa, (a/2a OO))%OO
= Dy, (3ya/2,00) N D4, (ya/2,00), (14.4.26)

for any v € (0, 1), with equivalence of the corresponding norms.

The inclusion “C” in (14.4.26) is immediate if we observe that, for any
triplet of Banach spaces X,Y,Z such that Z C Y C X with continuous
embeddings, it holds that (X, Z)p.cc C (X,Y)p,00, for any 6 € (0,1), with
continuous embedding.

So, let us prove the other inclusion in (14.4.26). For this purpose, we fix
f € Da,(3va/2,00) N Da,(ya/2,00) and define the function w : [0, +00) —
Cyp(RY) by setting

u(t) = Ty (12 CNTy (12 ) £, t € (0,1].
Using Proposition B.2.12 yields

lw() DA, (30/2,00)
< Cis <||T1  CN o, mmn T2 () ncw @y n 1 £l ey @y

HT2(#2 CN) | oy @) Oslggl |12/ B30 A Ty (€ + t2/(3a))f||0b(]RN))
<€<

< Clﬁ(”f”Cb(]RN) + sup &GN (g4 t2/(3a))(3a_2)/2”f”DAl(304/2,00))
0<e<1
< Crrt®* 22| £l p . 3as2,000s (14.4.27)
for any t € (0, 1]. Similarly,

[u(t) D ay (a/2,00) < C18t 22| .y, (a/2.00) (14.4.28)

and
Jut) = Fleyeyy < 1T |z, @y IT/%) = 1) flo, @)
< C1ot (IfIpr, 3/as2.00) + 1 lpay(arzoe) )s  (14:4.29)

for any t € (0, 1]. Splitting f = u(t) 4+ (f —u(¢)) and using (14.4.27)-(14.4.29),
we get

K f) < 020<||f||DA1(3a/2,oo) + 1 flpa, (a/z,oo))a t € (0,1],
(14.4.30)
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which implies that f € (Cy(RY), D4, (3a/2,00) N D a,(a/2,00))y,00. We have
so proved both the set equality in (14.4.26) and the equivalence of the norms
of the spaces in the left- and right-hand sides of (14.4.26).

Now, suppose that « € [2/3,4/3). Then, according to (14.4.9), Cga’O(RN) =
D4, (3a/4,00) with equivalence of the corresponding norms. Therefore, re-
peating the above arguments, with the operator A; being now replaced with
As, we can prove (14.4.25).

Step 8. We can now conclude the proof proving (14.4.6). From (14.4.25),
with a € (1,4/3) and v = 1/«, we deduce that

CoMRY) C CPHRY) € K1/ (Co(RY),CF(RM)).

Since C}(R") and Cj (RN~7") belong, respectively, to Ji/q(Cy(R"), C3*(R"))
and Jy /4 (Cy(RN™7), Cp*(RN 7)) (see Proposition A.4.4), then CE’I(RN) be-
longs to Jj /o (Ch(RN),C;**(RN)). The reiteration theorem (see Theorem
A.4.7) and (14.4.25) imply that

(Cb(RN)vcgyl(RN))G,OO = (Cb(RN)acsaya(RN))H/a,oo = CSO,Q(RN)’

for any 6 € (0,1), with equivalence of the corresponding norms. The set
equality (14.4.6) now follows. (]

Applying the reiteration Theorem A.4.7, we get the following corollary.
Corollary 14.4.4 For any «,6 € (0,1) and any o < 3 < 1,

(€ (RY), G (R0 = T ®RY), - (14.431)

with equivalence of the corresponding norms.

Remark 14.4.5 Adapting the techniques in the proof of Proposition 14.4.3
one can show that (14.4.25) holds true for any « > 1 and, hence, by reiteration,
that for any «, 8 > 0 and any 6 € (0,1),

(C;Xaa/?’ (RN), 6575/3 (RN))O,OO _ C;X-‘re(ﬁ—a)7(06+9(5—C¥))/3(RN)’

with equivalence of the corresponding norms.

As far as Step (ii) is concerned, we observe that, when k = 0, the estimate
(14.4.7) follows easily from (14.2.1)-(14.2.3). Hence, we just need to show
(14.4.7) when k = 1. For this purpose, we adapt the Bernstein method to
these anisotropic spaces.

In the following theorem we use the same notation introduced before The-
orem 14.2.4.
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Theorem 14.4.6 Let € > 0 and assume that Hypotheses 14.0.1 are satisfied.
Then, there exist two positive constants C and w such that (14.4.7) holds true,
with k=1.

Proof. As in the proof of Theorem 14.2.4, we limit ourselves to showing that
for any w > 0, there exists a positive constant C', independent of ¢ such that

ITe(O)ll e vy, 00t @y < Ce*t, t > 0. (14.4.32)

Here, {T:(t)} is the semigroup defined in Section 14.2. Once (14.4.32) is proved
we will be almost done. Indeed, suppose that (14.4.32) holds true. Since T.(-) f
tends to 7'(-)f in C12(D) for any compact set D C (0,400) x RV and any
f € Cy(RY) (see Theorem 14.2.7), then, for any ¢ > 0 the sup-norms of both
DT (t)f and D?,T(t)f are bounded by the right-hand side of (14.4.32). As far
as the vector D? | T(t)f is concerned, we observe that (14.4.32) implies that

[(DZAT-(OF)C wrns - o) nipen) < Ce” | f oo @), t>0,
for any ¢ > 0 and any (z,41,...,25) € R¥™" and, letting ¢ go to 0%, yields
(DI TONC i, an)Lipen) < Ce | f oo gny,  (14.4.33)

and we are done. Indeed, since T'(t)f € CZ(RY) for any t > 0 (see Theorem
14.2.7), from (14.4.33) we deduce that

ID2, T |0 < O flesagany >0,

and (14.4.7) follows.

So, let us prove (14.4.32). For notational convenience we simply write u
instead of T.(+) f. Let us introduce the function ¢ : [0, +00) x RY — R defined
by

E(tyx) = %(Jz‘?’(u(t,ac))2 + (F Du(t,z), Du(t,z)) + (G(t) D?u(t, ), D*u(t, z))
+(H (t)D3u(t, ), D3u(t, x)),

for any t > 0 and any = € RV, where the matrices F € L(RY), G(t) € L(R"~)
and H(t) € L(R"?V) (t > 0) are defined by

I 0 0
aol, F;
F = ' R , G(t) = 0 a_llﬁtIT(N,T) —a_%t2L5 ,
BFf —tIn_y s 7 4
0 —a 5Ly o 5t°L,

(14.4.34)
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a’%Ing —a~5tM, %tQOF%Hl 7%047%153]{2
—astM5 a5y 0 0
H(t) = Lo—3¢ —144 —345
sa 3t 2H; 0 a L —am 2t My
—La33Hy 0 —a MG o F151,
N—r
(14.4.35)

Here, n!, and nZ, (m € N) are given by (14.2.10), 8 = 2|B4| + 1, Fy €
L(RN r R’) is any matrix such that BsF; + F} Bj is strictly negative definite
and —: denotes its maximum (negative) eigenvalue. Such a matrix exists since
we have assumed that r > N/2. Moreover, Hy = MyM;5 and Hy = MyM5Msg,
where the matrices Ma, M5, Ms, as well as Ly, are given by (14.2.22). Finally
« is a positive constant to be determined later on.

Taking Propositions 14.1.1 and 14.1.2 into account, it is easy to check that
the function £ is a classical solution of the Cauchy problem

Dt&(tv ) = -Aeg(ta )+ ge(tv ')7 t>0,

£0,) = 303 f2+ (FDf,Df) + (E D, f, D2, f) + a5 (K D3, f, D} 1 f),

where ¢(¢) = gf) +9g2+9s3, and g%e), g2 and g3 are given by (14.2.15)-(14.2.17)
with F, G(t) and H(t) as in (14.4.34) and (14.4.35). To get the assertion, as
in the proof of Theorem 14.2.4, it suffices to show that there exists a > 0 such
that F, G(t) and H(t) are strictly positive definite for any ¢ > 0 and ¢g(¢) <0
in (0,Ty] x RN for some T, independent of . Indeed, then Theorem 14.2.6
and the semigroup rule will lead us to (14.4.32) We refer the reader to the
proof of Theorem 14.2.4 for more details.

Due to the particular structure of the matrices F', G(t) and H(t), it is easy
to check that the previous matrices are strictly positive definite for any ¢t > 0,
if v is sufficiently large. Hence, we can limit ourselves to showing that g. <0
in (0, Tp] x RY for a suitable choice of T and the parameter a. We begin by

estimating the function gf) As it is immediately seen, gf) < g1, where g; is

obtained from g, (e) by replacing everywhere the matrix Q(¢) with the matrix
Q). Arguing as in the proof of (14.2.20) we can prove that

91(t) < —®w|Doqu(t)? = k{20 — (2| Ba] + 1)az [ Ks[}| D2 yu(t)?
—{20 — (2 Ball + D)o~ 2 | Ko} D2 yu(t)|* — 26| D3 u(t)?
—rt(207 10 — a5 | Ks[)| D2 yu(t)? = kt* (2075 —a™ Y| K) | DY zu(t)”
—r{2075 — a2 (| Kol + [ Kol + [ K1)} DL u(t)

—wt3 (2075 — a” 8 | Ky|))| DL yu(t)|?



454 Chapter 14. The Cauchy problem in Cy(RY)

—rt* (207! — a7 8| Ko — o™ B | Kuz|)| D su(t)?

—kt9(2078 — a F | Ky | — o B | K1a|)| D au()?. (14.4.36)

The function g2 can be estimated using properly the inequality (14.2.19)
and taking (14.2.21) and (14.2.22) into account. We get

95() < {20] Ba]| + 0a (@)} Deu()]? + {1 + 0a (1)} De pu(t)?
H{2/L1] + 0a (1) + 0, (1)} D2 yu(t)?
+{a 18| Ls| + 0a(a” 1) + 0, (1)} D2 pu(t)
{2075 Apin (LELs) + 0a(a™ %) + 0,(1)}|D? su(t)[?
+{2a7 5 [Ma | + 00(1)}[ D2 yu(t)?
+t{a” 5 (| M5] + 2) + 0a(a™5) + 0r (1)} D2 yu(t)?
+3{a ™5 | Ms] + 0a(a™5) + 0r(1)} D yu(t)|?
{207 12 Apyin (M3 Mg) + 04 (a7 12) + 0,(1)}[ D3 yu(t)|?, (14.4.37)

for any ¢t > 0, where, to simplify the notation, we denote by o;(t*) (k > 0) any
function of ¢ (possibly depending also on «) such that lim; .ot %0,(t*) = 0,
and by o,(a®) (k € R) any function depending only on « and such that
lim, 1o @ %04(a®) = 0. Note that, according to the proof of Theorem
14.2.4, Ain(LsLE) and Amin (Mg Msg) are both positive.

Let us now consider the function g3. Taking (14.2.26)-(14.2.30) and Hypoth-
esis 14.0.1(ii) into account, and applying (14.2.19) with a = \/E|szu| and
b=|D% ul (i <k,j=1,...,k+1),it is easy to check that all the terms in
the definition of the function g3 are negligible (as ¢ tends to 0%) with respect
to the terms in (14.4.36) and (14.4.37). Now, combining these two estimates,
we get

99 (1) < {=a® + 0a(a®)} Duyu(®)* + {1+ 00 (1)} D pu(t)
+{=20+ 0a(a) + o (1) 1| D? yu()
{20+ 0a(1) + 0r(1) } 5| DI pu(t)?
2 22min(LEL5)a™ 5 + 0a(a™ %) + 0, (1)}|D? su(t)[?
+H{=2k + 0a(1) + o (D} D7 yu(t)|?
+H{ =205 + 0a(a” 1) + 0, (1)} D pu(t)|?
H3{ 207k + 0o (a7 %) + 0, (1)} D? u(t)|?
{207 12 Apyin (M3 Ms) + 04 (@™ 12) + 0,(1)}| D2 4u(t)|?

—{2075 + 0a(a”3) + on(1)}x| DY yu(t)?
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—*{2075 + 0 (™) + 0y (1) }r| DY yu(t)
—t'2a7" +oa(a™) + 0, (1)} 8| D5 su(t)?
—1%{2a" % + 0a(a” %)}k D2 yu(t)|?. (14.4.38)

It is now clear that we can fix Ty sufficiently close to 0 and « large enough,
so as to make all the terms in (14.4.38) negative in (0, Tp] x RV. [ |

We are now able to prove (14.4.5).

Proposition 14.4.7 For any 0 < a < 3 < 3 there exist two positive con-
stants C' = C(a, 0) and w = w(a, B) such that (14.4.5) holds true.

Proof. As it has been already mentioned, the proof is based on an interpo-
lation argument and it is similar to that of Theorem 6.1.8. For the reader’s
convenience, we go into details.

As a first step, we apply (A.4.3) with X; = Xo = G,(RY), V1 = V5 =
CS’I(RN) and 0 = «a. Taking (14.4.6) into account, we get

[T ez @y < Cre“'t, t >0, (14.4.39)

for some positive constants C; and w;, independent of t. Next, applying
(A.4.3) with X; = Cp(RY), Xo = Y] = Y3 = CS’I(RN), 0 = « and, still
taking (14.4.6) into account, we deduce that

3(1—a)

1Tz cgom @y o3 @y < Cae 720, >0, (14.4.40)

for some positive constants Cy and ws, independent of ¢.
Finally, interpolating (14.4.39) and (14.4.40), with 6 = (8 —«a)/(1 —«), and
taking (14.4.31) into account, we deduce (14.4.5) in its generality. [ |

In order to prove Theorem 14.4.1, we show that for any f € C,(R™) and
any A > 0 the function

u(zx) = /04_0<> e MN(T () f)(x)dt, z e RN, (14.4.41)

is a distributional solution to the elliptic equation

Au—Au = f. (14.4.42)

Moreover, we prove that if f € C§’9/3(RN) for some 6 € (0,1), then u €

C§+9’(2+9)/3(RN) and it satisfies (14.4.3). Finally, we show that the function
u in (14.4.41) is the unique solution of the equation (14.4.42) among all the
distributional solutions which are twice continuously differentiable with re-
spect to the first r variables, and are bounded with their classical derivatives.

The following proposition provides some regularity properties of the func-
tions belonging to D(A).
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Proposition 14.4.8 Let u € D(A) be such that Au € Cg’e/S(RN) for some

6 €[0,1). Then, u € C§+9’(2+9)/3(RN) and there exists a positive constant C1,
independent of u, such that

||u||c§+9,(2+9)/3(RN) < C’l(||u||oo + ||Au“C§’9/3(RN))' (14.4.43)

In particular, D(A\) s continuously embedded in C§’2/3(RN). Finally, if f €
Cg’G/B(RN) and u solves the equation Au — Au = f, then

||u||c§+e,(2+9)/3(]RN) < 02||f||C§’9/3(RN)’ (14.4.44)
where Cy is independent of f and u.

Proof. In view of Corollary 14.4.4, to prove that D(A) C C§’2/3(RN) with a
continuous embedding, one can fix a suitable large Ao (i.e., Ao larger than
the constant w appearing in Proposition 14.4.7) and show that the func-
tion R(\o, A)f belongs to (Cl?’a/3(RN), C§+a’(2+a)/3(RN))1,a/2 for any f €
Cy(RYN). This can be done using the same techniques as in the proof of
Theorem 6.2.2, which rely on the estimates (14.4.7). Similarly, writing v =
R(\, A)(Au — Au), one can then easily show (14.4.43) and (14.4.44) (with
A > w, where w is still given by Proposition 14.4.7). Hence, we skip the de-
tails.

To prove (14.4.44) (with A € (0,w]), it suffices to observe that, using the
resolvent identity (A.3.2), one can easily check that if u satisfies the equation
M — Au = f, then Agu — Au =g := f + (Mo — A)u and u = R(Ng, A)g.

The arguments needed to prove the first part of the proposition (see also the
proof of (6.2.8)) show that

lullgoorsgny < Killgle,@yy < C ([ flloc + 1A = Aolluloo) < K2 flloo,
for some positive constants K; and K5, independent of f. It follows that
||g||c§,e/3(RN) < (K + 1)||f||cf'9/3(]RN)' (14.4.45)
Hence, (14.4.44) (with A = Xg) and (14.4.45) imply that
||u||cz+9,(2+9)/3(]RN) < 02||g||C§’9/3(RN) < Cy(Ka+ 1)||f||cf'9/3(]RN)
and we are done. [ ]

In order to prove that the problem (14.4.42) admits actually a unique dis-
tributional solution which is twice continuously differentiable with respect to
the first r variables, we need the following lemma.
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Lemma 14.4.9 Let B the first-order differential operator formally defined by
Bu(z) = (Bx, Du(x)), reRN,

Then, for any u € Cy(RN) such that Bu € Cy(RY), there exists a sequence of
smooth functions u, such that Bu,, € Cy(RY) for any n € N and it converges
to Bu locally uniformly.

Proof. Let ¢ be a smooth function compactly supported in B(1), such that
0 < ¢(z) <1 for any x € RY and |¢] 1 g~y = 1. For any n € N we define the
function u, : RN — R by setting

wnla) = (wr p)@) = [ we=pady. w€RY. (14440)

where o, (x) = nNp(nz) for any x € RV,

As it is easily seen, u, converges to u as n tends to +oo, locally uniformly
in RY. Let us show that Bu, converges to Bu locally uniformly in RY, as
well. To compute Bu,, we first assume that u € C} (R™) and observe that, for
any 7,7 =1,..., N, we have

2iDauaa) =2 [ (Dau)(o=9)en(u)dy

- / (15— 47) (Dst) (& — ) pn (v)dy + / (Do) (@ — y)yyom (y)dy
RN RN

- / (2 — ;) (Diw) (2 — ) o () dy + / w(— 9)Di(y;on (4))dy
RN RN

- / (2 — ) (D) (2 — y)om (y)dy + B / w(— ) pn(y)dy
RN ]RN

+/ u(z —y)y; Dign(y)dy.
RN
Therefore,
Bu, = Bux @, + Tr(B)u, + u * Beop,. (14.4.47)

Now, fix u € Cy(RY) and let {u,} C C}(RY) be a sequence of smooth
functions converging to u locally uniformly. Moreover, let u]" = upy, * ©y,.
As we can easily see, u;' and Bu;' converge, respectively, to u, and Bu,,
locally uniformly in RY, as m tends to 4+o0o. Moreover, Bu™ converges to Bu
in the sense of distributions. This implies that Bu™ x ¢,, converges to Bux ¢y,
pointwise in RY as m tends to +oo. Therefore, writing (14.4.47) with wu,,
replaced with ¢ and letting m go to +oo, we see that (14.4.47) holds true
also in the case when u € Cy(RY).
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Now, we are almost done. Indeed, since Bu € Cy(RY), then Bu x ¢,, con-
verges locally uniformly to Bu as n tends to +oo. Finally,

N
(s Bon)(w) = 30 by [ ulo = 9)u,Dign )y

i,j=1

N
= Z bij /]RN u(r — z/n)z;Dip(2)dz

7,j=1

and the last side of the previous chain of equalities tends to

N
u(x) Z bij /RN ziDjp(z)dz = —u(x)Tr(B),

1,j=1

as n tends to 400, locally uniformly in RY. Therefore, Bu,, converges locally
uniformly to Bu, as n tends to +o0. |

We are now able to prove Theorem 14.4.1.

Proof of Theorem 14.4.1. (Existence). The existence part follows immedi-
ately from Propositions 14.3.5 and 14.4.8. Indeed, Proposition 14.3.5 shows
that the function u = R(\, A)f is a distributional solution to the equation
(14.4.42), whereas Proposition 14.4.8 ensures that u enjoys all the regularity
properties claimed in the statement of the theorem.

(Uniqueness). Here, we prove that v = 0 is the unique distributional solution
to the equation Av — Av = 0 which is bounded and continuous in RY and
admits classical derivatives D;;v € Cb(RN ) for any 4,5 = 1,...,r. This is
equivalent to prove that any solution v to the previous equation, with the
claimed regularity, belongs to D(A). For this purpose, let {0,, } be the sequence
defined by 0, = T'(1/m)v for any m € N. By Theorem 14.2.7, any function
U, belongs to Cg (R™) and %, converges locally uniformly to v as m tends to

+00. Moreover, |0, oo < [|v]loo for any m € N. We now show that
Aby, = T(1/m)Av, m € N. (14.4.48)

This will imply that Ad,, converges locally uniformly to Av and || Al |lec <
[Av|oo for any m € N. Hence, by Proposition 14.3.5, v € D(A) and, conse-
quently, v = 0.

So, let us prove (14.4.48). For this purpose, we approximate v by con-
volution, by the sequence of smooth functions {v,} € CZ(RY) defined as
in (14.4.46). As we can easily see, v, converges locally uniformly to v as n
tends to +oo and D;vy,, D;;v, converge locally uniformly, respectively, to
D;v and Dj;v for any 1 < i,5 < r. Moreover, by Lemma 14.4.9, Bv,, con-
verges to Buv locally uniformly in RY. Therefore, Av, converges to Av locally
uniformly in RY, as well. Now, the formula (14.4.48) follows observing that
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T(1/m)Av, = AT (1/m)v, for any m,n € N (see Lemma 14.3.4) and letting
n tend to +o0o. Indeed, according to Proposition 14.3.1, T'(1/m)v,, converges
to Oy, in C?(K) and T(1/m)Av, converges to T(1/m)Av in C(K) for any
compact set K C RY. This finishes the proof. [ |

The results of Theorem 14.4.1 can be improved if f is smoother. In such a
case it can be proved that the function u = R(XA, A)f is a classical solution
to the equation (14.4.1), in the sense that all the derivatives involved in the
definition of Au exists in the classical sense and they are bounded and con-
tinuous in RY. Since the proof of the next corollary is similar to, and even
simpler than the proof of Corollary 14.4.11, we do not go into details.

Corollary 14.4.10 Suppose that f € CJ(RY) for some 6 > 1/3. Then, the

function u = R(X, A)f belongs to C§+2/3(RN) and there exists a positive
constant C, independent of f, such that

”“”cf“”(u&f\f) < Clfleg@ny-

Now, we consider the parabolic nonhomogeneous Cauchy problem (14.4.2).
We are going to show that its unique distributional solution, with the reg-
ularity properties claimed in Theorem 14.4.1, is the function u given by the
variation-of-constants formula

u(t,z) = (T(t)f)(x) +/ (T(t— s)g(s,-))(z)ds, tel0,T], xRN,
’ (14.4.49)

As a first step we observe that the convolution term in (14.4.49) is well
defined. Of course, it suffices to check that for any z € RY, the function
w:[0,T]x[0,T] — R defined by w(r, s) = (T'(r)f(s))(x) for any r, s € [0,T] is
continuous. For this purpose we observe that, by Theorem 14.2.7, the function
w(-, ) is continuous for any s € [0,7T], and by Proposition 14.3.1, w(r,-) is
continuous in [0, T, uniformly with respect to r € [0, T].

We are now in a position to prove Theorem 14.4.2.

Proof of Theorem 14.4.2. (Existence). Of course, according to Theorem
14.2.7, we can restrict ourselves to proving the assertion in the case when
f = 0. For this purpose, we begin by proving that the function

v(t,z) = /0 (T(t—s)g(s,-))(z)ds, tel0,T], v € RY (14.4.50)

is a distributional solution to 314.4.2) (with f = 0). For this purpose, we
introduce a sequence {g,} € C’b’2([0,T] x R™) converging locally uniformly
in [0,7] x RN to g, and we denote by v, the function defined by (14.4.50)
with ¢ being replaced with g,. Using the estimate (14.2.34) with h = k = 2
we can show that v, is a classical solution to the problem (14.4.2), where we
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take f = 0 and we replace g with g, (see also the proof of the forthcoming
Corollary 14.4.11). Moreover, v, converges to v uniformly in [0,7] x K for
any compact set K C RV . Indeed,

sup |Un(t7x) *’U(t,l’)|
(t,z)€[0,T|x K

= sup
(t,z)e[0,T]x K

T
< sup / (sup lgn(r,) — g(r, ) (@)ds
zeK JO r€[0,T]

/0 (T()(gnt — 5,) — glt — 5.)))(x)ds

(recall that {T'(¢)} is an order preserving semigroup, see Theorem 14.2.7).
Since sup,eo 77 [gn (7, ) — g(r, )| converges to 0 locally uniformly in RY asn
tends to +o00, Proposition 14.3.1 implies that the last side of the previous chain
of inequalities vanishes as n tends to +o00. Hence, v, tends to v uniformly in
0,7] x K.

Now, we observe that, for any smooth function ¢ € C°((0,T) x RY),

/ gnpdtdr = / (Dyvy, — Avy ) dt dx
(0,T) xRN (0,T) xRN
= / ’Un(*DtSD*A*SD)dtd%
(0,T) xRN

where A* is given by (14.3.9). Letting n go to +oo we deduce that v is a
distributional solution of (14.4.2), with f = 0.

The regularity properties of u and the estimate (14.4.4) can be proved
arguing as in the proof of Proposition 6.2.6, taking Proposition 14.4.7 into
account.

(Uniqueness). Let us now prove that the function u in (14.4.49) is the unique
distributional solution to the problem (14.4.2) which is twice continuously dif-
ferentiable in [0, 7] x RY with respect to the space variables z; (j = 1,...,7).
We adapt to this situation the proof of Theorem 14.4.1. For this purpose, let
w be a solution to the Cauchy problem (14.4.2) with f = 0 and g = 0, such
that w, D;w, D;jw € Cy([0,T] x RY) for any 4, j = 1,...,r. We extend w by
continuity to R x RY by setting w(t, ) = 0 for any ¢t < 0 and w(t,-) = w(T,")
for any ¢t > T. The so extended function is as smooth as w is, i.e., D;w and
D;;w are continuous in R x RY for any i,j < r. Then, we regularize @ by
convolution by setting

wnlt,2) = (@ (eupn))(t.2) == [t~ 5,2 = pon(s)en(w) dsdy,
o (14.4.51)
with 0,,(s) = no(ns), on(x) = nNp(nz), where o € C°(R) and ¢ € C°(RY)
are such that x(_1/2,1/2) < @ < X(=1,1) XB(1/2) < ¥ < XB(1); and |lo|L1wr) =
lelzr®ay = 1.
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Let us show that Dyw,, —Aw, converges to 0 locally uniformly in (0, 7) xRY.
For this purpose, we observe that the smoothness of w implies that Aw €
C(]0, T]xRY) and that Aw,, converges to Aw locally uniformly in (0, 7) x RY.
Here, Dyw — Bw is meant in the sense of distributions. Therefore, we can
restrict ourselves to showing that (D; — B)w, converges to (D; — B)w €
C([0,T] x RY) locally uniformly in (0,7) x RY. To show such a property, we
first prove that

(Dt — BYw,, = (Dyw — Bw) x gpon + Tr(B)w, + W * (0,.B(¢n)), (14.4.52)

in (1/n,T —1/n) x RN, where D;w — Bw denotes any continuous extension
of Dyw — Bw to the whole of R x RN

An integration by parts shows that (14.4.52) holds true in the case when
w E C’;’Q ([0, T] x RY). In the general case, we approximate W by a sequence of
smooth functions {w,,} C C*(R x RY) converging to @ locally uniformly in
R x RV, and we define the function w™ (m,n € N) accordingly to (14.4.51),
with w being replaced with w,,. As it is immediately seen,

(Dt — B)w;' = (Dyw™ — Bw™) x onon + Tr(B)w] + w™ x (0nBen),

in [0,7] x RV, Since w™ converges to W locally uniformly, then the function
Tr(B)w + w™ * (0nBpy) converges to Tr(B)wy, + W * (0nBpy), locally uni-
formly in [0, 7] x RY. As far as the term (D;w™ — Bw™) % 0,y is concerned,
we observe that

((Dyw™ — Bw™) x onon)(t, )

(Dew™ — Bw™)(s,y)on(t — s)pon(z —y) ds dy,

(14.4.53)

/[tl/n,t+1/n]><(a:+B(1/n))

for any ¢t > 0 and any x € RY. Suppose that t € (1/n,T — 1/n). Then the
function g, (t — -)¢n(x — -) is compactly supported in (0,7) x RY. Therefore,
since Dyw™ — Bw™ converges to Dyw — Bw € C([0,T] x RY) in the sense of
distributions, letting m go to +o0 in (14.4.53), we deduce that

lim ((Dyw™ — Bw™) x opon)(t, )

m— 00

-/ (Dyw — Bu)(5, y)on(t — 5)pn(z — y) ds dy
[t—1/n,t+1/n]x(z+B(1/n))

- / (D —Bw)(t — 5, — y)on(s)n(y) ds dy,
RxRN

for any t € (1/n,T — 1/n) and any = € RY. The formula (14.4.52) follows.
Now, arguing as in the proof of Lemma 14.4.9, from (14.4.52) we can con-
clude that Dyw,, —Bw,, converges locally uniformly in (0, 7) xRY to Dyw—Buw.
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Therefore, Dyw,, — Aw, converges to 0 locally uniformly in (0,7) x RV, as n
tends to +oo.

To conclude the proof, we observe that, for any n € N and any ¢y € (0,7),
the function z,, = w, (- + to, ) is a classical solution to the Cauchy problem

Dz (t,x) = Az, (t, @) + fult +to,z), t € [0,T — to], z € RV,
(14.4.54)

Zn(ovx):wn(thx)a :L'G]RNa

where f, := Dz, — Az,. Since f, € 05’2([0,T] x RN), the function h,, :
[0, — to] x RY — R defined by

hn(t, ) = (T (t)wn(to, -))(x) +/O (T(t = s)fult +to — s,))(x)ds,

for any ¢t € [0,T — to] and any = € R is a classical solution to the Cauchy
problem (14.4.54) (see also the proof of Corollary 14.4.11). The maximum
principle (see Theorem 14.2.6) implies that h,, = z,,. Now, since z,, fn(-+to, )
converge, locally uniformly in [0, 7 —to] x RY to w(-+1to, -) and 0, respectively,
taking Proposition 14.3.1 into account, we get

w(t + to, 1') = (T(t)'w(to, ))(:L'), te [Oa T—- tO]; T e RN;

for any to € (0,T). Letting ¢y go to 0, and recalling that «(0,-) = 0, we deduce
that w = 0. This finishes the proof. ]

To conclude this section we show that the results in Theorem 14.4.2 can be
improved if f and g are smoother. In such a case the function w in (14.4.49) is
a classical solution to the Cauchy problem (14.4.2), in the sense that the time
derivative of u as well as all the space derivatives involved in the definition
of Au exist in the classical sense and they are bounded and continuous in
[0,T] x RY.

Corollary 14.4.11 Suppose that the assumptions of Theorem 14.4.2 are sat-
isfied. Further, suppose that f € Cf+2/3(RN), g(t,) € CYRN) for some
6 >1/3 and any t € [0,T], with

sup |g(t, ) comny < +o00.
t€[0,77]

Then, the function u in (14.4.49) is once continuously differentiable in [0,T] x
RN with respect to the time and space variables. Moreover, for any t € [0,T7,

u(t, ) belongs to Cf+2/3 (RN) and there exists a positive constant C, indepen-
dent of f and g, such that

sup ult Megrars oy < O lograrsiamy + 518 9t Mogiam)-
telo, tel0,
(14.4.55)
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Proof. As in the proof of Theorem 14.4.2, we can restrict ourselves to dealing
with the function v defined in (14.4.50). Using an interpolation argument
similar to that used in the proof of Proposition 14.4.7, from (14.2.1)-(14.2.3)
and (14.2.34) (with A = k) we deduce that, for any 0 < o < § < 3 and any
w > 0, there exist two positive constants C' and w such that

_3B=-a)
”T(t)”L(C{:(RN)’Cf(RN)) < Ce*'t 2, t > 0. (14456)

Now, arguing as in the proof of Proposition 6.2.6, we can prove that v(¢,-) €
Cf+2/3 (RY) for any ¢t > 0 and

sup_[o(t, Meoraroggn, < C1 sup Lot Mosnys  (14.4.57)
te[0,T] b te[0,T]
for some positive constant C7, independent of g. Therefore, (14.4.55) follows
from (14.2.34) and (14.4.57).
To conclude the proof, let us show that v is continuously differentiable with
respect to time in (0,7] x RY and D;v = Av + g. This can be done arguing
as in the proof of Proposition 6.2.5, with minor changes. For this reason we

limit ourselves to sketching the proof, pointing out the main differences.
Using (14.4.5) with a = 6/3 and 8 =2/3 + 6/6, we deduce that

[DijT(t = s +7)g(s,)|oo <t =) S lg(t, Mg @n), (14.4.58)
€lo,

for any 7,7 < r and some positive function ¢ € L'(0,T). Now, (14.4.56) (with
(o, 3) = (6,1)) and (14.4.58) imply that, for any compact set K C R, there
exists a function éx € L*(0,7T) such that

ATt — s +7)g(s, e < éx(t—s) tES[%PT] lg(t, Moy (14.4.59)
Hence, the same arguments as in the proof of Proposition 6.2.5 show that v is
differentiable from the right, with respect to the time variable, in (0,7") x RN
and D v = Av +gin (0,T) x RV,

To conclude that v is continuously differentiable with respect to the time
variable in [0, 7] x RY, we just need to show that Av is continuous in [0, 7] x
RY. Here, the proof differs a bit from that of Proposition 6.2.5. Hence, we go
into the details. Fix tg,t € [0,T]. From Proposition A.4.4 and the estimate
(14.4.4) we get

[v(t, -, y) —v(to, - y)||c2(§(R))
2
< Calo(t, ) = oto, DI Z gy 10t 1) = 00, DI
_6

< 2Cv(t, ) = v(tos 9 25y

for any R > 0 and any B(R) C R". Since v € Cy([0,7] x RY), we deduce
that the functions t — D;v(t,z,y) and ¢t — Djv(t, z,y) (i,j = 1,...,r) are
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continuous in [0, 7], uniformly with respect to (x,y) in bounded subsets of
RYN. Therefore, D;v, Dijv € Cy([0,T] x RY). Similarly, taking the estimate
(14.4.57) into account, one can show that D;v € Cy([0,7] x RY) for any
j > r. It follows that Av € C([0,T] x RY) and we are done. [ ]
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Appendix A

Basic notions of functional analysis
in Banach spaces

In this appendix we collect a few basic results on linear operators, and on
elementary spectral theory that we use in this book. For more details and
for the proofs of the results that we present, we refer the reader mainly to
[81, 147].

A.1 Bounded, compact and closed linear operators

Let X and Y be two Banach spaces. We denote by L(X,Y) the vector space
of linear and bounded operators T : X — Y. We endow it with the norm

Tajy
Tlocew = sup [Tefy = sup 171 (ALD)
ze

lel=1 z€X\{0} lzlx

IfY = X, we write L(X) instead of L(X, X).
The norm in (A.1.1) makes L(X,Y) a Banach space.
An operator T € L(X,Y) is called compact if it maps the closed ball B(1)

of X into a relatively compact set in Y.

Proposition A.1.1 ([147], Chapter 10, Section 2) Let X,Y,Z be three
Banach spaces. Then, the following properties are met:

(i) the set of all the compact operators from X to'Y is a closed subspace of
L(X,Y);

(i) for any compact operator L : X — Y and any bounded operator M €
B(Y,Z) (resp. M € B(Z,X)), the operator M o L (resp. Lo M) is a
compact operator.

A very useful criterion for the convergence of a given sequence of bounded
linear operators is given in the following proposition.

Proposition A.1.2 Let {M,} € L(X) be a sequence of bounded operators
with sup,, ey |[Mn|L(x) < +00 and such that M,z converges in X, as n tends

467
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to 400, for any x in a dense subspace of X. Then, M, converges pointwise
in X to a bounded linear operator M which satisfies | M| xy < C.

We now introduce another class of linear operators which we use in this
book. If D(A) is a vector subspace of X and A : D(A) C X — Y is a linear
operator, we say that A is closed if its graph

Ga={(z,y) e X XY :2 € D(A), y = Az}

is a closed subset of X x Y. As it is easily seen, A is closed if and only if,
for any sequence {x,} C D(A) such that x,, and Az, converge, respectively,
to some elements z € X and y € Y, as n tends to +oo, then x € D(A) and
y = Ax.

In general, a closed operator is not continuous in (X, || - |). It turns out to
be bounded if we endow D(A) with the graph norm

|zl Dy = lzlx + [Az]y, z € D(A). (A.1.2)

Note that D(A) is a Banach space when it is endowed with the graph norm.

An operator A : D(A) € X — Y is said to be closable if there exists
a (closed) operator A whose graph coincides with the closure of G4. The
operator A is called the closure of A. In such a case any x € D(A) is the limit
of a sequence {x,} C D(A) which is a Cauchy sequence with respect to the
graph norm (A.1.2). Moreover, Az := lim,, ;o A7y,.

Equivalently, A is closable if, for any sequence {z,} € D(A) converging to
0 in X and such that Az, converges to some y € Y as n tends to +o00, then

y=0.
Now, let X be a Hilbert space with inner product (-,-)x.

For any linear operator A : D(A) C X — X with dense domain, the adjoint
A* of A is the operator A* : D(A*) C X — X defined as follows:

DAY ={zeX:TyeXst (Az,z)x = (2,y)x, Vz€ D(A)}, Az=uy.

The operator A : D(A) C X — X is said to be self-adjoint if D(A) = D(A*)
and A = A*.

Finally, A : D(A) € X — X is nonpositive if (Az,z)x < 0 for any = €
D(A).

A.2 Vector valued Riemann integral

In this section we define the Riemann integral for vector-valued functions. For
more details and for the proof of the results that we present here, we refer the
reader to [46, Chapter 2], [48, Chapter 3] and [72, Chapter 3].
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Definition A.2.1 A bounded function f : [a,b] — X (—o0o < a < b < 400) is
said to be integrable on [a,b] if there exists x € X with the following property:
for any € > 0 there exists 6 > 0 such that, for any partition P = {a = tg <
t1 <...<tp,=">} of [a,b], with max;=1,. n(t; —ti—1) < 0, and for any choice
of the points &; € [t;—1,t;], we have

n

x— Zf(fz‘)(tz‘ —ti—1)

=1

/abf(t)dt .

Arguing as in the real-valued case, one can easily check that the set of
functions that are integrable in [a, b] is a vector space and that the integral over
[a,b] is a linear operator in this vector space. In particular, if f : [a,0] — X
is continuous, then it is integrable. Moreover, if f is integrable in [a, b], then
the map ¢t — | f(¢)|x is integrable in [a, b] as well. Finally, if f is integrable
in [a,b], then it is integrable in any [c,d] C [a,b] and

b c d
/ f(t)dt:/ f(t)dt+/ F(t)dt,
for any ¢ € (a, b).

As in the real-valued case, the definition of Riemann integral can be easily
extended to the case of unbounded intervals or unbounded functions.

<eE.

In this case we define

Definition A.2.2 Let I C R be an interval with endpoints a and b (—oo <
a < b < +o00) with a and b not necessarily in I. Moreover, let f: I — X be
Riemann integrable in [c,d] for any a < ¢ < d < b. We say that f admits an
improper integral in I if, for any ty € I, the limits

to d
lim [ f(t)dt, lim [ f(t)dt

c—at J. d—b= J¢,

exist in X . In this case we set

to d
/If(:n)d:c:(jlﬁir;l+ ; f(t)dterlir{}, /t0 f(t)dt.

Note that the previous definition is independent of tg.

We now recall the definition of the integral of vector-valued functions of a
complex variable, along a smooth curve 7.
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Definition A.2.3 Let Q be an open subset of C, f: Q — X be a continuous
function and 7y : [a,b] — Q be a piecewise Ct-curve. The integral of f along

is defined as follows:
b
[ 1@z = [ sy
0 a

As in the case of vector-valued functions defined in a real interval, we can
define the improper complex integrals in an obvious way.

Definition A.2.4 Let Q C C be a (possibly) unbounded open set. Moreover,
let I = (a,b) be a (possibly unbounded) interval and v : I — C be a (piecewise)
C' curve in Q. We say that f admits an improper integral along vy if for any
to € (a,b) the limits

to b
Jim, / FOy(m)A (r)dr and Jim /t fOy(m) (r)dr

exist in X. In such a case, we set

to S
[ sz = tim [7 s i+ s [ G
é-’a s S—0~ tU
Note that the definition of the improper integral is independent of the choice
of ty. Moreover, when I is bounded and the integral of f along - exists, then
f admits an improper integral along v and the two integrals coincide.

A.3 Spectrum and resolvent

In this section, we recall the notions of resolvent and spectrum of a linear
operator.

Definition A.3.1 Let A: D(A) C X — X be a linear operator. The resol-
vent set p(A) and the spectrum o(A) of A are defined by

p(A)={AeC:IAN-A) " eL(X)},  o(4)=C\pA). (A31)

The complex numbers A € o(A) such that \I — A is not injective are called the
eigenvalues of A, and the elements x € D(A) such that x # 0 and Az = \x are
called the eigenvectors (or eigenfunctions, when X is a function space) of A
relative to the eigenvalue . The set o,(A) whose elements are the eigenvalues
of A is called the point spectrum of A.

If X € p(A), the operator R(\, A) := (M — A)~! is called the resolvent
operator.
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Let us recall some simple properties of resolvent and spectrum. First of all,
since the inverse of a bounded operator is a closed operator, it is clear that,
if p(A) # @, then A is closed.

The family of operators { R(\, A) : A € p(A)} satisfies the so-called resolvent
identity

R(MA)— R(p, A) = (0 — AN)R(A\, A)R(u, A), Au € p(A). (A3.2)

Such a formula characterizes the resolvent operators, as specified in the fol-
lowing proposition.

Proposition A.3.2 ([147], Section 8.4) Let Q C C be an open set, and let
{F(\) : A€ Q} C L(X) be a family of linear operators verifying the resolvent
identity

FO) = P(n) = (u— VFO)F (), A€ 9.
If the operator F (o) is invertible, for some Ao € 1, then there exists a closed
linear operator A : D(A) C X — X such that p(A) contains Q, and R(\, A) =
F () for any X € Q.

As the following proposition shows, the spectrum of an operator A is always
closed in C.

Proposition A.3.3 Let \g be in p(A). Then, |A — Xo| < ||R()\0,A)||Z(1X) im-
plies that \ belongs to p(A) and the equality
R(\, A) = R(Mo, A)(I + (A — Xo)R(N, A)) ! (A.3.3)

holds. As a consequence, p(A) is open and o(A) is closed.

Further properties of the resolvent operator are listed in the next proposi-
tion.

Proposition A.3.4 The function R(-, A) is holomorphic in p(A). Moreover,
the domain of analyticity of the function A — R(\, A) is p(A) and the estimate
1

[R(A, A)|Lex)

holds.

As a consequence of Proposition A.3.4 we obtain the following Laurent
expansion of R(-, A) in a neighborhood of an isolated point of o(A).

Proposition A.3.5 ([81], Chapter 3, Section 6.5) Suppose that A € C
is an isolated point in o(A). Then, there exists r > 0 such that

+00 o
D
n=1

n=0
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for any 0 < |u — A| < r. Here, P is the projection defined by
1
P=— [ R(§ A) A.3.6
e LGRS (A36)

where 7y is the boundary of the ball A+ B(r) (oriented counterclockwise), such

that A+ B(r)No(A) = {\}. The operators D and S are defined, respectively,

by
D= (M - A)P, S = glin:i R(¢,A)(I — P).

In particular, \ is the unique element of the spectrum of the restriction of
A to P(X), whereas the spectrum of the restriction of A to (I — P)(X) is
o(A)\ {A\}. Finally, X =P(X)® (I — P)(X).

The next theorem gives an estimate from above of the norm of the resolvent
set of a densely defined operator A : D(A) C X — X, in terms of its numerical
range

r(A) = {{(z/,Az) 1z € D(A), ||z| =1, 2’ € X', |2'| =1, (2',z) =1}.

Theorem A.3.6 ([123], Chapter 1, Theorem 3.9) Let A : D(A) C X
— X be a densely defined closed operator in X. If A € C\ r(A), then the
operator AXI — A is one to one and has closed range. Moreover, if ¥ is a com-

ponent of C\ r(A) which intersects p(A), then the spectrum of A is contained
in C\ X and

1
R )\,A < 0 AeC\ .
7O Ao € e \

In the case when R(A, A) is a compact operator for some (and, hence,
for any) A € p(A), then o(A) has a very easy structure, as the following
proposition shows.

Proposition A.3.7 Let A: X — X be a closed operator with o(A) # @ and
compact resolvent operator. Then, the following properties are met:

(i) o(A) consists of an at most countable set of points. Any X € o(A) is an
eigenvalue of A and the corresponding eigenspace has finite dimension;

(i) for any X € o(A), the vector space of the generalized eigenvectors of A
(i.e., the vector space of all x € X such that (\[ — A)*z = 0 for some
k € N) has finite dimension;

(#5) any A € o(A), is a pole of the function R(-, A) whose order coincides
with the dimension of the vector space of all the generalized eigenvectors
associated with the eigenvalue A. Finally, the order of the pole coincides
also with the index ix(A) of the eigenvalue X (i.e., with the smallest
integer k such that Ker((A\[ — A)¥) = Ker((A\ — A)*+1).
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Proof. The proof can be obtained combining the results in [81, Chapter 3,
Sections 6.4, 6.5 and 6.8]. For the reader’s convenience we give some details
of how this can be done.

Since, for any & € p(A), R(&, A) is a compact operator then, according to
Proposition A.1.1, the projection P in (A.3.6) is a compact operator as well.
Hence, P(X) is a finite dimensional subspace of X (see [81, Chapter 3, Section
4)).

Now, the arguments in [81, Chapter 3, Section 6.5] show that any A € o(A)
is a pole of the resolvent operator, with finite multiplicity that coincides with
the dimension m of P(X). According to the decomposition theorem (see [81,
Chapter 3, Theorem 6.17]), A is the unique element in the spectrum of the
restriction of A to P(X), and it belongs to the resolvent set of the restriction of
A to (I —P)(X). It follows that P(X) is the space of generalized eigenvectors
of A corresponding to A. Now, the equality iyx(A) = m follows observing
that ix(A4) = ix (A), since, according to a well-known result of linear algebra,

A.4 Some results from interpolation theory

In this section we recall some results from the interpolation theory. For the
proof of the results that we present here, if not otherwise specified, we refer
the reader to [104] and [141].

Let us introduce the interpolation spaces (X,Y)g,co-

Definition A.4.1 Let X, Y be two Banach spaces with Y continuously em-
bedded in X. Moreover, let K : (0,400) x X — R be the function defined
by

KEa) = it (olx+&bly),  €>0, weX.

For any 6 € [0,1], the interpolation space (X,Y )y oo is defined by

(X,Y)p,0o={z € X : sup 579K(§,x) < +oo},
0<e<1

and it is normed by
lzlo.co := sup €K& x), € (X,Y)p00- (A4.1)
0<e<l
For any 6 € [0,1], (X,Y)s,cc is a Banach space when it is endowed with the

norm in (A.4.1) and
YC(X,Y)goo CX (A4.2)
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with continuous embeddings.
The topological inclusions in (A.4.2) and the following proposition show the
reason why (X,Y)g o are called interpolation spaces.

Proposition A.4.2 Let X1, X5, Y1, Ys be four Banach spaces with'Y; contin-
uously embedded in X; for j =1,2. Moreover, let T € L(X1, X2) N L(Y1,Y5).
Then, for any 6 € (0,1), T € L((X1,Y1)0,00, (X2, Y2)9,00). Moreover,

”T”L ((X1,Y1)0,00,(X2,Y2)0,00) < ||T||L(X17X2)||T||9L(Y1,Y2)' (A-4'3)

We now introduce the definition of spaces of class Jp and Ky (6 € [0,1])
which play a central role in the interpolation theory.

Definition A.4.3 Let X,Y, Z be a triplet of Banach spaces such that Y C
Z C X with continuous embeddings. Moreover, let § € [0,1]. We say that Z
belongs to the class Jy between X and Y (in short Z € Jo(X,Y)) if there
exists a positive constant C' = C(0) such that

—0 [%
lzlz < Clalx Il x € Z.

Similarly, we say that Z belongs to the class Ko between X and Y (in short
Z € Ko(X,Y)) if Z C (X,Y)g,00 with a continuous embedding.

Abstract and concrete examples of spaces of class Jy are given in the fol-
lowing two propositions.

Proposition A.4.4 Let 0 < 0 < a and let Q C RN (N >1) be an open set
with boundary uniformly of class C* (possibly 2 = RYN). Then, C¢(Q) belongs
to the class Jy /o between Cy(Q) and Cg*(€2).

Proposition A.4.5 For any 6 € [0,1] and any pair of Banach spaces X and
Y, with Y continuously embedded in X, (X,Y)g oo € Jo(X,Y)NKp(X,Y).

The next proposition show some interesting properties of the spaces of class
Jo-

Proposition A.4.6 Let Y C Z C X be a triplet of Banach spaces such that
7Z € Jo(X,Y) for some o € (0,1). Further, let I C R be an interval. Then,
the following properties are met:

(i) ifu € B(I;Y) N CY(I; X) for some 6 € [0,1), then u € C (I Z).
Moreover, there exists a positive constant C' such that

s 1,2y < Clullgs ol ey
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(i) if u € B(I;Y)NLip(I; X), then u € CL~*(I; Z). Moreover, there exists
a positive constant C' such that

||U||c;*“(1;2) < C”“”ii_p?f;)()||“||%(1;y)-

We now state one of the most useful tools from interpolation theory: the
so-called reiteration theorem.

Theorem A.4.7 Let 0 < ¢y < 02 < 1. Suppose that Z; € Ky, (X,Y) (5 =
1,2). Then, for any 6 € (0,1)

(Z1,22)0,00 C (X, Y )(1-6)0,+605,005

with a continuous embedding. Similarly, if Z; € Jo,(X,Y) (j = 1,2), then,
for any 6 € (0,1)

(X,Y)(1-0)0,4002,00 C (21, Z2)0,00,

with a continuous embedding. In particular, if Z; € Jo,(X,Y) N Ky, (X,Y)
(j =1,2), then
(X, Y)(1-0)0,4002,00 = (21, Z2)0,00,

with equivalence of the corresponding norms.

Using the interpolation theorem some spaces of Holder continuous functions
can be characterized as interpolation spaces.

Theorem A.4.8 For any 0 < a < 8 and any 0 € (0,1) it holds that
(C(RY), G (RY))g 00 = G I (RY), (A4.4)
with equivalence of the corresponding norms. Moreover,
(BUCRN), CP(RN))g.00 = CLP(RM). (A.4.5)

Proof. For the proof of (A.4.4) see [104, Theorem 1.2.17 & Corollary 1.2.18].
The last part of the theorem follows from the previous one through the reit-
eration theorem, recalling that BUC(RY) belongs to Jo(Cy(RY), Cf RM) N
Ko(C(RN), G} (RY)). |

To conclude this section we state the Riesz-Thorin interpolation theorem.
For the proof we refer the reader to [133, Theorem IX.17].

Theorem A.4.9 (Riesz-Thorin interpolation theorem) Let (Q1,p1) and
(Q2, p2) be two o-finite spaces. Moreover, let T be a linear operator such that

T € L(LP(u, pa), LT (Qa, p2)) N LLP (0, pa), LT (Q2, p2)),
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fO’f’ some po, P1,40,91 € [17+OO] Th6n7

T € L(LP?(Qu, p1), L9 (Q2, p2)), 0 €(0,1),
where
1 1-0 n 0 1 1-60 0
pe  po P qe o @
Moreover,

TN (2P0 (@101 ), L9 (22,112))

1—6 0
< ”T”L(LPO(Ql,ul),L‘IO(QQ,p,z))||T||L(Lp1(91,lt1)7Lq1(Qz,#&))'



Appendix B

An overview on strongly continuous
and analytic semigroups

In this appendix we recall the definitions and the main properties of strongly
continuous and analytic semigroups that we use in this book. If not otherwise
specified, we refer the reader to [51, 72, 104, 123] for the proofs of the results
of this appendix.

To begin with we give the definition of semigroup of bounded linear oper-
ators. Throughout this appendix, if not otherwise specified, X will denote a
Banach space.

Definition B.0.1 A one-parameter family {T(t)} of linear bounded operators
in X is said to be a semigroup of bounded linear operators if

T(t+s)=T(t)oT(s), s,t > 0. (B.0.1)

We simply write T'(¢)7T'(s) for T'(t) o T(s) when there is no damage of con-
fusion.

B.1 Strongly continuous semigroups

We begin this section with the definition of the strongly continuous semi-
groups.

Definition B.1.1 A semigroup {T(t)} of bounded linear operators, defined
in X, is strongly continuous if, for any x € X, T(t)x tends to x as t tends to
0 from the right.

Using the semigroup rule (B.0.1), one can see that, if {T'(¢)} is a strongly
continuous semigroup, then the function ¢ — T'(¢)z is continuous in [0, +00)
for any x € X. Moreover, it is also possible to show that there exist two
constants M > 1 and w € R such that

IO < Me*t, >0, (B.1.1)

When w = 0 and M,, = 1, we say that {T'(t)} is a strongly continuous
semigroup of contractions in X.

477
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For any strongly continuous semigroup we define its exponential growth
bound as the infimum of the set of all the w € R such that (B.1.1) holds for
some M > 1. It is possible to show that the exponential growth bound of
{T(t)} coincides with the spectral bound s(A) of its infinitesimal generator,
where

s(A) =sup{Re A: A €o(A)}.

See, e.g., [8, Theorem 5.3.1]).

Remark B.1.2 If {T'(t)} is a strongly continuous semigroup, then the map-
ping (¢,2) — T'(t)x is locally uniformly continuous in [0, +00) X X. See, e.g.,
[61, Chapter 1, Lemma 5.2]. As a consequence, for any compact set K C X
and any T > 0, the mapping ¢ — T'(t)z is continuous in [0, T'], uniformly with
respect to x € K.

We can now give the definition of the infinitesimal generator of a strongly
continuous semigroup.

Definition B.1.3 Let {T'(t)} be a strongly continuous semigroup in X. The
infinitesimal generator of {T'(t)} is the operator A : D(A) C X — X defined
by
T(t)x —
D(A):{xEX:HgEXs.t.g: lim M},

o (B.1.2)

T _
Az = lim 7(t)x a
t—0+ t

It is easy to see that the function ¢ — T'(¢)x is continuously Fréchet dif-

ferentiable in [0, +00) with values in X if and only if x € D(A). In this case
DT (t)x = AT (t)x = T(t)Ax for any t > 0.

As the following proposition shows, the infinitesimal generator characterizes
uniquely the strongly continuous semigroups.

Proposition B.1.4 Let {S(t)} and {T(t)} be two strongly continuous semi-
groups in X and denote by A and B their infinitesimal generators. If A = B,
then S(t) = T(t) for any t > 0.

The Hille-Yosida theorem is a keystone in the theory of strongly continu-
ous semigroups since it allows us to give a complete characterization of the
infinitesimal generators of strongly continuous semigroups.

Theorem B.1.5 (Hille-Yosida) A linear operator A : D(A) C X — X is
the infinitesimal generator of a strongly continuous semigroup {T'(t)} satisfy-
ing (B.1.1) for some M > 1 and some w € R, if and only if

(i) A is closed and its domain is dense in X;
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(i) the resolvent set p(A) contains the half line (w,+00) and, for any A > w
and any n € N,
M

IR\, A)lox) < o)

The proof of the Hille-Yosida theorem shows a connection between the
resolvent operator and the semigroup. In fact, the resolvent operator is the
Laplace transform of the semigroup, namely

+oo
R\ A)x = / e MT(t)x dt, ReA>w, zeX. (B.1.3)
0

Hence, many properties of R()\, A) can be deduced from the corresponding
properties of the semigroup.

Another important result in the theory of strongly continuous semigroups
is the Lumer-Phillips theorem. It provides an alternative characterization of
the infinitesimal generators of strongly continuous semigroups of contractions.

Definition B.1.6 Let A : D(A) C X — X be a linear operator. A is dissi-
pative if
Az — Az|x > Mz|x, A>0, ze€D(A).

Theorem B.1.7 (Lumer-Phillips) Let A : D(A) € X — X be a linear
operator with dense domain. Then, the following properties are met:

(4) if A is dissipative and there exists Ao > 0 such that the range of the
operator \oI — A is X, then A is the infinitesimal generator of a strongly
continuous semigroup of contractions;

(i) if A is the infinitesimal generator of a strongly continuous semigroup of
contractions in X, then the range of the operator A\I — A is X for any
A > 0. Moreover, A is dissipative.

A straightforward consequence of the Lumer-Phillips theorem is the follow-
ing proposition.

Proposition B.1.8 Let A: D(A) C X — X be a dissipative operator. Then,

the following properties are met:

(i) if A is closable, then the closure A is also dissipative;

(id) if D(A) is dense in X and (M — A)(D(A)) is dense in X for some (and
hence all A > 0), then the closure A is the infinitesimal generator of a
strongly continuous semigroup of contractions.
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To conclude this section, we recall the definition of a core of a linear operator
A and we provide a useful sufficient condition guaranteeing that a set E is
a core of A, when A is the infinitesimal generator of a strongly continuous
semigroup. Finally, we state the famous Trotter-Kato theorem.

Definition B.1.9 Let A be a linear operator in a Banach space X with do-
main D(A). A subspace E of D(A) is a core of A if E is dense in D(A) in
the graph norm (see (A.1.2)).

Proposition B.1.10 Let A: D(A) C X — X be the generator of a strongly
continuous semigroup of contractions {S(t)} in X. Moreover, let E be a sub-
space of D(A) dense in X such that S(t)(E) C E for any t > 0. Then, E is
a core of A.

Theorem B.1.11 (Trotter-Kato) Let {T(t)}, {Tn(t)} (n € N) be strongly
continuous semigroups of contractions in X, with infinitesimal generators A :
D(A) C X — X and A, : D(A,) C X — X, respectively. Further, let D be a
core of the operator A such that D C D(A,,) for anyn € N. If, for any x € D,
Apx tends to Az in X, as n tends to +00, then R(\, A,z tends to R(\, A)x,
as n tends to +00, for any A € C with positive real part.

B.1.1 On the closure of the sum of generators of strongly
continuous semigroups

Here we briefly recall some results on the sum of closed operators that we use
in Chapter 9. Throughout the subsection we make the following hypotheses.

Hypotheses B.1.12 (i) A : D(A) € X — X is a closed operator such
that — A is the infinitesimal generator of a strongly continuous semigroup
of contractions in X;

(i) 0 € p(A).

The analyticity of the function AR()\, A) in p(A) implies that p(A) contains
a sector Xy, = {A € C\ {0} : |argA| < ¢} for some ¢ € [0,7) and that
there exists a positive constant Cy, such that [AR(A, —A4)|px) < C, for any
A€ S,

Therefore, one can introduce the spectral angle 4 of A, defined by

pa=inf{p>0:3,_, C p(—A) and C, < +o00}.
Moreover, for s € R\ {0}, one can define the operator A% through the formula
. in(z 1 o
Alsg = —M{ﬂ b Al +/ ASHLR(—A, A) A~ e dA
m s  1+41s 0

+oo
+/ Ais‘lR(A,A)Adi}, x € D(A)
1
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(see [86, 87]). A% is a closed and densely defined operator for any s # 0 but,
in general, it is not bounded in R.

If the operators A% are bounded for any s # 0 and the map s — A%
(A% := 1), is locally bounded in R, we say that A admits bounded imaginary
powers or simply that A € BIP(X).

If A e BIP(X), then the limit

0 := | ‘1113 |s|7110g(||Ai5||L(X)) (B.1.4)
is well defined and it is called the power angle of A.

We summarize in the following proposition a few properties of the class
BIP(X). For a proof, we refer the reader to [34, Theorem 5.8], [35], [131] and
[132, Theorem 3].

Proposition B.1.13 The following properties are met:
(4) if A€ BIP(X), thenwlI+A € BIP(X) for anyw >0 and 0,144 = 04;
(i) if A€ BIP(X), then 04 > pa;

(ii5) if A : D(A) C LP(RN, u) — LP(RN, u) (u being a o-finite measure,
and p € (1,400)) is the generator of a strongly continuous semigroup
of contractions {T'(t)} such that T(t)f > 0 for any f > 0, then, for any
w>0,wl —AeBIPLP(RY, ) and 01— a < 7/2;

(i) if A is the realization in LP(RY dz) (p € (1,+00)) of the uniformly
elliptic operator Au = 2%21 qi; Diju with constant coefficients, then

Oui—a =0 for any w > 0;

(v) if X is a Hilbert space and A : D(A) C X — X is a self-adjoint operator
such that —A generates a strongly continuous semigroup of contractions
in X, then A € BIP(X) and 64 = 0.

The property (iii) in Proposition B.1.13 is known as the transference prin-
ciple. The property (iv) holds for a more general class of elliptic operators in
divergence form than those we considered here. We refer the reader to [132,
Theorem C] for more details.

We now introduce a class of Banach spaces, the so-called £-convex spaces.

Definition B.1.14 A Banach space X is said to be &-conver if there exists
a function £ : X x X — R such that

(i) & is convex with respect to both the variables;
(1) £(0,0) > 0;

(ii7) &(z+y) < |z +y| for any z,y € 0B(1).
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Examples of &-convex Banach spaces are the LP-spaces (p € [1,400)) rele-
vant to o-finite measures in R, In particular LP(RY) are all {&-convex Banach
spaces.

For further results on the operators which admit bounded imaginary powers
and on &-convex Banach spaces, we refer the reader to [141, Chapter 1, Section
15], [47, Appendix], the survey paper [23] and the monograph [130].

To conclude this subsection we state two theorems which guarantee the
closedness of the sum of n sectorial operators which admits bounded imaginary
powers. The first one deals with the sum of n operators A; commuting in the
resolvent sense (i.e., R(A, A;)R(u, Aj) = R(u, Aj)R(X, A;) for any X € p(A4;),
any i € p(4;) and any 4,5 = 1,...,N). It extends a well known result by
Dore and Venni (see [47]).

Theorem B.1.15 ([132], Corollary 4) Let X be a {-convez space and let
A;:D(A)CX - X (i=1,...,N) belong to BIP(X) and commute in the
resolvent sense. Further, suppose that the power angles 0; satisfy 0; + 0; <
w for any i,j = 1,...,n, i # j, and there is only one indexr j such that
0; = InaxZ 1,...n0i. Then, the operator A = Y | A; with domain D(A) =
ﬂZ 1 D(A;) is closed it belongs to BIP(X) and there exists a positive constant
C such that

n
> Az x < ClAz|x, x € D(A). (B.1.5)
i=1
The second theorem deals with the case of two operators which do not
commute in resolvent sense. In such a case the noncommutativity of the re-
solvent operators of A and B is balanced by a suitable assumption on their
commutators.

Theorem B.1.16 ([120], Corollary 2) Let X be a {-convexr Banach space
and let A, B € BIP(X). Further suppose that the power angles 84 and 6p
satisfy 04 + 0p < w and that there exist C > 0, a, (8 satisfying 0 < a < f <1
and A, pp with o4 > 04, op > 0p and p4 + pp < 7 such that

C

AR\, —A)[A™Y R(u,—B < ,
[ARO =A™ Rl =Bllex) < Gy s

(B.1.6)

for any A, p € C\ {0} such that larg\| < m — g4 and |arg u| < ™ — pp. Then,
the operator A + B with domain D(A+ B) = D(A) N D(B) is closed in X.

B.2 Analytic semigroups

In this section we introduce the analytic semigroups and we describe their
main properties.
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Definition B.2.1 A linear operator A : D(A) C X — X is said to be sec-
torial if there exist three constants w € R, § € (n/2,7), M > 0 such that

(1) p(A) D Spw={AeC: A#w, |arg(\ —w)| < 6},
M (B.2.1)
(i) ”R()MA)“L(X) < m7 A€ Sy

For any ¢t > 0, the conditions (B.2.1) allow us to define a bounded linear
operator T'(t) on X as follows. For any r > 0 and any n € (7/2,0], let v, , be
the curve

{AeC:largh| =n, |A| > r}U{reC:larg)| <, |A| =71},

oriented counterclockwise. We set

T(t) = i,/ AR AV AN, £ 0, TO)=1. (B.22)
2mi Vr,nw

It is easy to check that the integral in (B.2.2) is well defined and it is
independent of r > 0 and n € (7/2,0).

In the following theorem we summarize the main properties of T'(t) for
t>0.

Theorem B.2.2 Let A be a sectorial operator and let T(t) be given by (B.2.2),
for any t > 0. Then, the following properties are met:

(@) the family of bounded operators {T'(t)} is a semigroup;

(i)) T(t)x € D(AF) for any t > 0, any * € X and any k € N. Moreover, if
x € D(AF), then

AT () = T(t) APz, t>0;
(#4) there exists a constant M > 0 such that

1T Lx) < Me*?, t>0, (B.2.3)

where w is the number in (B.2.1). Moreover, for any € > 0 and any
k € N, there exists a positive constant Cy . such that

|tFART ()] L (x) < Cee@T), t > 0; (B.2.4)

() the function t — T(t) is analytic in (0 + co) with values in L(X) and

dk

%T(t) = AFT (1), t>0, keN. (B.2.5)
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We can now give the following definition.

Definition B.2.3 Let A be a sectorial operator. The semigroup {T(t)} de-
fined by (B.2.2) is called the analytic semigroup generated by A (in X).

The property (iv) in Theorem B.2.2 implies that {7'(¢)} is norm continuous
in (0, +00) according to the following definition.

Definition B.2.4 A semigroup of bounded linear operators {T'(t)} in X is
said to be norm continuous in the interval I C [0,400) if the map t — T(t)
is continuous in I with respect to the topology of L(X).

The norm continuity of the semigroup allows us to write
+oo
R\ A) = / e T (t)dt, (B.2.6)
0

for any A € C, with Re\ > w, where the integral converges in the topology of
L(X).

In the following proposition we exploit the behaviour of the function ¢ —
T(t)z at t = 0.

Proposition B.2.5 The following properties are met:

(i) if x € D(A), then lim;_o+ T(t)x = x. Conversely, if y = lim;_q+ T(t)x
exists, then x € D(A) and y = x;

() if v € D(A) and Az € D(A), then lim;_ o+ (T (t)x — x)/t = Azx. Con-
versely, if z := limy_,g+ (T'(t)x — x)/t exists, then x € D(A) and Az =
z € D(A);

(i5) if x € D(A) and Az € D(A), then lim; g+ AT (t)z = Ax.

Remark B.2.6 Let x € X and denote by u : [0,400) — X the func-
tion defined by w(t) = T(t)z for any ¢ > 0 and u(0) = z. Combining
the results in Theorem B.2.2 and Proposition B.2.5, we easily deduce that
u € C(]0,+00); X) if and only if z € D(A). Similarly, u € C([0, +00); D(A))
(i.e., both w and Au belong to C([0,+00); X)) if and only if x € D(A) and
Az € D(A). Since, according to Theorem B.2.2, u is differentiable in (0, +00)
and u/(t) = Au(t) for any t > 0, then u € C'([0,+00); X) if and only if
z € D(A) and Az € D(A). Moreover, u € C*([0,+00); D(A)) if and only if
x € D(A?) and A%z € D(A).

As a straightforward consequence of Proposition B.2.5(i), we deduce that
an analytic semigroup {7'(¢)} fails to be strongly continuous in X unless D(A)
is dense in X.

Useful criteria to establish if an operator A : D(A) C X — X is sectorial
are given by the following three theorems.
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Theorem B.2.7 Let A: D(A) C X — X be a linear operator such that p(A)
contains the halfplane {\ € C:Re )\ > K} for some K >0, and

IARN, A)|Lx) < M, Rel > K, (B.2.7)
for some M > 1. Then, A is sectorial.

Theorem B.2.8 Let {T(t)} be a strongly continuous semigroup in X such
that the function t — T (t)x is differentiable in (0,+00) with values in X for
any x € X and there exists a positive constant M such that t|T'(t)|p(x) < M
for any t € (0,1). Then, {T'(t)} is analytic.

Theorem B.2.9 Let X be a Hilbert space and A : D(A) C X — X be a
self-adjoint dissipative operator. Then, A is sectorial in X and it satisfies the
conditions (B.2.1) with w =0 and arbitrary 6 < 7.

Next, we recall the following classical perturbation result for analytic semi-
groups.

Theorem B.2.10 If A: D(A) C X — X is sectorial and B : D(B) C X —
X is a linear operator such that

(1) D(A) C D(B);

(#) there exist 6 € (0,1) and C > 0 such that

|Bz| < Clla|palely . x € D(A).

Then, A+ B : D(A+ B) := D(A) — X s sectorial. Moreover, if A satisfies
(B.2.1) with 6 > 3m/4, then the operator —A? is sectorial as well.

We now introduce the interpolation spaces Da(a, o) (a € (0,1)), which
play a crucial role in the theory of analytic semigroups.

Definition B.2.11 Let o € (0,1). We set Da(a,00) = (X, D(A))a,c0 (see
Section A.4) and we call it the interpolation space of order c.

According to Proposition A.4.2, and Theorem B.2.2, one can easily see that,
if z € D(a, 00), then the function ¢ — g, (t) := ¢t~ *(T'(t)z — x) is bounded in
a right neighborhood of ¢ = 0. Actually, as the following proposition shows,
the function g, is bounded near ¢t = 0 if and only if x € D 4(a, 00).

Proposition B.2.12 The interpolation space D 4(a, 00) is the set of all the
x € X such that

(2] DA (a,00) = sup t~ YT (t)z — z|x < +o0.
0<t<1
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Moreover, the norm
z = |zl x + [[#]] D.a(a,00)

is equivalent to the norm | - ||(x,p(a)). .. defined in (A.4.1).
Equivalently, Da(a,00) can be defined as the set of all the x € X such that

2] DA (a,00) = 2P, €1 AT (&)z|x < +oo.

Moreover, the norm
z = [z x + [[[2]]]pa a,00)

is equivalent to the norm | - | (x,D(A)). -

As a consequence of Theorem B.2.2 and Proposition B.2.12, it follows that
the function u = T'(-)z belongs to C*([0,T]; X) for some (and hence any)
T > 0 if and only if z € Dy(a,00). Similarly, u € C*([0,T]; D(A)) (or,
equivalently, u € C1T([0, T]; X)) if and only if € D4 (1 + «, 00), where

Da(l4+a,0):={x € D(A): Az € Da(a,o0)}.
To conclude this section, let us consider the abstract Cauchy problem

{u’(t) = Au(t) + f(t), te (0,7,

B.2.8
u(0) = z, ( )

where f :[0,7] — X is a given continuous function and z € X.

Definition B.2.13 We say that u : [0,T] — X is a strict solution to (B.2.8)
if ue CH[0,T); X)NC([0,T); D(A)) and it satisfies (B.2.8).

Similarly, a function u : [0,T] — X is a classical solution to (B.2.8) if u €
CL((0,T); X)NC((0,T]; D(A) N C([0,T); X) and it satisfies (B.2.8).

We have seen that, in the case when f = 0 and = € D(A), the function
u = T(-)x is a classical solution to (B.2.8) and it is strict provided that
x € D(A) and Az € D(A). Actually, one can show that the previous one is
the unique classical (resp. strict) solution to (B.2.8) with f = 0. Indeed, if
f € C((0,T]; X) and the function ¢ +— | f()|x is integrable in (0,T), then
any classical (resp. strict) solution u to (B.2.8) is given by the variation-of-
constants formula

u(t) =Tz + /O1t T(t—s)f(s)ds, t €10,T]. (B.2.9)

Whenever the integral in (B.2.9) does make sense, the function u defined by
(B.2.9) is said to be a mild solution of (B.2.8).



Appendix C

PDE’s and analytic semigroups

In this appendix we recall some classical results on PDE’s of elliptic and
parabolic problems that we use in this book. Namely, we state some well-
known (interior) Schauder estimates, some maximum principle and we see the
relations between the theory of PDE’s and the theory of analytic semigroups.

Throughout this appendix, by A we denote the elliptic operator defined on
smooth functions by

N N
Au(z) = Z ¢ij(x)Diju(z) + Z bi(x)Diu(x) + c(x)u(x), (C.0.1)

with real coefficients ¢;;, b; (i,j =1,...,N) and ¢ defined in an open set .
We do not assume any smoothness assumption on the domain 2 unless it is
explicitly mentioned.

The following condition is always assumed in this appendix.

Hypothesis C.0.1 ¢;; = q;; forany 4,5 =1,..., N and

N
> ai@)&E > polél, £€Q zel,

4,J=1

for some positive constant pyg.

C.1 A priori estimates

In this section we recall some classical LP- and Schauder interior estimates for
solutions to elliptic and parabolic problems in bounded domains €2 or in the
whole of R,

We begin with the elliptic case and recall well-known interior LP-estimates
and LP-estimates up to a part of the boundary of €2, where homogeneous
Neumann boundary conditions are prescribed.

Theorem C.1.1 ([66], Theorems 9.11 & 9.19) Let Q) be an open set and
p any real number in the interval (1,+00). Then, the following properties are
met:

487



488 Appendiz C. PDE’s and analytic semigroups

(i) if the coefficients of the operator A are bounded and continuous in Q,
then, for any open set Q' CC €, there exists a positive constant C,
depending on p, 0, Q', uo and the moduli of continuity of the coefficients
gij inQ (4,j=1,...,N), such that

[ullwzr ) < Clullzeo) + AU L)),

for any w € LP(Q) N W2P(Q) such that Au € LP(Q);

loc

() if the coefficients ¢;;, b; (1,5 =1,...,N) and c are locally Lipschitz con-
tinuous in Q, u € W2P(Q) and Au € WLP(Q), then u € W2P(Q) and,

loc loc loc
for any Q' cc Q' CC Q, there exists a positive constant C, depending
onp, Q, Q" and the coefficients of the operator A, such that

lullws.r @y < CllulLe@ry + [ Aulwre @)
We also recall the following LP-estimates up to the boundary of €.

Theorem C.1.2 Let p € (1,4+00) and let 0 be an open set of class C2.
Moreover, let Qg and Qy be two bounded subsets of 2, with Q1 of class C?,
such that their boundaries intersect the boundary of Q and dist(2o, Q\21) > 0.
Further, assume that the coefficients of the operator A are continuous in .
Then, there exists a positive constant C, depending on p, N, u, o, 21, the sup-
norm of the coefficients of the operator A and the modulus of continuity of
the leading coefficients in 1y, such that

lulw2r () < C (IAul ey + Il o)) »

@ =0 on QN IN;.
v

To conclude the analysis of the elliptic case, we consider the following result
concerning the regularity of distributional solutions to elliptic equations. Such
results are essentially due to S. Agmon (see [3] and [4], in the case when p = 2),
which deals with the case when RY is replaced with a bounded set . Since
as far as we know they seem not to be written, at least in the most used
textbooks, in the form that we need, for the reader’s convenience we provide
a proof of them. Such a proof is a variant of a proof due to G. Metafune, D.
Pallara and A. Rhandi.

for any function u € W*P(Q) such that

Theorem C.1.3 Assume that Hypothesis C.0.1 is satisfied. Moreover, let p €
(1,4+00), denote by p' the conjugate exponent to p (i.e., 1/p =1—1/p) and

set N N
A= Z qijDij + Z szz
i=1

ij=1

Then, the following properties are met:
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(i) if gij € CLRN), b; € Co(RYN) (4,5 =1,...,N) and u € LP(RYN) satisfies

the estimate
‘ / uApdz
]RN

for any o € C(RY), then u belongs to WP (RY);

(i3) if ¢;j € CHRYN), b; € C(RY) (i,j =1,...,N) (not necessarily bounded)
and u € LY (RYN) satisfies (C.1.1) for any ¢ € CZ(RN), then u €
Wit (BY);

loc

(ii) if qi; € CERN), b; € CHRY) (i,5 = 1,...,N), divb € LP(RY) and
f,u€ LP(RY) are such that

< Clelwr.» (RN)s (C.1.1)

/ uApdr = fodx, (C.1.2)
RN RN

for any ¢ € CXRY), then u € W2P(RN). In the case when A =
Zgjd D;(qi; Dij) + Zf\il b;D; the same result holds under the weaker
assumptions q;;,b; € CLRN) (i,j =1,...,N);
(iv) ifgij € C?*(RN), b; € CLRYN) (i,5 = 1,..., N) (not necessarily bounded)
and f,u € LY _(RN) satisfy (C.1.2) for any ¢ € CZ(RYN), then u €
WIQO’CP(RN). In the case when A = Zgjzl D;(¢i;Dij) + vazl b;D; the
same result holds under the weaker assumptions q;;,b; € CY(RY) (i,j =
1,...,N).
Proof. We begin by proving the property (i). For this purpose, let A; :
W2P (RN) — LP (RY) be the operator defined by

N
Alv = Z qijDijU7 (C13)

ij=1

for any v € W2# (RN). From (C.1.1) we deduce that, for any ¢ € C°*(RV),

‘ / uAipdx
RN

For any h € RV, set mpu = |h|~*(u(- + h) — u). An explicit computation shows
that

/ Thu.Aupdx:/ wA1 (T—pp) da?—i—/ w(T_nqij)Dijp(- — h) dz,
RN RN

RN

< Clelwe my- (C.1.4)

for any ¢ € C2°(RY). Using the boundedness of the diffusion coefficients g;;
in RV (i,j =1,...,N) and (C.1.4), we obtain

[ i = x| < Gl vy (©15)
R
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for any ¢ € C®(RY), any A > 0 and some positive constant C; = C;(\),
independent of ¢ and h. Since u € LP(R™), by density, (C.1.5) extends to any
function in W2# (RY). We fix a large ) so that the operator A— A is invertible
from W2# (RN) to L (RN) (see the forthcoming Theorem C.3.6(i)), and we
set © = R(\, A1) (thu|mhulP~2). The function ¢ satisfies

-1
lelwzer @y < CQHThUHiP(]RN)’ (C.1.6)
for some positive constant Co, independent of k. Then, plugging this particular
¢ into (C.1.5) and taking (C.1.6) into account, we obtain
/ |ThulPde < Cs, (C.1.7)
RN
with C3 being independent of h. Now, from (C.1.7), we immediately deduce
that u € WHP(RY).

Proof of (ii). Let us fix 7 > 0 and let ¢,%, € C°(RY) be two smooth
functions with xp(,) < ¥r < xpB(2r)- Since

N
U Ap = Ayp) — A =2 qi; Dip Dy, (C.1.8)
i,j=1

we immediately deduce that

/ m/)TAcpd:c:/ uA(gaz/JT)d:c—/ up A, dx
RN RN ]RN

N
-2 /]RN u Z qUDlgoDjw,«dx

ij=1

Hence from (C.1.1), it follows that

< Clelwr.er (RN)*

} / ur Apdz

Now, we consider a function n € C2° (RN) such that xp2r) <1 < Xpr) and
we introduce the operator A = Zi\,[j=1 Gi; Dij + Zivzl b;D;, where

@iy = ngij + (1 —n)diy, b = nbi, i,j=1,...,N. (C.1.9)
Of course,

/ upr Apdr = / wipy Apda

and the operator Ais uniformly elliptic in RV and has the diffusion and the
drift coefficients belonging, respectively, to C}(RY) and to C,(RY). Hence,
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we can apply the property (i) to the function wui),, obtaining that ui, €
WLP(RY) and, consequently, that u € W1P(B(r)). The arbitrariness of 7 > 0
implies that u € WLP(RN).

Proof of (iii). We first assume that 4 is not in divergence form. According
to the property (i), we know that u € WHP(RY). Therefore, taking (C.1.2)
into account, we get

/ uAypdr = frpdx, (C.1.10)
RN RN

for any ¢ € C®(RY) where A; is given by (C.1.3), fi = f + udivb +
SN | b;Diu belong to LP(RN). Hence,

/ u(Ap — Arp)dz :/ gpdx (C.1.11)
RN RN

for any ¢ € C°(RY), where g = Mu — f; belongs to LP(R"). By density, we
can extend (C.1.11) to any function ¢ € W2P? (RY). Now, we fix A in the
resolvent sets of both the operator A; and its adjoint A} defined by

N N N

7,j=1 1,j=1 1,j=1

for any u € D(A}) = W2P(RY) (see again the forthcoming Theorem C.3.6(i)).
To prove that u € W2P?(RY), we show that u = R()\, A})g. For this purpose,
it suffices to observe that (C.1.11) is satisfied if we insert R(\, AT)g in place
of u. Therefore, the function z = R(\, A})g — u satisfies

/ 2(Ap — Arp)dx = 0, (C.1.12)
RN

for any ¢ € W2? (RV). Since A\I — A, is surjective from W2? (RV) into
LP (RN), it is now immediate to check that z = 0.

In the case when A is in divergence form, repeating the same computations
as above (with the obvious changes), one can easily check that the same result
holds also in the case when g;; (i,j = 1,..., N) belong to C}(RY). Indeed, in
the above proof, the second-order derivatives of the diffusion coefficients g;;
(i,j = 1,...,N) appeared only in the definition of the adjoint operator Aj.
In the case when A is in divergence form the operator A} is given by

N
Afu= Y Di(qi Dju), u € D(A}) = W*P(RY)
i,j=1
and, therefore, there is no need of requiring the existence of the second order
derivatives of the diffusion coefficients.
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Proof of (iv). We just consider the case when A is not in divergence form,
since, as it has been pointed out at the end of the proof of the property (iii), the
other case is completely similar. According to the property (ii), u € Wli)’Cp(RN ).
Therefore, also in this situation, u satisfies (C.1.10) for any ¢ € C2(RYN),
where now f; € LY (RY). Fix r > 0 and let ¢, be as in the proof of the

property (ii). Taking (C.1.8) (written with A; instead of A) into account, one
can easily show that the function v = w1, satisfies

/ (Ap — Ajp)vdx :/ gpdz, (C.1.13)
RN RN

for any ¢ € C>°(RY) and any \ > 0, where

N N
g=Av—1, (f +udivb + ZbiDiu> + uAip,. — 2 Z D;(qijuD;iy)
i=1 i,j=1
belongs to LP(RY). As it is immediately seen the function v satisfies the
formula (C.1.13) also if we replace A; with the operator 4; = Zgjzl Gi; Dij
when the coefficients g;; (4,7 = 1,...,N) are given by (C.1.9). Now, since
gi; € CZ(RY) (i,j =1,...,N), according to the property (iii), v € W2P(RY)
so that u € W%P(B(r)) and the arbitrariness of 7 > 0 allows us to conclude.
|

We now consider the parabolic problems associated with the operator A.
For this purpose, we denote by d : [0,4+00) X 2 — R the function defined by

d(t,z) = d(t,z) = dist(x, 0Q) A V1, t>0, €.

Theorem C.1.4 ([60], Thms. 3.5, 3.10 and [101]) Assume that the co-
efficients g;j, b; (1,5 =1,...,N) and c of the operator A belong to C () for
some o € (0,1). Further assume that u € Cl+a/2’2+a((0, T)x Q) is a bounded

loc
(with respect to the sup-norm) solution of the equation

Diu(t,x) — Au(t,z) =0, te (0,7), x €.
Then, the following properties are met:

(@) there exists a positive constant Cy, depending only on the coefficients of

A, such that
N N

|d°, ula + Z |d, Diu|o + Z |d?, D;Dju|o + |d?, Dyulo < Oy sup  |ul,
i=1 i,j=1 (0,T)xQ

(C.1.14)
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where

[d™, ulo = sup [(d(t, z)) ™ u(t, )]
(t,z)€(0,T)x

U’(ta I) - U’(57 y)|

+ su d(t,z) Ad(s,y))™Te | )

(t,x)i(s,%,;%?o,?)xn( ( ) ( y)) (|l‘ — y|2 + |t — S|)O‘/2
t,x)£(s,y

In particular, for any open set ' CC Q and any s € (0,T), there exists
a positive constant Cy depending on s, the coefficients of the operator
A, Q, Q and T, such that

||u||cl+a/2,2+a([s7T)XQ/)SCQ sup |u| (0115)
(0, T)xQ

Moreover, if dist(Q, V) > /T, then

s (t4[Du(t. @) + UD%u(t, @) ) < Cs  sup Ju(t,)],
(t,z)€(0,T)x Q! (t,2)€(0,T)xQ2
(C.1.16)

for some positive constant Cs, depending on the coefficients of the op-
erator A, Q, Q' and T';

(i7) let the coefficients q;;, bi and c belong to C*+(Q) for anyi,j=1,...,N
and some k € N. Then, u is continuously differentiable in Qr up to the
(k 4 2)-th-order, with respect to the space variables. Moreover, D*u €

CLE/2252((0,T) x Q) and

loc

||Dku||cl+a/2,2+a([a/,T]XQ/) < C4 sup |u(t, :L')|, (C].].?)
(tz)€[e,TIxQ

for any e, >0 (e <& < T), any open set Q' CC Q and some positive
constant Cy, depending on e,&', T, Q. |qijllcrre(q) and |bi]crve o)
(i,j = 17 . ,N) and ||C||C1+Q(Q).

Finally, if dist(Q, Q) > VT, then

sup t3 |D3u(t,z)| < C sup lu(t, z)|. (C.1.18)
(t,2)€(0,T)xQ’ (t,2)€(0,T)xQ

The next theorem provides us with Schauder estimates up to (a part of)
the boundary of €.

Theorem C.1.5 ([94], Theorem 4.10.1) Let 2 be an open subset of RV
with boundary of class C*T for some o € (0,1), and let Q' and " be two
bounded subsets of Q such that ' C Q" C Q and dist(¥,Q\ Q") > 0.
Moreover, assume that the coefficients qi;, b; (i,j = 1,...,N) and c of the
operator A belong to C2 . (Q). Finally assume that u € C1te/2:24e ([T Ty x

loc
ﬁ//) solves the differential equation Dyu — Au = 0 in (Th,T) x Q" for some
0 <Ty <Ty. Then, the following properties are met:
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(i) if u=0 (resp. 3¢ =0)) on (T1,T2) x 09", then, for any T* € (T1,T2),
there exists a positive constant C' = Cr- 1, 1, ,0/,07 such that

||U||cl+a/2,2+a([T*7T2] xq) < C”U”LOO((Tl,Tz) xQ"); (C.1.19)

(i1) if Ty =T* =0, u=0 (resp. 3% =0)) on (0,T2) x 0N, then there exists
a positive constant C = Cr, 1, o/ o7 such that

[ulrsoraaveomxay < C (Il (o.m)xe) + [u(0, )l c2a@n) -
(C.1.20)

C.2 C(lassical maximum principles

In this section we collect the classical maximum principles for continuous
solutions to both the elliptic equations (C.2.1), (C.2.2) and for the parabolic
Cauchy problems (C.3.2) and (C.3.3) that we use in this book. For the proofs
we refer the reader to [22], [89, Chapter 8] and [129].

We make the following assumptions on {2 and on the coefficients of the
operator A.

Hypotheses C.2.1 (i) Q is either an open bounded set with boundary of
class C? or Q =RV,
(ii) gij, b (1,5 =1,...,N) and ¢ belong to Cy(1);
(iii) Hypothesis C.0.1 is satisfied.

Moreover, we set

co = sup ¢(x)
e

and denote by v = v(z) the outward unit normal vector to 9 at x € 99Q.

Theorem C.2.2 Let A > ¢y and suppose that u € VVlif(Q) for any p €
(1, 4+00) satisfies the differential inequality \u — Au > 0. Then, the following
properties are met:

(i) if u>0 on O, then u >0 in Q;
. 0u
(1) zfa— >0 on 09, then u >0 on (.
v
Moreover, if A > co, f € Cp(Q) and u € Ny<ppe s o w2P

loc

Au(z) — Au(z) = f(x), x €€,
u(z) =0, x € 0N

(Q) solves the problem

(C.2.1)
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Au(z) — Au(z) = f(x), =€,

495

ou (C.2.2)

) =0, z €09,

1
A—co

lulloo <

1f oo (C.2.3)

Concerning the parabolic equation D;u — Au = 0 we have the following
result.

Proposition C.2.3 Fiz T > 0. Then, the following properties are met:
(i) if 2 € Cp([0,T) x Q) N CL2((0,T) x Q) satisfies

(44)

(i)

Dyz(t,x) — Az(t,z) <0, te€(0,T],z €,
z(t,x) <0, te (0,7),z €09,
2(0,z) <0, r €,
then z <0 in [0,T] x Q.
if 2 € Cp([0,T] x Q) N C%L((0,T] x Q) x NCH2((0,T] x Q) satisfies
Dyz(t,x) — Az(t,x) <0, te (0,7], =€,
—(t,x) <0, te (0,T], xe o,
z(0,z) <0, x €,
then z <0 in [0,T] x Q.
If 2 € Cy([0,T) x Q)N CO1((0,T] x Q) x NCH2((0,T] x Q) satisfies
Dyz(t,x) — Az(t,z) <0, te (0,7T], = €9,

and z attains its mazimum value M in (0,T] x Q at some point (to, o),

then z = M in [0, o] x 2.

Further, if Q satisfies the interior sphere condition and z attains its
mazimum value at some point (t,x) € (0,T] x 09, then 0z/0v > 0 at

(t,x).

C.3 Existence of classical solution to PDE’s and analytic

semigroups

Here, we make the following assumptions on €2 and on the coefficients of the
operator A.
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Hypotheses C.3.1 (i) Q is an open set with a boundary which is uni-
formly of class C?+2% for some a € (0,1) (or, possibly, = RY);

(ii) gij, b (3,5 =1,...,N) and c belong to C2*(Q);
(ili) ¢ij = qj; for any i,5 =1,...,N and

N
> ai(@)&& > polél, EeRY, ze,

4,j=1

for some positive constant pyg.

For notational convenience, we set

co = sup ¢(x), (C.3.1)
z€Q

and we denote by v = v(z) the exterior unit normal vector to 9Q at x € 99Q.
Dyu(t,x) — Au(t,z) =0, t>0,z€Q,
u(t,z) =0, t>0,ze0Q, (C.3.2)
U(O,l‘):f(l'), z €

and the Cauchy-Neumann problem

Diu(t,z) — Au(t,z) =0, t>0,z €,

ou

- = C.3.3
aV(t,:c) 0, t>0,z€0Q, ( )
u(0,z) = f(z), x € .

More precisely, the following results can be proved (see also [74], [78], [79],
[94, Chapter 4, Theorem 5.2] and [140, Chapter 5, Sections 3 & 5]).

Proposition C.3.2 Let Hypotheses C.3.1 be satisfied. For any f € Cy(Q),
problem (C.3.2) admits a unique solution u € C([0,+00) x Q\ ({0} x 09)) N

CY2((0,4+00) x Q), which is bounded in [0,T] x Q for any T > 0. Moreover,
it satisfies
”u(ta )”oo < ecot“f“oo; t > 0; (C34)

and
t2[DPT(t) flloo < C[f |0 te(0,T),

for any T > 0 some constant C = C(T), independent of f, and any k = 1,2, 3.
Here, cq is given by C.3.1.
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Moreover, there exists a unique function G € C((0,+00) X Q x Q) such that
ut.o) = [ Galt.o)fdy. t>0, 20
Q

The function Gq is called the fundamental solution of the problem (C.3.2), it
is positive in (0,400) X Q x Q and satisfies

GQ(tJrs,:E,y):/GQ(s,m,z)GQ(t,z,y)dz, (C.3.5)
Q

for any s,t > 0 and any z,y € Q. Moreover, for any t > 0 the function
G(t,-,-) is bounded in £ x Q.

Finally, if f € Co(), then u € C([0, +00) x Q) NCLE¥*T22((0, 4-00) x Q);
if f € CPoRN), then u € C1H/22+2((0,T] x Q) for any T > 0, and, if
f € C2Hrra(Q) and Q is of class C*TF+e for some k € N, then all the space
derivatives of u up to the k-th order belong to C'T/22+(0,T] x Q) for any

T>0.

Similar results hold for the Cauchy-Neumann problem (C.3.3). Here, we
limit ourselves to stating the results that we actually need in this book.

Proposition C.3.3 For any f € Cy(Q), there exists a unique solution u €
C(]0,+00) x Q)N C’HO‘/ZHO‘((O7 +00) x Q) to the Cauchy-Neumann problem

loc

(C.3.3), which is bounded in [0,T] x Q for any T > 0. Moreover,
Jut, oo < ) flo, t>0; (C.3.6)
and
t3[DMu(t Yoo < Clflo 1€ (0.,

for any T > 0, any k = 1,2,3 and some positive constant C = C(T'). Here,
¢o 18 given by (C.3.1).

Concerning the elliptic equation Au— Au = f, we have the following results.

Proposition C.3.4 Under Hypotheses C.3.1, for any f € Cy(Q) and any
A > cg, there exists a unique solution u € ﬂ1§p<+oo W2P(Q) to the Dirichlet

problem
{)\u(x) — Au(z) = f(x), x € Q,

u(z) =0, x € 0N. (C3.1)

The function u can be represented by

uwwaéK&awﬂw@, req, (C38)



498 Appendiz C. PDE’s and analytic semigroups

where K?, the so-called Green’s function, is given by
+oo
K${(z,y) = / e MGo(t, x,y)dt, x,y € Q. (C.3.9)
0

Proposition C.3.5 Under Hypotheses C.3.1, for any f € Cy(Q) and any
A > co, there exists a unique solution u € ()<, o W2P(Q) to the Neumann
problem

(z) — Au(z) = f(z), z€Q,

ou (C.3.10)

oo (@) =0, x € 00,

Most of the results of this section may be rephrased in terms of analytic
semigroups. Indeed, the following theorem holds.

Theorem C.3.6 Under Hypotheses C.3.1, the following properties are met:

(i) for any p € (1,4+00) the operator A, : D(A,) — LP(RY), defined by
Apu = Au for any u € D(A,) :== W2P(RN), is sectorial in LP(RY) and
D(A,) is dense in LP(RN);

(%) let Ay, be the operator defined by
D(A,) = W?P(2) N Wy P (),
Apu = Au, ue€ D(A).
Then, A, is sectorial in LP(SY), and D(Ap) is dense in LP(Q);
(#1) for any p € (1,+00) let A, be the operator defined by

D(Ay) = {u € W2P(Q) : % =0 on 6(2} ,

Apu = Au, u e D(Ap).

Then, the operator A, is sectorial in LP(Q) and D(A,) is dense in
LP(2). Moreover, p(A) D (co, +00);

(i) let A: D(A) — Cy(Q2) be defined by

D(A) = {0 € Migpesoo Wi (Q) 5 wipn =0, Au € (@)},
Au = Au, u € D(A).

Then, A is sectorial in Cy(Q) and D(A) = Co(Q) = {u € Cy(
0 on 9Q}. Moreover, p(A) D (co, +00) and

E
IS
I

D (o, 00) = {u € C(Q): Ulog = 0},
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Du(l+a,00) = {u € G (@) Uoa = AW|50 = 0} '

Finally, {u € C}(Q) : u|aQ = 0} belongs to the class J1 o between Cy(S2)
and D(A).

All the previous results hold also in the case when Q is replaced with
RN, provided we drop out any boundary condition.

(v) Let A: D(A) — Cy(2) be defined by

D(A) = {u e [ Wik % =0, on 09, u, Au e cb(ﬁ)},

loc v -
1<p<+oco

Au = Au, u € D(A).

(C.3.12)
Then, A is sectorial in Cy(Q) and its domain is dense in C(Q). More-
over,
Ci (), a€(0,1/2),
DA(aa OO) = —_ Ou
{u € CF Q) : o 0 on 89} ,  a€(1/2,1);
(C.3.13)
DA(]- +a, OO)
2120 gy . DU
ueCy (Q):$:00n89 , a € (0,1/2),
- —  Ou O(Au)
242« L7 _
{uecb Q) : % 5 0 on 6(2}, a € (1/2,1).
(C.3.14)

Finally, {u € C}(Q) : Ou/Ov = 0 on 0Q} belongs to the class Jy)o
between Cy(Q) and D(A).

For the proof we refer the reader to [1, 4, 5, 6, 24, 25, 137, 138].

Remark C.3.7 The properties (ii) and (iii) in Theorem C.3.6, combined with
the results in Section B.2, show that the classical solution to problem (C.3.2)
(resp. (C.3.3)) in Proposition C.3.2 (resp. in Proposition C.3.3) is given by
u=T(:)f, where {T(t)} is the analytic semigroup generated in Cj,(2) by the
realization of the operator A with homogeneous Dirichlet boundary conditions
(resp. with homogeneous Neumann boundary conditions).

Similar results hold for the solutions to the elliptic equations considered
in Propositions C.3.4 and C.3.5. Namely, the solution u to (C.3.7) (resp. to
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(C.3.10)) is given by u = R(\, A) f, where R(\, A) is the resolvent operator as-
sociated with the operator A in Theorem C.3.6(iv) (resp. Theorem C.3.6(v)).



Appendix D

Some properties of the distance
function

In this appendix we collect some regularity results of the distance function
d(z) = dist(z, 9Q), when 09 is the boundary of a smooth open subset 2 of
RY. We limit ourselves to state them in the case when € is bounded since
they are classical results (see, e.g., [66, Section 14.6]). Moreover, we show that
most of them may be extended also to the case where ) is unbounded. The
results we present here are taken from [59].

Definition D.0.1 We say that an open subset Q of RN is uniformly of class
C?**a | for some a € [0,1), if there exist a countable open covering {U,} of
0Q and a family of diffeomorphisms g, : U, — B(1) of class C***, such that
gn(UnNQ) = {z € B(1) : xxy > 0}, g (U, N0Q) = {x € B(1) : xx = 0}
(where xn denotes the N-th component of the vector x) and, moreover,

(1) there exists k € N such that (), c; Uy = @ if card (J) > k;

(ii) there exists € > 0 such that {x € Q : d(z,00Q) < e} C Y
Vo =g, (B(1/2));

(iii) there exists C > 0 such that |gn|c2+e + |9, Ho2ta < C, for any n € N.

nen Vn, where

Remark D.0.2 It is possible to show that if  is uniformly of class C?*,
then the diffeomorphism g, (n € N) can be chosen so that

(Jac gn)(x)v(x) = —anen, xeU,NON, neN,

for some positive function «,,, where v denotes the unit outward normal and
ey = (0,...,0,1)). Roughly speaking, the diffeomorphisms g,, leave the nor-
mal direction unchanged. We refer the reader to [146, Chapter 1, Section 2.4]
for the proof of this property.

Remark D.0.3 As a consequence of the condition (iii) in Definition D.0.1,
the principal curvatures Ay, ..., Ay_1 of 90 are bounded both from above and
below with respect to z, hence

My = inf {S@) 7, frl =1 7 vle) = 0} > —ox,

since, locally, Ov/OT -7 = MT8 + -+ + AN_1T%_1-
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Definition D.0.4 The open set 2 is said to satisfy the uniform interior
sphere condition if, for any point zo € 0%, there exists a ball B(z,72,) CQ
such that B(zg,7z,) N0 = {z0}, and inf,,cqrs, > 0.

As the following proposition shows, if 02 is uniformly of class C?, then
satisfies the interior sphere condition.

Proposition D.0.5 ([59], Prop. B.2) If 99 is uniformly of class C2, then
it satisfies a uniform interior sphere condition.

Proof. Let yp € 00 and let j € N be such that yo € V;. Further, denote by
v(yo) and T, respectively, the unit inward normal vector and the tangent
space to 02 at yo. By the implicit function theorem and by a rotation of
coordinates, we may assume that the xy axis lies in the direction v(yg) and
that 0Q NV} is given by the equation xy = ¢;(2’), where 2’ = (z1,...,xn-1)
and 1, is of class C**®. Moreover QNV; C {zny < 9j(2')}. Now, let B be
a tangent ball to T, at yo lying in the set {znx < 9;(2’)}. Taking a smaller
radius 7 if necessary, we find that B C Q and B N 952 = {yo}. Moreover,
comparing the curvatures of T'(yo), B, and 99 at yo we have 0 < 1/ro < k;(yo),
where k; for i = 1,..., N — 1 denote the so-called principal curvatures of 92.
Since k; are related to the second order derivatives of ¢; (see [66, (14.93)])
which are uniformly bounded, we obtain that k;(yo) < C, hence rq > C~1.

|

Now, we are ready to prove the main result of this appendix.

Proposition D.0.6 ([59], Proposition B.3) Let 0 be uniformly of class
C?, Further, fir § = 2/C and set Qs = {y € Q|d(y) < &}. Then,

(3) for any x € Qs there exists a unique y = y(x) € IQ such that |x —y| =
d(x);

(i) d e CF(Qs);
(i5) Dd(z) = v(y(x)), for any x € Qs.

Proof. We limit ourselves to proving the property (i). Indeed, the proof of
the properties (ii) and (iii) relies on the property (i) and the implicit function
theorem, and it is completely similar to that given in [66, Section 14.6] in the
case when (2 is bounded.

Of course, the existence part in (i) is obvious. To prove the uniqueness of
the point y = y(z) at any = € Qs, let y € IQ be such that d(z) = |z — y|.
According to Proposition D.0.5, there exists a ball B = £ + B(p) such that
B C Q and BN 9Q = {y}. Moreover from the definition of ¢ it follows that
x € B. It is easy to see that x and £ lie on the normal direction v(y) and
that the balls z 4+ B(d(z)), £ + B(p) are tangent at y. Then, x + B(d(x)) still
verifies the interior sphere condition at y. It follows that for any z € 0Q\ {y},
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one has z ¢ = + B(d(z)), so that y is actually the unique point such that
[z — y| = d().
]






Appendix E

Function spaces: definitions and main
properties

In this appendix we collect all the function spaces that we consider in this
book.

E.1 Spaces of functions that are continuous or Holder
continuous in domains Q2 C RY

E.1.1 Isotropic spaces

Given an open set 2 C RN (even = RY), we denote by Cy(€2) (resp. Cy())
the space of bounded and continuous functions f :  — R (resp. f: Q2 — R)
and we endow it with the sup-norm, i.e.,

[£lloc = sup |f()], fECKQ)  (resp. f e ().

_ Let Q be bounded, Cp(f2) denotes the subspace of Cy(Q) of functions f :
2 — R such that f = 0 on JQ2. When Q is unbounded, Co(2) denotes the
subset of C(Q) of functions f : Q — R such that f = 0 on 9Q and

lim f(z) =

|z|—+o0
zeQ

Next, for any k > 0, we denote by CF(Q) the space of functions f : Q@ — R
which are continuously differentiable in  up to the [k]-order and such that
Def € Cy(Q) for any |a| < [k] ([k] denoting the integer part of k) and D f is
(k — [k])-Hélder continuous for any |a| = [k]. We endow CF(Q) with the norm

IFlep @y = 1D flloc + [D* fl k- feCk@), (BE.1.1)
o @)
|l <[K] Jal=[4]

where
|f(z) — f()]

[f]Ck*[k](ﬁ) = . ln |x — y|k_[k] :
zFy

Similarly, CF (RY), (k € R4), is the set of functions f : RN — R which are
continuously differentiable up to the [k]-th-order in RY and have k-th-order
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derivatives which are (k — [k])-Holder continuous in K for any compact set
K C RV,

We say that f € BUC*(RY) (k € N) if f € CF(RY) and D®f is uniformly
continuous in RY for any |a| = k. We endow it with the norm in (E.1.1).

Moreover, for any open set Q C RY and any k > 0, we denote by C¥(Q)
(resp. C*(Q)) the subset of CF(Q) of functions f : @ — R compactly sup-
ported in  (resp. in ). We endow both C¥(Q2) and C*(Q) with the norm of
Cy (). We say that f € C°(Q) if f € CF(Q) for any k € N.

Finally, for any smooth open set 2, we denote by C}(Q) the set of functions
f € C}(Q) such that the normal derivative df /v identically vanishes on 9.

Sometimes we also consider spaces of vector-valued continuous functions.
For any k& € [0,4+0oc), and any m € N, we denote by C*(Q,R™) (resp.
CE (Q,R™)) the set of functions f = (fi,...,fm) : @ — R™ such that

loc

fi € CK(Q) (resp. f; € CE_(Q)) for any j =1,...,m.

E.1.2 Anisotropic Hélder spaces in RN

We now define the anisotropic Holder spaces that we use in this book. For
this purpose, for any r € {1,..., N — 1}, we split RY := R” x RN-",

To define the spaces ng,e (R™N), let us introduce the Zygmund spaces Cg(R™)
(m € N). For any v € (0,1], the Zygmund space C; (R™) is the set of functions
f € Cy(R™) such that

x) — z+y
ez = sup @ =27 (Z£) + f(y)|

@, yER lz —y|
THAY

< +00.

CJ(R™) is a Banach space when it is endowed with the norm
I ley@my = 1Floo + [Fley @m)s fecy(®R™).
For v > 1 such that v ¢ N,
Gi®™) = {f e cfl®™): Doy e I ®R™) for any Jo = 1]},
and it is normed by

“f”C;’(]Rm) = ”f”cl[j](]Rm) + Z [Daf]cg*h](Rm)-
la|=[7]
Finally, if vy € N, v > 1,
C)(R™) = {f € C)TY®R™) : D°f € CLR™), for any |a| = — 1}

and it is normed by

Ifley @my = 1 log-1@my + D [D*flei @my.

laf=vy—1
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We can now define the space ngje(RN) for any 6 € (0, 1], by setting
CVO(RN) = {f RY - R: f(y) €CP(R) WyeRV™,

sup [ £(9)lego ) < o0,
yERN -7

o) €CHRN ) Nr B sup (o legiano) <400

and we norm it by

legsony = sup 10 legscary + 500 L7 gy

Similarly, we define and norm the spaces C’gz’e(RN ), replacing everywhere
the Zygmund spaces C;* with the usual Holder spaces C}}.

When no confusion may arise, we simply write Cg %9(RN) and Cg’ 00 (RN,

Remark E.1.1 It is well known (see, e.g., [104, Proposition 0.2.2]) that the
spaces C; (R™) and C}) (R™) coincide when v ¢ N and the corresponding norms
are equivalent, whereas, if v € N, C}(R™) is properly continuously embedded
in C/(R™). Tt follows that Cgﬁja(RN ) = Cs’i’a(RN ) with equivalence of the
corresponding norms, if § € Ry \ (%N), while C’SGT’G(RN) is properly and

continuously embedded in C39 "0 (RN) otherwise.

Remark E.1.2 By interpolation, it is easy to check that, if f € 039 H(RN )
and 36 > 1, then all the derivatives of f, with respect to the first r varlables
and up to the [30]-order are (bounded and) continuous in RY. Indeed, for any
x € RN split © = (y,2) where y = (z1,...,2,) and z = (T,41,...,2N), and
let £ € N be such that & < 36. Since there exists a positive constant C such
that

- 6
lollcy @ < Cllolidin ooy 9 € CR0RY)

(see Proposition A.4.4), we easily deduce that
||f(7y2) - f('7y1)”C{f(]RT)
1-£ .
< C”f(a y2) - f(a yl)”cb(a]']gr) f(a y2) - f(a yl)”é‘%G(Rr)

_k
< 2C||f||c§z;9(RN)|y2 - y1|6 3, (E.1.2)

for any z1,20 € RY~". From (E.1.2) we deduce that the k th derivatives

of f with respect to the first r variables belong to C , S0, in

particular, they are continuous in RY.
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E.2 Parabolic Holder spaces

Given any interval I C (0,+00), any set D C RY with nonempty interior
part, and two integers h, k € NU {0}, h < 1, we denote by C"F(I x D), the
set of functions f : I x D — R which are continuous in I x D, continuously
differentiable in the interior of I x D up to the h-th order with respect to the
time variable and up to the k-th order with respect to the space variables and
such with all the derivatives which can be extended by continuity to I x D.
When I x D is bounded, we norm C™*(I x D) by setting

h
1£lersrepy = DD floo + D 1D Fllo: (E.2.1)
§=0

0<|a|<k

Moreover, when I x D is unbounded we write C’:’k(I x D) to denote the set
of functions belonging to C"*(I x D) which are bounded together with their
derivatives. We endow Cj"*(I x D) with the norm in (E.2.1).

We denote by Cg°(I x D) the set of functions f : I x D — R compactly
supported in I x D, which admit classical derivatives D] D® f of any order in
I xD.

Next, for any o € (0,1) and any k& € NU{0}, we denote by C**+/2.2+e (T x D)
the subspace of C12(I x Q) of functions f : I x D — R such that the functions
D:f,D?f (]3] < 2) are bounded and satisfy

I flcr+arz2tarxpy = sup ||f('793)||cg+a/2(1) + sup 1£ (@l gztepy < oo

(E.2.2)
It is a Banach space when endowed with the norm in (E.2.2).

Similarly, we say that f € Cl+a/2’2+a(l x D) if f € C'/2.24e(F) for any

loc
open set F := (a,b) x ' with compact closure in I x D.

Let Y be a subspace of Cy,(Q2). By B(I;Y) and CF(I;Y) (k > 0) we denote
the set of functions f : I — Y which are, respectively, bounded in I and
differentiable in I (with values in Y) up to the [k]-th order, with bounded

derivatives, f{¥) being Holder continuous in I with exponent k — [k]. We
norm these spaces by setting

I3y = sup [t )y,
tel

and "
k
: I£(@) = F(s)ly
Iflex vy = Z ”f(])”B(I;Y) + Stlg W
Jj=0 s#t
Sometimes, we identify a bounded and continuous function f: I — Q — R
with an element of the space C(I;Cp(f2)) in the natural way. Modulo this
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identification, we can say that f € C1Te/22HrFe (T x ) (k € NU{0}) if and
only if f € C1+/2(I;C,(Q)) N C(I; CFHFT(Q)).

E.3 LP and Sobolev spaces

Given an open set  C RY (possibly = RY), we denote by B;(2) the space
of bounded Borel measurable functions defined in 2.

We now define the usual Sobolev spaces. Let i1 be a positive measure defined
on the o-algebra of all the Borel sets of Q2. We denote by LP (2, 1) (p € [1, +00))
the space of Borel measurable functions f : 2 — R such that

v = ( / Ifl”du> < too, (E3.1)

if p < 400 and
[floo = min{A > 0s.t. |f(z)] <A, p—ae. inQ}. (E.3.2)

LP(Q, 1) (p € [1,40¢]) is a Banach space when endowed with the norm in
(E.3.1) and (E.3.2).

By LP(Q2) (p € [1,+00]) we denote the usual LP spaces related to the
Lebesgue measure defined on the o-algebra of the Lebesgue measurable sets.
By L () (p € [1,+00]) we denote the space of functions f which belong
to LP(F) for any open set F C RY with compact closure.

The Sobolev space WFP(Q,u) (k € N, p € [1,+00]) is the subspace of
LP(Q, 1) of functions f which admits distributional derivatives up to the k-
th-order in LP(€2, ). It is a Banach space when endowed with the norm

1 e @,y = Z ID*flrviom, [ € WRP(Q,p).
<k

As above, we simply write W*P(Q)) when the underlying measure is the
Lebesgue measure.

We say that u € WIIZCP(Q) (k €N, p e [1,+)) if u € WEP(F) for any open
set F C RY with compact closure.

For more details on LP and Sobolev spaces we refer the reader to [2].
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